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Abstract

We apply the relative weights method (arXiv:1209.5697) @étedmine the effective Polyakov line action
for SU(2) lattice gauge theory in the confined phase, atittoupling3 = 2.2 andN; = 4 lattice spacings in
the time direction. The effective action turns out to benaér in the fundamental representation Polyakov
line variables, with a rather simple expression for thedinénge kernel. The validity of this action is tested
by computing Polyakov line correlators, via Monte Carlo glation, in both the effective action and the
underlying lattice theory. It is found that the correlatorgach theory are in very close agreement.
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I. INTRODUCTION

The Polyakov line action (PLA) is an action obtained froni¢& gauge theory when all degrees
of freedom are integrated out, under the constraint thaPthlgakov line holonomies are held
fixed. There are some indications [1-4] that the sign probitethis theory, at non-zero chemical
potential, may be more tractable than the sign problem imtiteerlying lattice gauge theory (for
a review, cf. [5]), and if so it could provide us with a new tdof investigating the QCD phase
diagram. It is fairly straightforward, given the PLA at chieal potentialu = 0, to introduce a
non-zero chemical potential, as we discuss in section V. prbblem we address here is how to
extract the PLA from the underlying lattice gauge theory at 0.

This article is a follow-up to ref. [6], which presented a mbtrelative weights” technique
for deriving the PLA, based on a method used previously idistgiof the Yang-Mills vacuum
wavefunctional [7]. The method was tested at strong cogplimhere the answer is known, and a
conjecture for the action at a weaker coupling, for SU(2emauge theory 88 = 2.2 and inverse
temperatur®\; = 4 lattice spacings, was presented. This conjecture was dageever, on a study
limited to fairly atypical regions of field configuration sga Below we will apply the method in
the region expected to dominate the path integral, and amdtfierent (and in fact simpler) action
from the one conjectured in ref. [6] emerges. As a crucialaéshe derived PLA, we compute
the two-point Polyakov line correlator from Monte Carlo silations of both the PLA and the
underlying gauge theory. These correlators will be seemgteeaquite accurately. Our effective
PLA turns out to be only bilinear in the Polyakov line varia®l with a simple expression for the
finite range kernel.

There have been a number of previous attempts to derive tAdBmn lattice gauge theory at
finite temperature. These include strong-coupling expersgi2], the Inverse Monte Carlo method
[8], and the demon approach [9]. All of these methods geaafi¢ctive Polyakov line actions of
varying degrees of complexity. We believe, however, thaa@urate agreement of Polyakov line
correlators in the confined phase, computed in the effeatidbunderlying lattice gauge theories,
has not been demonstrated in any of the previous studiesastthot beyond two or three lattice
spacings in Polyakov line separation.

It should also be mentioned that there are a number of stwhesh are concerned with de-
ducing the Polyakov line potential, with particular apption to the deconfinement transition, c.f.
[10] and references therein. There have also been effogsld], to express the fermion deter-
minant in terms of a potential involving Polyakov lines. Fhestudies do not arrive at a full PLA
as defined above, and hence their focus is somewhat diffeecantours.

Our article is organized as follows: An improved version loé trelative weights method is
presented in section Il below. The technique is applied te 8U(2) gauge theory in section lll,
again a8 = 2.2 andN; = 4, and the Polyakov line correlators of the derived PLA amagared
to those of lattice gauge theory. Application to a gaugegiitheory, with a scalar matter field
explicitly breaking globak, center symmetry, is presented in section IV. Section VIamstour
conclusions. The extension of our method to gauge theoiitbsdynamical fermions is discussed
in an appendix.

Il. THE RELATIVE WEIGHTS METHOD
The relative weights method, as applied to deriving the FBeAwas introduced in ref. [6].

The technique is particularly well adapted to computindidat “directional”) derivatives of the
effective actionSs in the space of all Polyakov line configurations. A singlefeguration {Uyx}
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is a point in this space, where we specify the group-valudgaRov line holonomie$Jy at each
spatial poinx in a three-dimensional volume. L8tx(A )} be a path through this space of config-
urations, wherd parametrizes the path. The relative weights method coraploggoath derivative
0Sp[Ux(A)]/0A at some giverd = Ap. In this section we present a variant of the relative weights
approach which, while equivalent to the original methodajf {s numerically more efficient.

