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ABSTRACT
We present physical results for a variety of light hadroni@amfities obtained via a combined
analysis of three 2+1 flavour domain wall fermion ensembig. $eor two of our ensemble sets we
used the lwasaki gauge action with=2.13 (@ = 1.75(4) GeV) andB = 2.25 (@ * = 2.31(4)
GeV) and lattice sizes of 34« 64 and 32 x 64 respectively, with unitary pion masses in the
range 293(5)-417(10) MeV. The extein for the 8" dimension of the domain wall fermion
formulation isLs = 16 in these ensembles. In this analysis we include a thirérebke set
that makes use of the novel Iwasaki+DSDR (Dislocation Segging Determinant Ratio) gauge
action at = 1.75 @ ! = 1.37(1) GeV) with a lattice size of 32x 64 andLs = 32 to reach
down to partially-quenched pion masses as low as(14®leV and a unitary pion mass of
171(1) MeV, while retaining good chiral symmetry and topologicahneling. We demon-
strate a significant improvement in our control over the ahéxtrapolation, resulting in much
improved continuum predictions for the above quantitiebe T™ain results of this analysis in-
clude the pion and kaon decay constarfis= 127(3)staf3)sys MeV and fx = 152(3)staf 2)sys
MeV respectively {k/fr = 1.19912)staf 14)sys); the average up/down quark mass and the
strange-quark mass in th&s-scheme at 3 GeMn,q(vs,3 GeV) = 3.05(8)sta 6)sys MeV and
ms(s,3 GeV) = 83.5(1.7)sta( 1.1)sys the neutral kaon mixing parameter in tiie-scheme at 3
GeV,Bk (vs,3 GeV) = 0.5358)staf 13)sys and in the RGI schem8y = 0.75811)staf 19)sys and
the Sommer scales = 0.323(8)sta4)sysfm andrg = 0.480(10)staf 4)sys(r1/ro = 0.673(11)staf 3)sys)-
We also obtain values for the SU(2) chiral perturbation thedfective couplingslgz 2.91(23)stal 7)sys
andl; = 3.99(16)sta9)sys



I. INTRODUCTION

The RBC & UKQCD collaborations have recently published aanim limit results [1, 2] for a
variety of light hadronic quantities, including the piondakaon decay constants, quark masses
and the neutral kaon mixing paramefy, determined using two ensemble sets of 2-flavor
domain wall fermions (DWF) with the Iwasaki gauge actiofat 2.25 (corresponding to a lattice
spacing ofa~ 0.086 fm) and3 = 2.13 (@~ 0.114 fm), with lattice sizes of 32« 64 and 24 x 64
respectively and fifth-dimensional extentdgf= 16. We refer to this as the ‘2010 analysis’. With
precise non-perturbative renormalization methods madsiple by the good chiral symmetry of
the action, and a combined chiral/continuum fit analysis &ximise the use of the available data,
our predictions were limited mainly by th&(5%) systematic error on the extrapolation from the
simulated 29%) MeV < m; < 417(10) MeV pion mass-range to the physical point. In order to
address this issue we must simulate with lighter quark nsasggich necessitates an increase in
the physical lattice volume in order to maintain small finftidume corrections. As increasing
the number of lattice sites is very costly we must use codeggces in order to perform the
calculation with the currently available resources. Adiden the larger discretization errors, the
only significant impact of simulating with a coarser lattis@n increase in the size of the residual
massimes, Which parameterizes the explicit chiral symmetry breglkiaccuring due to the finite
length of the fifth dimensionm,, gets larger due to the increased number of low-modes of the
Wilson Dirac operator in the infrared regime, that are fkehused by so-called ‘dislocations’ —
localized instanton-like artefacts — in the gauge fields:af@@oirations containing these low modes
may be suppressed in the path integral via the introductdhé gauge action of an additional
weighting factor known as the Dislocation Suppressing Deftgant Ratio (DSDR) [3—6].

In this paper we present the ‘2012 analysis’ of the RBC & UKQGiaboration’s = 1.75
322 x 64 x 32 DWF ensembles that make use of the lwasaki+DSDR gaugmdotieach unitary
pion masses as low as 1@} MeV and partially-quenched pion masses at a near-physataév
of 143(1) MeV. The results for the physical quark masses and lattieeisgs presented in this
document were used in our recent calculation ofshe- 3/2 K — it amplitudes with physical
kinematics [7].

Note that the pion masses in physical units quoted aboveratheé iabstract, as well as those given
in the remainder of this paper, were obtained by combiniegitita at the simulated strange quark

mass with the final lattice spacings obtained in this ang)ysid the error represents the combined



systematic and statistical uncertainty.

Throughout this document we make use of the shorthand 32l2fey to the 33 x 64 x 32
Iwasaki+DSDR ensemble set, and 321 and 24l for th&>384 x 16 and 24 x 64 x 16 Iwasaki
ensemble sets respectively. This notation differs slygindm ref. [7], where the lwasaki+DSDR
ensemble set was labelled 32IDSDR.

In this paper all dimensionful quantities are expressedtiick units unless other units are explic-
itly specified or clarity is served by introducing explicidtors of the lattice spaciray

In section Il we provide further details on the Iwasaki+DSBdige action and present the simu-
lation parameters of our 321D ensembles. In section Il vesent our results for the pseudoscalar
masses and decay constants, the Omega baryon mass (usetthéossale), the Sommer scatgs
andr; and alsdBk, measured on these ensembles.

In the Symanzik effective action (up to and including dimenss terms), explicit chiral symme-
try breaking effects manifest as a dimension-3 term closalgted to the residual mass, and a
dimension-5 clover term. The latter introduc@sa) discretization errors that make it difficult to
perform continuum extrapolations with traditional Wilstaimions. In the domain wall formula-
tion however, the clover term has a magnitud&¢’m..), and can therefore be discounted in our
simulations, wheram,. is always on the order of 1§ or smaller. (In Appendix C we perform
additional checks to ensure that this assumption remaiegdar our Iwasaki+DSDR ensembles.)
Due to the excellent chiral symmetry, lattice artefact®iming odd powers of the lattice spacing
are heavily suppressed and we gain automatic offgh@) improvement. As a result, the leading
discretization effects appear @a?), and the next-to-leading effects @{(a*). Note that higher
order corrections to the Symanzik expansion can lead tostémgarithmic in the lattice spacing
that can, in extreme circumstances, spoil the neat powebkhaviour we have described; in
Appendix D we discuss this possibility further, and coneldldat, providing the range of lattice
spacings under consideration is not too large, such carecintroduce systematic errors into
our continuum extrapolation similar to those that resutrrthe neglecte@®(a*) terms and, for
the 0.086-0.11 fm range of lattice spacings considered karebe expected to be of a similar
size. (At non-zero quark mass there can also arise tertadmy), which can also be expected
to be of a similar size.) In our analysis of the present DSDBeerble, we find the typical size
of the &'(a®) terms to be< 5%, hence we can expect the next-to-leading discretizatimrs to
be roughly&’(0.05%) ~ 0.25%. These are an order of magnitude smaller than the emisisga

from the chiral extrapolation and the non-perturbativeoremalization (where appropriate), and



can therefore be safely ignored. The only surviving depeoe®n the lattice spacing is there-
fore a singlec(a?) term for each measured quantity. Of course this term depemdse lattice
action, but as all other parameters (the slopes with regpeitte quark masses) describing the
guantity are common between the lwasaki and lwasaki+DSDigres; we can easily obtain the
a? coefficients for the Iwasaki+DSDR action by comparing amgké measured value on the
321D ensemble set with the continuum limit obtained fromlthasaki ensembles. In practice we
include the lwasaki+DSDR ensembles in our simultaneouskiébontinuum fitting framework,
allowing these data to constrain the mass dependencestoltise physical point, substantially
reducing the chiral extrapolation systematic error on amtinuum predictions, as well as allow-
ing us to obtain th@? coefficients for the Iwasaki+DSDR data. In this frameworky gemaining
errors associated with the leading(a?) effects are included in the statistical error. Since we have
only two ensembles with different values for the lattice@pg that use the same lattice action,
we can only make a simpk# — 0 extrapolation to remove th&(a?) artifacts. Remaining lattice
artifacts of ordea* or higher, or possible?In(a?) effects, can only be estimated from the size of
the observed? effect and contribute small systematic errors.

The chiral/continuum fitting framework is discussed in mdegail in section IV. We use this
procedure in sections V through VIII to simultaneously fi& tiiforementioned quantities over all
three ensemble sets, from which we obtain the lattice sga@nd physical quark masses as well
as improved continuum predictions for the decay const&us)mer scales arigk .

In closing this section we would like to emphasize the im@ioce of the discussion in the above
paragraphs. Aside from th€(a?) errors that are explicitly included in our fit, the next lasge
discretization effects arise @t(a*). This level of control over the discretization effects can b
achieved, as we demonstrated in our 2010 analysis and al$asinlocument, using only two
lattice spacings. To resolve th#@(0.25%) next-to-leading effects would require another lattice
spacing (and likely a substantial increase in statistigb)ch we do not deem a sensible use of our
resources in light of their expected size in comparison toatkier systematic errors. This is in
contrast to other lattice formulations which do not havemadtic&'(a) improvement, such as the
Wilson approach, for which not three but five lattice spasiage required for an effect of this size

to be measured.



II. SIMULATION DETAILS AND ENSEMBLE PROPERTIES

We generated a set of domain wall fermion ensembles usinguheaki+DSDR gauge action,
which allows for simulations to be performed on coarserdast while retaining good chiral sym-
metry and topological tunneling. In this section we providekground on the DSDR term fol-
lowed by a list of simulation parameters and an analysis @fitkegrated autocorrelation length

and topological charge evolution.

A. The DSDR Term

The explicit breaking of chiral symmetry in the domain waltrhion framework can be described
by an additive mass renormalization parameter referred ta.a whose magnitude is related to

the eigenvalue densigy(A ) of the logarithm of the transfer matrix in the fifth-dimensjo

_ H
Hiransfer= 2tanh ! (2+V|:\;W) ) (1)

that describes the propagation of quarks through the fifttedsion, via the following relation [8]:
m.—R [ A p(r)e . ®)
0

HereR is a (possibly eigenvalue-dependent) radius faddgy,is the Wilson Dirac operator and
Hw = y°Dyw is the hermitian Wilson Dirac operator.

In the low-eigenvalue region the eigenmodesiginsierand those oHyy are necessarily identical.
It has been demonstrated [8—14] that the modes of the ladtee divided into two regions,
one containing only localized eigenmodes with small eigires and one containing extended
eigenmodes with large eigenvalues, separated by a mobedigA.. Picking out the dominant
contributions above and below the mobility edge from egmeexpect the following dependence

of m., uponLsg:

g Aels 1

Me. = Rep(Ac) = — +RP(O) (3)
S S

whereR; andR, are the radius parameters for the extended and local modpsaterely. The

exponentially-decreasing contribution from the extendestles above the mobility edge can be
controlled by increasings, with a cost that rises at worst linearly. In our previoussald simu-
lations the magnitude afi., was dominated by the term m(0), the density of near-zero eigen-

modes. These modes are thought to be associated with ledaizd short-lived dislocations or



‘tears’ in the gauge fields, which can cause changes in thietbipblogy. As the strong coupling
limit is approached, the gauge fields become more disorderédhe density of near-zero modes
increases sharply. In order to maintain good chiral symymatoperties at stronger coupling we
must therefore seek to suppress the near-zero modes. Oth#rehand we must take care not
to also remove the very-near-zero eigenmodes that areregfoir topological tunneling to occur
during the gauge evolution.

The DSDR, or ‘Auxiliary Determinant’ is applied to the gaumgion as a multiplicative weight of
the form [3—6]

det[Dw (M +iery?) Dw(-M+iery?)] A+ ef 4
det[Dw (—M +igpy?)"Dw (—M +ig)?)] ﬂm ()

W (M; €t 6p) =

whereg; andg, are tunable parameters with typical sizes @]? < eg < 1. With this weighting,

the contribution of a single eigenmode to the Molecular Dyits force becomes a function of

- d | A2+ €2 :
|(€f,5b)—d—)\i —Ogm ) (5)

andg, of the form

which when plotted against the eigenvalue has a peak and/h&h are independently tunable
by varying the two parameters. It is therefore possible tetthe force to suppress near-zero
eigenmodes while not completely suppressing the essestiainear-zero modes.

Numerical studies [6] have demonstrated a reduction irateymmetry breaking while retaining
adequate topological tunneling through the use of this tdnmAppendix C we demonstrate the

lack of observable explicit chiral symmetry breaking eféegn our Iwasaki+DSDR ensembles.

B. Simulation Parameters

We generated DWF ensembles with the Shamir kernel and treakiieDSDR gauge action on a
322 x 64 lattice volume with_s = 32. We used a ‘domain wall height’ &fls = 1.8 and a gauge
coupling of 8 = 1.75, which as determined in section V, corresponds to an $eMaittice spacing
of 1.37(1) GeV. The parameters of the DSDR facteg,= 0.5 and&; = 0.02, were chosen to
minimise the residual mass while still allowing a reasoealatte of topological tunneling. We
generated two ensembles with bare light-quark masses f0.001 andm = 0.0042, for which
the corresponding unitary pion masses are(1yand 2462) MeV. In this document we analyse
~ 1400 and~ 1200 MD time units on these ensembles respectively (disaga&D0 and 600 MD



time units respectively for thermalization). On each of émsembles we simulated with a single
strange-quark mass close to the physical value and usegtetivej to correct to the true physical
value in our fitsa posteriori Further details of the number of reweighting steps andhstsiic

samples are given in the following subsection.

C. Ensemble Generation

In this section we provide a summary of the Monte Carlo athars that were employed for the
gauge evolution. Further discussion of our algorithmspglwith the full set of parameters, can
be found in Appendix A.
For the fermionic contribution to the evolution of the = 0.0042 ensemble we employed the
‘RHMC II' algorithm [15], in which the calculation of the singe-quark determinant is broken
into three factors and evaluated using the rational appration with equal molecular dynam-
ics time steps, and the determinant of the two degenerdtedigarks was preconditioned by the
strange-quark determinant. With the notati@tm) = DEWF(M5,m)DDWF(M5,m) for the Her-
mitian domain wall operator and usig,(m) to represent the rational approximation to e
power of Z for massm, the algorithm can be written as
2] o (0] ol (55 oo (53 i)

(6)
where each determinant is estimated using independend@&emion fields. We made use of an

Omelyan integrator with paramet&r= 0.22 during the evolution of this ensemble.

For the lightemm, = 0.001 ensemble, we were able to achieve a significant speetlij[evalu-
ating the light-quark contribution to the gauge field updatigg multiple Hasenbusch mass split-
tings [16, 17]. Here the determinant is split irksteps (withk = 6 in our case), each evaluated
using a shifted mass:

oo 5] - Tt ]

where 0= o < H1...Hk+1 = 1—m. The intermediate masses(i = 1..k) can be continuously

(7)

tuned, enabling us to evaluate the individual determinarasreduced precision — 1®residual as
opposed to 108 — considerably reducing the computational cost. The s&-anp@rk determinants
were again evaluated using the rational approximation. bteioed a further increase in speed by

utilizing a force gradient integrator [16, 18] in place oét®melyan integrator.



ms m |/ | At X Nstepd NG : Npspr: Nierm| T(MD) |[Acceptance  (P) (Yy(m))
0.0047 7.8 | 1/8x8 64:8:(2:1) | 1176| 70% |0.512198(3)0.001579(5)

0.045

0.001| 16.5| 1/9x9 12:6:1 1432 73% 10.512230(3)0.001202(3)

TABLE I. Simulation parameters for the 32ID ensembles. Hbesfifth column contains a gross summary
of the algorithm, giving the ratio of gauge field updatblg) to the number of DSDR updateNl{spR) to

the number of updates of the fermion fordde(,). For the heavier ensemble, the fermion component is
divided into the rational approximation for the strangexdudeterminant and the light quark determinant;
the former is updated twice as often as the latter. On thédiginsemble the strange-quark determinant and
the Hasenbusch-preconditioned light-quark determinesnat nested but instead are evaluated indepen-
dently and their force contributions combined linearlyeTolecular Dynamics time step for the top-level
integrator and the number of steps per traject®lyefd is given in the fourth column. The quantityMD)

is the length of the ensemble used for the analyses in thisndect, measured in Molecular Dynamics time

units.

In table | we give details of the Molecular Dynamics time stgmd the update ratios for each
component of the force, alongside the total MD time, the Blgdlis acceptance and the values of

the average plaquette and chiral condensate on each emsembl

D. Ensemble Properties

In figure 1 we plot the Monte Carlo evolution of the plaquettgological charge and the light-
guark pseudoscalar density. We measured the topologieajeldirectly using ‘cloverleaf’ esti-
mates of the field strength tensor, with 1x1, 1x2, 2x2, 1x3 3x@ Wilson loops calculated on
APE-smeared gauge fields (with 60 smearing steps) and ceahbising the ‘5li’ (five-loop im-
proved) combination [19] which eliminates th&(a?) and ¢ (a*) terms at tree-level. We show
histograms of the topological charge distribution in fig@re

Figure 3 contains plots of the integrated autocorrelatiom tfor various quantities on the =

0.001 andm, = 0.0042 ensembles as a function of the cut on the upper boune aftidgral Acyt:

Dcut
Tint (Acut) = %‘f’ Z C(4), (8)
A=1

where

(Y()=Y)(Y(t+A)-Y) >
o2 t

9)

C(a) = <
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FIG. 1. Monte Carlo evolution of the average plaquette (tagjological charge (middle), and light-quark
pseudoscalar density (bottom) on tine= 0.001 (left) andm = 0.0042 (right) ensembles.
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FIG. 2. Topological charge distributions for thg = 0.001 (left) andm = 0.0042 (right) ensembles.

for a quantityY, whereY is the expectation value over the ensembigits variance, and is the
Molecular Dynamics time separation between measuremeéhésaverage in the second equation
is performed over the set of pairs of configurations sepdrayeA MD time units. In order to

correctly estimate the errors on the integrated autoadrogl time, we investigated two strategies:

1. At each fixedA we formed a bootstrap distribution to estimate the errorhennbean(...)
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in egn. 9. Prior to performing the bootstrap resampling, wadd the set of measurements
(Y(t) =Y) (Y(t+A) —Y) over neighboring configurations (indexed herehyrhe bin size
was successively increased until the errors stopped ggowrhich we found to be at bin
sizes of 25 and 20 on thig = 0.001 andm = 0.0042 ensembles respectively. The error on
Tint Was obtained from the bootstrap sum o@éA) according to eqn. 8. This method closely
resembles the standard strategy for binning equivalenttgies over a set of correlated

measurements under a bootstrap.

2. We took the full set of measurememg) over the ensemble and formed blocks by aver-
aging over neighbouring configurations. We then measuredairelations between these
blocks, taking the center-point of each block as the asttisiD time. This has the ef-
fect of averaging over short-range correlations, expogioge with longer range, but also
results in changes to the central valuergf at fixedAcyt as the bin size is increased, as at
each bin size we are measuring a different quantity. We ctieseptimal bin size to be the
point where further increases resulted in statisticallyststent central values. This strategy
was used in our 2010 analysis for estimating the autocaioaléength of the two Ilwasaki

ensemble sets.

The aforementioned figure contains plots for both of theisdesiies. We see that they give con-
sistent results. The integrated autocorrelation timeterrhajority of the quantities we looked at
appears to lie between 5 and 10 MD time units. However, agisdily the case, the topological
charge (and of course the pseudoscalar condensate) disptayderably larger autocorrelation
lengths, around 25 MD time units on the ligher ensemble andrithe heavier ensemble, re-
flecting their sensitivity to the underlying global gaugéditopology. The larger autocorrelation
length suggests a lower topological tunneling rate for glrtér ensemble. However we empha-
size that these autocorrelation times are considerablsteshihvan those of the Ilwasaki lattices,
which were estimated to b&(80) MD time units [1] from the topological charge measurements.
For the simulation parameters and properties of the 321 dhth#&saki ensemble sets we refer to

reader to ref. [1].
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FIG. 3. The integrated autocorrelation time is shown foraberage plaguette, topological charge, the chiral

condensate and pseudoscalar density for the light and gk species (labelled ‘I’ and ‘h’ respectively),

and the pseudoscalar two-point function at20, as a function of the upper bound on the integal, using

data from then, = 0.001 (top) andn = 0.0042 (bottom) ensembles. For those plots on the left we astiin

the errors by binning the set of correlations between measemnts at fixed MD time separation (the first

strategy discussed in the text), and in those on the rightleeklmver the data and measure the correlation

between blocks (the second strategy). We chose bin sizésaf®20 on the lighter and heavier ensembles

respectively. The pseudoscalar two-point function way oméasured every 8 MD time units, hence for

both methods we bin these data with a bin size of 24 MD timesunit the right-hand plots the data have

been shifted slightly for clarity.
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E. Reweighting the Strange Quark

We make use of reweighting in the strange sea-quark massdaodbe mass dependence of our
data, and hence interpolate to the physical value, withmutrring the expense of simulating with
additional masses. The reweighting factgrfor a particular reweighted masg)" and configu-
rationi is determined by measuring the degree to which that contigaraas sampled from the
un-reweighted path integral, contributes to the path matlegith the reweighted mass; in practice
this involves the calculation of the ratio of Dirac-matrigtdrminants with the reweighted and
simulated masses respectively. The expectation value olbs@rvables with the shifted strange-
quark mass is then obtained by first measuring on the origimaéweighted configurations, then

applying the reweighting factors:
(WO sim

(O)gy = ﬁ (10)
The determinants are stochastically evaluated using akeGaussian sampled vectors and the
weight factor obtained from the average over these samphes.procedure was used in the 2010
analysis, and more details can be found in ref [1].
We performed measurements over incremental steps fronmtisdeged mass of 0.045 up to 0.052.
We previously found that the number of stochastic samplgsired for a reliable estimate of
the weighting factor is dependent upon the size of the massnments, with smaller increments
requiring less samples. As a result, we use two stochastiplea and small increments &fny, =
0.00025 — the same parameters as were used for the 241 ensembles
The reweighting procedure naturally reduces the effectiv@ber of configurationsle in each
ensemble set. In ref [1] we showed that a reliable estimatiei®fjuantity can be determined via
the following expression:

Nett — in xf. (11)

A value of unity indicates that the measurement is entirelyishated by a single configuration,

wheread\gs is equal to the original number of configuratiddg,ns when there are no fluctuation
in the weighting factors. In section V we measure the physizange quark mass to o™=
0.04676), which is close to the simulated value. At the nearest reltedy mass-step to the
physical mass, that withn, = 0.0465, we findNeg = 133 (Neonf = 180) andNegs = 119 Neonf =
148) on themy = 0.001 andm; = 0.0042 ensembles respectively, suggesting that reweighting

the physical strange-quark mass will result in only a 10-lIiBétease in the statistical errors on
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these ensembles. This is of a similar magnitude to the isersaggested by the valuesNx

on the 32| ensembles, which are given in ref [1]. On the 24kprides we require a slightly
larger extrapolation to reach the physical value, henceeweighting introduces larger increases
of 25-35%.

