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We provide a simple, unified approach to describing the impbBsuper-sample covariance, or beat coupling,
on power spectrum estimation in a finite-volume survey. Fevide range of survey volumes, the sample
variance that arises from modes that are larger than thewgulyminates the covariance of power spectrum
estimators for modes much smaller than the survey. The yleeplinear version of thisfeect is known as halo
sample variance. We show that all variants are unified by thigemtrispectrum of squeezed configurations and
that such configurations obey a consistency relation whaldies them to the response of the power spectrum to
a change in the background density. Our method also appliEstistics that are based on radial projections of
the density field such as weak lensing shear. While we usedtloeniodel for an analytic description to expose
the nature of the féect, the consistency description enables an accurateratéib of the full €fect directly
from simulations. It also suggests that super-sample @we may be viewed as an additional interesting
signal rather than excess noise.

I.  INTRODUCTION

Cosmic acceleration is perhaps the most tantalizing protitemodern cosmology. To unlock its mysteries, a humber of
ambitious wide-field optical and infrared galaxy surveysehbeen proposed. These range from ground-based imaging and
spectroscopic surveys such as the Subaru Hyper Suprime(B8@) Survey [1], the Dark Energy Survey (DES) [2], the
Kilo-Degrees Survey (KIDS) [3], the LSST [4], the Baryon @Qlstion Spectrograph Survey (BOSS) [5], the Extended BOSS
(eBOSS) [6], the BigBOSS [7], and the Subaru Prime FocustBpgaph (PFS) Survey [8][see also 9] to space-based dptida
near-infrared missions such as the Euclid project [10] ard¥FIRST project [11]. Each of these surveys approachasdttuze
of cosmic acceleration using multiple large-scale stmgcprobes: e.g. weak gravitational lensing, baryon acouwostillations,
and clustering statistics of large-scale structure tasach as galaxies and clusters, including redshift-spigtertion efects
[see Ref. 12, for a recent review].

To attain the full potential of such surveys, it is importamtinderstand the statistical properties of large-scaletstre probes
and the matter density field that underlies them. Its twaypoorrelation function or the Fourier-transformed coupiet, the
power spectrum, is the simplest and most commonly usedstitati quantity to extract cosmological information frohret
large-scale structure probes. The statistical precisigower spectrum measurements is determined by their @wagimatrix
that itself contains two contributions; the measuremeilgeand sample variances caused by an incomplete samplihg of
fluctuations due to a finite-volume survey.

Even though the initial density field is nearly Gaussian,dample variance of large-scale structure probes getsamilzt
non-Gaussian contributions from the nonlinear evolutibtaoge-scale structure [13—-15]. Most of the useful cosmial
information from such probes lies in the weakly or deeplylm@ar regime in the matter distribution. In the nonlineagime,
the diferent Fourier modes are no longer independent but ratheoarelated with each other. Hencef-diagonal entries in
the power spectrum covariance matrix appear which are itbestcby the connected 4-point correlation function of thetara
distribution, the matter trispectrum. To realize the statal power carried by power spectrum, it is important tousately
model the matter trispectrum in the nonlinear regime. Thedd#rd methods to study the power spectrum sample variance
are based on simulations of tiedominated cold dark matteACDM) model [13, 14, 16—24] which can be used to test and
calibrate semi-analytic descriptions such as the halo treygeroach that can encompass a larger range of model paamet
[15, 22, 25-27].

One further complication arises. Nonlinear evolution degshort-wavelength modes relevant for the power speatnear
surement with the very long-wavelength modes outside aegwwolume, the so-called super-survey modes. The supeesur
modes are tricky to consider, because thea vanishes for power spectrum measurements of simusatith periodic bound-
ary conditions that have no contribution of modes outsi@esimulation box. Super-sample covariance on the powetrspec
was originally pointed out in Ref. [16] and called beat cang[see also 28, which studied the super-sample variaffieet@n
the number counts of halos], and then was followed by mardies$j17, 19, 20, 22, 25, 27, 29]. Later theet of super-survey
modes for power spectra in the deeply nonlinear regime waiest using halo bias theory [30] in the halo model approach
and called halo sample variance [19, 22, 25] [see also 28sd@Btudies have shown that super-sample variance dosihate
non-Gaussian errors in the weakly or deeply nonlinear regi8uper-sample variance contributes to a saturation imfhe



mation content carried by the power spectrum amplitude 12621, 22, 31] [see also 32, for tests on real data]. The atigr
information content has triggered a further discussion @m to recover the information content that was originally@ined
in the initial Gaussian field, by using the nonlinear transfation method [e.g. 33, 34] or including the higher-ordemment
information [22, 35].

However, it is still unclear how all of these super-sampléarece dfects are described by the matter trispectrum and how they
can best be quantified and treated in parameter estimatidhisl paper, we provide a systematic study of common orifailo
such dfects, unify their description, and show how they can be tiremiantified.