In order to minimize minus signs later on, we adopt the cotwarthat the Boltzmann weight
is proportional to exp-Sp]. LetS be the lattice gauge action on Bhix N; volume with coupling
B for the Wilson action.§ may contain pseudofermion or bosonic matter degrees ofidrae
collectively denoted byp. It is convenient to go to temporal gauge, so that all timeslikk
variables are set to the unit matrix except on a timeslite-a®. Then the PLAS: is defined as

exp| SplUx]| = / DUo(X,0)DU,D@ { [ 31Ux — Uo(x,0) } e | 1)

Because of the residulh(x,0) — g(x)Uo(x,0)g" (x) symmetry in temporal gauge, it follows that
S can only depend on the eigenvalues oflthyematrices.

While the functional integration in (1) can only be carriatt , special cases, e.g. via strong
coupling and hopping parameter expansions valid a cerdaige of parameters, the ratio (or “rel-
ative weights”) exfSp[Uy]]/ expSe[Uy]] evaluated at nearby configuratiodsg, Uy/ is calculable
numerically. This fact enables us to compute path derieatofSp.

Let us consider a set &l Polyakov line configurations

{{u§”),a||x}, n:1,2,...,|v|}, )
corresponding to values of the path parameter
)\n:)\o-i—(n—MTH)A)\ n=12..M | 3)
and define
S(Lm) [U ) QO] = S_ [UO(X7 O) = U)Em),Uk(X,t), ¢(X7t)] (4)

to be the lattice action in temporal gauge with the timelikkg att = O fixed to them-th member
of the set (2). We also define

Aé}ml) = SD[U (erl)] o SD[U (m)]
Zin = / DUDg e . (5)
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From (1), we have

exp[sa U (m+l)}

exp[Sa u (m)ﬂ

 /DUDge™”

 [DUDpes”

~ /DUDg exp[Sﬁmﬂ) - S(Lm)} "

N [DUD@es”

= <exp[AS(m+1)]> , (6)

m

exp[ Aé}mﬂ)] _

where(...)m indicates that the expectation value is taken from ensesnbitn Boltzmann factor
expS™]/Zm. For sufficiently smal\A,

dSp Ux $m+1
dA ~

- o (efss™) ) g

Derivatives evaluated at each should, in principle, be very nearly the same for small efoug
AA, and should closely agree, for all < M, with the derivative evaluated at the central value
of A = Ag. The main source of error is not the discretization of thevdéwve (which could be
reduced by using a central or multi-point approximationiy, father the ordinary statistical error
in computing (6) via lattice Monte Carlo. We can then improue estimate of the derivative by
making use of alM configurations, and taking the average

M-1
(B, aw g e(ledosn])) e

In practice we have found that this procedure results in @idenable reduction in the error of
dS,/dA, as compared to our previous implementation of the relateights method in ref. [6].

The question then becomes which pofbli(Ag) } in configuration space should be chosen for
the computation, and which directional derivatids /dA at this point should computed, in order
to deducesp. It is possible that the choice is not very important, and 8pas well approximated
by the same simple expression everywhere in configuratiacesgHowever, if this is not the case,
then calculating path derivatives in some very atypicaheoof configuration space may lead to
an approximate answer f& which may be correct in that particular corner, but mislagdn the
bulk of configuration space.

In ref. [6] the path derivatives were computed using thrgesyof sets (2) for SU(2) lattice
gauge theory. These were (i) Polyakov lines which were @msh space, and th& parame-
ter was the amplitude d¥ = %Tr[Ux] = A; (ii) Polyakov lines which consisted of small plane
wave fluctuations around a constant backgroukds Py + A cogk - X) with A < Py; and (iii)
Polyakov lines in whictP varied asPx = A cogk - x). Compared to thermalized timeslice con-
figurationsUp(X,0) generated in a normal lattice Monte Carlo simulation, swuarifigurations are
very atypical. In a thermalized configuration in the confipédse, the Fourier components of the
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configuration are all 00(1/,/V3), whereVs = L3 is the lattice volume of the D=3 dimensional
timeslice, whereas in the special configurations just mesetil, one Fourier component (which
may be the zero mode) is @(1). For computing the PLA at a strong lattice coupling, where
this action can be evaluated via a strong coupling expansieratypical nature of the constant +
plane wave, or pure plane wave configurations did not seerariiaut, and the PLA deduced from
the relative weights data was a close match to the knowntreShkere was no similar result to
compare to a = 2.2, Ny = 4, and although an expression f§rmatching the results farS /dA
was deduced from fitting the data, there is a concern thagéxpeession might only be valid in the
special region of configuration space where it was derived.