. RESULTS FROM THE 32° DWF+ID ENSEMBLES

In this section we present the results of fitting to a numbersiervables on the 32ID ensembles.
We performed measurements on 180 configurations omthke 0.001 ensemble and 148 on the
m = 0.0042 ensemble, with each configuration separated by 8 MDuimits. The analysis in the
previous section suggests an autocorrelation length 5 on them = 0.001 ensemble and 7

on them = 0.0042 ensemble, which can be overcome by binning the datacpésforming the
fits. We shifted the gauge fields in the time-direction by XBda spacings relative to the previous
configuration prior to measuring the quark propagatorss fas the effect of reducing the corre-
lation between successive measurements, suggestingnnaidthe data may not be necessary.
However, this does not apply to the measurements of the Sormcaéesrg andry, which are
formed using Wilson loops with origins on all lattice sités.order to remain consistent, we de-
cided to bin the data for all of our quantities over 4 sucegssieasurements (32 MD time units)
on both ensembles; although this is larger than the measwtedorrelation length, it matches
the periodicity of the quark propagator measurements, @titerefore a more natural choice. We
found no statistically significant dependence on the bia sBizany of our measured error values,
hence the choice of bin size has little effect on the finalltesif this analysis.

The pseudoscalar meson two-point correlation functiongwalculated in the same manner as
those on the 32l ensembles, namely using Coulomb gaugeia#dsource propagators origi-
nating at the lattice time boundaty= 0 with both periodic ) and anti-periodicd) boundary
conditions in the temporal direction. Taking tpe-a combination of propagators to form each
leg of the correlation function projects out the componeatdlling forwards in time. Likewise,
the p — a combination projects out the degenerate backwards-patipagstate. The correlation
functions formed using these combinations of propagatave la temporal periodicity of double
the usual length, which results in a significant reductiomaand-the-world propagation. The
Omega baryon correlation functions were calculated séggrasing box-sources with a spatial

volume of 15 lattice sites and with one corner at the spatial origin. Ehesre placed on time-
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0.001 0.0042

0.00010.0018447(60) 0.0018888(48)
0.001[0.0018510(43) 0.0018889(47)
0.00420.0018269(58) 0.0018735(48)
0.008(0.0018025(57) 0.0018500(48)
0.035(0.0016939(44) 0.0017356(39)
0.045(0.0016739(39) 0.0017141(37)
0.055(0.0016619(36) 0.0017014(35)

TABLE II. m.con the 32ID ensemble set at the simulated strange-quark mass

slicest = 0 and 32, and anti-periodic boundary conditions were usedh® propagators. As
mentioned above, the gauge fields were shifted in time by 18 with respect to the previous
configuration prior to performing all of these measurements

For each quantity we tabulate the results of fitting to theetohependence of the corresponding
correlation functions measured at the simulated strangekgmass, and we present example ef-
fective mass plots demonstrating the quality of our data.al&%e provide tables of data corrected
to the physical strange-quark massmf= 0.04676) determined in section V, using the the NLO

ChPT with finite-volume corrections parameterization fog thass dependence.

1. The Residual Mass

The residual mass at a non-zero (partially-quenched) guadsmy, may be determined via the

following ratio:
0|38 |rT

M (my) = %é‘”n;, (12)
Wherng‘q is the pseudoscalar density at the midpoint of the fifth disiem and)g is the physical
pseudoscalar density constructed from the surface fields.pfime superscript is used to differ-
entiate this quantity from the residual mass in the two-flaoral limit, m..= m_(my=m = 0).
We averaged the datataandT —t (we refer to this as folding the data), wherds the lattice
temporal extent, and fit over the time range 6—32 on both eblesyobtaining the values given in

table Il. Note that on the lighter ensemble, the non-unitetyes were determined on a reduced
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FIG. 4. The chiral extrapolation afi_, over the unitary data points at the simulated strange-qoeas,
with min the chiral limit denoted by the brown square point (ledind the strange-quark mass dependence

of m.in the chiral limit (right).

data set of 92 configurations; these data were not used iatirednalysis but are presented here
for completeness. We obtained,. by extrapolating the unitary light-quark mass to the chiral
limit at each reweighted strange quark mass. As discusseefsn[22] and [15], defining the
residual mass as this limit guarantees that the pion masvaviish in the limitm; +m,, — 0

up to sub-percent corrections of orabr{.{(ms)/dms - m.. A plot of the chiral extrapolation at
the simulated strange-quark mass is shown in figure 4. Ovarigd minor strange-quark mass
dependence of this quantity evident in the right panel ofrégl) and the small separation between
the simulated and physical strange quark masses, the valug at the physical strange quark
mass is not measurably different from that at the simulasdde/of 00018427).

2. Pseudoscalar Masses
We calculated a series of pseudoscalar meson two-pointidunsoof the form:

658, (t) = (0|OF (1) 0% (0)(0) (13)

Here the subscripts index the interpolating operators &edstiperscripts denote the operator
smearing (walW or local L) at the sink and source respectively. In the following wesrdb
these by the shortharﬂlogls{ for example usindhA™V to denote the axial-axial correlator with

wall source and point sink. The pseudoscalar masses weggrdeéed via a combined fit to the
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following five correlation functionsPP™, AP and AA™W, PPYW and APVL. The correlation

functions exhibit the following time dependence:

0|03 |m) (r|O2|0) 1 _ N
cgéji%z(t) _ < | 1 ‘Zn?])f\/‘ 2 | > e Myt +e I'T}xy(ZNt t) , (14)
y

where the sign in the square brackets-ifor the PP andAA correlators and- for the AP correla-

tors. We denote the amplitudes as

(010317 (MOF10)

N2 =
0102 2myV

(15)

Taking full advantage of the doubled time-extent of theidattwe performed our fits over the
time range 8—-63 on both ensembles, obtaining the massed irstable 1V. The values at the
(unitary) physical strange-quark mass are given in tablemd VI for the light-light (pion-like)
and strange-light (kaon-like) quark mass combinationpeetively. In figures 5 and 6 we show
example effective mass plots for the data at the simulatedge-quark mass on tmg = 0.001

ensemble.

3. Pseudoscalar Decay Constants

The pseudoscalar decay constafyjsvere calculated from the two-point function amplitudes via

2 JVLWZ
fay = Za\| —— =50 16
Xy A rnxy\/(/i/l:)\/lg)/\/\/ ( )

HereZx relates the local four-dimensional axial currérj,t— formed with the domain wall surface

the following equation:

fields — to the Symanzik-improved axial curre‘kﬁ"{ and thus renormalizes the local current into
the continuum normalization. The indiceandu correspond to the flavor and Euclidean direction
respectively.

For domain wall fermions, a partially-conserved five-dirsienal axial currenfzf,j11 can also be de-
fined, which is related to the Symanzik improved current biffareént renormalization coefficient
Z.,. Prior to the 2010 analysis, it was typically assumed thatiifference between,, and unity
was negligable, hencé& was assumed equal #a /Z,,. This can be obtained using the improved
ratio [20] of the partially-conserved 5D axial current nsaglement(.«7(t)P(0)) to the local axial
current matrix elemenfA4(t)P(0)). As discussed in ref. [21], the assumption tAgt = 1 is only

true up to termg’(am,,), leading to an additiona¥ (1%) systematic error in our earlier results.
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However, in refs. [22] and [21] it was shown that is approximately equal t@dy, - the ratio
of the Symanzik-improvegector currentV“Sa to the local vector curremr’jl - with their differ-
ence of orden?,. Since the rati&, of the conserved 5D domain wall vector curref to its
Symanzik-improved curren:t/“Sa is unity up to termsZ(a?), this led to the observation thaj
can be determined much more accurately via the ratio of tted bnd 5D vector current&y /Zy,

calculated using the following expression:

—

Z_V: Z?:lZX%a(X7t>wa( 70)
Zy 313V HVREO,0)

(17)

in the limitt > a. We calculated?,/Z, on 192 and 93 configurations of tlm@ = 0.001 and
0.0042 ensembles respectively, and fit to folded data ovelirteintervals 8—12 and 7-17. Fig-
ure 7 show&y /Zy (my = m = 0.001) as a function of time, illustrating the quality of our data. |
the same figure we also show the chiral extrapolation of theltetom = —mes In table Il we
give the fit results on both ensembles and the chirally egtedpd values. For completeness we
also calculate the ratida/Z., using the aforementioned ratio [20], fitting over the timeemal
5-30 to folded data. The values of this quantity on each ebkeand in the chiral limit are also
given in table 1ll, and we show an example correlation fumttin figure 7 alongside a plot of
the chiral extrapolation toy = —m,.. The value 0Z5/Z,, at the physical strange-quark mass is
indistinguishable from the value at the simulated massredtly we have not measurety /Z,

on reweighted configurations, however the lack of measerstbhnge-quark mass dependence of
Zp/Z.; suggests this will not have any effect on our conclusions.

We calculated the normalized decay constants using theealatios. The values at the simulated
strange-quark mass are listed in the second column of tehlarid the pion-like and kaon-like
decay constants at the physical strange-quark mass ame igitke second columns of tables V
and VI respectively. For these quantities, the statisticadertainty onzy /Zy is considerably
larger than that of the bare decay constant. For exampl&aeeunitary value on they = 0.001
ensemble has a 0.3% error compared to 1.2% on the normalimedity. The error orZa/Z.,

is much smaller, and if used to normalise the bare decay aotsshas virtually no effect on the
relative error. However we chose to continue ustgZ, to normalize the decay constants in

order to eliminate the systematic error associated withguie axial currents.
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my  Zp/Zy Zy/Zy

0.0042 0.68901(9) 0.6637(46)
0.001 0.68828(15) 0.6685(36)

‘Mes 0.68778(34) 0.6728(80)

TABLE IIl. Results forZa/Z,, andZy /Zy at the simulated strange-quark mass.

4. Omega Baryon Mass

We determined the Omega baryon masses using box-sourcagattops with antiperiodic bound-
ary conditions. In order to improve our statistics we aveththe degenerate upper and lower
spin-components of the correlation functions prior torfgti Our fits were performed over the
intervalt = 3—10 on both ensembles, giving the values listed in table Mifigure 8 we show the
effective mass of the Omega baryon on the= 0.001 ensemble witin, = my, = 0.045, demon-

strating the quality of our data.

5. Neutral Kaon Mixing Parameter

The neutral-kaon mixing parametgy, was obtained by fitting the time dependence of the follow-

ing correlation function to a constant:

(KO(t)| v +aa (1) KO(t2))

lat/+\
B = 2 0t o0 (Aol KO

(18)

wloo

where Oy 1 an IS the AS = 2 four-quark operator responsible for the mixing. This aper is
inserted at all timesbetweert; andt,. We form the forwards-propagatitd state using th@+a
combination of propagators, and the backwards-propagifirstate using the — a combination;
in effect this set$; = 0 andt, = 64 and reduces the round-the-world effects associatedthéth
kaons propagating through the temporal boundaries. Wenmeeid our fits over the time interval
8-56, giving the values listed in table VIIl. We show an ex#ampatrix elementin figure 8 and list
the values oByy at the physical strange-quark mass in table IX. NoteBgat a renormalization-
scheme dependent quantity and must therefore be renogdatito a common scheme prior to

being included in our simultaneous fits; this is discussedane detail in section VII.
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6. The Sommer Scales

Finally, we obtain the Sommer scaleg andr; using Wilson loops formed from products of
time-directed gauge links, for which closure is not reqaiideie to Coloumb gauge-fixing. The
time dependence of the Wilson lody(r,t) was fit fromt = 3 to 8 for each value of the spatial
separatiorr, and the resulting potenti®(r) then fit over the range = 2.00— 9 to the Cornell
potential [23]

V(r):Vo—%JrUr, (19)

whereVp, a ando are constants. The Sommer scales are determined diremtiytfre potential:

_ |A—a
I = g (20)

whereAg = 1.65 andA; = 1.00 for rg andr4 respectively. In figure 9 we show an example of

the effective potentiaVe(t) atr = 2.45 on themy = 0.001 ensemble and the resulting fit to the
potentialV (r) using the Cornell form. In table X we give the values pfindrg, as well as their

ratios, at the simulated and physical strange-quark masses



me  my

Mey(0.001) mMy,(0.0042)

fy(0.001) f,,(0.0042)

0.055 0.055
0.045 0.055
0.035 0.055
0.008 0.055
0.0042 0.055
0.001 0.055
0.0001 0.055
0.045 0.045
0.035 0.045
0.008 0.045
0.0042 0.045
0.001 0.045
0.0001 0.045
0.035 0.035
0.008 0.035
0.0042 0.035
0.001 0.035
0.0001 0.035
0.008 0.008
0.0042 0.008
0.001 0.008
0.0001 0.008
0.0042 0.004
0.001 0.004!
0.0001 0.004
0.001 0.001
0.0001 0.00%

0.5463(2)
0.5207(2)
0.4941(2)
0.4159(3)
0.4041(4)
0.3942(6)
0.3915(7)
0.4940(2)
0.4662(2)
0.3831(3)
0.3703(3)
0.3594(5)
0.3564(6)
0.4368(2)
0.3476(3)
0.3334(3)
0.3212(4)
0.3178(5)
0.2273(2)
0.2048(2)
0.1839(2)
0.1775(2)
00.1795(2)
0.1549(2)
00.1472(2)
0.1250(2)
0.1151(2)

0.0001 0.000

TABLE IV. Pseudoscalar massagy, (m) and decay constanfg, (m) on the 321D ensembles at the simu-

10.1042(2)

lated strange-quark mass{= 0.045).

0.5476(2)
0.5220(2)
0.4954(2)
0.4174(3)
0.4055(4)
0.3955(6)
0.3928(7)
0.4953(2)
0.4675(2)
0.3846(3)
0.3718(4)
0.3610(5)
0.3581(6)
0.4381(2)
0.3491(3)
0.3350(3)
0.3230(4)
0.3197(5)
0.2287(3)
0.2063(3)
0.1854(3)
0.1791(3)
0.1810(2)
0.1564(2)
0.1487(3)
0.1265(2)
0.1167(3)
0.1058(3)

0.1354(16) 0.1363(16)
0.1324(16) 0.1334(16)
0.1291(16) 0.1302(16)
0.1183(14) 0.1200(15)
0.1164(14) 0.1184(15)
0.1151(14) 0.1173(15)
0.1149(14) 0.1173(15)
0.1294(16) 0.1305(16)
0.1262(15) 0.1274(15)
0.1156(14) 0.1174(14)
0.1137(14) 0.1158(14)
0.1123(14) 0.1148(14)
0.1121(14) 0.1147(15)
0.1231(15) 0.1243(15)
0.1126(14) 0.1144(14)
0.1107(13) 0.1129(14)
0.1092(13) 0.1118(14)
0.1090(13) 0.1118(14)
0.1024(12) 0.1044(13)
0.1005(12) 0.1028(13)
0.0988(12) 0.1015(12)
0.0984(12) 0.1013(13)
0.0986(12) 0.1011(12)
0.0969(12) 0.0997(12)
0.0964(12) 0.0994(12)
0.0950(12) 0.0981(12)
0.0944(12) 0.0977(12)
0.0938(12) 0.0973(12)

21
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Mey(0.001) mMy,(0.0042)
0.2272(2) 0.2286(3)
0.2048(2) 0.2063(3)

me m £,,(0.001) f,,(0.0042)

0.008 0.008

0.1027(12) 0.1048(13)
0.0042 0.008 0.1008(12) 0.1031(13)
0.001 0.008 0.1838(2)

0.1775(2)

0.1854(3)
0.1791(3)
0.1809(3)

0.0991(12) 0.1018(13)

0.0001 0.008§ 0.0987(12) 0.1016(13)

0.0042 0.00420.1794(2) 0.0989(12) 0.1014(12)

0.001 0.00420.1548(2) 0.1563(3)0.0972(12) 0.1000(12)

0.0001 0.00420.1471(2) 0.1486(3)0.0967(12) 0.0997(12)

0.001 0.001 0.1249(2) 0.1265(3)0.0953(12) 0.0984(12)

0.0001 0.001 0.1151(2) 0.1166(3)0.0947(12) 0.0981(12)

0.0001 0.00010.1042(2) 0.1058(3)0.0941(12) 0.0976(12)

TABLE V. Pion masses,y (m) and decay constanfg, (m) on the 32ID ensembles at the physical strange-
quark massrty, = 0.0467(6)).

My

Myn(0.001) mMyn(0.0042)

fxn(0.001) fyn(0.0042)

0.008
0.0042
0.001

0.0001

0.3890(20) 0.3903(21
0.3762(21) 0.3777(22
0.3653(21) 0.3669(23
0.3624(21) 0.3640(23

)0.1161(14) 0.1178(15)
)0.1143(14) 0.1163(15)
)0.1128(14) 0.1153(15)

)0.1126(14) 0.1153(15)

TABLE VI. Kaon massesn, (m) and decay constant;, (m) on the 32ID ensembles at the physical
strange-quark masay, = 0.0467(6)).

m, M |mo(0.001) mg(0.0042)
0.055  0.045 |1.2641(34) 1.2735(36)
0.045  0.045 |1.2130(37) 1.2220(41)
0.035  0.045 |1.1608(42) 1.1695(48)
0.0467(6) 0.0467(6)L..2248(77) 1.2326(55)

TABLE VII. Omega baryon masses on the 32ID ensembles at thelaied strange quark masg = 0.045

(first three rows) and at the physical strange quark masstifoow).
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mc M, |Byy(0.001) B,,(0.0042
0.008 0.05% 0.645(2) 0.645(2)

0.0042 0.055 0.643(4)  0.645(4)
0.001 0.0550.650(16) 0.665(16)
0.0001 0.0550.665(28) 0.689(28)
0.008 0.045 0.629(2) 0.628(1)
0.0042 0.045 0.626(3)  0.625(3)
0.001 0.0450.630(10) 0.632(10)
0.0001 0.0450.639(17) 0.644(18)
0.008 0.035 0.610(1)  0.609(1)
0.0042 0.035 0.605(2)  0.604(2)
0.001 0.035 0.606(6) 0.602(6)

0.0001 0.0350.610(10) 0.605(10)

TABLE VIII. The partially-quenched neutral kaon mixing paneterBy, (m) on the 32ID ensembles at the
simulated strange-quark mass,(= 0.045).

M  |Bxn(0.001) Byy(0.0042

0.008| 0.632(2) 0.631(2)
0.0042 0.630(4) 0.628(3)
0.001| 0.638(11) 0.635(11)

0.0001 0.651(17) 0.649(19)

TABLE IX. The partially-quenched neutral kaon mixing pataer my, (m) on the 321D ensembles at the
physical strange-quark massy{= 0.0467(6)).
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m My ro ri ry/ro
0.045 |3.2732(63) 2.1208(97) 0.6479(36)

0.0042
0.0467(6)3.2616(75) 2.1270(105) 0.6521(37)

0.045 [3.2977(62) 2.1346(98) 0.6473(34)
0.001

0.0467(6)3.2959(73) 2.1401(100) 0.6493(37)

TABLE X. The Sommer scalesy andr; and their ratio on the 32ID ensembles at the simulated strang

guark massn, = 0.045 (first and third rows) and at the physical strange quargsnisecond and fourth

row).
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FIG. 5. Effective unitary pion masses on time= 0.001 ensemble from the PP LW correlator (top left), PP

WW correlator (top right), AP LW correlator (center left) PANVW (center right) and AA LW correlator

(bottom). Note the different vertical scale for the WW ctaters. The horizontal bands represent the result

for the mass from a simultaneous fit.
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FIG. 8. The left panel displays the fit to tliebaryon mass with valence strange mags= 0.045 on the
m = 0.001, my, = 0.045 ensemble on the 32ID lattice, showing the quality of thevith our box source.
The right panel shows thBy, matrix element withm, = m, = 0.001 as a function of time on the same

ensemble.
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FIG. 9. The left panel shows the effective potential of thésdh loops with a spatial extent of= 2.45 on

them = 0.001 ensemble at the simulated strange-quark mass, ovbylde fit to the rangé= 3-8. The

right panel shows the static inter-quark poter¥él) on this ensemble, again at the simulated strange-quark

mass, as a function of the spatial extent of the Wilson loopetlaid by the fit to the Cornell form over the

ranger = 2.00-9.00.
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IV.  SIMULTANEOUS CHIRAL/CONTINUUM FITTING PROCEDURE

In order to extrapolate to the continuum limit and physiazidk masses we perform a simultane-
ousglobal fit over our three ensemble sets. In this section we detail tivegfipprocedure and the
subsequent chiral/continuum extrapolation. In additiandiscuss the differences between this
analysis and the 2010 analysis [1, 2] of thé a4d 32 DWF+| ensembles.

A. Global Fits and Scaling

For a given choice of lattice action and a given bare cougfing-+ 1 flavor lattice QCD has two
free parameters: the relevant couplings representinguekgnasses. For 2+1 flavor QCD these
are the average up/down quark mass,,q and the strange quark mass, expressed in lattice
units. We can picture taking the continuum limit of the deted theory as gradually taking
B — o while following a curve ofam,,4(8) andamy(f3) that fixes the continuum physics to that
of the real world; this curve is known assaaling trajectory Experimental inputs are used to
determine the lattice spacing and physical quark massesaftir bare coupling, and this imposes
a constraint on each point on this scaling trajectory. (Qamdard choice is to require thai,,
my/ Mg andmg /mq take their physical values.) This in turn allows us to caaistthe continuum
limit we determine to be the physical point.