The structure of this paper is as follows.§, we develop a simple, unified approach to describe therssg@ple covariance
of power spectrum estimation in a finite-volume survey arahstts relation to the response of the power spectrum to aggan
in the background density. lll, we use the halo model to compute the power spectrum ¢avee for aACDM model and
verify that we can recover the beat-coupling and halo sangsiance results from our descriptiofilV is devoted to discussion.
We provide an Appendix that extends the formalism to prejgctensity field statistics such as weak lensing shear.

II. POWER SPECTRUM COVARIANCE IN A SURVEY WINDOW

In §11 A we review the construction of power spectrum estimatara finite-volume survey and discuss their relation to the
underlying true power spectrum. We relate the covariandbede estimators to the matter trispectrunglirB and identify
where the additional sample variance from modes largertti@aisurvey arises. 1§l C, we present a trispectrum consistency
relation that straightforwardly relates thiffect to the response of the power spectrum to a change in thkgtoand density
and outline how it can be easily calibrated in simulations.séich, it may also be considered as signal rather than rmaisésd
by a single additional parameter, the variable backgroemdidy.

A. Power spectrum estimator

Assume we measure the underlying density fluctuation &iétJithrough a survey window functiow(x) which is 1 in the
measured region and 0 in the unmeasured region. Note thadrstraction we implicitly assume that the observable is the
density fluctuation itself or equivalently the true meangigris known. This is appropriate for statistics relatevEak lensing
that probes the tierential gravitational field, i.e. the tidal field. If the dgty fluctuation field is measured relative to the mean
of the survey region there is a correction factor that we delicribe ir§ll C (see also Ref. [29]).

Regardless of the complexity of the survey geometry, we baays define the observed field as

ow(x) = 6(x)W(x), 1)

whose Fourier transform is a convolution

3
5wl = [ oM@k - ) @

whereW(k) is the Fourier transform of the survey window function. Waevé here employed the continuous limit of discrete
Fourier transforms under the approximation that the taihlme for the Fourier transform is much greater than theesuregion
(see Ref. [22, 25] for a pedagogical derivation of power spet estimator and the covariance based on the discreteeFour
decomposition).

Let us next define an estimator of the power spectrum as

o1 ke
Pk) = f.k i PR 3)

where the integral is over a shell kaspace of widthAk and volumeV,, =~ 47rk|.2Ak for Ak/ki < 1. Here the fective survey
volume is defined as

Vw = f d®x W(x). (4)

Given the definition of the power spectrum

(6(K)3(K)) = (21)%53(k + k")P(K), (®)



the ensemble average of its estimator is

®n = [ [kl P - 0 ©)

Thus, the observed power spectrum is given as a convoluﬁmheounderlying power spectrum with the window function
combining the density modes separated by less than thedrovidth of the window. In the general case, one would declvevo
the window in constructing an unbiased estimator [36, 37].

In this paper, we are interested in thféeet of the global survey geometry on the power spectrum cavee, not in the ect
of masked regions at small spatial scales. In this case, théow function has a width of 1/L in Fourier space, where
L~ V\}V/s or more generally its smallest dimension. When we focus oremamber modes satisfying> 1/L, we find that the
power spectrum estimator of Eq. (3) is unbiased:

1 d3k
(P = fk Rl (zﬂ)g

(k.)—

il "

Here we have used thB{|k —q[) ~ P(K) over the integration range dfq which the window function supports and also assumed
thatP(K) is not a rapidly varying function within thie-bin. In the third equality on the r.h.s., we have used theegaridentity
for the window function:

Vw = deX W(x) = f[]_[ (zﬂ)sw(q‘a)} (27)%53 (01...0)- (8)

whereqy n = g1 + ... qn here and below. Far= 2, iy = [ W(q)I%d%q/(2r)3.

B. Power spectrum covariance

Now consider the power spectrum covariance, which can beetefn terms of the power spectrum estimator as
Cij = Cov[P(k), P(k)] = (P(k)P(kp)) — (P(k)) (P(Ky)) ©)
Here we consider sample covariance only. A real measuremikhtive measurement noise covariance, but we do not censid
its effect in this paper. In the sanke> 1/L limit, the covariance becomes

[(2”)3

3= v | G 2pat + k)| (10)
W

Where5K is the Kronecker delta funct|0ra$,|'j = 1if k = k; to within the bin width, otherW|se§K = 0. The second term,
proport|onal toT (K, kj), is the non-Gaussian contribution arising from the cotentd point functlon or trispectrum [see also

16, for the similar derivation],

(3(k1)3(K2)3(K3)d(Ka))e = (27)53 (K1234) T (K1, K2, K3, Ka), (11)

convolved with the survey window function:

a3k Bk | o
TV(k, k;) = Ve f Vi f ]_[ da W(Qa)} (21)%63 (A1239) T(K + Q1. —K + G2, K’ + ga, —K’ + Q). (12)
W Jikiek Vie Jikrek; Vig i

(2r)°

The convolution with the window function means thafelient 4-point configurations separated by less than thedfomidth
of the window function and involving contributions from srgsurvey modes contribute in principle. In deriving EQ)(iwe
have again used the general window function identity Eqwi&) n = 4 to eliminate one factor of/My in the power spectrum
term under the same approximation as in Eq. (7). If the saav@\slvarying approximation were true of the trispectrutgan
be taken out of the integral and we would obtain the standzsultr[13]