We will investigate the action in more typical regions of igaration space in the next section.

lll. DERIVATIVES OF S p IN A THERMALIZED BACKGROUND

The goal is to use the expression for the path derivativeq&)etermineS.. However, ifSp
does not have a simple form everywhere in configuration s(awdit may not), then it is at least
required that we have a fairly accurate approximatiostm the region which is important for the
computation of observables, i.e. the region occupied bic&yphermalized configurationgy}.

A set of timelike link configurationgUp(x,0) } on thet = O timeslice, generated by a numerical
simulation of the underlying lattice gauge theory, is a sleopsuch configurations. Let us define,
for the SU(2) gauge group that we will consider here,

1

P = éTr[Ux] = %Z{akcos(k-x) +bksin(k-x)} , 9)

where the sum runs over all wavevectkian a cubic lattice of volume3, anday, = a_, by = —b_k
are real-valued. Then we may consider calculating numigridgy the relative weights method,
derivatives with respect to the Fourier components

oS oS
o> (&= , 10
(aak)ak_a (abk)bk_a (10

in a background in which all other Fourier components arevdriiom a thermalized configura-
tion. By calculating the derivative for some rangeafit is possible to extrapolate to smail
of order 1/1/V3, which is the typical magnitude of a Fourier component irrielized config-
urations. It is sufficient in practice to concentrate on thefficients of the cosine terms in the
Fourier expansion, since the sine terms give similar resiWe then try to reconstru& from
this information.

There are potentially two obstacles to this approach. ,Higre are as many independent
Fourier components as there are lattice sites invtheolume, and this is too many to calculate
in practice. Secondly, it might be that the results are sfisodependent on the particular ther-
malized background which is used. Concerning the first ahbestéhis will not be a problem if the
derivatives with respect tay have a simple dependence on the lattice momentum

(11)

which can be deduced from a small sample of all possible coents. As for the second obstacle,
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this is not a problem if it turns out that the dependence ofitla results on the particular choice
of thermalized configuration is very weak.

A. Deriving the effective PLA

The first step in the extrapolation to smallis to run a standard lattice Monte Carlo, stop at
some thermalized configuration, and calculate all the Foly#ine holonomies,

Py =Up(X,1)Ug(X, 2)...Up(X, N;)
= da(ng,N2,n3) 1 +id(ng,nz,N3) - 0, (12)

wherex = (n1, nz,n3), in that configuration. Defind/(x) = d4(X). We pick a particular wavevector
k which is specified by three integeisy , mp, mg) with corresponding wavenumber components

21

and set the coefficient of cfe: X), in the sine-cosine expansion \bf(x), to zero. Denote the
modified array, with the cdk- x) term removed, a®/'(x).

Next, construct a set dfl = 20 configurations with:
R = & cogkan + kanp + kana) + (1— @ — 3)W'(X)

al((n):a+<n—%(M+1))y/L3 n=12..M, (14)
wherey = L3Aa is a constant chosen to be as small as possible, but stié Emgugh to get some
spread in the data. Typically~ 0.5.

The factor 1- a — ¢ in (14) is introduced in order to kedﬁn), with rare exceptions, inside
the rangg—1 : 1]. Ideally one would like to leave aflay, b,/ } in the thermalized configuration

unaltered, apart from the mode wih= k, i.e. P,E”) = acosk-x+W'(x). At finite a, however,
this has the disadvantage that at many siggs> 1. To see this, note thaV(x), from which

W/ (x) is derived, may come close to the limitsl at some sites, and at these sites the additional
contributionag cogk - X) may put the sum outside the allowed range by as muah d4oreover,

by removing the cak - x) mode,W'(x) may already lie outside the ran@el : 1] at some sites;

this is especially true fok = 0. We must also allow for the fact that half of tlﬁa'((”)} are slightly
greater thara. For this reason we reduce the amplitude of the added themedatonfiguration
by a factor of 1- a — d (in our simulations we found = .04 sufficient). In the exceptional cases

WhereP§n) still lies outside the allowed range, it is truncated to teanest limit, i.e+1.
We then construct the SU(2) variables, at each site, whigh ElaE”) as the trace

U =RV 1 +isMd(x) - o, (15)
where, to insure unitarity,
1— (P(n)>2
L e . S
S dx) d(x) ° (16)
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FIG. 1. Derivatives of the PLA 39S /day evaluated aty = a = 0.05, vs. lattice moment . Also
shown is a linear best fit to the datakat> 0.7.