We can relate two pointam ,am,, 8) and(a’'m{,a'my,, B’) that lie on a particular scaling trajectory

via two scaling parameters;ZandZ;, defined as [1]:

n o 1 arﬁf
Zf(B,B)—Wa,—ﬁ.{f, (21)
wheref € {l,h}. Here
RaBB) = 531 22)

is the ratio of lattice spacings amd; = ms + m.,, wherem,, is the residual mass of domain
wall QCD. In practice, we define our scaling parameters uhieg3 = 2.25 (321) ensemble as

a reference; we refer to this as themary ensemble sebn whichZ, Z, and R, are unity by
definition. We may interpret our matching of quark masse$éltare masses on our primary
ensemble set as a convenient, if inelegant, intermediatgrmealization scheme, for which the
regularization involves an explicit choice of lattice actiand bare coupling, and whose values are

determined by the hadronic inputs. The renormalizatiotesoahis scheme is the scale at which
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the bare mass is defined: the inverse lattice spacing of theapr ensemble. The renormalized

masses are then

' =z Rl /. (23)
M, = ZhRa[a'T]/a, (24)

where unprimed quantities are defined on the primary ensesabland primed quantities on some
other ensemble set, amllis related taa viaa’ = Ry a.

Considering only the unitary observables for simplicityy abservabl€) is a function of the bare
quark masses and the bare coupling. We take thi@(@s™W, a'if,, B’), at coupling and quark
masses differing from the primary ensemble set. This caalBgbe expressed as a function of

the renormalized quark masses and the lattice spacing as

Q(am, af, p) = f(i{’, i}, a?). (25)

The functionf depends on the lattice action and on the choice of physicahtifies used to
determine the scaling trajectory. Since among these irgmatnpeters is a quantity with a physical
scale (in our case th@~ mass), we choose to view the function as depending on thie soats
arguments can be expressed in physical units. The fundsieti will have a continuum limit ag
andfB’ become large.

Consider a double expansion in quark masses and in lattaargparound our primary ensemble

FOR’, M, &%) = f(m, My, @)

+ (;,ﬁ/(ﬁ\”—rﬁ)
+ dﬁ/(mﬁl—ﬁh) (26)
+ af (a/z_aZ)

?
+ O(me, a°my, a%)

where the partial derivatives are evaluate®at 2, = Z, = 1.

If fisaquantity used to determine the scaling trajectory thenecessarily constrain thgéf—2 =0

at the match point. In this paper we introduce a new DSDR terthe effective gauge action. To
this order only the termd% depends on the the lattice action. We can therefore deterthin
parameters of for a given parameterization, accurate to this order, vid tofa set of points
over multiple ensembles, and including the two differentggactions. Even though there is only

a single lattice spacing with the DSDR gauge action, it wskefwlly contribute to a universality
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constrained global fit by significantly constraining the médependent terms in a global parame-
terization of f (fy, My, a2).

For the purposes of matching ensemble sets with differéntésspacing we ignore terms of higher
order indm;, dmy, and ina?. Since we allowZ;, for masses in the region of the strange quark to
differ from Z for masses in the region of the up/down quarks, in this matchontext we may
consider small variations in the quark masses only.

We can also see immediately that if we instead use a nearbyerefe pointfam,am,,3) —
(alm + 4], am, + Ap], B), the ratiosZs andR, change only by termg (a(3)? —a'(8’)?) with
coefficients that are functions of the mass differersgshat vanish ad; — 0. This means that
there is arallowed rangeoverwhichZ, andZ, may be simply taken as a constant. Higher order
terms in quark masses are, of course, subsequently ineeddoour global chiral-continuum fits,
and we introduc&;, andz, as free fit parameters multiplying quark masses in the alionaage.

In practice we even find, ~ Z,; were the matching and primary ensemble sets taken sufficien
close to the continuum limit, such that lattice artifactsevemall andm, < 1/a, then we would
necessarily findZ; = Z,. The matching scheme can therefore be considered magseimdient
as the mass dependence of the renormalization factors duapghen the renormalization scale
becomes large.

In the following subsection we discuss our strategy for uhetieing the scaling parameters, Z,
andR;,.

B. Determination of the Scaling Parameters

In our analysis [1] of the 24and 32 DWF+| ensembles, we determinBd, Z; andZy, by matching

our lattice data at an unphysical light and heavy quark massnithe range of available data
on the two simulations. The matching was performed by firstosing a suitablenatch point

on one of the ensemble sets (labelldd which can, but does not necessarily have to be, the
primary ensemble. On every other ensemblesg@t the 2010 analysis only the 24| ensemble set
remained), two dimensionless rati&%,— my /My andRy = myy /Mypp, Were linearly interpolated

in the unitary light and heavy quark masses until their vellmatched those measured at the match
point on ensembl&. Herem,, my andmyn, are respectively the pion, kaon and Omega baryon
masses measured at unphysical lightd strangeh) quark masses. The match point was chosen

to minimise the distance of interpolation required on theeenble sets. This procedure provides
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a pair of equivalent masses (in lattice unitgi )€ and (arfy,)€, for each ensemble set. Using
these masses we determirigdandZ, using eqn. 21, calculating, from the ratio of the Omega
baryon masses at the match point:

1 (ame)l a1 m%hh(~1, ~1)
Ze Re_ — W1 h/ 27
f_Re( ~f>ey a e ﬁhh(~ ,~ﬁ>7 ( )

wheref € {l,h}.

The above procedure defines the scaling parameters suahtha;, andm,,, scale perfectly up
to terms¢’(ma?) within the allowed region around the match point. Note thé thoice is not
unigue; we could for instance use the pion and kaon decayamtssf;; and fj,, and the Sommer
scalerg, and matchof;; andrgfj,. Ry can then be determined from the ratiorgimeasured at the
match point on each ensemble set. In this aasd, and fi, would have naZ(a?) dependence
instead. In ref. [1] we demonstrated that this producedtethat are completely consistent.

The benefit of thigixed trajectorymethod is that it enables the separation of the matching finem
complexities of the subsequent global fits. However, in @migined analysis of the DWF+I and
DWF+ID ensemble sets, we find that, apart from the lightegiglly-quenched point, the range
of light quark masses on the 24l ensemble set does not oweithghat on the 321D ensemble
set (cf. figure 11). As a result, matching the 241 and 32ID erde sets to the 321 primary
ensemble set at a single point would require a long extrépaldeyond the unitary mass range.
In addition, the use of independent linear interpolatiomg&ach ensemble set is more vulnerable
to statistical fluctuations than if we were to fit over all dsit@multaneously. As a result we choose
the alternatgeneric scalingnethod [1], in whichRy, Z; andZ;, are left as free parameters which
are determined, alongside the low-energy constants, imlaagfit of m;, mgx andmg over all
ensemble sets. Here the three conditions that define thagtajectory are imposed by omitting
scaling terms up t@’(ma’) from the fit forms describing these quantities, and the \shfethe
ratios are selected as those that minimize the glaBal In ref. [1] we demonstrated that this
approach gives consistent results with the fixed trajecpproach.

Prior to discussing our fit ansatze, it is illustrative torguare the ratios of various dimensionless
guantities between the 321 and 32ID ensemble sets at a ydartimatch point, using the scal-
ing parameters determined later in section V. This allowsougsualize the magnitude of the
scaling corrections for each quantity. Choosjag)]*? = 0.004 and the physical strange-quark
massjam,]3? = 0.026310) as a match point, we used the scaling parameters listed la X

(combining the statistical error with the systematic esmetermined using the procedure given in
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FIG. 10. Ratios of various dimensionless combinations seotables between the 321 and 321D ensemble
sets. The combination of physical quantities is given ablmvieelow the corresponding point. A ratio of

unity indicates perfect scaling between the two ensemlite se

section V B) to determine the corresponding point on the 3iBemble alam]32P = 0.0066 3)

ble set independently and interpolated each to the comelpg match point quark masses. In
figure 10 we plot the ratio of a number of dimensionless comtimns of these quantities between
the two ensemble sets. It is immediately apparent that thkngcparameters do indeed fi;,
Mk andmg to scale between the two ensemble sets, and the errors oatitteeof these quantities
are indicative of the size of higher order corrections — irxaditrajectory matching at this point
those errors would be zero by definition.

Considering combinations ofi;, mk andmg with other quantities that retain a scale dependence,
and for the purpose of making a crude estimate ignoring thed| sfiscretization error on the 32|
measurements, we can use this plot to read off the rough sittee @iscretization error for the
measurements on the 32ID ensemble set: we estirfig@e5%) discretization terms fofy; and
fin, 0(1-2% for ro, and then a slightly large#’ (5—-7%) contribution forr;.

As an aid to the reader, we also use the aforementioned ggadirameters to place all of the
simulated quark masses on a common scale, and draw a linglitate the physical point as

determined in section V. These plots are shown in figure 11.
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FIG. 11. Simulated quark masses on each of our three ensegislbrought into a common normalization
with the bare quark masses on our 32| ensemble set usingahegstactors determined in section V. The
top panel shows the light quark mass regime and the bottoml plze heavy quark mass regime. Circular
points are used to mark the unitary masses and square goénpattially-quenched masses. The physical

up/down and strange quark masses are marked with dashed line

C. Chiral/Continuum Fitting Strategy

The chiral/continuum fit forms are obtained via a joint exgian ina® andm;. As in ref. [1]
we consider both an NLO expansion around the SU(2) chiral lising partially-quenched chiral
perturbation theory (PQChPT) and also a leading-orderyinaxpansion about an unphysical
light-quark mass. Including finite-volume effects in theRdhthis provides three fit ansatze, which
we label ‘analytic’, ‘ChPT’ and ‘ChPTFV’, where the lattexd refer to the chiral perturbation
theory forms without and with finite-volume correctionspestively. For each ansatz we expand
the heavy-quark mass dependence to linear order in thatyiofithe physical strange-quark mass.
We use a power-counting scheme whereby terms of ardef and higher are neglected. This

truncation leaves only a singt term arising from the expansion of the leading order paramet
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For example, the analytic form for the pion decay consfanh physical units is as follows:

fil = Gy (1+Clra?) +Ci(mG — ) + G (nf — ) + € (-~ ) . (28)

where the superscrifR indicates a renormalized physical quark mass (in a genehainse), and
m% and mﬁo are the expansion points for the light and heavy quark massgectively. In our
power counting scheme, a term in the lattice spacing arisbsio the expansion of the leading
term Cé". It is important to note that the? coefficients parameterizing the lattice artifacts will
differ between the lwasaki and lwasaki+DSDR gauge actithresefore for the remainder of this
work we label these coefficients with a superscript dendtuedattice action.

As discussed in ref. [1], the scaling parametgfsand Z{ that relate the quark masses between
the ensemble and the primary ensemble set can be thought of as ‘renoratializcoefficients’,
removing the ultraviolet divergence and converting thesaasnto a mass-independent ‘matching
scheme’ defined with lattice regularizationfat 2.25. It is therefore unnecessary to renormalize
the input quark masses into a continuum renormalizatiorrsehsuch ass prior to performing
the fits; we need only convert the input masses into the majdtheme. The predictions for the
physical up/down and strange quark masses can be convettea inore conventional scherae
posteriori this is performed in section VI.

In the 2010 analysis, we performed our fits to quantities iyspdal units. However this required
us to continually update the lattice spacings and physigatigmasses based on the results of
the fit, iterating until convergence. For this analysis wetead fit to quantities in lattice units,
which removes the need to repeat the global fit multiple tinkésvever, for clarity, we continue
to quote our fit forms in dimensionful units; the correctlymalized versions in lattice units for
an ensemble can easily be obtained by inserting powersabfwhere appropriate to make the
measurement and input quark masses dimensionless; apfiéytors ofZ° andZ¢ as before to
bring the quark masses into the normalization of the prireasemble; substitutiraf with al/Rg;

and finally settinga® to unity.

In the matching scheme the analytic fit form figron the primary ensembltebecomes:
fit = G (14 CIMAD [l ?) 4 o 4l + O (17— m) (29)

wherem, = %(rﬁx—i- my) and we have taken advantage of the linearity of the expressiabsorb
any terms irmle into the leading coefficient. Here the superscApt) denotes the gauge action

of the primary ensemble: for our choice of primary ensemhiteis the Iwasaki action, labelléd
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The fit form describing; on any other ensemble can then be obtained by applying equzgito
the above and replacing tlaé coefficient with that appropriate to the particular action.

Before continuing, it is illustrative to discuss how tifecoefficients for the Iwasaki+DSDR gauge
action can be determined without having multiple latticacpgs with this action. Let us imagine
that we have performed a global fit over the 241 and 321 ensesndns in ref. [1], and have thus
determined the coefﬁcien@(‘;" throughC;" and the Iwasaki scaling coefficieBf™'. We then
perform a fixed trajectory matching between the 321 and 32iBeenble sets, providing us with
z32D | 732D and R32D. The fit form describingf; on the 321D ensemble now has only one
unknown coefficient, namelgzé""D, which can be obtained by comparing any single simulated
data point with the predicted value or by fitting over severhts. In practice we would like the
321D data to contribute to the determination of the coeffitsethus we perform a combined fit to
all three ensemble sets and aII@AF"D to be determined by minimizing the globef.

Recall that our choice of scaling trajectory defines the pkaon and Omega baryon masses to
have no lattice spacing dependence up to tefifraa’) arising from the match-point dependence
of Z,, Z, andR,. These terms are neglected by our power counting, hence floenfis for these
guantities contain no discretization terms. For exampie form for the Omega baryon with the

analytic ansatz is:
Mhhn = Cg @ +C1 oM +C32 (My — Myg) +C32 (My — M) - (30)

The remaining analytic and ChPT fit forms can be found in sad#B of ref. [1]. Note that as we
now measure the strange-quark dependence in the globaihiérrdnan linearly interpolating to
the physical strange mass prior to fitting, we include adddl parameters for the heavy valence-
guark dependence (where appropriate) and the heavy sdadpmendence, in this order. For the
analytic fit forms these coefficients are labelled followthg existing sequence, for example the
heavy valence and sea quark dependencemq,farecgIrlQ andC:;nQ respectively. For the ChPT fit
forms we label the parameterg m, andcq m, for the valence and sea dependence of the quantity
Q respectively.

We perform our fits with the strange-quark mass expansiontpuig set initially to the un-
reweighted strange sea-quark mass on theB&F+ ensemble set. This is then corrected to
the physical strange quark masposteriori with our power counting this requires only a redef-
inition of the leading order coefficient (e.@g'g). For the ChPT forms we must also adjust the

LECs in order to absorb the effect of adjusting the chirales6g to the conventional 1 GeV once



37

the lattice scale has been determined.

Once the fits have been performed, we determine the phygéddwn and strange quark masses
(normalized to the units of the 32I primary ensemble) by nucadly adjusting the quark masses
in our fit functions such thatn,;/mg andmgk /mg match their physical values in the continuum
limit. Here, as in ref. [1], we use; = 135 MeV,mk = 4957 MeV andmg = 167245 MeV. The
primary lattice spacing can then be extracted by dividirgyphedicted continuum value fong

in lattice units by its physical value. Using these resutis the values oR;, Z; andZ;, found by
fitting the data, the lattice spacings and physical quarksesfor the other ensemble sets can be

determined; we discuss this in more detail in section VI.

V. FIT RESULTS AND SYSTEMATIC ERROR DETERMINATION

Following the 2010 analysis strategy, we split the chi@itcuum fits into three parts. In the first
part, to which this section is dedicated, we performed diaméous fits ton,, Mg, mq, f;and fk
over the three ensemble sets, from which we determined ty&qath quark masses (in matching
scheme normalization), the lattice spacings and the scphnameters, along with predictions for
the physical pseudoscalar decay constants. The secontlfgstveere performed td®x and the
third to the Sommer scaleg andry; these are documented in sections VII and VIII respectively
We also separate out the discussion of the determinatidmegbtiysical quark masses in ting

scheme into section VI.

A. Fit Results

In the 2010 analysis we did not attempt to correct for finiddumne effects in our analytic fits,
as the magnitude of the change was small with respect to #teragtic error arising from the
chiral extrapolation. However on the 32ID ensemble set we ltata reaching down almost to
the physical point, hence we might expect that the chiraksyatic error will be reduced and that
the finite-volume error may begin to dominate (as we discess\ this does indeed seem to be
the case). As a result, in anticipation of our later disaussive perform our analytic fits to data
corrected using ChPT to the infinite-volume limit. Althougle do not have multiple volumes
from which to measure the size of the correction directlyexgect that the finite-volume terms in

NLO chiral perturbation theory will provide a somewhat ablie estimate now that we are so deep
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in the chiral regime; we therefore estimate the finite-vaucorrection for each simulated data
point as the fractional difference between the ChPTFV fiugdbr that point with and without
the finite-volume terms applied. The analytic fits presemtetthis section are all performed to
the finite-volume corrected data. Note that despite the-plegsical pion masses on our 32ID
ensembles, the smallasi;L is roughly 3.3, which is in fact larger than the value of 3.1aited
for the lightest pion on the 321 ensembles, due to the grgdigsical volume of the 321D lattice.
As a result we do not expect our new data involving lighterrgumasses to further enhance the
finite-volume errors.

In order to prevent accidental correlations between indéeet data from influencing the fit, while
retaining the correlations between data measured on the sasemble, we make use of the su-
perjackknife technique to propagate the errors througHitaurA superjackknife distribution for

a measurement is essentially a collection of independekkidfe distributions, each containing
the fluctuations from a particular ensemble. As for the staahgackknife, any procedure, such as
a fit or binary operation, is performed sequentially to eaakknife sample in all distributions.
The total error on the superjackknife is obtained by evaigahe errors on each of its component
jackknife distributions and adding these in quadratures Téchnique was also used for our 2010
analysis.

As discussed in the previous section, our use of the strgnge¢ mass reweighting in the chi-
ral/continuum fits differs from the 2010 strategy. Previgusach quantity was independently
interpolated to the physical strange-quark mass prior tiodit after the fit the values were up-
dated to the new mass and the fit repeated, with this procassgat until convergence. We now
constrain the heavy sea-quark dependence of each quanbty the same on all ensemble sets
and include multiple reweighted data points in the fit. Asribenber of reweighted masses differs
between the ensemble sets, and considering that therdealseth be strong correlations between
the reweighted data points, we might worry that gfecontributions of the data on the ensemble
sets with more reweighted masses will be incorrectly endéime our uncorrelated fits. In order
to avoid this we used only four reweighted strange-quarksesm®n each ensemble set, spread
uniformly across the range.

Upon performing the fits, we discovered significant (up ¢t #ensions between the fits and the
pion and kaon data on the 32ID ensembles at the upper end mleéghted mass range. How-
ever, the upper limit of this mass rangey(= 0.052) is considerably larger than the physical

strange quark mass of 0.047, which is actually very close to the directly simulatedss of



39

my, = 0.045. From the effective number of configurations calculatesection Il, we estimated
that reweighting to the physical strange quark mass intesla 10—15% increase in our statisti-
cal errors. As we go further from the simulated point we explee accuracy of the reweighting
procedure to further decrease due to the reduced overldottveighted path integral and the
original. Atm, = 0.052 we found that the effective number of configurations veasiced to only
15 on the lighter ensemble (down from 180) and 24 on the he@ldgvn from 148). This suggests
that the measurements at the far end of the reweighting ramg@éominated by only a very small
number of configurations and are therefore unreliable. Aesalt, the tension we observed be-
tween the fits and the data at the upper end of the reweigtaimgegris likely to be an artifact of the
reweighting procedure. With this in mind, we repeated tlseaffain using four reweighted masses
this time spread only over the range beginning at the siradlatrange quark mass and ending at
the estimated physical strange quark mass. In doing so welfthat the tension disappeared.
The inclusion of the 32ID ensembles greatly enhances the maege over which our fits are
performed. This should reduce the systematic error on ttia@d{ation to the physical light quark
mass, and also allows us to consider removing some of thedreavsembles from the Iwasaki
data sets which may lie near the limits of convergence of Nb@at perturbation theory. We
removed the 24in = 0.01 ensemble and the 32} = 0.008 ensemble, as well as the partially-
guenched data points on the lighter ensembles containiadkgwith these masses. In performing
this cut, we restrict our fits to pion masses smaller than 38¥,Mvhere previously the upper
bound was 420 MeV. This amounts te-a30% reduction in the largest unitary light-quark mass.
Note that this is not a straight cut on the partially-quemnichi@n mass as the elimination of these
heavy ensembles also removes a number of partially-qudnmbes containing these now ‘heavy’
guarks ranging down te- 230 MeV.

With the cut data set we were able to obtain excellent fitsgudie ChPT and ChPTFV ansatze.
For the analytic ansatz we again found excellent fits to tleaygleonstants as well asx and
Mg, but for the pion mass we found a number of outlying data goant the 32ID ensembles
that deviated from the fit by up too4 with the typical size of the deviation beirg(2%). These
deviations appear to occur due to non-linearities in thietlegata. The fact that no corresponding
deviations appear for the ChPT fits suggests that theseimearities are consistent with the NLO
chiral logarithms. However, the discrepancies are alsb®fkize expected for NLO terms in the
Taylor expansion that are beyond the range of our power guynhence we cannot draw any

strong conclusions about their nature within our modesgeanf masses. As the linear ansatz
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must be locally correct around the physical point, we soughtduce these discrepancies by
further lowering the cut for these fits, first by eliminatingt32lm = 0.006 ensemble, then by
systematically removing the data corresponding to the iesayartially-quenched pions. The
limit to which this bound can be pushed in our analysis isadex by the stability of the fits and
the necessity to retain some data on the remaining 241 eleamth that the? coefficients of the
decay constants can be determined; the latter implies tbé® &eV bound is the lowest that we
can currently reach. In practice we reached a similar lelzaboeement between the analytic fits
and the data as found in the ChPT fits by lowering the bound @\2&V. Although this removes
a large amount of data, we found that the fit remained veryestaid that the effect of the cut on
the values and precision of the fit parameters and predgtas surprisingly small; the typical
change was of the order of a few percent, with the only langissically significant change being
a 15% increase in the valence light-quark dependendg.diVith this in mind, we chose the 260
MeV cut for our analytic fits. The mass combinations of thexgatints remaining after performing
this cut are listed in table XI.