1 (2n)3

Cij ~ Vo Vi ~—2P(k)sfs + C°, (13)
where
cr- o i o’k f T kKKK, (14)
IKlek; Vie kelek; Vi
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so that the whole covariance scales Agyl. Furthermore the first term can be understood from Gaustadistics: the number
of independenk-modes in the shell is given as

ViViw  21kZAKVi

Nmode(ki) = 2(27'()3 = (271_)3 (15)
such that
G 1 2
G = Nonoadk) ——P*(k)5}5. (16)

The factor 2 in the denominator ®noge arises from the reality condition of the density field, ng,(k) = sw(-k). The
difference in bin width\k scaling between the Gaussian and non-Gaussian terms nheaitiset latter becomes more prominent
in the variance when averaging over wide bins or equivafemiien considering the covariance of narrow bins.

For the non-Gaussian term, there are additioffelos if the trispectrum & > 1/L has structure on the scale of the survey
Ak < 1/L. We next consider the general origin and description of sutegm.

C. Super-sample covariance and trispectrum consistency

The trispectrum term that governs the addition@ets are so-called squeezed quadrilaterals where two @fasises are
nearly equal and opposite. By analogy with similffieets for primordial non-Gaussianity [38], these configiorat should be
determined by the response of the power spectrum to a regazflithe background. We call this separate-universe atisatz
trispectrum consistency relation.

To see this in Eqg. (12), we can make the change of varidbles; < k andq; + g2 < g2 under the delta function condition
01234 = 0 and the approximation thet, < k, k’. The term of interest therefore is

lim T(k -k + q12, k', =k’ — Q12). (17)

G12—0

In this limit, the 4 point configuration describes the cortimtbetweenP(k) and P(k’) through a shared infinite wavelength
modeqi». This mode acts like a background density or constant motleetshort wavelengths andk’. It follows therefore
that the squeezed trispectrum can be characterized byshense oP(K) to a fluctuation in the background densitythrough

aP(k) 9P(K) pL
S

T(k, =k + qu2,K’, =k’ = q12) ~ T(k, =k, k', =k") + P-(012). (18)
The overbar here refers to an angle average over the dineaftiap » since any directional dependence cannot be quantified by a
purely constant mode. HeR is the linear power spectrum and is designated as such todetimé reader that for this relation
to be applicablé, must be a mode in the linear regime. On the other hand, theessich restriction on themodes ofP(k).

In terms of the power spectrum covariance, this relationthaslirect interpretation that the measured power irktaadk’
bins are correlated by the underlying background fluctumatiothat they share. Trispectrum consistency then impliesttieat
covariance is

dP(k) OP(k;
Cij = CF + C + (ow)* —5— (k') 6; ), (19)
b
where we have introduced the variance of the backgroundtgidiesd o, in the survey window, defined as
2 _ 1 L
(ow)* = 3 W(@)PP-(q). (20)

(271)3

Inreducing Eq. (12) with the consistency trispectrum E§) (@ Eq. (19), we used the following identity for the windawnttion
from the convolution theorem:

o1«

G Wa - an) = [[dbwree = [ = i) 1)

We call thed, type covariance term the super-sample covariance of thepspectrum estimator. Note that because the back-
ground correlates changesi(k) for all k, it can appear as the dominant contribution to the (co)aagavhen the measurement
involves a large number d¢modes. It scales with the volume of the survey only throudjg)% whereas the other terms scale
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like white noiseV\;,l. Until the survey becomes much larger than the turnover dfanpower spectrum on the horizon scale of
matter-radiation equality, its relative contribution raims important [22, 28] (see al§dll B).

As in the case of super-survey modéeets for number counts [39], their impact on the power spetshould perhaps not
be considered as excess noise but rather a new signal: ti®if@ power spectrum response is a template that chahges t
measured power spectrum coherently across bins as

P(K) — P(K) (1 , 2In P 5b). (22)

d6p
The uncertainty is carried by a single unknown param&feirawn from a Gaussian of varianael()>. Use of the covariance
formalism in data analysis would premarginalize over tliggmeter, but it may alternately be a fitting parameter ferpibwer
spectrum that has a prior given byv This point of view may also be more appropriate for survegs are not volume limited,
i.e. where the window is not strictly O or 1. Loss of infornuation other cosmological parameters of interest that alaogh
the power spectrum only comes through degeneracies wilsitngle mode [see also 25, 27, for the similar discussion].

Itis also easy in this language to account for the alternefi@ition of the density fluctuation field as relative to theamef
the survey region. In this case the observed power wouldsmaked aw(k) = P(k)/(1 + 6,)? and the trispectrum consistency
would take the same form as Eq. (18) and (19) but with the mespto the background mode altered to be

dP(k)  dPw(k) _ dP(K)
06p - 00p - 00p
which generalizes the treatment in Ref. [29]. Given thatfthetional response functianin P(k)/d6y, is typically positive and
order unity, the response (k) can be significantly reduced compared wk). Note again that if the observable of interest
does not depend on the mean density, which is the case for Mypsikg shear that probes thetdrential gravitational field
(tidal field), P(k) rather tharPy(K) is the relevant quantity.