As a side note, we also repeated the ChPT and ChPTFV fits tauthéata set, for which the
upper bound on the pion mass is 420 MeV. We found that, eventhiglarge range, the NLO
SU(2) ChPT fits were able to describe all of our data with orfgvapoints on the 321D ensembles
deviating by between 2 and3

In table XII we list the results for the inverse lattice spays and quark masses obtained using each
fit ansatz, alongside the associated uncorrelg®dof. The results are completely consistent,
which suggests that the extrapolation to the physical quaakses is under control. A similar
degree of consistency can be seen between the fit paramvetenr®(@pplicable) given in table XIll.
Here, as mentioned in the previous section, we have adjtrstaghiral scalé\, of the ChPT LECs
to the conventional 1 GeV. In figures 13 and 14 we overlay auukited data fom; and f; on the
321D ensembles with the ChPTFV and analytic fit curves respay, and in figure 15 we present
similar plots formk and fx overlaid with the ChPTFV fit curves. We list the individuakgictions
for f;;, fx and their ratio at the simulated lattice spacings and théirmaum limit in table XIV.

In figure 16 we plot the chiral extrapolations §f andmg overlaying the data corrected to the
continuum limit. (Note that the Omega baryon mass data reguio correction due our choice of
scaling trajectory.)

The uncorrelategy?/dof are all less than unity, suggesting that the fits are \ieba In order to

demonstrate the quality of the fits in greater detail, we gmekistograms of the deviation of the
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Ensemble set m, {my} {my}
0.008 - -
321 0.006 - -
0.004 0.002 0.002, 0.004
0.01 - -
241
0.005 0.001 0.001
0.00420.0001, 0.001, 0.004R.0001, 0.001, 0.0042, 0.00
321D (excl. [0.0042,0.008])
0.001/0.0001, 0.001, 0.004R.0001, 0.001, 0.0042, 0.0

TABLE XI. Sea and valence quark masses of the data includékianalytic fit with a 260 MeV cut on the
pion mass. The third and fourth columns give the set of dhripienched valence quark masses; the mass
combinations of light-light quantities{; and f;) are found by combining each choice m§ with each
choice ofm, from the appropriate columns, with the exception of ftimg m,] = [0.0042 0.008 points on

the 321 ensemble set, for which the partially-quenched piasses are above the cut. For heavy-light data
(mk, fk) the light valence-quarks are chosen from {lma} column, and the heavy valence-quarks from
the full set of simulated heavy-quark values. Fey and the Sommer scales, all data are included on those

ensembles not marked with a dash (-).

fit from the data in units of the statistical error in figure 12.

In the remainder of this section, we discuss how we combiaedbults of our fits into predictions
for f;and fx and final results for the lattice spacings and physical quaag&ses (in the matching
scheme).
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Analytic ChPT ChPTFV
X?/dof(32IW)|0.279(64) 0.191(55) 0.221(57)
am(32l) [0.00032@42) 0.00030734) 0.00030835)
amy(32l) |0.0266q98)  0.0265085)  0.0262789)
a 1(321) |2.29540) GeV 2302(35) GeV 2310(37) GeV
am(24l) |—0.00175483) —0.00175775) —0.00174978)
amy(24l) |0.033718)  0.033813)  0.033§13)
a 1(24l) |1.74343) GeV 174330) GeV 1747(31) GeV
am(32ID) |—0.00009G34) —0.00009621) —0.00009G22)
amy(32ID) |0.0466776) 0.0467460)  0.0467161)
a 1(32ID) [1.372(10) GeV 1371(8) GeV 1371(8) GeV

TABLE XII. The x?/dof, unrenormalised physical quark masses in bare laitiits (withoutm, included)
and the values of the inverse lattice spacng obtained by fitting to data witm;; < 350 for the ChPT and

ChPTFV fits, andn,; < 260 MeV for the analytic fit.

Parameter ChPT ChPTF\ Parametgr  Analytic
z! 0.983(14) 0.981(14) 0.992(21)
zZ° 0.929(15) 0.930(15) 0.936(16)
z 0.973094)  0.971995) 0.976(14)
zZ 0.939(13) 0.935(13) 0.940(14)
= 0.7571(65)  0.756266) 0.7595(90)
RP 0.595572)  0.593476) 0.5976(74)
B 4.174(83) 4.148(86) || Co™ 0.0004323)
LY 0.00061622) 0.00061G23)||C™ 7.70(16)
L —0.00013169) —0.00015472) |CI™ 0.173(40)
Comy, ~2.1(25) —25(2.5)||co —0.041(26)
f 0.116731)  0.119631)|/C/ 0.1221(30)
¢ ~0.021(70)  —0.031(68)||C™" —0.064(88)
cP 0.040(45) 0.014(43)||Cir"® 0.030(47)
L 0.00056G51) 0.00052451)(/C}" 1.054(32)



Paramete ChPT ChPTF\ Parametgr  Analytic
L —0.0001413) —0.0002014)|/C," 0.88(16)
Ctom, 0.422(90) 0.484(89) || CI 0.120(49)
m(K) 0.236577)  0.236480) ||Cg* 0.236488)
A2 0.0190777)  0.0202§76)|/C¥ 3.637(99)
A 0.0022q75)  0.0023380)||C¥ 0.47(20)
Cmem, 3.811(61) 3.82864) || C% 3.802(71)
Cme.m, 0.03343) 0.031(43) || C}% 0.001(64)
£(K) 0.146636)  0.148437)||Clx 0.1500(35)
Cl —0.03457)  —0.040(57)||cl! —0.075(69)
chy, 0.020(38) 0.008(38)||Ci«-'® 0.013(38)
A 0.0062222)  0.0060122)|/C}¥ 0.349(44)
A3 —0.003419) —0.003220)||Clx 0.76(19)
Chem 0.291742)  0.292342)||ck 0.296764)
Ce.m, 0.118(40) 0.118(40)||CJ¥ 0.144(57)
m(®) 1.6659100) 1.666(11) ||Cj@ 1.6657(99)
Cmy.m 2.9(1.2) 3.1(1.2)||Cf® 3.0(1.8)
Crmg.m, 5.439(58) 5.462(63)||Co 5.441(65)
Crng.m, 0.74(29) 0.87(31)||C3* 0.35(39)
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TABLE XIlII: The fit parameters of each of our chiral ansat#tained by fitting to data witlm; < 350

MeV for the ChPT and ChPTFV fits, and,; < 260 MeV for the analytic fit. The parameters are given
in GeV" for the appropriate power af, and with the heavy quark mass expansion point adjustedeto th
physical strange quark mass. We have ordered the table lsacthe equivalent parameters of the ChPT
and analytic fits lie on the same line. The coefficients of thieat logarithms have also been adjusted so

that they are defined at the conventional chiral ségle= 1 GeV.

B. Combining Results and Estimating Systematic Errors

Prior to discussing our method of estimating the systenstiar contributions arising from the

chiral extrapolation and finite-volume effects, it may bempriate to detail two of the contri-
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Analytic  ChPT ChPTFV Analytic  ChPT ChPTFV

faaw 10.124921) 0.124222) 0.126422)| 2%  |0.150223) 0.149923) 0.151224)
f2ow  10.123828) 0.123825) 0.125826)| 2"  |0.148530) 0.1491(26) 0.150327)
f2o10.128418) 0.127318) 0.128018)| f&°  |0.153§21) 0.152621) 0.1531(21)
feontinuum 0, 126428) 0.1247(27) 0.1271(27)|  fontinuuml g 152528) 0.150929) 0.152430)

Analytic ChPT ChPTFV

fo/f)?W  [1.202(12) 1.207(9) 1.197(9)
fi/f)?™  [1.199(18) 1.20511) 1.195(11)
fo/f)%°  |1.196(4) 1.1994) 1.196(4)
fic / f)continuumi 1 206(14) 1.211(12) 1.199(12)

TABLE XIV. Predictions for f; (top-left) andfx (top-right) in GeV as well as their ratio (bottom) for each

(
(
(
(

global fit ansatz at each simulated lattice spacing and is@h&nuum limit obtained by fitting to data with

m; < 350 for the ChPT and ChPTFV fits, ang; < 260 MeV for the analytic fit.

butions that we neglect in our final predictions: those agdrom the explicit chiral symmetry
breaking due to simulating with finite;, and those from the truncation of the combined Symanzik-
chiral expansion that we discussed in the previous sectimhave addressed the explicit chiral
symmetry breaking at leading order by additively renormiadj the quark masses in our fit forms
with mes However, up to operators of dimension-6, the chiral synynleteaking also intro-
duces a dimension-5 clover term that potentially introdu€éa\qcp) discretization errors; we
discuss this issue in Appendix C and conclude that this camelkected in our calculations. We
may therefore treat our domain wall simulationsza&)-improved, which allows us to also ne-
glect higher-order terms involving the lattice spacingedi to an odd power, e.gﬁ’(a3/\%CD)
terms. Regarding the truncation of the Symanzik-chirab@smon, we stated in the previous sec-
tion that we ignore terme (mg@®Aqcp) ~ ¢ (mza?) and higher. These include terms of magni-
tude & (a*A\gcp), € (MEAGED), O (MedAGRp), O (Mred®Aqep), etc. These are expected to be
on the scale of a fraction of a percent or less, considerahbller than the percent-scale chiral
and finite-volume errors in our calculation. For example we that ourﬁ(aZ/\ZQCD) terms are
typically < 3%, from which we can estimate th#(a’Adcp) error as(0.03)? ~ 0.1%. There are
also effects arising from higher-order terms in the Synmkaexpansion that are typically ignored

in lattice calculations: The coefficients af in the expansion are themselves dependent on the
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FIG. 12. Histograms of the deviation of the fit from the datedach quantity on each of the three ensemble

sets (32l top, 241 middle and 32ID bottom) with the analyt&ftf and ChPTFV (right) ansatze.
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lattice spacing through loop corrections, giving rise tone like as(a) In(a/\gcp)a?. We discuss
these in detail in Appendix D and conclude that they can be&xg to be of a similar magnitude
to the ﬁ(a4A‘(5CD) errors for our range of lattice spacings. We now proceedédalthcussion of
the finite-volume and chiral extrapolation errors.

The method of combining the results obtained using our tbing@l ansatze into a final prediction
was discussed at length in ref. [1]. The main issues werdyflsiciding which result or combi-
nation of results to use for the central value and secondlidd®y how to estimate the systematic
errors arising from finite-volume corrections and the epatation to the physical quark masses.
The discussion was focussed on the predicted decay constatitey are known to high precision.
We observed that our predicted value farfrom the ChPTFV fit was {2)% too low, and 42)%

in the analytic case, where the quoted errors are obtaited tine statistical error on the result.
Smaller discrepancies were also found in the kaon decayaruss We concluded that these are of
the size expected for NNLO terms in the chiral expansiondained by squaring the difference
between our data anid— the leading order term in the ChPT chiral expansion. Ndtiagjboth the
analytic fits and ChPTFV fits appeared to describe our datallgquell, we decided to average
the two results and take their full difference as our estaniat the chiral extrapolation systematic.
We estimated the size of the finite-volume systematic eroonthe full difference of the ChPTFV
and ChPT results.

Now that we have data ranging down almost to the physicaltpa are able to revisit the issue
of estimating the systematic errors. We first note that tifferéinces between the ChPTFV and
analytic results forf; and fx are now very small, smaller in fact than the formerly sub-aw@mt
finite-volume contributions estimated from the differebetween the ChPT and ChPTFV results.
By comparing the above results with those obtained by fitttngll available data we observed
that this reduction is mainly due to our removal of the dataesponding to heavier pion masses
from the fits.

As discussed in the previous section, we performed our &oéilg to finite-volume corrected data
in anticipation of the increased importance of these edfentour results. Here we investigate how
large an effect the finite-volume corrections have on thayéiodits by repeating the latter with
un-corrected data. The resulting fit parameters and predgctare compared to the original fits in
table XV. In the table we also provide the superjackknifeosabf the fit results with and without
finite-volume corrections. We notice that in taking theaatnany of the correlated fluctuations

cancel, exposing underlying changes that were formerlykethby the statistical error. We ob-
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serve that in many cases the deviation of the ratio from usisgatistically significant but is only
0(2%) or less; these changes are of the order expected for higtler-omass-squared afm)
effects that are beyond the range of our power counting,éhemccannot draw any conclusions
from these results. The only quantities that change sigmifig are the slopes df;, fx andm;
with respect to the light-quark masses; this behaviour ieeeted as the finite-volume corrections
will be larger in the light quark-mass regime, in which the/gibal length scales are greater. We
observe a ¥ MeV upwards shift in the continuum prediction fb, which is consistent with the
2.4 MeV difference between the ChPT and ChPTFV results.

Although we now correct for the finite-volume using NLO chiparturbation theory, we note that
resummation techniques [24] may lead to somewhat largenatts of the finite-volume effects.
As we lack the ability to repeat our calculations on a larggume, we choose to continue to
include a conservative finite-volume systematic error infmal results, obtained, as before, from
the full difference of the ChPTFV and ChPT results.

In the previous section we demonstrated that the ChPTFV iih$odescribe our data reliably
over a considerably larger range of pion masses than tharlamesatz. For the final predictions
given in the following sections we therefore take the ChPTESUIts for our central values and
use the analytic ansatz only to estimate the chiral systembtowever, we continue to find it
surprising that a linear ansatz appears capable of desgnCD at the 1% level from the 260
MeV pion-mass regime down to the physical point, and at theée28 if that range is extended to
350 MeV.

In some cases we observed that the superjackknife errotseodifferences between results ob-
tained using the three parameterizations were larger tiedifferences between the central val-
ues. In these cases we chose to be conservative and toolatis&csl error on the difference for

our estimate of the systematic error.



Quantity |Original data FV corrected datdatioR IR—1|/0
Xx2/dof  |0.219(54)  0.274(65) 1.254(33)  7.672
m 0.002230(58) 0.002259(58) |1.01293(53) 24.379
M 0.0627(12) 0.0626(12) 0.99857(31) 4.603
Zi(24) |0.996(22)  0.992(21) 0.99619(41) 9.377
Z/(32D) |0.927(16)  0.936(16) 1.00932(42) 22.131
Zn(24) |0.975(14)  0.976(14) 1.00073(20) 3.580
Zn(321D) |0.942(14)  0.940(14) 0.99876(29) 4.366
Ra(241) ]0.7595(91)  0.7595(90) 1.00004(17) 0.218
Ra(32ID) [0.5977(75) 0.5976(74) 0.99980(22) 0.911
a 1(321) |2.295(40)  2.295(40) 1.00025(24) 1.032
a 1(24) |1.743(43)  1.743(43) 1.00029(41) 0.710
a 1(32D)|1.372(10)  1.372(10) 1.000048(21) 2.282
fre 0.1247(27) 0.1264(28) 1.01359(72) 18.879
fx 0.1515(28) 0.1525(28) 1.00627(31) 19.916
fu/fr  [1.213(12)  1.202(12) 0.99143(36) 24.076
o -0.00011(16) -0.00014(16) |1.28(51) 0.563
ci 3.378(30)  3.355(30) 0.99334(28) 24.172
co 0.084(18)  0.075(18) 0.892(20)  5.490
ol -0.016(11) -0.018(11) 1.084(74)  1.146
Clr 0.0539(13) 0.0547(13) 1.01534(81) 18.970
Il -0.013(17) -0.012(17) 0.91(13) 0.702
tm 10 0.0093(91)  0.0057(89) 0.61(38) 1.032
clr 1.121(32)  1.054(32) 0.9404(21) 28.102
C," 0.94(16) 0.88(16) 0.9414(88) 6.662
Cy" 0.120(48)  0.120(49) 1.001(10)  0.110
Cox 0.06589(63) 0.06597(62) |1.00113(11) 10.556
chx 1.600(30)  1.585(30) 0.99058(37) 25.545
Co¥ 0.208(86)  0.206(85) 0.99130(46) 18.716
Cox 1.6544(97) 1.6561(97) 1.00101(11) 9.208

48



Quantity |Original data FV corrected datdatioR IR—1|/0
Cx -0.000(28)  0.000(28) 0(1500) 0.009
Cl 0.0705(14)  0.0710(14) 1.00633(32) 19.911
Jeo! -0.014(13)  -0.014(13) 1.011(22)  0.510
Cli1o 0.0041(73)  0.0024(72) 0.60(76) 0.529
Ccl 0.378(44)  0.349(44) 0.9246(84)  9.007
cl 0.77(20) 0.76(19) 0.9793(31) 6.752
Ck 0.2965(65) 0.2967(64) 1.00060(22) 2.749
Cl¢ 0.144(57)  0.144(57) 0.9982(45) 0.395
cge 0.7992(100) 0.7994(99) 1.00023(11) 2.056
ce 3.0(1.8) 3.0(1.8) 0.9937(29) 2.158
coe 5.436(65)  5.441(65) 1.00093(22) 4.281
cpe 0.35(39) 0.35(39) 1.013(29)  0.454
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TABLE XV: A comparison of the results of analytic fits to thersilated data and the data corrected to the
infinite volume using the ChPTFYV fit forms. The quantity in tharth column is the jackknife ratio of the
results,R, and the quantity in the fifth column is the statistical siigaince of the deviation of this ratio from

unity.

C. Global Fit Predictions

Applying the procedure detailed above, we present our gtieds for the pion and kaon decay

constants:
fr=127.1(2.7)(0.9)(2.5) MeV, (31)
fx = 1524(3.0)(0.7)(1.5) MeV, (32)
fic / o= 1.1991(116)(69)(116). (33)

Here the errors are statistical, chiral and finite-volunmspeetively. Note that by restricting the
ChPTFV fit tom; < 350 MeV rather thaimm;; < 420 MeV used in the 2010 analysis (a 30%
cut in the light quark mass), we obtain a value figr that is now consistent with the known

physical value, justifying our assertion that the previgudserved deviation was mainly due to
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the influence of higher order terms in the chiral expansion.

For the inverse lattice spacings we obtain:

a~1(321) = 2.310(37)(17)(9) GeV, (34)
a~1(241) = 1.747(31)(24)(4) GeV, (35)
a 1(32ID) = 1.370984)(56)(3) GeV. (36)

For comparison, in the 2010 analysis we obtaiaet{321) = 2.282(28)(1)(1) GeV anda—1(24l) =
1.730(25)(1)(0) GeV by fitting only to the Iwasaki data. These results arestieally consistent,
although we find a considerable enhancement in the systearatrs. Upon detailed investigation
we determined that these differences arise almost entiedpuse the scaling factafg Z, and

R, are now allowed to vary between the fits (generic scalingdpgp®sed being fixed to the values
obtained at some unphysical mass point (fixed trajectoryih dse 2010 analysis: In the fixed
trajectory case the prediction for the physical Omega bargass, which we use to set the overall
scale, can vary only through the values of the physical kgiut strange quark masses, whereas in
the generic scaling case the scaling parameters are thatseotitribute to the minimisation of the
global x2, and can thus introduce larger variations in the predictete@ mass. This does not,
however, suggest that generic scaling is worse than the fiagettory approach, as the shifts in
the scaling parameters between the three ansatze in therfapproach would simply be absorbed
elsewhere in the latter, increasing the systematic err@oome other quantities.

Using the NLO SU(2) ChPT fits we can obtain values for the eiﬁea:ouplingﬂ_g andl,. For the
ChPTFV and ChPT fits on their own, we find:

I3 =2.91(23), I4=3.99(16) (ChPTFV)

- - (37)
I3 =2.98(22), 4= 3.90(16) (ChPT).

As before we take the ChPTFV result for our central valueh@ligh we cannot obtain a chiral
extrapolation error without a corresponding analytic g we can continue to estimate a finite-
volume error from the difference between the two ChPT restlherefore, our final values for the

effective couplings are as follows:
I3 = 2.91(23)(7), |4 =3.99(16)(9), (38)

where the errors are statistical and finite-volume respelgti In the 2010 analysis (applying

the same procedure to obtain the finite-volume error), weaddy = 2.57(18)(25) and s =
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3.83(9)(7). Comparing to our fits without the reduced pion mass cuts, eterthined that the
inflation of the statistical error and the rises in the cdntedues over the 2010 analysis results
derive mostly from the lowering of the cut from 420 MeV to 35@WI However the values fdg
andl, agree more closely in our current analysis even withoutedeced cut, suggesting that the
inclusion of the 321D ensembles has some stabilizing infltearpon the fit. For comparison, the
FLAG working group obtained [25] an estimatelgf= 3.2(8), which was chosen to cover a large
number of independent lattice results for this quantitypagwhich there are some discrepancies
between the values. Our result is entirely consistent withestimate. Foly, the inconsistencies
between the results were considered too large to make a ngfahestimate. For both of these
guantities, recent results include 2+1f determinationthieyMILC collaboration [26, 27] and our
2010 analysis paper [1], and a 2+1+1f determination by thiel Edllaboration [28].

Finally we give our predictions for the physical quark masse the primary ensemble set:
Myd(321) = 2.243(46)(24)(10) MeV, Ms(321) = 62.2(1.1)(0.5)(0.3) MeV (39)

In the 2010 analysis we obtained,(32l) = 2.35581)(79)(42) andmis(321) = 63.7(9)(1)(1).
These numbers are again consistent, although here it apihedrthe enhanced control over the
chiral extrapolation afforded by the 321D ensembles hassdsed the statistical error on the aver-
age up/down quark mass in spite of our exclusion of a largeoeniof data points. We also observe
a vastly improved chiral extrapolation systematic and astutially reduced finite-volume error
on this quantity. In the next section we discuss how thesesesagre renormalized into tive

scheme.

VI. PHYSICAL RESULTS FOR THE LIGHT- AND HEAVY-QUARK MASSES
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FIG. 13. Global fits obtained using NLO SU(2) chiral pertuitya theory with finite-volume corrections

for the pion mass (top) antl; (bottom) on the 32ID ensembles. Here the left-hand plot ohegmir show

the data at the simulated strange-quark mass and the condieg fit curves on they = 0.001 ensemble,

and the right-hand plots those on tine= 0.0042 ensemble. The plots of the pion mass magé(riy + my)

on the ordinate axis, a quantity used traditionally to ersp®athe chiral curvature of the data.



5.60] ‘ | | am, = 0.003 |
5.55 % am, = 0.008 ||
. o amy = 0.0042
000 i) o amy, =0.001 |
+ 5.45 5 o amy, = 0.0001|
2
g I
£ 50 ®
S 535 o 1
5.30}
5.25]
0.000  0.002 0.004 0.006 0.008 0.010
amy
0.104f
0.102f W
0.100{ ,
50.008} T %
s i [ amy = 0.008 |
0.0%T i am, = 0.008 |
o amy, = 0.0042
0.094} o am, =0.001 |
o am, = 0.0001
009200 —0.002 0000 0.006  0.008  0.010
amy

=
4
S

53

T am, = 0.003
5.7t am, = 0.008 i
. o amy = 0.0042
£ 5.6 ¢ o amy=0.001 |
+ o amy, = 0.0001
£ 5.5 ¢ )
o
g 5.4 0] 1
5.3}
0.000  0.002 0.004 0006 0.008 0.010
amy
0.106F
0.104}
0.102}
, T 1 |
0-100 [ am, =0.008
0 098{ i am,, = 0.008 ||
) o amy = 0.0042
0.096 O am, =0.001 ||
o am, = 0.0001
0.000 0002 0.004 0.006 0.008 0.010
am;

FIG. 14. Global fits using the analytic ansatz with finitetwoke corrected data for the pion mass (top) and

fr (bottom) on the 32ID ensembles. Here the left-hand plot ochegzir show the data at the simulated

strange-quark mass and the corresponding fit curves omtke0.001 ensemble, and the right-hand plots

those on them = 0.0042 ensemble. The plots of the pion mass hagg(iT -+ M) on the ordinate axis,

a quantity used traditionally to emphasize the chiral cumeaof the data. The circular points are those

included in the fit, and the diamond points those excludedbyctut on data witim; > 260 MeV.
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FIG. 16. The chiral extrapolation of the pion decay constfi) and Omega baryon mass (right) using the
analytic and ChPTFV ansatze. Overlaying these curves we platted the unitary data extrapolated to the
continuum limit using the® dependence of our fit forms. The lighter-shaded points wenected using
the analytic fit form, and the darker points by the ChPTFV fokare the circular points are those included
in the fit, and the diamond points are those excluded by the au850 MeV (ChPTFV) and 260 MeV
(analytic). The upper and lower square points show the couatn predictions obtained using the ChPTFV
and analytic ansatze respectively. Note thatffgrthe analytic fit does not include any unitary data points
on the 321 and 24l ensembles as they lie above the pion magsfctable XlI). Note also that the physical
limit of the Q~ mass shows no statistical errors and agrees precisely wwihhysical value because it is

this quantity that we use to determine the lattice scale.
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In the previous section we determined the physical quarksesam lattice units in the matching
scheme defined in section V. In this section we discuss howomwestt these into the conventional

Ms-scheme.

A. Non-perturbative Renormalization for the Quark Masses

We cannot simulate with a non-integer number of dimensibaace we must match our lattice
results to perturbation theory in order to quote a resulhamMs-scheme. Rather than matching
using lattice perturbation theory, which is often poorlywzergent, we obtain the renormalization
coefficientszf non-perturbatively at each lattice spacing via sever@riediate renormaliza-
tion schemes — the so-called RI/SMOM schemes — that arenvartd the Rome-Southampton
RI/MOM scheme. In these schemes the renormalization caeffeare calculated by fixing the
values of appropriate amputated vertex functions, coasdusing quark propagators on Landau-
gauge fixed configurations, at a renormalization scale difinethe quark momenta. These
schemes are defined without reference to a particular regatimn, hence they can easily be
formulated in continuum perturbation theory with dimemsibregularization, and the matching
coefficients between them and tiae@ scheme can be determined without reference to the lattice
regularization. The matching is performed at a sufficiehilyh energy scale to be within the
perturbative regime.

We have shown [1] that renormalizing at 3 GeV rather than the/entional 2 GeV results in
a significant improvement in the contribution to the systeenarror from the truncation of the
perturbative series. The quark masses in ref. [1] were zbxiat the 2 GeV scale; in this analysis
we update the procedure to use the higher scale, and usedwistindary conditions to gain better
control of the discretization effects on the off-shell aityales entering the renormalization [29].
The RI/SMOM- ms matching coefficients at one-loop [30] and two-loops arekm{B1, 32].

For the lattice calculation of the RI/'SMOM renormalizatmyefficients, we are constrained in our
choice of renormalization scale only by the desire to avaidé discretization and finite-volume
effects. Therefore for a lattice of spatial extérand lattice spacing, we must choose a scgle

in the window:

L2 < p? < (mm/a)?. (40)

However, if we wish to match to thes scheme, this window is further constrained to the typically
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much smaller regime in which both the discretization and-periurbative effects are small:
Nocp < p? < (m/a)?. (41)

This is known as the Rome-Southampton window [33]. For tHeBd 24l lattices, witla ! ~ 2.3
GeV and 175 GeV respectively, our target of 3 GeV is accessible diegithin this window.
However, for the 321D lattice, wita~! ~ 1.37 GeV, we cannot calculate the lattice renormaliza-
tion conditions in the perturbative regime without incogilarge discretization errors. The 321D
renormalization factors are not needed for the analysifi®fquark masses in this section (see
below), but this is an issue f@ ; we discuss this further in section VII.

The need to calculate the RI/SMOM coefficients within thetyrdrative regime can be circum-
vented via the use of off-shell step-scaling functions [28], determined through a continuum
extrapolation of the scale dependence (with a fixed lattat®@) — in this limit the dependence
on the action disappears and the scale dependence becowvesain Similar step-scaling func-
tions were used in our recent analysis of Kne» it Al = 3/2 amplitudes [7]. In that analysis,

performed only on the 32ID ensemble set, we used the follgwirategy:

1. We evaluated the Z-factors (or the matrix of Z-factorsha tase of operator-mixing) at
a low energy scalglp on the 32ID lattice and computed the relevant renormalizattim
elements. The scalgy was chosen within the region given in equation 40, in whiah th

finite-volume and discretization effects are small. In fcacwe chosglp ~ 1.1 GeV.

2. We computed the scale evolution betwegn- 1.1 GeV andu = 3 GeV of these operators
on the finer lwasaki (IW) lattices, upon which the high scaés Wwithin the usual Rome-
Southampton window. At finite lattice spacimgy, if ZS(u,ayw) is the renormalization
factor of the operator under consideration in a (latticélesee S, the corresponding scale

evolution is given by

S(u, o, aw) = ZS(1, aw) (ZS(to, aw)) (42)

The result was extrapolated to the continuum limit, givihg@ universal running in this

energy range for this given scheme S:

05U, ko) = lim Z5(u, ko, ayw) (43)
aw—>0
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3. We multiplied the Z-factors obtained in step 1 at the sqaleby the continuum non-
perturbative running obtained in step 2 to obtain the ddsfdactors at 3 GeV. We then

converted these to th& scheme using one-loop perturbation theory [35].

Further details of the renormalization strategy used inafleeementioned analysis can be found
in ref. [36].

It is conceptually cleaner to divide our determination adiis-scheme quark masses in a similar
way to the above, separating the calculation of the nonigative renormalization coefficients
and their subsequent continuum extrapolation from theaugeative matching stage. We therefore
first calculate the RI/SMOM coefficients at a low energy sqajeand then calculate the step-
scaling functions from this scale to 3 GeV. As discussed atige VI, the choiceuy = 1.4 GeV

is optimal for theBk analysis — we use this scale in the quark-mass analysis fwistency.
Providing the jackknife/bootstrap errors are propagatekctly, the value oZ> (3 GeV) obtained
after applying the step-scaling function to the 1.4 GeV ltesili be exactly the same as if we had
performed the continuum extrapolation directly at 3 Ge\k do the fact that the step-scaling

functions are calculated using the same data.

1. Determination of the Lattice Renormalization Coeffitsen

Before presenting the results of our analysis, we summartizeneasurement strategy, highlight-
ing several important improvements over the original RIMM@ethods.

The original RI/MOM scheme, defined in ref. [33], was shown|{® suffer from greatly enhanced
chiral symmetry breaking errors. These were found to ocuaartd the use of so-called exceptional
kinematics, for which the vertex has channels along whiehnlomentum transfer is zero; these
allow quark and gluon loops with momenta below the spontasetiral symmetry breaking
scale to exist even when the external momenta are modetzety The persistence of non-
perturbative effects at high energy gives rise to large tag#ies in the perturbative matching.
In order to avoid this problem we follow the 2010 analysisgaaure in using non-exceptional
‘symmetric’ kinematics [37] for which no exceptional chammexist. With these kinematics the
non-perturbative effects fall off much faster as the vilityas increased.

The quark mass renormalization coefficieiy, which is taken in product with the bare quark
mass to obtain the renormalized quantity, is determinenh ftioe flavor non-singlet scalar and

pseudoscalar vertex renormalization coefficiedtsand Zp respectively, via the relatiod, =
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1/Zs=1/Zp. The equivalence afs andZp is not exact if the chiral symmetry is broken; this
occurs due to the low-energy spontaneous chiral symmetakiorg of QCD and to a much lesser
degree from finitd-s effects. With non-exceptional kinematics, the former gaes as Ap° [38],
and is therefore small at the 3 GeV scale at which we pertivddatconvert to thevs-scheme. In
ref. [38] and during the present analysis we found that tfexebf the difference betweety and
Zp on our finalvs scheme quark masses was considerably smaller than theassaciated with
the truncation of the perturbative series; as a result weadmeed to include a systematic error
for this effect. For the central values we arbitrarily chésdake the average of the scalar and
pseudoscalar renormalization factors to deterrdipeas was performed in ref. [38].

The scalar and pseudoscalar vertex functibrsand Np were constructed at all sink locations
of two quark propagators with momengpa and p,. The symmetric kinematics require that the
momenta are chosen such thgt= p3 = (p1 — p2)? = g°> = —u? for a renormalization scale
U. As before we used volume momentum source propagators s tia@e been shown [2] to
significantly reduce the statistical error on the NPR coieffits.

The renormalization conditions for the scalar and psewalaswertex functions, applied at the
scaleu in the three-flavor chiral limit, are'z—s’/\s =1 and%/\p =1, where

Zq
Zs 1

1
/\szzl—ztr[ﬂs-l], Ao = —tr [np-y5]. (44)

Herel is the identity matrix andy is the wave-function renormalization factafy, in the non-

exceptional schemes is thus calculated as
1
ZnZq = é(/\er/\P) : (45)

The wave-function renormalization factor is determin@ahfithe renormalization condition on the

VA
vector current:z\j/\v =1, where

1
Ny = 1—2tr [HVIJ . r“} (46)

for the vector bilinear vertexly,. With symmetric kinematics, the momentum trans@ris
non-zero, hence we have two choices for the projection mat namelyy, /4 andﬂqu/qz;
these define two different renormalization schemes whiclialvel RI/SMOM,, and RI/SMOM
respectively. Here we have useg = sin(qy) following ref. [1]. In the remainder of this work we

refer to the two schemes collectively as the ‘SMOM schemes’.
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In the above, the vector renormalization coefficiéptis identical to the factor relating the four-
dimensional vector current to the corresponding Symanaikeot. In section Il we discussed
how this quantity can be calculated independently usingatie of the local four-dimensional and
conserved five-dimensional vector currents. (The valuethfe quantity on the lwasaki ensemble
sets were determined in ref. [1].) A is known, we can combine its measurement with the ratio
é—\é, obtained from the vector-vertex renormalization comwdifin order to determing,.

In principle a separate measuremenZgtould be obtained using the axial-vector vertex. As was
the case for the scalar and pseudoscalar vertex functioissieasurement can differ from that
calculated via the vector vertex due to the residual effetthe low-energy spontaneous chiral
symmetry breaking and small finitey effects. However, in refs. [1] and [2] we found that the
effect of the difference between the vector and axial-wee¢otex functions on our final result is
again negligable compared to the perturbative truncatimr.e

As mentioned above, the renormalization conditions aréiegpm the three-flavor chiral limit. In
practice we generate data on each ensemble with quark nsetsegual to the dynamical light-
guark mass; the chiral extrapolation is then performedgusiimear fit over the unitary light-quark
mass-dependence. The vertex functions are flavor-indepertence this extrapolation also takes
the valence strange-quark, but not the sea strange-quatike tchiral limit. As we have only a
single simulated dynamical strange-quark mass and reweigi only a short range, we cannot
reliably take this final mass to the chiral limit. In refs. [Ahd [2] we estimated the effect of
not taking the strange sea-quark to zero using the slopeeafititary light-quark extrapolation,
reduced by a factor of two to obtain the contribution of a Erftavor. For the RI/MOM scheme,
the two-flavor mass-dependence was found to be significasi]ting in a large systematic effect
comparable in size to the truncation systematic. Howeweerthe RI/SMOM schemes we found
a very benign mass-dependence that was statisticallytinglisshable from zero. Note that this
estimate is highly conservative as the slope is likely dat@d by the valence mass dependence;
this suggests that we can ignore this systematic effect irpmsent analysis, for which we use
only the non-exceptional schemes.

In ref. [1] we calculated the renormalization factors oveaiage of momentum scales. The scales
at which we could perform our lattice measurements werddidty the need to form a symmetric
momentum configuration with spatial momentum componeiatsate discretized in units of2L

by the periodic boundary conditions. The resulting momentenfigurations were typically dis-

tinct under the hypercubic group, hence the measurememéssusceptible to lattice artifacts that



60

vary underO(4) rotations. These induced a scatter in the data, breakingxibected smooth scale
dependence; as a result we were forced to artificially inthateerrors by a factor o{/W,
taken from a straight-line fit to the data. In ref. [29] we sleovthat the scatter can be eliminated
entirely using twisted boundary conditions to induce quadmenta with a fixed direction; the
remaining lattice artifacts can be removed by a continuutrapelation. This approach was used
for the renormalization dByk in the second of the 2010 analysis papers [2]. In the curreadais

we also adopt this technique for the quark mass renormiglizat

2. Perturbative Matching to thas Scheme

The conversion factorgy / >MOM S

at one loop in ref. [30] and the two-loop corrections for b&1MSMOM and RI/SMOM,, are

between the RI/SMOM ands schemes were first computed

known from refs. [31, 32]. Regarding our notation, we write trunning of the renormalized

guark mass (in a given scheme S) between the ggadedu in the form

as(u)
(1) = (1) exp( / (“:) dx%) , 47)

where, following [39], we uses = (as/m). We expand the anomalous dimensighand the

B-function (dropping the superscriftfor clarity)

Vo(as) =~V as— ZVQ) At (48)
i>
B(as) = — ;Bi as"?, (49)
i>
where we have made explicit the fact th& is scheme-independent (we do not discuss here the

scheme dependenceaf, which cancels in equation 47). We can then express the ed®dn. 47
with the help of

(k) VS(X)) ()
ex dx ™ = , 50
p</as<uo) B(x) /)  cS(Ho) 0
where "
Yo 0)
S =asw'® (14 (5 PV o o@)). 5
BO [30
Still following [39], we then define the renormalizationegip-invariant (RGI) mass by
Y9
= lim m>(u)as(u) " . (52)

p—oo
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Using equation 47 and 51, this gives

m®( o)

M=
¢S(Ho)

Yo - (53)

In particular, sincen’is renormalization group invariant, we can use the ratic'®fto change

scheme: for example, the conversion factor between a scBemed a scheme,Sat the scaleu

is given by
()
CoSe(p) = =K. 54
The RGI mass is obtained from>(1) using equation 53, which implies that
CS ROy = o (55)
" cS(u)

With some simple linear algebra we are able to convert theemiaal results of ref. [30] to our
conventions and evaluate eqn. 51.

Finally, to obtainas at 3 GeV in the three-flavor theory, we used the four-loop mgof refs. [40]
and [41] and toolas(mz) = 0.1184 [42] as an initial condition. We ran this quantity dowrttie
charm mass, changing the number of flavors when crossingleaasiold, obtainings(3 GeV) =
0.2454.

Putting everything together, we found

1 _ 3\
TSV 3 Gav) 3.1052(1— 0.0825— 0.0066+ ¢ (al)) = 2.8283, (56)
1
—3.1052(1— 0.1086—0.0147+ 0(ad)) = 2.7223, (57)
RI/SMOM,, (3 GeV)
1
— = —3.1052(1—0.0699—0.0035+ &(a3)) = 2.8773. 58

Combining these we obtained for the conversion factors:

MS(ag(3 GeV))

RI/SMOM-—MS _ _
R (36eV) = st ey = 098% (59)
RI/SMOM, M5 MS
cn M g ey = S Shﬁgﬁl?’ CeV)  _ o.9462 (60)
K/ (3 GeV)

which are correct to ordeZ.
With the four-loop anomalous dimension of ref. [39], we aibta

CMS—RCI(3 GeV) = 3.1052(1— 0.0699— 0.0035— 0.0001+ ¢(af)) = 2.8769.  (61)
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For completeness we apply the same procedure at a rencati@tizcale ofu = 2 GeV (using
as(2 GeV) = 0.2960):
1

_ 3
RITSVOW (3 Gav) 2.5452+ 0(a3), (62)
1
—2.4218+0(ad), (63)
CRI/SMOMVH (2 GeV)
1
= 26017+0(a3), 64
(2 Gev) (as) (64)
which are again quoted (a3). Thus we find
CRI/SMOM=MS 5 Gev) = 0.9783, (65)
RI/SMOM,, —MS
Cm (2 GeV) = 0.9309, (66)
CMS=RCI(2 Gev) = 2.6012, (67)

where, as before, the SMOM i@ conversion factors are correct up to termgal), whereas
the RGI conversion factor is true up to termfiga?) by virtue of using the four-loop anomalous
dimension. As expected, these numbers are in very niceragrgevith the ones given in ref. [31].
We close this paragraph with a remark about the definitioh®RGI quantities: Our convention
is such that, at the first order of perturbation theory, thevecsion to the RGI quark mass is given
by

Cr 7RO (W) = (as(p) /)~ (H-20e/3) (68)

This convention differs from the one used &8y, whereas is not divided byrt.
Chy RO (k) = (as(p)) 212073, (69)

(Here the difference between the anomalous dimensionga@fuark mass angk accounts for the
factor of two in the exponent between the two expressionihjofigh the difference in conventions

is rather unfortunate, we adopt them in order to match thosewonly used in the literature.

3. Calculation of %, in the RI/SMOM Schemes

We calculated the RI/SMOM and RI/SMQ)/bilinear vertex functions on each ensemble of the
lwasaki lattices, using quark propagators with the (tvdstaomenta given in the first two blocks
of table XVI (as explained below, the 32ID renormalizatiactbrs are not needed). These were

then linearly extrapolated to the two-flavor chiral limit. eWplot the scale dependence of the
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241 P1 P2 6

(-2,0,2,0) (0,2,2,0) {—0.451360.732}
(-3,0,3,0) (0,3,3,003n: n={-21...,12}

(-4,0,4,0) (0,4,4,0) 3

321 P1 P2 0
(-2,0,2,0) (0,2,2,0) {-0.4130.783}
(-3,0,3,0) (0,3,3,0) 7
(-4,0,4,0) (0,4,4,0) {-2.3}
(-5,0,5,0) (0,5,5,0) {-3.3}

321D p1 P2 e]
(-3,0,3,0) (0,3,3,0) {0.0}

(-4,0,4,0) (0,4,4,003n: n={-1,0,1,2}

(-5,0,5,0) (0,5,5,0) 3n:n={-1,0}
TABLE XVI. Non-exceptional momenta and twist angles usedtfee evaluation of amputated twisted
Green'’s functions in our NPR analyses. The momenta heréséed In(x,y,zt) order. The integer Fourier
mode numbergn; } are related to the lattice momenta @g = %T The momentum added by the twist is

2n+0)m
Li

determined by the twist angl giving ap = . The twists that are not multiples %fare chosen to

match specific momenta on a larger volume lattice that willleégcribed in a forthcoming publication.

resulting chiral-limit renormalization factors in figur@;lhere we clearly see the smooth scale
dependence arising from the use of twisted boundary camditi

In order to obtain the values at 1.4 GeV we performed an iotatipn over several data points
in the region surrounding the 1.4 GeV renormalization scdlsing the lattice spacings from
section V we find the corresponding values(ap)? to be 0.367 and 0.642 on the 32l and 24l
lattices respectively. In this region of figure 17 we see a-limgar scale dependence arising
from the (supressed) poles and the renormalization grompimg, hence we cannot perform our
interpolation using a simple linear function. Upon expeting with several different non-linear

forms, we found that the following parameterization:

Zml(ap)?] = Co+C1/(ap)®+Ca(ap)?, (70)

fit the data well and was stable when the number of points wasased. We present the results
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FIG. 17.Zy, in the two SMOM schemes at a range of scales on the 241 (ledt8ah(right) ensemble sets.

321 241
RI/SMOM RI/SMOM,, |RI/SMOM RI/SMOMj,

ZS(u=1.4GeV)|1.7782(62) 1.9612(52)1.7763(43) 1.9558(36)
ZS(u=3.0GeV)| 1.4414(5) 1.5183(2)| 1.4579(2) 1.5419(2)

TABLE XVII. Renormalization factors in the intermediate/BMOM scheme S at the scale Here the
quoted error contains only the statistical contributiomsf the amputated vertex functions, not the fluctua-

tions from the uncertainties on the lattice spacingsand

of interpolating tou = 1.4 GeV in table XVII. In order to later obtain the step-scalfagtors, we
repeated the above with a 3.0 GeV renormalization scalsgthesults are also given in the table.
Note that the error quoted for the results in this table dastanly the statistical contributions
from the amputated vertex functions; the fluctuations agigsrom the statistical and systematic

uncertainties on the lattice spacings akdare discussed below.

4. Renormalization of the Continuum Quark Masses

The physical quark masses determined in section V are quothd ‘matching scheme’, whereas
the renormalization factors above act uponlaee physical quark masses. Therefore in order to
obtain the quark masses in either fiescheme or one of the Rome-Southampton schemes, we
must first convert the matching scheme masses into bare snasieg equation 27.