The fractional response functi@rin P(K)/d6p is a quantity that can be directly calculated in simulatisimee introducing
dp IS equivalent to simulating an FRW universe witlfdient background densities [40-42]. For example, in poiacior
its evaluation az = 0 only two simulations would be required to calibrate allls@ffects deep into the nonlinear regime.
Nonetheless, we find it illustrative to highlight the maiatigres of power spectrum super-sample covariance, as svaéirave
Eq. (19) explicitly, analytically through the halo modelhi¥ will also allow us to make contact with the existing lg&rre on
this dfect, “beat coupling” (BC) in second order perturbation ttyeand “halo sample variance” (HSV) in the deeply nonlinear
regime. There are also terms related converkig to observables related to changes in the distance-reédskafion if the
background mode encompasses the entire volume out to teevebsThese in principle carffact the interpretation of baryon
acoustic oscillation features (see [43] for related sutveyudfects). We leave a more precise calibration and observationa
considerations to future work.

To be comprehensive, in the Appendix we also develop thevgoak formulae to describe the power spectrum covariamce fo
a two-dimensional, density field that is obtained by prajecthe three-dimensional field, weighted with a selectiomction,
along the line-of-sight. The formulation developed in theper can be straightforwardly extended to covarianceryhieo
higher-order correlation functions [see 22, for the attetopnodel the BC fect on the lensing bispectrum covariance], and the
super-sample variancdfects should be similarly described by the response of theelnigrder correlation to a change in the
background density.

— 2P(K), (23)

Ill.  HALO MODEL APPROACH

We have seen in the previous section that the power spectstimator covariance in the survey window is generally de-
scribed by the matter trispectrum and the specifieas of super-sample covariance by its squeezed confignsaffhe matter
trispectrum itself can be approximated in the halo model days@ering correlations induced between dark matter hakos
perturbation theory and within halos via the universal dgrofile [15, 44]. Although the halo model is an empiricabdel
to describe the nonlinear clustering, it gives a fairly aaetel prediction compared to the simulations, e.g. to withitD-20%
accuracy in the power spectrum amplitude at scales of sttf22]. Evaluating the covariance using the halo model baretfore
illustrate the general consistency construction that tutenal super-sample covariance terms are equivalethtetoesponse
of the power spectrum to a background density mode. We devkhalo model formalism i§lll A and illustrate it in the
ACDM context in§llI B.

A. Formalism

In the halo model [44-47], the power spectrum itself is dbstt as
P(K) = 13(k, K) + [17(K]?P" (K, (24)



where the first term involves two points correlated by bemthe same halo and the second two points in separate hat@s¢ha
themselves correlated by the linear power spectrum. Wehasgeneral notation [15]

ko k) = [am d”( )bﬁuM(kl)uM(kz) (k) (25)

whereM is the halo massin/dM is the halo mass functiomyy = 1, by = b(M) is the halo bias, andy(K) is the Fourier
transform of the halo density profile normalized so tha(0) = 1. We have here assumed linear halo bias in ithat O for

B > 2 [see 15, for a possible extension of the halo model to inctuthe nonlinear halo bias]. This approximation does not
affect the main results of this paper. Note that for a halo biasghtisfies the peak-background consistency relation

fdmf& ( )b(M) - (26)

I%(O) =1, the 2 halo term als — 0 is simply the linear power spectrum. Furthermore the saga&{packground consistency of
the bias [30] says that

"
dor 15, (27)

which will be useful in relating the power spectrum covaciato its response to a background mégléseesll C).
Likewise, the halo model approach tells us that the matigrdctrum arises from contributions involving one to foalds:

T=T"+(TH+TH)+ T+ T, (28)

whereT" ... T4 denote the 1-, 2-, 3- and 4-halo terms that arise from cdioels between four points that reside in the 1
halo (the same halo) and from 2 to 4tdrent halos, respectively. Using the notations defined in [RB], the diferent halo
terms are given as

T(k1, ko, k3, ka) = 19(ke, Ko, K, Ka),

T2(K1, K2, Ka, ka) = P-(Ki2)13(Ke, k2)13(Ks, ka) + 2 perm,

T2(Ka, Kz, ks, ka) = P (k) (k)13 (ke ks, ka) + 3 perm,

T3(k1. k2. ks Ka) = B7T(K1. Ko, Kaa)l (k)11 (ko) 13(Ks, ka) + 5 perm,

T(k1. k2. Ka. Ka) = TPT(k1, ko, ks, Ka) 11 (Ke) 11 (k)17 (ka) 11 (Ka). (29)

The 2-halo term has two contributioﬁ'ﬂ andezg where one or two point(s) among the four points are in theti&i, with the

remaining points in the second halo. H8% andTPT are the matter bispectrum and trispectrum given based darpation
theory [48]

BPT(k1, Ko, ks) = 2F2(k1, ko) P (k)P (ko) + 2 perm,
TPT(ka, k2, k3, Ka) = 4| Fa(Kaa, —k1)Fa(Kia, k2)P"(kig) P (kn) P (kz) + 11perm|

+6{Fa(ka, kz, ks)P- (ki) P (ko) P (ks) + 3 perm] , (30)
where
5 1(1 2 (K - ko)?
Faki k) == + 2(k2 kg)(k ko) + 7(LZk%z),
Falks, kz.ke) =5 22 [Falke, k) + otk ko) + 12%2) [Galke, k) + Galks, ko),
1 1
3 1(1 4 (k1 - ko)?
Ga(ki. ka) = (kz kg](kl k) + 5 sz; (31)

Strictly speaking, the mode-coupling kerndfs, andG,,, are exact only for an Einstein de-Sitter mod@},p = 1) and have

a very weak dependence on the density parameters for modblw, # 1 [48]. Here we employ the Einstein de-Sitter
approximation for simplicity. This impacts how we make tloenparison to the response of the power spectrum to a backdrou
mode.



If k, k' > qj each halo term of the trispectrum can be approximated as
T, -k + g1z, K, K = q12) = Tk k, K, K),
T25(K, K + 12, K', =K’ — g12) = T2(K, =k, k', =K") + PH(qu2) 13(k, K)15(K', K),
T2(K, —k + 12, K’ =k’ = q12) = TH(k, —k. k', -K),
T3k, -k + g1z, k', K’ = q12) = T¥(k, -k, K, —K’)
+415(k, K13 (K)]*P-(ch2) PH (K )F2(daz, k') + 415K, K)[17(]°P (c12) P (K F2(—qa2, k),
Tk, -k + g1z, k', K = q12) = T*'(k, -k, K’, —K’)
+8[13(K)17(K)]*P"(a12) P (K)P (K') [F2(0l12, ~K)F2(dla2, k') + F2(0l12, ~K)F2(dl12, k)] (32)

where we have used approximations suctkasq;| ~ k.

Inserting the halo model expressions for the matter trispatinto Eq. (12), we find the non-Gaussian term can be braken
as

CNG CTO + CSSC (33)

whereCTO was given in Eq. (14) and is the standard non-Gaussian texmiving only oppositely directed Fourier modes [13].

The last ternCSJSC|s the sum of the pieces involvirg (d12) in the T2}, T3, andT*" terms of Eq. (32). We shall see that the
combined terms are exactly the super-sample covariantedEEg. (19).
To see this relationship let us begin with the remairigiece of theT22'21 term. It can be simplified as

1 d2k d2k’ d3q
CHsv = f 153(k, K)I3(K', K) SW(ga) | (27)%3 P
j Ve D v 1201 ]_[(Zﬂ)g (9a) | (27)°53 (01229 P* (da2)

— d2k dzk' s, d g1 d 02 d3q N . . 3
V_2 »f;ek \f||.(| - ij |%(k, k)l%(k s k) w W WW(ql)W(q - ql)W(qz)W(q _ qZ)PL(Q)

~1__1___ g = ol
=k K1 ) [ e WarP @ (34

where we have used the variable chargge,— q, in the 2nd line on the r.h.s., and we have use the identity 2&yfor the
window function. Note that the remaining integral oRris simply the variance of the linear density field convolvethwhe
window function, Eq. (20). The HSV term can now be simply egsed as

CIY = (w)13(ki k)15 (K;, ky). (35)

We have labeled this term “HSV” for halo sample variance teki¢s the form originally pointed out in Ref. [19] in their E8)
[see also Section 3.4 in Ref. 22], although those works fedas the two-dimensional case (i.e. lensing power spegtrum
The super-sample covariance consistency relation Eqig¥@w manifest with Eq. (27) in the 1-halo dominated regime

dInPk) 13k K
3 19k K)

(36)

In the halo model this consistency arises from compatybilftthe bias with the mass function. The number density & realos
responds to the background mode more strongly according bieis and so the response function Eq. (36) involves theagee
bias of the halos contributing to the binkn

Next let us consider the remainiRy piece to ther*" term. This can be similarly simplified as

CBC _ i dzkf d’k’ (dqq d®q. dq
! kiek Vi Jire Vi J (21)3 (21)3 (27)3

x [BIEILK)IPPL (P (K) [F(d. ~k)F2(0. K') + Fa(d. ~K)F2(g, k"))

(68) [k 20)IPP (k)P (k) ()2 (37)

W(qu)W(g - qu)W(a2)W(q - a2)P-(q)

where we have used the identity (Eq. 21) for the window furctind used the azimuthal-angle average of the perturbation
theory kerneF; as