The matching scheme is a non-continuum (due to its explitdfEtdependence), mass-independent

scheme in which a bare quark mass in physical units that eymé@ted at a couplin@ is renor-
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malized by fixing its value to that obtained on 83264 x 16 domain wall lattice with the lwasaki
gauge action g8 = 2.25:
mipeten =z my, B)my (B). (71)

As discussed in section IV, the renormalization fa@®c m¢, B) at finite lattice-spacing is only
weakly dependent upon the mass, hence we require just twargamne to renormalize heavy
guarks near the physical strange quark mass, and one tomaliwe the light quarks. We labelled
thesez,(B) andZz (B) respectively, and calculated their values on the 241 anD &tices as part

of our global fits in section V (the values on the 321 ensemlaeuaity by definition).

Given the values oﬁﬂ‘/%mh and m™°" we can obtain quark masses renormalized in one of our
intermediate RI/SMOM schemes S at a giy®2asing the non-perturbative renormalization factors

calculated above via the following ratios:

S q(B) = MIA"x Z3(B)/Z(B) and m§(B) = m@Nx Z3(B) /Zn(B) - (72)

These quantities still retain lattice artifacts which mastremoved via a continuum extrapolation.
Since, by definitionZ, andZ, absorb the coupling dependence of the quark masses, we niged o

extrapolate the ratios

Z31(B) =Z3(B)/Z(B) and Z5,(B) = Z3(B) /Zn(B) (73)

For this we assume a linear dependenc@dmeglecting the higher order effects. Note that we
cannot include the values @&, calculated on the 32ID lattice in this extrapolation duehtis t
lattice having a different gauge action, and hence a difteseale dependence, than the 241 and
32| lattices. As a result we have not analyzed this quantithé present analysis.

In order to correctly propagate the statistical errors &edchiral/finite-volume errors on the var-
ious quantities we use the superjackknife procedure asdafud repeated the analysis uség
Zp, the lattice spacings and the quark masses calculated aattiyof the three chiral ansatze
separately, taking the differences between these redulis éinal stage to determine the system-
atic errors in the usual way. In practice, the determinatiotihe renormalization coefficients was
performed using bootstrap resampling and used only the fasailts for the lattice spacings in
determining the renormalization scale. In order to ensha¢ the systematic and statistical er-
rors were correctly propagated we devised a procedure foergéng suitable 'super-jackknife’

distributions from these; this procedure is given in Apperii
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FIG. 18. The continuum extrapolations 4§, (left) andZmy, (right) in the RI/SMOM at 1.4 GeV.

We performed the continuum extrapolatior*Z;?ﬁA(u =14GeV) anerSn’ﬁ(u = 1.4 GeV) for each
choice of scheme S and chiral ansatz A, obtaining the valsesllin table XVIII. In the table
and below we add a superscript ‘c’ to denote continuum gtiestiAn example of the continuum
extrapolation is shown in figure 18.

The step-scaling factorsS# (3 GeV, 1.4 GeV) were then determined via a continuum extrapola-
tion over the Iwasaki lattices of the rattoof renormalization coefficients at 3 GeV and 1.4 GeV
(cf. equation 43). This was repeated for each scheme andl @msatz, giving the values also
listed in table XVIII. We then applied the step-scaling tasttoZ®, andZt, at the 1.4 GeV scale
to obtain the corresponding values at 3 GeV; these are agtad In table XVIII. Note that there is

a quite considerable cancellation between the statighicliations on the step-scaling factors and
the 1.4 GeV renormalization coefficients; this cancellai®necessary to reproduce the smaller
statistical errors on the 3 GeV factors and justifies the dssiperjackknife error propagation.
(Similar results might be obtained using bootstrap resamggdbr all quantities, with a consis-
tent number of bootstrap samples, although this risks eotadl cancellation between ostensibly

uncorrelated fluctuations.)

5. wms-scheme Renormalization Factors and Systematic Errors

Applying the perturbative conversion factorsZfy andZ;, at 3 GeV, we finally obtain thes
renormalization coefficients for the quark masses detexdhiim section V. We list the values in ta-
ble XVIII. All that remains prior to obtaining ths quark masses is to decide which intermediate

scheme to use for the renormalization and to analyze thersgsic errors.



Ansatz A
Quantity Scheme S Scale(s) |ChPTFV ChPT Analytic
SMOM 1.735(36) 1.735(36) 1.752(51)
ZC
m SMOMu 1.918(39) 1.917(39) 1.935(55)
1.4 GeV
SMOM 1.712(27) 1.711(27) 1.712(34)
ZC
m SMOMyx 1.893(29) 1.890(29) 1.890(37)
SMOM 0.797(8) 0.798(8) 0.799(8)
o 14— 3.0 GeV
SMOM,x 0.755(7) 0.756(7) 0.758(7)
SMOM 1.383(27) 1.385(27) 1.401(40)
ZC
m SMOMu 1.449(28) 1.450(28) 1.466(42)
™S (via SMOM) 1.360(26) 1.361(26) 1.377(40)
MS (via SMOM.) 1.371(26) 1.372(26) 1.387(40)
3.0 GeV
SMOM 1.365(18) 1.365(18) 1.368(25)
C
mh SMOMyu 1.429(18) 1.429(18) 1.432(26)
™S (via SMOM) 1.341(17) 1.342(17) 1.345(25)
MS (via SMOM.) 1.352(17) 1.353(17) 1.355(25)
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TABLE XVIII. The factors Z¢, andZ$,, used to convert our matching-scheme physical quark masses i

m

each intermediate NPR scheme at 1.4 and 3.0 GeV, and thecdpg factors used to run between those

scales. We also list thes renormalization factors witjy = 3.0 GeV, obtained by applying the perturbative

conversion from each of the intermediate RI/SMOM scheméw Superscript ‘c’ on the renormalization

factors is used to indicate that these are continuum qiestiT he right-most columns correspond to the

three choices of chiral ansatz used to obtain the latticeiisga used for the scale-setting and continuum

extrapolations.
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In the 2010 analysis we decided that the most reliaisleenormalization coefficients were ob-
tained using the SMOM intermediate scheme. This was based on the fact that thesrseh
showed a considerably smaller scatter fr@t)-symmetry breaking lattice artifacts than the
SMOM scheme. However, now that the scatter has been eliedrthtough the use of twisted
boundary conditions, we base our choice of ‘best’ scheméesitze of the error in the matching
of the intermediate schemei®, which we estimate from the size of the two-loop terms in equa
tion 60. We see that the SMOM-scheme conversion factorsaagpeconverge faster than those
in the SMOM-scheme, with a two-loop term roughly 75% smaller. As a rtesel adopt the
SMOM scheme for our final numbers.

We expect the main contribution to the systematic error t@dsociated with the truncation of
the perturbative expansion of te scheme-change factors. In ref. [1] we discussed two seitabl
methods for estimating this error: The firstis to use theaizke two-loop term in the perturbative
conversion and the second to take the full difference betvwieewvs coefficients calculated at 3
GeV using our two intermediate SMOM schemes. For the 201/sisathe most conservative
estimate was obtained from the size of the two-loop term,evewy now that we have adopted
the RI/SMOM scheme for our final result we find that thé% two-loop contribution is smaller
than the 8% difference between the results obtained via the SMOM @8« intermediate
schemes. We therefore use the latter as our estimate otieation error.

In section VI A 1 we detailed several additional sources ofrein our renormalization procedure
that arise from non-perturbative effects; specifically,ghlighted the effects of the low-energy
spontaneous chiral symmetry breaking and those assoeigtethe dynamical strange sea-quark
mass-scale. There are also likely to be additional effeicteea/\qcp scale that were not con-
sidered. Although we concluded that the non-perturbatiferts at the 3 GeV matching scale
are negligable compared to the truncation error on our fiesllts, it is illustrative to consider
at what point they enter into our calculations. The RI/(S)M®&chemes are actually defined in
the limit p? > /\ZQCD, at which the behavior is purely perturbative. The momensahremes that
we actually implement on our lattice can be therefore berdsghas different schemes that take
into account the non-perturbative behavior. We thereforesicler the aforementioned errors not
as properties of the numerical renormalization factors rather as additional errors on the per-
turbative conversion to thes-scheme, arising from the fact that the scheme-changerfaate
calculated using a slightly different scheme than the nigakresults.

There are two final sources of systematic error on the ren@atian conditions — those arising
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from the chiral extrapolation and finite-volume errors om tattice spacings used in the scale-
setting and the continuum extrapolation. In the previowsice, we repeated the analysis using
the lattice spacings obtained from our global fits with thee¢hdifferent chiral ansatze. We can
therefore estimate these errors using the procedure dsdussection V B, namely estimating the
chiral systematic error as the larger of two values, the liesthg the difference in central values
between the results obtained using the ChPTFV and anabttenpeterizations, and the second the
superjackknife error on this difference. The same proceduapplied to the ChPTFV and ChPT
results to estimate the finite-volume error. We take theraémalue and statistical error from the
ChPTFV ansatz.

The final values for the quark mass renormalization factees a
Zt,(ws,3 GeV) =1.360(26)(22)(2)(11), (74)
Zt(Ms,3 GeV) =1.341(17)(15)(1)(11).

Here the errors are due to statistical, chiral, finite-vatiand truncation effects.

B. Results for the Physical Quark Masses

Multiplying Z, andZnp, by the physical quark masses in the matching scheme, wenobtai

myg(s, 3 GeV) = 3.05(8)(6)(1)(2) MeV, mg(vs,3 GeV) = 83.5(1.7)(0.8)(0.4)(0.7) MeV,

(75)
where the errors are statistical, chiral, finite-volumefrach the perturbative matching. The quark
masses obtained in our 2010 analysis were quoted imtbeheme at 2 GeV. In order to facilitate a
comparison between these and our new results we must theoefiovert to a common scheme; for
this we use the Renormalisation-Group Invariant (RGI) satefor which the conversion factors
from ms are given in eqns. 67 and 61 for 2 and 3 GeV respectively. Apglthe latter to the

results above we find:
Mug = 8.78(24)(17)(3)(7) MeV, M = 240.1(4.8)(2.4)(1.2)(2.0)MeV, (76)
where the hat is used to label the RGI values. In the 2010 sisale obtained
Mug = 9.34(34)(31)(16)(21) MeV, 1 = 250.2(3.9)(0.5)(0.3)(5.5) MeV. (77)

Our new result appears to be consistent with that of the 28a/sis, but has a renormalization

systematic error that is over a factor of two smaller by \é@raf performing the matching to the
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ms scheme at 3 GeV, rather than 2 GeV, at which the perturbatieary is more reliable. For
the up/down quark mass we also see a substantial improvemére chiral and finite-volume
systematics, resulting from the lowering of the pion madsircahe fit and the inclusion of the
321D data. For the strange quark mass, the 32ID data doesawetthe same effect because
the lwasaki data were already (after reweighting) at thesfgay mass, and the light-quark mass
dependence of the kaon is small. The larger chiral and fiiteme systematics on this quantity
likely arise from allowing the scaling paramei#y; and also to a lesser extefit to differ between
the fit ansatze rather than remaining fixed; this allows #éngdr changes in the quality of the fit
for the other fitted quantities to influence the kaon fit. A sameffect was observed for the lattice
spacings and was discussed in section V C.

For comparison with the above, the FLAG working group givg(vs, 2 GeV) = 3.43(11) MeV
andmg(vs, 2 GeV) = 94(3) MeV [25]. These values were obtained by combining resutisifthe
MILC [27, 43] and HPQCD [44] collaborations, as well as oud@@nalysis results. Converting
to the RGI scheme using the conversion factor given aboesgetbecomeng = 8.92(29) MeV
andmyg = 2458) MeV, which both agree very well with our results.

Finally, for completeness we also calculate the ratios @sthange and up/down quark masses:

™ _ 27.36(39)(31)(22)(0), (78)

Mud

where the errors are again as above.

VII. CHIRAL/CONTINUUM FITS AND PHYSICAL RESULTS FOR By

In this section we present our results for the neutral kaoxingiparameteByk. Continuum re-
sults are obtained by performing chiral/continuum fits awerthree ensemble sets following the
strategy outlined in section IV. This analysis extends thaef [2] through the inclusion of the
32ID ensemble set.

As Bk is a scheme-dependent quantity we must perform our fits tormeslized data. We de-
termine the renormalization factors again using variahts® RI/MOM scheme with symmetric
kinematics. We first outline this calculation, then disciiiesapplication of our chiral fitting tech-

niques to this quantity. Finally we present the continuusults in thevs scheme at 3 GeV.
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A. Non-perturbative Renormalization Factors

Unlike in the case of the quark mass renormalization, weireqanormalization factors fdBg

on both the lwasaki and lwasaki+DSDR ensemble sets. In #8s,cthe option of calculating
our lattice renormalization factors directly at 3 GeV is @aot option since we cannot simulate
within the perturbative regime without incurring largetiee artifacts. (We remind the reader that
perturbation theory is required to match the renormalirafactors computed on the lattice to a
continuum scheme, typicallMS in which the Wilson coefficients are computed.) As disedss
in section VI, our analysis [7] of thal = 3/2 K — mrr amplitudes had a similar issue, which
was solved by computing the renormalization factors at a émergy scalepy = 1.1 GeV, at
which finite-volume effects and lattice artifacts are snfiadl. satisfying egn. 40), and using the
continuum step-scaling factors to evolve this to the pestive matching scale. For this analysis

we adopt a similar procedure.

1. Determining the NPR factors

We follow ref. [2] in calculating the renormalization facsan four different lattice schemes. First

we consider the process

d(p1)S(—pz) — d(—p1)u(p2) (79)

with a variety of momenta satisfying the symmetric momentumfigurationp% = p% =(p1—

p2)? = p?. We write the corresponding amputated Green'’s functiotueted on Landau gauge-
ikl

aB,yd
the external states). We have to project these Green’sifunsconto their Dirac-color structure,

fixed configurations a8 (the color indices, |, ... and Dirac indicest, 3, ... correspond to

where, as before we, define two projectors using botlytmatrices andj (whereNc is the number

of colors andy; = sin(qy)) :

(V4)ijkl 1 L L ij skl

PaB7y6 - 128Nc(Ne+ 1) [(yu)ﬁa<yu)6y] 0’0 (80)
(A)ij kI _ 1 L L ij skl

Pa&yc‘i - 32q"2NC(NC+1> [(q )Ea(q )6y}6 0. (8]_)

These act o\ in the following way:

_ _ oijkl Adjk
M = P{A} =P sAan s (82)



72

As before we can renormalise the quark field, and hence oBtaim both the RI/SMOM and

RI/'SMOM,« schemes; we therefore have four independent renormalizathemes fafg, :

Z) = @82 PA{AY (83)

whereA andB can be eithey# or ¢. Here the labe(27,1) refers to theSU(3). x SU(3)r trans-
formation properties of théV 4+ AAfour-quark operator that forms the numerator of equatian 18
Motivated by [2], we focus only on two schemes : {#eB) = (y#, y*) and(d, 4) combinations.

The renormalization factor fdg is then

(AB) Z((g\%Bl))
% = =20 (84)
A

We obtainzé/zﬁ from the renormalization conditions on the vector and axéltor vertices:

%z LA+ AY). (85)

As discussed in section VI, the difference between thesicesrin the SMOM schemes is tiny
and can be ignored; we used their average only such that the geocedure can be applied for

the exceptional schemes.

2. Perturbative Conversion Factors

The one-loop perturbative conversion factors for conmgrto thems-scheme from the SMOM

schemes are obtained using the expressions in ref. [2]firegsin the following:

n

C¥ —1 — 0.45465(%) = 099112 and

(V) - (86)
Ca. ") =1+ 021197(%) = 1.00414
where
as(3 GeV) = 0.24544 (87)

As discussed in the following section, we do not use the SM@M') or SMOM(y*, @) schemes

for our final predictions, hence we have not listed the cpoading conversion factors above.

3. Renormalization Scales

As the 3 GeV matching scale lies within the Rome-Southamptimaows for the two Iwasaki
lattices, we need only compute the 321D renormalizatiotofacat the low energy scale and sub-

sequently use the continuum step-scaling factors to rusetbp to the same scale as the lwasaki
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coefficients. However in practice we found that the staigdterrors on the step-scaling factors
were quite large, which resulted in considerably largeorsron the 3 GeV renormalization fac-
tors than their lwasaki counterparts. Note that contrath¢acase of the mass renormalization, no
cancellation occurs between the statistical fluctuationZg (Lp) ando (3 GeV, L) as the data
sets from which they were determined are entirely indepeinde

The disparity in the statistical errors between the rentimation factors has the effect of weaken-
ing the constraints that the 321D data imposes on the simedtas chiral/continuum fit under the
global x2 minimization. As a naive test of the impact of this dispanite repeated our fits with
the errors on the 321D renormalization factors artificialigluced to match those on the Iwasaki
lattices. We found that the central value of the continuuadmtion forBg shifted by an amount
comparable to the chiral and finite-volume systematics;fctetoo large to be ignored. As we
pointed out in section V when discussing the number of relatéig samples to use on each lattice,
it is important to treat each ensemble set uniformly suchtti@weight of each of the ensemble
sets in the fit depends only on the statistics of the data. Afetbre calculate the renormalization
factors for all three lattices at the same scale, chosennitile regime in which the discretization
effects are under control. The 1.1 GeV scale used in ref. pgtsithis criteria, although we found
a noticable reduction in the statistical errors by raisimg to 1.4 GeV (actually 1.426 GeV, the
nearest scale at which we had a simulated point). Of coussgg @ larger scale increases the size
of the discretization effects on the 32ID lattice, howewasrywe ultimately perform a universality-
constrained continuum extrapolation, only #iap)?] terms and higher remain in the final result
for Bx. Only after performing the continuum limit do we apply thesiscaling factor to evolve

the continuum prediction to 3 GeV, at which the matchinggas performed.

4. Results

Following the above strategy we calculatgs} at 1o = 1.426 GeV on each of the three ensemble
sets. In addition, we re-calculated the lwasaki renorratibn factors at 3 GeV such that we could
obtain the continuum step-scaling functions. The quark er@mused in these measurements are
listed in table XVI, and we present the values at both renbmaizon scales in table XIX. We
used the central values of the lattice spacings given in@ed C to set the physical scales in
these determinations.

In order to correctly propagate errors on the lattice sgggiwve formed superjackknife distribu-
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Quantity Projector P Scale Value
32l 24 321D

(a.9) 1.0608(12) 1.0320(11) 0.9992(11)
(v, %) 0.9788(9) 0.9527(3) 0.9210(8)

Zg, 1.426 GeV
(a,v*) 0.8758(25) 0.8554(17) 0.8187(13)
(", ) 1.1865(38) 1.1496(32) 1.1241(24)
(9,9 0.9765(1) 0.9549(1) -
(v, ) 0.9396(2) 0.9153(1) -

Zpy 3 GeV
(%, v*) 0.8795(4) 0.8537(2) -
(v¥.9) 1.0432(4) 1.0238(2) -

TABLE XIX. Bk renormalization factors in the four intermediate RI/SMOdhames at the scales Here
the quoted error contains only the statistical contrimgifrom the amputated vertices, not the fluctuations
from the uncertainties on the lattice spacings. Note thatlidenot calculate the 32ID renormalization

factors at 3 GeV as this point lies beyond the Rome-Southampindow on this lattice.

tions for the renormalization factors that include the fhations on the lattice spacings, following
the procedure in section VIA4. As before, separate didtiobg were obtained for each of the
three chiral ansatze, with the central values shifted @mately, allowing us to later separate the
chiral and finite-volume systematic errors. The formatidbthe superjackknife distributions re-
quires the derivatives dg, with respect to the lattice spacings, which we again detegthby
measuring the differences in the central values as thedatpacings are varied by their total error.
We use the full superjackknife distributions to renormaBg in the following sections.

We determined the step-scaling factors by taking the caatimlimit of the ratio ofZg, at 3 GeV
and 1.4 GeV in each of the four schemes. The results are giviablie XX.
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Projector B Chiral Ansatz

ChPTFV  ChPT Analytic

a.9) 0.9140(34) 0.9145(33) 0.9150(34)
y)  |0.9589(21) 0.9591(21) 0.9593(21)

(
Va
(g y)  |1.0127(74) 1.0127(75) 1.0128(75)
(

yi.d)  |0.8641(80) 0.8647(80) 0.8654(81)

TABLE XX. Non-perturbative step-scaling factors for eantermediate scheme SMOM(P), usegoste-
riori to runZg, from 1.426 to 3 GeV. A different value is obtained for eachedetination of the lattice

spacings.

B. Chiral/continuum Fits

The determination dBx on the 32ID ensemble set was discussed in section |1l andilbhewlisted

in tables VIIl and IX. These data and those on the lwasakirmbg=sets were renormalized into

Parameter ChPT ChPTF\|Parameter Analytic
X ?/dof 0.71(45) 0.56(40 0.49(33)
B 414489  4.110093)

f 0.1221(29) 0.125928)

BY 0.580(10)  0.584(10)||Cg* 0.597(11)
Ch, a 0.07344)  0.072(44) | Cg"' 0.059(46)
L 2 0.09923)  0.09523)|/CE«'" 0.086(23)
CBy.m, 0.0045872) 0.0039§76) ||C=* 0.33(24)
CBy.m —0.007916) —0.007917)||C5¢ —0.07(54)
Ca.m, 1.44039)  1.450(40) || C3* 1.450(40)
By —0.08(13) —0.06(13)||CE* —0.04(13)

TABLE XXI. The x?/dof and parameters for each of our chiral fit ansatz&fgrwith the fits performed to
data renormalised in the SMOM @) scheme with a cut on data with corresponding pion masges 350
MeV. The parameters are given in physical units and with #e/h quark mass expansion point adjusted to
the physical strange quark mass. For the ChPT and ChPTF¥zartka chiral scalé, has been adjusted
to 1 GeV.
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Scheme

Ansatz [SMOM(q,d) SMOM(y, y*)

Analytic | 0.597887)  0.550677)
ChPT | 0587184) 0.541Q75)
ChPTFV 0.590485)  0.543§75)

TABLE XXII. Predictions forB in the continuum limit in the SMONY, ¢) and SMOMy*, y*) schemes at
U =1.426 GeV for each global fit ansatz. These results were olutaisig simultaneous/chiral continuum

fits to renormalised data with a pion mass cut of 350 MeV.

the RI/SMOM intermediate schemesjat= 1.426 GeV using the results of the previous section.
Anticipating the discussion in the following section, wegent only the results of fitting to data
renormalized in the SMOM#, y*) and SMOMg, @) intermediate schemes.