Yduro 5 2 17
| R =3+ 55 = 51 (39)
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This type of term was called beat coupling (BC) in Ref. [16]ur@xpression diers from their Eq. (94) only through the
inclusion of thel% terms, which mediate the transition to the 1 halo regime.. Réf also treated beat coupling in the deeply
nonlinear regime by employing a model of the nonlinear mattepectrum based on hyper extended perturbation thet®ly [
and derived the similar formula to Eq. (37) for the nonlinezgime, where the covariance terms have the nonlinear matte
power spectra instead of the linear spectra and hav@ereht prefactor from 21. However, the halo modelftiérs from
hyper extended perturbation theory in the nonlinear regame Refs. [27] and [19] showed that the HSNeet based on the
halo model (Eq. 34) gives a much better agreement to the pspestrum covariance in the nonlinear regime measured from
the simulations of weak lensing field than predicted fromBi@effect using the hyper extended perturbation theory. For this
reason, we will hereafter use the label “BC” to refer the stga@mple covariance in the weakly nonlinear regime only.

With these simplifications, the BC term is also exactly whatoltain from the consistency relation in the perturbatggme
where the 2 halo term dominates the power spectrum. The bawkd response,

dInP(k) 68

= — 39
d6p 21 (39)

can be derived by considering the growth in a separate wsaweith rescaled mean density in the Einstein-de Sittercqimia-
tion that matches the assumptions for Eyekernel (see Eq. 122 in Ref. [42]).
The final term is thé®" piece of theT 3" term:

CHSV-BC _ if d*k d’k’ (d*qu d’qp d’q
! V& Jikiek Vi Jirek Vi J (27)3 (21)3 (2)3
x AN 1212(K K)P- (K F2(a, k) + 40111212k, WP (K )Fa(q. k)

o~ (a\LN)Z{%{@(ki)]zlg(k,-,kj)PL(ki) +(i & j)}. (40)

W(qu)W(g - q)W(a)W(q - a2)P-(q)

This contribution takes the form of the cross term betweel H&d BC.
We can now see that the sum of all three terms

CﬁSC — Cil'j|SV + Cil'jlsvaC + C|BJC (41)
reproduces the general expression for the super-sampeianee of Eq. (19) with the total halo model response

dInPK) _ 51[11(KI*P-(K) +13(k.K)

3 [IXKI2PL(K) +19(k, k) (42)

Thus the halo model obeys the consistency relation for thpectrum of Eq. (18) and illustrates that super-samplacarce
can be described by the response of the power spectrum tathgtound density. Beyond the halo model, it can be acdyrate
calibrated directly from simulations.

B. ACDM examples

To illustrate the power spectrum covariance fax@DM model, we employ cosmological parameters that are stergiwith
the WMAP 9-year result [50]Qmoh? = 0.136,Qp0h? = 0.0226 andQmo = 0.278 for the density parameters assuming a flat
universe anahs = 0.972 andAs = 2.41x 10 atk = 0.002 Mpc'* for the primordial power spectrum parameters. We use the
fitting formula in Ref. [51] to compute the transfer functifam the model. Noterg = 0.83. As for the halo model ingredients,
the halo mass function, the halo mass profile, and the hap Wimused the same modes as in Ref. [52].

The fundamental building block for the super-sample cavare éect is the variance of the density field averaged over the
survey window, Q-\j,)z. Our approach is not limited to simple window geometriegsithe power spectrum at highshould
respond to the background density in the same way regardfggsometry. Here we consider spherical- or cylinder-sbdape
geometries as working examples for which the window funttiare
WDy, Vi = @n3r
Ji(k.r) sin(kl/2)

ker Kkl2 W

wherek? = k2 + k]z. The left panel of Fig. 1 shows how the variance scales witkiesuwindow volume compared to/ ¥y,
which is the scaling of the standard covariance terms in T&(E3 and 14). The main result is that for both geometries the

IW(K)| =3

IW(K)| =2 Vi = (ar?), (43)
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FIG. 1. The variance of the linear mass density field convbhwith the survey window functionat;,)? for a ACDM model andz = 0.
Left: variance as a function of survey volume for sphergl= (4z/3)r® and cylindrical windows/y, = nr?l;| = ar. We show the variance
multiplied by the volume to illustrate that for a wide rangesurvey volumes the relative impact of super-sample vaeamd the other terms
which scale as /My remains the same within a factor of 2 due to the flatnesB-@) around matter-radiation equalitRight: cylindrical
windows of fixed volumevy, = nr?l = 1(Gpg/h)®. Optimizing for both minimum variance and a non-elongatedrgetry (see text) yields
| = ar as the best choice for volumes that exceed the matter-imdiairnover. As shown in the left panel, this choice has aelovariance
than the spherical window of the same volume.
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FIG. 2. The response function of the power spectrum to therssyrvey moded In P(k)/d6,, for the halo model (Eq. 42)Left: z = 0.
Thin solid and dot-dashed curves are the halo sample variamd the beat-coupling term respectively. The total polwews a plateau up to
k ~ 1 h/Mpc, havingd In P/ds, ~ 3 for the amplitudeRight: z= 0,1 and 2. At higher redshifts the plateau develops a smaléréig to the
larger response of more rare halos.

scaling of (r\';\,)2 differs from the standard scaling only by a factor of 2 across th@ew orders of magnitude in volume. This
is because the matter power spectrBhtk) is relatively flat on the corresponding scales. It is only\folumes significantly
greater than 1 (Gph)? that the super-sample variandéeet declines relative to the other terms.

For a cylinder window, we employ a specific shape givet byrr. This is motivated by the study in the right panel of Fig. 1
for the impact of the aspect ratigl or r at a fixed volume 1 (Gph)3. For a general aspect ratio and volume, the variance scales
askk? P-(k). Since the maximurkk? o« I71r=2 = const., minimizing the variance involves minimiziRy(k) at the maximum
k. Increasing from small or a “tube” geometryk « 1/r and so the variance increases until the peak of the powetrapec
is reached. It then declines until the minimunis achieved wheh ~ nr. The volume then becomes flattened into a “pill”
geometry wher&k ~ 1/I « r=2. The variance increases until the peakPb{k) is crossed in the opposite direction and then
declines thereafter. Since either the extreme “tube” di*gases have undesirabléects of washing out structure Rt (k) via
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FIG. 3. The diagonal term of power spectrum covariance asietifin ofk in a ACDM model for a spherical survey volume ®f, =

1 (Gpg/h)3, redshiftz = 0, andk-binning of AInk = 0.1, respectively. Plotted here is the non-Gaussian coveiaontributions relative to
the Gaussian term. At 2 0.1 h/Mpc, the non-Gaussian errors start to dominate over the skaugerm for thek-binning. The bold solid
curve is the halo model prediction for the super-sampleriawee (SSC), which is broken down into the dominant comptsen the weakly
nonlinear and fully nonlinear scales respectively: th@tsample variance (HSV; dashed) and the beat-coupliiegte BC; dot-dashed) (see
Eq. 41). The red (light) solid curve is the standard trispeatterm (TO) which is subdominant or comparable throughout

the convolution with the window and the smallest dimensiamot be in the nonlinear regime, this implies that for angjdical
geometry the best shape for minimizing super-sample vegi@sl ~ nr. At this minimum point, the cylinder has a smaller
variance by a factor of 2 compared with a sphere of the same volume.

The second building block of the super-sample covariaffeetas the response of the nonlin€¥k) to a fractional change in
the background densiti. In Fig. 2, we study this response functi@in P/dép, as predicted by the halo model (Eq. 42). In the
one and two halo regimes, the response function is given®&V and BC &ects respectively. Summing up the two terms
gives an plateau-like feature in the response function wpdertain wavenumbek,~ 1 h/Mpc for z = 0 or somewhat smaller
wavenumbers for the higher redshift. This implies that tlyges-sample variance can be absorbed by a multiplicatbrestant
factor in the power spectrum amplitude, up to the certainemamber. In the halo model, higher wavenumber correspands t
smaller, less biased halos where the response decreases. haios of a given size are more rare at high redshift, tkean
increase in response at higher redshift which creates a &tlthe transition from BC to HSV domination.

We can now put these two pieces together to form the conioibad the power spectrum covariance from the super-sample
covariance terms. Fig. 3 shows the non-Gaussian diaganeadyiance, term relative to the Gaussian expectation féfa= 1
(Gpgh)® spherical survey with bins oflogk = 0.1. As expected, the non-Gaussian contributions are lahger Gaussian
for k 2 0.1 h/Mpc where the linear to nonlinear transition occurs or eajently where the 2-halo to 1-halo transition occurs.
Where the curve crosses unity specifically depends on thergrscheme since the Gaussian variance terms are suppessse
the number of independekimodes increases.

For the halo model, the BC term dominates over other non-&ausontributions in the weakly nonlinear regime and the
HSV term in the deeply nonlinear regime with a smooth trémsiin between, which is mediated by the cross term. The total
SSC contribution therefore dominates or is comparabledstandard TO term everywhere.

These results are of course limited by the accuracy of theraldel itself which does not directly Sice for future surveys.
Weak lensing cosmology, which is the primary science drofgplanned imaging surveys, needs to use the power spectrum
information up tdk ~ 1 h/Mpc to attain the full potential [53]. Galaxy clustering kdscosmology aims at using the information
up to at least a few.Q Mpc/hto capture the baryon acoustic oscillations as well as tesoreahe redshift-space distortioffiexct
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[9, 54]. Thus an accurate simulation-based calibratioh@tackground respondén P/dsy, across this regime is important and
will be presented in a separate paper.

IV. DISCUSSION

In this paper we have developed a simple, unified approaclesoribe the super-sample covariance of power spectrum
estimation in a finite-volume survey. We show that the presipknown éfects of “beat coupling” and “halo sample variance”
are both just limiting cases of the general response of theepspectrum to a change in the background density.