As before, we obtain our chiral/continuum fit forms by penfiang an expansion in the quark
masses and? to NLO, with the light-quark mass expanded about both theatlimit — using
chiral perturbation theory — and about a fixed mass via a Ta{pansion. For example, for the

analytic ansatz we obtain the following:
BL — Bk (1 CBK,A(l) 12 CBKrTﬁ CBKml CBx (it — CB (it — 88
Xy — “~0 +Ca [a]+1 +C; +3WWO+4WWO7()
and for the ChPT ansatz:
BL — RO J 14 AWra2 CamXi | CBomXx X | Xx
xy =Bk { 1+Cg ala]"+ 2 T g2 3op2p2 oY N2

+CBy,m, <m$ — mnO) + CBy,m, <ﬁ‘l|% — mnO) )

(89)

where xq = 2BiMg and the chiral scalé\, is set to 1 GeV. These fit forms apply specifically to
the primary latticel; the forms for any other ensemble sstan be obtained by inserting factors
of Z? andZ; and selecting tha? coefficient appropriate to the lattice action. The finitdéuvoe
correction terms for the ChPT fit form can be found by applyimgrules given in Appendix C of
ref. [15].

Following the 2010 analysis strategy, we fixed the leadirpot ECsB and f in the ChPT fits to
those obtained in section V, reducing the number of freerpaters. We also fix the the scaling
factorsz,, Z, andR,, as well as the physical quark masses and the overall sclege obtained

using the corresponding ansatz in section V.
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We once again performed cuts to the data set used in the CHPTHRATFV fits, reducing the
largest pion mass to 350 MeV. In the main analysis we perfdrove analytic fits with a lower
pion mass cut of 260 MeV in order to obtain a better fit to thedaVhen using this cut for the
analyic fits toBk , we found that we lost almost all statistical precision on@antinuum prediction
because the statistical errors on the 32ID ensembles begemdarge in the light-mass regime
(cf. figure 20), hence the effective number of points coutiiig to the fit after the cut is smaller
than in the case afk or fx. Raising the cut to 350 MeV produced much more reliable tesul
hence we adopt this higher cut for the analytic fits in thigisac This is justified by the fact
that we observed no statistically significant deviationgheffit functions from the data over this
expanded range, hence we have no reason to believe thatitiesaah to an incorrect estimate for
the chiral systematic error. This was not the case for thédfts,;, where we observed significant
deviations.

The analytic fits were again performed to data correcteddaantnite-volume using the ChPTFV
fit form.

The parameters and uncorrelageddof obtained by fitting to data renormalized in the SMQM1)
are listed in table XXI and we give histograms showing theiatéwn of the data from the fits in
figure 19. We list the continuum predictions in both the SM@M) and SMOM y*, y*) schemes
in table XXII.

In figure 20 we overlay the data with the fit curves on the 32IBeembles, and in figure 21
we show the chiral extrapolation overlaying data correttetthe continuum and infinite-volume
limits as well as the physical strange quark mass via the ENRANd analytic parameterizations.
In the latter we also plot the data at finite lattice spacimjusted to the infinite-volume limit and
physical strange quark mass as before) and the corresgpfidite-a fit curves. The separation
of the points at the physical up/down quark mass in the folismased as a measure of the error
on the chiral extrapolation. In these figures we see thatttiestical errors increase substantially
as we approach the chiral limit. The central values also apfmetrend upwards, although this
apparent curvature is in the opposite direction to that esgggl by chiral perturbation theory and

is therefore likely to be simply due to the low resolution bege data points.
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Scheme

Ansatz [SMOM(q,d) SMOM(y, y*)

Analytic | 0.5213(72)  0.5397(76)
ChPT | 0.5188(72)  0.5369(76)
ChPTFV 0.5282(73)  0.5470(78)

TABLE XXIII. Predictions for Bk in the continuum limit in the SMONR, @) and SMOMy#, y*) schemes
atu = 3 GeV for each global fit ansatz. These results were obtaipegplying the continuum step-scaling

factors to the values in table XXII.
C. Final Results for Bk

Applying the step-scaling factors given in table XX to th@touum predictions in table XXII, we
obtainedBg in the SMOMg, @) and SMOMy*, y*) schemes at a 3 GeV renormalization scale.
Once again we see some cancellation between the statfictaktions on the step-scaling factor
and the 1.4 GeV gquantity.

Finally, we apply thess conversion factors given in section VII A 2 to convert ourukésinto the

ms scheme for the convenience of the reader. Before quotinfjrmalrresults, we first discuss the

various contributions to the systematic error.

1. Systematic Errors

For our central values and statistical errors of our firggbrediction, we follow the 2010 analysis
in taking the results obtained using the SMQiV) intermediate scheme, which is best described
by one-loop perturbation theory. Following section V weraste the finite-volume and chiral
extrapolation systematics on this quantity from the déferes between the ChPTFV result (which
we take as our central value) and the ChPT and analytic samgpectively, taking for our estimate
the larger of the superjackknife error on the differenceherdifference in central values. As we
propagated the differences between the lattice spacimgagh our analysis in section VII A4,
the aforementioned systematics on the renormalizaticdorf@are automatically included in the
differences above.

The remaining systematic errors are associated with thiirpative conversion into th&s

scheme. The largest of these is the perturbative truncaticor. To determine this we again
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FIG. 19. Histograms of the deviation of the fit from the dataBg on each of the three ensemble sets (32l

top, 241 middle and 32ID bottom) with the analytic (left) aBHPTFV (right) ansatze.
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FIG. 20. The analytic (left) and ChPTFV (right) fit curves daging the partially-quenched data on the
321D ensembles at the simulated strange quark mass. Thedlitsperformed to the data set with corre-

sponding pion masses; < 350 MeV, with the data renormalized in the SMQ#/g) intermediate scheme.

follow the 2010 analysis strategy of taking the differenetween the values ddx in the ws-
scheme at 3 GeV obtained using the SM@M1) and SMOMy*, y#) intermediate schemes,
the latter of which is also well-described by perturbatibadry. As discussed in section VIAS
and above, there are non-perturbative effects associatbdive spontaneous chiral symmetry
breaking and the presence of additional energy-scaAlged, ms, etc.), that contribute to the per-
turbative systematic. In ref. [2] we found that in the norceptional schemes these effects are tiny
compared to the truncation systematic, therefore we dootide these effects in our systematic

error budget.

2. Final Results

Using the ChPTFV resultin the SMO(d, g) for the central value and statistical error, and obtain-

ing the chiral and finite-volume systematic errors as abeesfind:
Bk (SMOM(q,9),3 GeV) = 0.540(8)(7)(3). (90)

where the errors are associated with the statistical, Ichind finite-volume respectively. Convert-

ing this to thews-scheme at 3 GeV using one-loop perturbation theory we wbtai

Bk (Ws,3 GeV) = 0.535(8)(7)(3)(11), (91)
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FIG. 21. The left figure shows the chiral extrapolationBgfin the continuum limit, renormalized in the
SMOM(g, ) scheme at a scale of4dlGeV. The circular and diamond-shaped data points in datkedes
show the data corrected to the continuum limit using the GAPTit form, and those in lighter shades
via the analytic form. The circular points indicate thos¢éadacluded in the fits, and the diamond points
those that were not. The upper and lower curves show thetamalyd ChPTFV chiral fit forms and the
corresponding square data points the extrapolated vatube physical up/down quark mass. All data and
curves are shown at the physical strange quark mass. Thdiggre shows the data at finieg-adjusted to
the infinite volume limit and the physical strange quark massrlaid by the ChPTFV fit curves at finite-

and the continuum curve shown in the previous plot (showhaut error bands for clarity).

where the first three errors are as before, and the final exttbiat associated with the truncation
of the perturbative series. Converting to the RenormatisaGroup Invariant (RGI) scheme, we
find

Bk = 0.758(11)(10)(4)(16). (92)

In the 2010 analysis we obtained:
Bk (Ms,3 GeV) =0.5295)(15)(2)(11). (93)

This is highly consistent with the result of the present gsial In our new result we see a large
improvement in the chiral extrapolation systematic, whiegsults from lowering the pion mass cut
to 350 MeV from the 420 MeV used in the previous analysis.

For comparison, the FLAG working group gix = 0.738(20) [25] for Bk in the RGI scheme
with 2+1 quark flavors, which was determined by combining2Qt0 analysis result [2] with the

value calculated by Aubiet al [45], which used domain wall valence quarks on the 2+1 flavor
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staggered fermion lattices produced by the MILC collaborat The result oBx = 0.758(22)
obtained in the current analysis is consistent with thisi®alOther calculations performed since
the publication of the FLAG 2010 paper include refs. [46]][dnd [48].

VIIl. CHIRAL/CONTINUUM FITS AND PHYSICAL RESULTS FOR THE SO MMER SCALES

In this section we present the results of applying our gldib&chnique to the Sommer scaleg,
andrj. In ref. [1] we determined continuum values for these patarseusing global fits to our
Iwasaki ensemble sets. In this paper we extend these fitshadi® the 32ID ensemble set and
observe the effect of lowering the pion mass cut. The valtieg andr, measured on the 32ID
ensemble sets can be found in section .

Assuming a linear dependence on the quark masses aafg we performed our chiral/continuum

fits using the following form:
rf = 01+ ¢ [81%) + Crm M+ Copm (17 — o) (94)

on the primary latticel. As always the fit form describing another ensemble seis obtained

by inserting factors oZ® andZ§ to convert the simulated quark masses on ensembito the
matching scheme, and selecting #fecoefficient for the lattice action of the ensemble set.

For convenience, we simultaneously fit boglandr 1, even though they do not share any common
parameters other than the scaling factdrsandz,. The lattice spacings and scaling factors were
fixed to those obtained in the main analysis, with the fits a&gek for each of the three chiral
ansatze. For each fit we applied the same cuts as were peddorthe data in section V; this
corresponds to removing the data points on the B8k 0.008 and 24Im = 0.01 ensembles,

Ansatz | x?/dof | x?/dof

Uncut Cut

Analytic|1.45(66) [0.141(71)
ChPT |1.47(67)| 0.41(40)
ChPTFV 1.47(67)| 0.42(40)

TABLE XXIV. Fit ansatze and the associated uncorrelgyéddof obtained by fitting tag andr; over the
full data set (second column) and to the cut data set (thiahww). The upper bounds on the pion mass in

the cut data sets am,; = 350 MeV for the ChPT and ChPTFV fits antg; < 260 MeV for the analytic fit.
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Uncut Cut
Parameter Analytic ChPT ChPTF Analytic ChPT ChPTFV
oo (GeVY) | 2.47934) 2.44536) 2.43838)| 2.46249) 245351) 2.441(52)
¢, a(GeV?) |-0.06553) —0.01346) —0.00847)|—0.00885) —0.01864) —0.010(65)
P, (GeV?) |-0.05524) —0.02826) —0.02328)| —0.032(35) —0.030(33) —0.021(34)
Crom (GeV 2| —1.67(87) —1.65(88) —1.64(87)| —50(17) —3.6(1.4) —3.6(14)
Com, (GEV2)| —0.83(42) —0.83(42) —0.83(42)| —0.27(64) —0.56(52) —0.56(51)
G0 (Gevl) | 1.697(24) 1.67526) 1.671(27)| 1.66241) 1.65040) 1.64240)
¢ . (GeV?) |-0.09964) —0.05058) —0.04558)| 0.00(11) 0.01491) 0.02392)
P, (GeV?) |-0.14825) —0.12326) —0.11828)| -0.110(38) —0.097(38) —0.088(39)
Com (GeV2) | —1.84(60) —1.82(59) —181(59)| —2.6(24) -22(11) —2.2(1.1)
Com, (GeV2)| —1.0220) —1.02(20) —1.01(20)| —0.88(37) —0.73(24) —0.73(24)

TABLE XXV. The a? and mass dependencesrgfandr; obtained by fitting to the full and cut data sets.
We repeat the fits for each choice of chiral ansatz used faddtermination of the scaling parameters. The
upper bounds on the pion mass in the cut data setsigre 350 MeV for the ChPT and ChPTFV fits and
m; < 260 MeV for the analytic fit. The parameters are given in ptglsunits and with the heavy quark

mass expansion point adjusted to the physical strange quask

Uncut Cut

Analytic ChPT ChPTFV|Analytic ChPT ChPTFV

gontinuum 2.475(33) 2.441(35) 2.435(37)|2.451(48) 2.44549) 2.433(50)
pgontinuum 1.69323) 1.671(24) 1.666(25)|1.657(38) 1.645(38) 1.637(39)
(ry/ro)coniNUUM 0, 684(8) 0.684(8) 0.684(8) |0.676(11) 0.67311) 0.673(11)

TABLE XXVI. Continuum predictions forg andry in GeV-! as well as their ratio, using scaling parameters
obtained from each of the three global fit ansatzé. The fatsbscolumns contain the values obtained by
fitting to the full data set, and the second set those obtdgditing to the cut data set. The upper bounds
on the pion mass in the cut data sets mye= 350 MeV for the ChPT and ChPTFV fits amag; < 260

MeV for the analytic fit.
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and also in the analytic fit, the data point on the 38l,= 0.006 ensemble (cf. table XI). For
later comparison we also quote the results of fitting to thledfata set in this section, although as
previously discussed these results are flawed due to thefipoorseveral of the pion mass data
points on the 32ID ensembles. In table XXIV we give the unelatedy?/dof of our fits and in
figure 22 we show histograms of the deviations of the data fuaity for the fits. We list the fit
parameters in table XXV and the continuum predictiong{forg and their ratio in table XXVI.
In the 2010 analysis we remarked on a tension between thelfiharvalue of 1 on the heaviest 241
ensemble, which led to us inflating the error on the predidio this quantity. In figures 23 and 24
we plot the chiral extrapolation in the continuum limit artdiaite lattice spacing respectively. In
these figures we see the large apparent difference in thesstdp, with respect tany between the
two lwasaki ensemble sets that was responsible for thisalenkt appears however that the slopes
of r1 agree very well between the 321 and 32ID ensemble sets, WidsHed to a substantially
better fit tor, upon including the 321D data. Restricting the fits to lighdata markedly improves
our fits, reducing they?/dof by at least a factor of three. The chiral behaviour of tatadas
illustrated in the right-hand plots in figure 23, is now vanehr. As a result of these observations,
we decided that inflating the error onis no longer necessary.
We obtain continuum predictions fof, ro and their ratio from the cut fit results using the strategy
detailed in section V B. We find

ri  =163739)(20)(8) Gev'! =0.323077)(39)(16) fm,

ro =243350)(18)(13) GeV ! = 0.479599)(35)(26) fm, (95)

ri/ro =0.6729109)(30)(2),
where the errors are statistical, chiral and finite-voluespectively. The values determined in
ref. [1] werer; = 0.333393)(2)(1) fm, ro = 0.4870(89)(2)(2) fm andr1/ro = 0.684497)(1)(0).
By comparing the results in table XXVI with those obtainedhie 2010 analysis we find that,
as with the Omega mass, the use of the generic scaling pnecéaludetermining the scaling
factors leads to considerably larger chiral and finite-amdusystematic errors than the fixed tra-
jectory approach. In the case of, we see a reduced systematic error in the continuum predic-
tion due to the improved control over the chiral extrapolatiHowever forrg — which formerly
did not display any tensions with the linear ansatz reqgienror inflation — this is offset by
the reduction in the amount of data. For comparison, the Mébaboration recently obtained
r1 = 0.310617) fm [26] and in an earlier worky = 0.462(12) fm [49], both of which appear to

be consistent with our results.
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FIG. 22. Histograms of the deviation of the fit from the datarf® andr; over all three ensemble sets,

-2

fitting with the analytic (left) and ChPTFV (right) ansatethe uncut (top) and cut (bottom) data sets.
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FIG. 23. The chiral extrapolation of (top) andr; (bottom) using the analytic and ChPTFV ansatze. The
plots on the left show the fits to the full data set and thosehenright to the cut data sets. We have
overlayed the fit curves with the data points corrected toctr@inuum limit and physical strange quark
mass using each of the aforementioned fit functions; thosggoshown in bold colors were corrected using
the ChPTFYV fits and those in pastel colors using the analysicThe circular data points are those included
in the fits and the diamond points those that were not. Therequaints show the predicted value at the

physical point.
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FIG. 24. The chiral extrapolation of (left) andr; (right) using the ChPTFV ansatz applied to the cut data

set. Here we have overlayed the fit curves at finite latticeisgadashed lines) with the raw data points

corrected to the physical strange quark mass. We also shewoifitinuum fit curve (solid line) and the

physical point (square). As before the circular data podmésthose included in the fits and the diamond

points those that were not.
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IX. CONCLUSIONS

Using the lwasaki gauge action with the addition of the DSIERnt we were able to simulate
with domain wall fermions (DWF) at a relatively strong coimpl (8 = 1.75,a % = 1.37(1) GeV)
while retaining good chiral symmetry and topological tuimmg this enabled us to work with a
large enough physical volum&(61 fm]°) to accomodate pions as light as 143MeV without
suffering from large finite-volume effectsngl ~ 3.2 for the lightest partially-quenched point
andmyL = 4 for the lightest unitary point) and without having to sirate with a large number of
lattice sites; the dimensionless lattice volume i3 884 x 32, where the final number is the length
of the fifth dimensiorLs that governs the size of the chiral symmetry breaking in threain wall
formulation.

The aim of this paper was to combine these data in a simultengural/continuum fit with our
243 x 64 x 16 and 32 x 64 x 16 DWF ensembles with the lwasaki gauge actiofBat 2.13
(a1 =1.75(4) GeV) andB = 2.25 (@ ! = 2.31(4) GeV) respectively, and under the constraint of
universality obtain continuum predictions for various gtiges. In this we broadly followed the
strategy of our 2010 analysis [1, 2].

The fits were performed assuming three forms for the massxdepee: the ChPTFV and ChPT
forms were obtained from NLO SU(2) chiral perturbation ttyawith and without finite-volume
corrections respectively, and the analytic ansatz fromeali Taylor expansion about an unphysi-
cal mass point.

The largest change from our 2010 analysis strategy was thefube ‘generic scaling’ method to
obtain the scaling parametefisandZy, that relate the physical quark masses between our ensemble
sets, andR, that relates the lattice scales. In this approach (whichdissussed in ref. [1] but
not used in the final analysis) the scaling parameters draddfee parameters in our fits and the
results are those that, along with the mass dependencez alehendence, minimise the global
x2. In the 2010 analysis we used the ‘fixed trajectory’ appraackhich the ensemble sets were
matched at an unphysical mass point prior to performing tee@hanging to the generic scaling
approach allows for differences between the scaling paesg, Z,, and Ry, which relate the
physical quark masses and lattice spacings between thmblessets, as we go between the three
chiral ansatze. We associated these with chiral and funikeme systematic errors; in the fixed
trajectory approach these differences would have beernrladddy other parameters in the fits.

These differences gave rise to larger systematic errorbi@tattice spacing predictions due to
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their influence on the fit form for the Omega baryon mass, whielused to set the overall scale.
In these fits we were able to determine #fedependence of the 321D ensembles even without a
second lattice spacing using this action. This is becaugbirour power counting, the choice
of action affects only the coefficient of tle8 term. As all other parameters are shared with the
Iwasaki ensemble sets, this only introduces one additipax@meter per quantity. This parameter
could in principle be determined by comparing a single datatgo the continuum value predicted
using the lwasaki ensemble sets alone, however we choosextinize the use of our data by
including it in the global fit.

We investigated removing data associated with the heaigespconstraining our fits to a smaller
range. For the ChPT and ChPTFYV fits, we lowered the pion mas®©@&@b0 MeV, down from
the 420 MeV used in the 2010 analysis. For the analytic fitsfouad large deviations of our fits
from the data when fitting to this range, necessitating @&irteduction in the largest pion mass
to 260 MeV. With this cut the analytic fit produced resultshwetrors only slightly larger than the
ChPT determinations. The necessity of lowering the cutheranalytic fits hints at the presence
of non-linearity in our combined data set, which appearstadnsistent with NLO SU(2) ChPT,
although we cannot rule out other higher-order terms suctfasith our present statistics.

We presented the results of simultaneously fitiimg Mg, f;, fk andmg in section V. As in the
2010 analysis, the pion, kaon and Omega baryon masses vegt¢ouset the up/down quark mass,
strange quark mass and lattice scale respectively. We \Wwereable to make predictions for the
other physical quantities. For the pseudoscalar decayaatisswe obtainef; = 127.1(3.8) MeV
and fx = 1524(3.4) MeV. These agree very well with the known continuum value$56{

fr = 1304(2) and fx- = 156.1(8), which is a marked improvement from the 2010 analysis,
in which the predictions for these quantities were consiblgrlower. The improvement stems
mainly from our removal of data associated with the heavieng

Combining our ChPT and ChPTFV fit results, we obtained vaioethe effective chiral couplings
I3 = 2.91(24) andls = 3.99(18), which we found to be highly consistent with our 2010 analysi
results and with other lattice calculations.

In section VI we discussed the renormalization of the platsiciark masses into th&s scheme.
We used variants of the Rome-Southampton RI/MOM scheme syitmetric kinematics as in-
termediate non-perturbative schemes, which were apptidd4daGeV and the results run to 3
GeV using continuum step-scaling factors. These were tlemerted intovs using perturba-

tion theory. This analysis improved on the 2010 result in uke of twisted-boundary condi-
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tions to remove O(4)-breaking lattice artifacts in our mgaments. We also increased the renor-
malization scale from 2 GeV to 3 GeV, as this considerablyiced the systematic error arising
from the truncation of the perturbative series. We obtaimggvs, 3 GeV) = 3.05(10) MeV and
ms(vs, 3 GeV) = 83.5(2.0) MeV for the average up/down quark mass and strange-quark raas
spectively.