Formally, all power spectrum covariancets are described by the matter trispectrum due to the bitt-pature of power
spectrum estimators. The super-sample covariance tesesatiue to the convolution of modes across the Fourier width o
the survey window or “squeezed” trispectrum configuratiwh&ch connect pairs of closely separated short-wavelemgtties
through a long-wavelength or super-survey mode. We shotivtliese exists a consistency relation between these sqiieeze
trispectra and the response of the power spectrum to a cliaittggbackground density. This consistency relation akpmses
why this term is acovariance: the power spectrum responds coherently acrossdia single unknown background density.
Our formulation is general and applicable to any survey getoyrsince the response to a background mode does not depend o
the detailed geometry of the window.

To make contact with the literature, we used the halo modgldctrum to illustrate thesdfects. We find that in the weakly
nonlinear regime the response is exactly what is known asdmemling. In the fully-nonlinear regime it is exactly whiat
known as halo sample variance. The joiffeet is the dominant non-Gaussian covariance for a wide rahgervey volumes
and its accurate calibration will be important for high-@ston cosmology using large-scale structure probes. @scription
also exposes the fact that accurate calibration is stifaigidrd. Since the féect is the response of the power spectrum to a
change in the background density, it only requires runnivggimulations with dierent background parameters to calibrate at
any given redshift.

Our construction also exposes the possibility that powecspm super-sample covariance need not be considered as an
additional source of noise at all, but rather an additioigada of known shape but unknown amplitude given by the bemlgd
density in the survey. By including it in the covariance, pne-marginalizes the impact of the unknown amplitude. ixiely,
one can fit for its amplitude given the template power spettresponse under a prior given by its expected variance in the
survey window. This approach also directly exposes its thpa cosmological parameter estimation a$etlent parameters
will have different degeneracies with this background mode (see ReftdRi#je similar discussion). It can also protect against
unlikely realizations of the data by examining the depewdef results on the prior.

In principle, a joint fit could recover some information ompst-survey modes from the observable sub-survey powetrsipec
albeit limited by degeneracies with global cosmologicaiapaeters. This opens up an interesting possibility to explery
large-wavelength fluctuations based on the background foodpling to short-wavelength observables.
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Appendix A: Power spectrum covariance for projected densiy fields

The covariance formalism developed in the main paper carirbetly applied to any statistic that is derived from the teat
power spectrum. In particular, many applications such askvensing involve a weighted 2D projection of the densitidfie
We use the flat-sky approach developed in Refs. [15, 27] fotilo point statistics of a single projected field but the falism
can easily be generalized to cross spectra of multiple f[82ls55, 56] or all-sky statistics [57—-60].

We define the projected density field as

5(6) = f dy F()500.). (A1)
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where we have assumed a spatially flat universe with radialdioatey(2) = foz dZ /H(2) and f(y) is the radial selection
function. For the weak lensing field(y) is given by Eq. (4) in Ref. [27]. Taking into account the seyrwindow function, the
observed field is given as

Zw(0) = W(0)(0), (A2)

whereW(0) is the survey window function on the sk#’(6) = 1 if the pixel in the directio® on the sky is in the survey region
or contains data, otherwis@’(6) = 0
Under the flat-sky approximation, the Fourier-transforrield becomes

~ d’r
Zw(l) = (Zﬂ)ZW(l - 1NEW). (A3)
Similarly to Eq. (3), the power spectrum estimator for thejgcted field is defined as
A 1 d?l -
Cl) =&~ —ZwZw(-1), (A4)
W Jlel; 54

whereQqy is the dfective survey area defined sy = fd20 W(0), andQy, = f\el d?l = 2zl;Al whenAl/l; < 1.

In the limit that the angular mode bfs much greater than the width of the window function, the pogpectrum estimator is
unbiased in a sense that the ensemble average gives théyinmgleue power spectrum:

(Cmy) = ). (AS)
As in the 3D case, we can derive the covariance of the 2D pguesmtsum including theféect of the window function:
Cij = (é(l-)é(l-)> —c(c())

_ [(2”)2ca )5 + 77 (11| ,—)] , (A6)
Qw

Q
where
—p ~ 1 d2|f dzl’f d’ga 2 _ , v
T = 50 e o o ) (L] ey M00)| @0 (@7 4 i+ a2 o,V a0 (A7)

Using the Limber approximation, the angular power spectanchtrispectrum can be related to their 3D counterparts via

c) ~ f d F20x2P(K; ).

T (11,12, 13,14) = fd)(f4(/\/)/\/_6T(k1, k2, k3, Ka; x), (A8)
wherek; = l;/y.
The trispectrum consistency relation then implies
Cij=C;+Cl°+C5 (A9)
where
1 (27)?
Cfi = ay o )5K.
1 d?l d2l’
Clo=— f T, -1, -1,
! et Jiel, @ ( )
_g0P aP(k iX) d?l ~
= f d 1T T 0 [ PO, (A10)
@, (2r)

where we have again used the Limber relatipe |;/y. With the halo model expressions for the response functam £q. (42)
these relations reproduce the results in the previous viegk(18) in Ref. [19] and Eq. (17) in Ref. [27] for the HSV and BC
contributions, respectively. In principle, backgrounddas also change thee | relation through perturbations to the distance
redshift relation. However such modes would have to be emtsiut to the maximum distance in the integral and are tylgica
much smaller than th&, considered here.
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