In section VII we applied our chiral/continuum fits to the tralilkaon mixing parameter. This
analysis improved on the 2010 result through the inclusfdh@lwasaki+DSDR ensembles. We
found a marked improvement in the chiral extrapolationeysttic due to the inclusion of these
data. For our final result we obtain&g (vs,3 GeV) = 0.53516).

Finally, in section VIII we performed chiral/continuum fits the Sommer scaleg andr,, for
which we obtained = 0.480(11) fm andr; = 0.3239) fm. Here the inclusion of the 32ID
ensembles provided considerably greater stability to teetfan in the 2010 analysis, resulting in
much reduced errors, particularly for, for which we were formerly forced to inflate the errors
due to the pooy?/dof on the fits.

Although the inclusion of the 321D ensembles resulted insaderable improvements in the chiral
extrapolation systematic error in most cases, there Is@tin for improvement. Our collaboration
has recently gained access to IBM Blue Gene/Q computershvinaive performances in the region
of several hundred Teraflops per rack. Particularly wheil wgeh the improved techniques that
we and others have developed (some of which are discussedtiorsil and Appendix A), these
computers have the capability of generating domain wathfen ensembles with physical quark
masses and large enouighand physical volumes to maintain small chiral symmetry kirgggand
finite-volume corrections. With such ensembles the netyeséxtrapolating to the physical point
will be removed and only the continuum extrapolation wilingn. However, in the mean-time
the results of this analysis, particularly the physicalrguaasses and lattice spacings, will be

essential for any physics measurements performed on ttfeakivand lwasaki+DSDR ensembles.
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Appendix A: Numerical Integration Scheme

Integrators used in lattice simulation must be both retégsand symplectic. Consider a general

Hamiltonian with both a kineticl() and potential §) term:
H=T(p) +SU). (A1)

In general this Hamiltonian cannot be integrated exactythe corresponding time evolution

operator,
exp(rl—T) = exp(r <'IA'+§)) , (A2)
involves non-commuting operatois andS. However, by making use of the Baker-Campbell-

Hausdorff (BCH) formula one can separftcandgand integrate them at different steps.

One of the simplest integrators that can be constructedsmiay is the leapfrog integrator,

Uopo(T) = exp(%rf) exp(r§) exp(%rf) . (A3)
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Using the BCH formula it can be shown that
Ugpo(T) = exp(r <f+§) + @’(r3)> . (A4)

The ¢/(13) error is accumulated over the integration such that the ¢otar is &/(12), hence the
leapfrog integrator is a second-order integrator. Anoffagular second-order integrator is the

Omelyan integrator,
Uopopd T) = exp(a T'f) exp(%rg) exp((l— 2a) rf) exp(%@) exp(a rf) . (AB)

whereda is a tunable parameter.

Recent development on integrators has introduced the fmadient integrator (FGI) [18] as a
fourth order integrator. The force gradient integrator asmstructed by introducing the “force
gradient term” into the integration steps. This extra farealuation helps to eliminate the second
order errors and makes the force gradient integrator alfaurder integrator. One choice of the

force gradient integrator is

UrcI(T) =exp (3 _6\@ Tf) exp (%Té— %ﬁ’ﬁ{s,TS,\T}}) :

(A6)
exp(?rf) exp(%rg— Z_Affr:*{sfsﬁ}}) exp<3_6\/§rf>
1. Sexton-Weingarten Integration
In practice the action contain contributions from both thegge fields and the fermions,
H=T(p)+Ss(U) +S(U). (A7)

It is usually the case that the gauge force is larger tharettmeibn force by a factor of 10 or more.
If both the gauge action and the fermion action are intedrat¢he same step then the step size
T has to be chosen to accommodate the larger gauge force. gfrisagh incurs an extra cost on
the fermion part, which usually dominates the computingetim

The Sexton-Weingarten integration scheme can be used igataithe issue. Define

H=T'+S(U) (A8)
T' =T(p) +Ss(V), (A9)
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thenT’ andS=(U) can be fit into one integrator. When integratifig its 2 partsT (p) andSs(U)
can be fit into another integrator. For example, when usiedahpfrog QPQ integrator for both

levels one has the following

exp(rH) ~exp< TT’) exp< ) ( ) n (A10)
exp(er’) ~ (exp(—rT) exp(zi A) exp(irT)) : (A11)

wheren can be chosen as any positive integer. In this way diffeliem steps are assigned to

Ss(U) andS:(U), which can be tuned to minimize the cost.

2. Hasenbusch Mass Splitting

Hasenbusch mass splitting breaks a single fermion acttoraifew parts and offers a fine control
on distributing fermion forces among them.

The fermion action is derived from the following fermion eehinant

MimMmY 1 ' R
det(m) = /@(p 0] exp(—(p M(1>WM (1)(p). (A12)
The Hasenbusch factorization [17] rewrites the above gubtaction as a product of quotient

actions by introducing intermediate masses

det(l\:ﬂ: Vi ) kﬁldet<MT( (rri mgm)‘l)) (AL3)

k+1 +
/@(R 79 exp( @'M(m )MT(

T
M oMM ““)‘”)’ (AL4)

wherem=mp<m <--- <Mmg,1=1.
This method offers fine grained control on the sizes of thmi@n forces since all intermediate
massesn(i = 1,2,--- k) can be tuned continuously. In what follows the sym&glma, m,) will

be used to represent the quotient fermion action

So(Ma, my) = @'M(my,) ! )MT(mo)rp, (A15)

MT(ma)M (ma

The Q in& means “quotient”. Note that each quotient action has areiffepseudofermion field

@. This fact is not represented in the above symbol.
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3. Final Scheme

The quotient action discussed above accounts for 2 typesmidns. This is used to simulate the

2 light quarks in our simulation. For simulating strange rgu#he rational approximation needs

to be used:
MImMmN\Y? il /4 1 ; /4
det<—MT(1)M(l)) _/@(p Ppexp| —¢ (M (1)M(1)> (MT(m)M(m))l/z (M (1)M(1)> o,

(A16)
where rational approximations of functiod/4 andx /2 are used to evaluate the non-integer
powers of matrices. In what follows we will use the symBg(my, mp) to represent this rational

action

1
(MT(my)M(my))

Sa(mn,mp) = @' (M (oM (mg)) o (M mmem) e, (A1)

where power functions such a&* andx /2 are understood to be shorthand notations of their
corresponding rational approximations, the “R"3a means “rational”.

The final action used in the evolution contains the followtegnponents:
H=T(p)+Ss+ ) So(m-1,m)+Sk(Ms, 1) + Spsor (A18)
I

wherempg = my, mg 1 = 1, m and ms represents the light quark mass and strange quark mass
respectively. It is also possible to replace the quotietiba&y(m, 1) with two copies of the same
rational actiorSg(m, 1).

When evolving the above action, we use multiple levels ofatemtegrators to separate the differ-
ent parts of the action. A general multi-level Sexton-Weintgn Integration scheme can be written

as follows:

H=T,=T{+S (A19)
T =T/1+S1 i=1,2- k=1, (A20)

whereT, = T(p). The above equations separate the entire actiorkiteeels.

The details of the evolution schemes for the 2 ensemblessteel lin the following tables. The
second column specifies which component of the action is us&l The value given in the
fourth column,n;, denotes the number of integration stepsTar This quantity is equivalent to

in section A11.
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level() S integrator type n; step size
1 $5(0.00420.015) + $(0.0150.045  Omelyan QPQPQ 1 /B
2 |Sk(0.0451) + Sx(0.045 1) + Sz(0.0451) Omelyan QPQPQ 2 -
3 SHspRr Omelyan QPQPQ 4 -
4 ¢ Omelyan QPQPQ 1 -

TABLE XXVII. m = 0.0042, mg = 0.045 ensemble evolution details, with total 4 levels of n&side-
grators. Also note that 2 copies of rational acti®{0.045 1) are used to replace a single quotient action

$(0.0451). We usea = 0.22 for the Omelyan integrators.

level() S integrator typen; step size
$,(0.001,0.01) + $(0.01,0.04)
1 +S(0.04,0.12) + §(0.12,0.31) FGIQPQPQ 3 19
+55(0.31,0.62) + $(0.62,1) + SR (0.045 1)
2 SspR FGIQPQPQ 1 -
3 S FGIQPQPQ 1 -

TABLE XXVIII. m = 0.001, ms = 0.045 ensemble evolution details, with total 3 levels of néét¢egra-

tors.

Appendix B: Error Propagation in the Quark Mass Renormalization

In section VI A4 we performed the continuum extrapolatioths ratios of quark mass renormal-
ization factorsZ., andZnn, which we defined in equation 73. These ratios combine tHangqaa-
rameters, andZ, that represent the renormalization factors in the interateanass-independent
'matching scheme’ used during the fits and the non-pertiwdatnormalization factoZ, in the
SMOM schemes calculated using the Rome-Southampton meltntiis calculation, the propa-
gation of statistical and systematic errors through theapxtiation and the subsequent application
of the step-scaling factors is non-trivial. Firstly, we @dhat the 321 and 241 lattice spacings are
very strongly correlated througR, (recall thata?# is obtained as®? /R2%). As the errors on
these quantities give rise to uncertainties on both thernealization scale and on the coordinates
used in the continuum extrapolation, naively treating tresrindependent between the lattices
could potentially give rise to unrealistically large esan the final renormalized quark masses.

In the earlier parts of this analysis, the propagation otdiwblume and chiral extrapolation ef-
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fects was performed by repeating the global fit with each efttinee chiral/continuum fit ansatze
(analytic, ChPT and ChPTFV) separately, taking the difieeebetween these only at the final
stage to estimate the corresponding systematic errorscofelations were taken into account
through the use of the superjackknife method to propag&sestdtistical errors. However, the
determination of the non-perturbative renormalizatioeficients was performed using bootstrap
resampling for the error propagation. Therefore, in ordgoropagate the effects of the statisti-
cal and systematic errors on the lattice spacings in a fagtfuosistent with the main analysis, we

created ‘superjackknife’ distributions from the bootptdastributions via the following procedure:

1. On each Iwasaki lattice, we calculatgg in each of the RI/SMOM schemes S at 1.4 GeV
and 3 GeV using bootstrap resampling to propagate thetgtatierrors. The results of
these calculations were given in the previous section. Ve asly the central values of
Zy and the lattice spacings during this procedure such that#tistical error contains only
the fluctuations from the measurements of the amputatedx@rhctions. For the lattice
spacings we used the central values from the ChPTFV detatioim which we previously
chose as our ‘best’ ansatz.

2. We repeated the previous step once again, only this timehfted the lattice spacings by
their total error. From the change i}, we obtained its slope with respectdo(The slopes

are negative for all of our schemes, as can be seen in figure 17)

3. UsingdZ3/da we shiftedZ3 to the values we would have obtained if we had repeated
step 1 using the lattice spacings obtained with the ChPT aalyic ansatze. Along with
the original measurement we then had valueZgfvith the physical scales set using the
results of each of the three global fit ansatze. We hendefefér to these with an additional

superscript A denoting the chiral ansatz.

4. For each fit ansatz we placed the corresponding bootsisajibdtion on a fictitious ‘su-
perjackknife’ ensemble, ensuring that the statisticaltflatons remain independent from
others in the analysis. (Our code is able to include bothdiag and jackknife distribu-
tions within the same framework.) The remaining superjadikksamples were modified to
account for the statistical fluctuations in the lattice $pgs by setting each sampiléo the

following:

S
@50 = 238 + S e~ (a)).



97
Here(...) denotes the central value of the distribution.

5. For the final step we take into account the fluctuationd ooy dividing the ‘superjackknife’
distributions forzs* by 2y /(Zy), where the quantity in the numerator is the superjackknife

distribution used to normalisk; in the main analysis.

These superjackknife distributions were used for the amabyocumented in section VIA 4.

Appendix C: O(a) Errors and Chiral Symmetry Breaking

In the Symanzik effective theory, explicit chiral symmebneaking manifests as a dimension-3
term corresponding to the residual mass as well as a dime#sabover term. The clover term
introduces Qa) discretization errors that make it difficult to perform domium extrapolations
with traditional Wilson fermions. For domain wall fermiohswever, both terms are suppressed
due to the separation of the left- and right-handed chiradl@san the fifth dimension. As we
discussed in section Il, dislocations in the gauge fields, tmanifest more frequently at stronger
coupling, can allow fermion modes to tunnel between thesyalieaking the usual exponential
suppression; it is these that the DSDR factor was designedgpress. For the ensembles used
in this paper, the DSDR parameters were tuned to minimizedbielual mass while retaining
sufficient levels of topological tunneling. In this appendie present evidence that this procedure
has also heavily suppressed the clover term contributiamd,hence that it is not necessary to
consider Qa) discretization errors in our continuum extrapolations.

Both the residual mass and the clover term are expected tathameed by dislocations in the gauge
fields corresponding to zero modes of the 4D Wilson-Diraaajoe. In figure 25 we reproduce
plots from ref. [6] that show the effect of the DSDR factor be L2 lowest eigenmodes of the 4D
Wilson-Dirac matrix as a function of the 4D masslMs (for positiveMs), measured on a single
representative configuration of each of threé 4@ x 32 domain wall ensembles, including one
with a different gauge coupling. At the makt = 1.8 that we used in our simulation we can
clearly see that the DSDR factor provides a strong suppnessgithe lowest modes. Due to the
common origin of both the clover term and the residual mass,t@e expect both to be similarly
suppressed by the reduction in the number of dislocatiocts that the observed reductionrimes

in our simulation is accompanied by a corresponding redagti size of the clover term.

Additional evidence for the absence of large clover ternmtridoutions can be obtained by measur-
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ing the size of the explicit chiral symmetry breaking in oumsglation beyond the effects ofes.
One place where this should be apparent is in a larger thaectegb difference between the local
vector and axial-vector vertex functions, and/Aa respectively, and similarly between those of
the scalar and pseudoscalar operatdsand Ap, evaluated at the chiral limit (includingyes

in large-momentum Green’s functions which might be expktbtehave a greater sensitivity to a
dimension-5 operator. In the infinites limit these quantities differ only through the dynamical
chiral symmetry breaking at low energies, an effect thatinishes as 1(ap)® as the momentum-
scalepis increased. These are obtained with very high precisioguke non-perturbative renor-
malization techniques discussed in section VI of this paperfigure 26 we plot the fractional
differences as a function of the square of the momentumticéainits. We see that the difference
Av — Aa is consistent with zero at high energies, dxg- Ap, while falling more slowly, demon-
strates the expected (ap)® dependence and at the largest measured momentum is onttiarira
of a percent. Note also that the behaviour of the latter ig senilar to that observed on our two
finer DWF+lwasaki lattices in ref. [1] (pg. 90) which do noteuthe DSDR factor. We have also
published the results [7] (pg. 42) of a similar analysisfgened on our Iwasaki+DSDR ensem-
bles, of the off-diagonal components of the operator mixiragrix between the 4-quark operators
used in oulK — 77T calculation, where we reached the same conclusion reggtidénsize of the

explicit chiral symmetry breaking.

Appendix D: Higher Order Corrections to Symanzik Coefficients

The standard treatment of the continuum limit is based oruthual Symanzik analysis and as-
sumes that the dominant discretization errors can be destby an effective theory given by
continuum QCD with extra, dimension-six operators whoseffaments are proportional te?.
Higher order corrections arise from dimension eight omesatvitha* coefficients. (Here we are
exploiting the chiral symmetry of the DWF formalism and dolesing correction terms with only
even dimensions.) Using our two lwasaki ensembles wjth=1 1.73 and 2.28 GeV, we extrap-
olate linearly ina?, assuming th@? term dominates, to obtain continuum limit results. Sina th
results on the la = 1.73 ensemble differ from the continuum limit values by tyflica< 3%, we
estimate the systematic errors resulting fromafi¢éerms ag0.03)? ~ 0.1%, much smaller than
the systematic errors from other sources.

While this is presently the standard approach to evaludtisgcontinuum limit in a lattice QCD
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FIG. 25. The 12 lowest eigenmodes of the 4D Wilson-Dirac afperas a function of the domain wall
mass—Ms for positiveMs, measured on a single representative configuration of efatine® 16 x 8 x 32
ensembles; the upper plot onfa= 1.95 ensemble with the Iwasaki gauge action, the lower-lefaon
B = 1.95 ensemble with the Iwasaki+DSDR gauge action, and therlagiet on a8 = 1.75 ensemble with

the lwasaki+DSDR gauge action.

calculation, we should recognize that in the Symanzik théoe coefficients of th€©(a?) opera-
tors are actually not constant but will themselves contagratithms of the lattice spacing, having
the form:

c(a) = cg+c1as(a)In(ahgep) + - - -, (D1)

where “...” represents terms with higher powers of the QCDptiog as(a) evaluated at the
lattice scale and more powers of the logarithralgcp). The logarithms inc(a) result from
loop corrections and appear both explicitly and implicttlyough the dependence @f ona. Let
us examine how sucirdependence af(a) affects the determination of the continuum limit.
Consider a physical quantiy(a) whose lattice spacing dependence is determined by the Syknan
coefficientc(a):

A(a) = Ag+a’c(a)A. (D2)
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FIG. 26. The fractional difference between the local veata¥ axial-vector operatordy, andAx (top), and
also between the scalar and pseudoscalar operdtgemd/A\p (bottom), as a function of the square of the
momentum in lattice units. These values were obtained bysomgsy amputated bilinear vertex functions
at a scale defined by the momentum of the incoming quark peipesy The lower-right figure is plotting

with logarithmic axes and is overlayed by a line with the etpd 1/ (ap)® dependence.

HereAy is the matrix element of the operator which gives the contmwalue ofA while A; is the
associated matrix element of the dimension-6 Symanzilectan operator. We must determine
numericallyA(a) in a range of accessible lattice spacings and then remowmpite/sicab’c(a) A
term. To the extent that the logarithms appearing in Synkaseefficientc(a) are constant over the
range ofa explored in the lattice calculation, they have no effect arsimple linear extrapolation
will remove the entirea’c(a)A; term. Note this procedure will give the correct continuumiti
(assuming that(a) is constant in the region in which the calculation is perfedneven ifc(a)
has a strong dependence amasa — 0 [55] provided the Symanzik expansion is valid and the

producta?c(a) vanishes aa — 0.
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However, ifc(a) does depend omin the region where a continuum extrapolation is attemgted t
an error will result which we can estimate. For example,esiia) is likely slowly varying, we
might assume that it can be approximated by a low-order pohyal that could be obtained by a
simple Taylor expansion about an appropriately chosert pgivithin the range of the calculation.
Since we are expanding around a non-zero valuewé can choose to expand in eitteeor a2.
We find the latter more convenient since it permits an easypeoison between this and the usual

a* corrections expected in the DWF theory. Approximating tiig&nzik coefficient(a) as
c(a) = o+ C28° (D3)

and using values d&(a) obtained at two lattice spacingganday to perform the usual subtraction
to remove thed(a?) term gives our approximation to the continuum limit:

i A(az) —A(as)
Aliligprox: Alag) — Waz

= Ao — CpazasA . (D5)

(D4)

The second term represents the systematic error in ouragi@iof the continuum limit. If instead
we assume the logarithmic behavioradf) present at one loop and given in Eq. (D1) and ignore
thea dependence afs, we find a similar systematic error:

I In ady/aq
Aa?gprox: Ao — Clas%a%aip\l- (D6)

2 &
Of course, Eq. (D6) reduces to Eq. (D5) if we assuntedpiay) ~ (a3 — a2)/(a2 + a3) and use

as
CC=C———. D7
a2+ a3 (b7)

We can compare the size of this systematic error in the etiatuaf the continuum limit with the
error that results from the neglect of the conventigieiqcp)® corrections. Equation (D5) can

also be used to estimate the systematic error introduceldebgrhission ofaAqcp)? corrections:
Err@\eco)* — (aZaAocp)® & 0.05%. (D8)

where we assume, = /\f’gCD andAqcp = 300 MeV and use our two Iwasaki lattice spacings
1/a=1.73 and 2.28 GeV. We can make a similar estimate of the sysieeradr which arises
from the neglect of a possible logarithm in the Symanzik ficieht c(a) by using Eq. (D6) and

assumingey = Ajcp/mandas = 0.3:

In
Epdin(@) _ a%ag/\éCD% (az/a1)

———= ~ 0.1%. D9
T a—a2 ’ (B9)
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Both of these estimates are much smaller than the othemsgteerrors present in the calcula-
tions described in this paper. However, it is important wogmize that the error arising from the
neglected logarithms d in the Symanzik coefficients may be as large or larger thanbee
familiar a* errors and that these errors will become increasingly dantiasa is reduced. This
suggests a future strategy that uses additional latticgrsgsmto allow a more accurate polynomial
description ofc(a) and a more accurate subtraction of ®i@?) Symanzik term.

We emphasize that it is our use of the Symanzik descriptiolattite artifacts which permits
this approach to determining the continuum limit. Inste&dttempting to literally evaluate the
limit a2 — 0, we can adopt a procedure to identify (through tiaéidependence) and to subtract
specific terms in the Symanzik expansion. This approach reaydwed as complementary to the
alternative effort to reach as small a valueacdis possible. (Of course, smallewill aways be
required if sufficiently massive quarks are present in theutation that the Symanzik expansion
cannot be relied upon.)

In this approach we need not be concerned with possible lsingehavior as? — 0 such as
found, for example, by Balogt al.[55]. They examinec(a) asa? varies over many orders of
magnitude in two dimensional field theories. For such a lasgge of values 0&? a sum of
leading logarithms must be performed and a simple lineapgarithmic description o€(a) is
inadequate. Of course, for a four dimension calculatiorh sutarge range of lattice spacings in
not available and the description of the variatiort@) by a low order polynomial should be very
accurate.

It should be emphasized that the effect of sa¢m"(a?) terms on the evaluation of the continuum
limit is very different from the effect of thm%ln”(m%) terms that appear in chiral perturbation
theory. In the case of a chiral extrapolation we are intecest extrapolating these logarithmic
terms to a non-zero value ofy, outside the region in which calculations have been peréonmn
the case of the continuum limit we need only subtract the ysighla?c(a) term and need not be

interested in its behavior outside the region in whichdattiesults have been obtained.
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