The calculation of dSp/day )« proceeds as described above. For the choité®fgiven above,
it is easy to see that for a lattice of extenslom the spatial directions

() e geo((eslsmenl)) o

The results for the derivatives are found to depend only Weatk the particular choice of ther-
malized configuration, generated in an ordinary Monte Cartg which provides us with a set
of Polyakov line holonomies (12) . The dependence is mostquoced at smak, with the
variance on the order of 2%. In practice we have averagedesults fordS>/dag over eighty
independent sets of Polyakov line holonomies, generated the same number of thermalized
lattice configurations.

In Fig. 1 we display our results for tHe3dS/da, vs. k, at a = 0.05, and lattice spatial
extensionL = 24. (Note that, apart from Figs. 5 and 7, all our figures shota darived at an
L = 24 extension.) The underlying SU(2) lattice gauge theogeiftned as a Wilson action on a
periodic 24 x 4 volume, at the coupling = 2.2. The calculations were made, in this case, at
lattice momenta with componerits= 2rmm; /L, with the following (mympmg) triplets:

{(000),(100),(110, (111),(200), (210}, (211), (300, (311, (320),
(400),(322),(421),(430),(333),(433),(443),(444), (554), (654),
(655), (665), (766 (777), (887), (988), (998),(1099, (101010 . (18)
On this plot the data point displayedkat= 0 is a factor of two smaller than the actual data value;
this was done for reasons to be explained shortly.
The striking thing about this data is that, for lattice monadq > 0.7, the data points clearly
fall on a straight line. The second fact is that the data isdity proportional tax at these small

a values, as we see in Fig. 2. In this figure we divitf /da¢ by a, ata = 0.05,0.10,0.15,0.20,
and find that the data points coincide. The linearity of thvdéve w.r.t.ay implies that the action
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L=24 data with a rescaling

@ ag =05 -
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FIG. 2. Derivatived —3(0Sp/day) divided bya, vs. lattice moments , for a = 0.05,0.10,0.15,0.20. It
is clear that the derivatives & depend linearly omr.

itself is quadratic in these variables, leading to a simgladar form

1
S=50 Z Ps — 2 Xzy PQX—-Y)Ry, (19)
where
1 _ ~ .
QAx—y) =13 Z Q(k )Y (20)

This leads to derivatives

(3c1—2c2Q(k)) kL #0
i(dSD[Ux(ak)]) D T (1)
ay=a

A da 2a(hes — 26,0(0)) k=0

The relative factor of two in th& = 0 andk_ > O cases is due to the fact tHpj 1 = L3, while
yxcoF(k-x) = 3L3. Thek_ > 0 data should extrapolate, ks— 0, to a value which is half the
result atk, = 0, which is why we have divided the derivativelkat= 0 by a factor of 2, when
displaying these values on Figs. 1 and 2. The constardadc, are obtained from a linear fit to
the data ak_ > 0.7, as shown in Fig. 1.

It is clear that fork,. > 0.7, thek-space kernel ié(kL) = k. If this were true at alk__, then we

would haveQ = —DE in position space, WhereDE is the negative lattice Laplacian
X 3
(—DL)XY = 21(25)()' - 5><,y+T - 5x+T,y) . (22)
1=

L In practice we fit the data for eaeh atk_> 0.7, to the formA(a) — B(a)k_. We then fitA(a), B(a) to straight
lines, and the constants, c, are extracted from the slopes, id/da = %cl, anddB/da = 2c,. The choice of
0.7 as the lower limit is a potential source of systematic esimrce the value foc; can vary up to 1% when the
lower limit is increased (the variation @f is smaller). We find, however, that the choice of @s the lower limit
minimizes the reduceg? value of the linear fit. 8
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FIG. 3. The derivatives df with respect to the amplitude of the zero mode, evaluatedvaral values of
a. The slope of this data is used to determipgy of the bilinear kerneQ(x—y), as explained in the text.

However, a kerneQ(x —y) of this kind is infinite range, which would violate one of thesamp-
tions of the Svetitisky-Yaffe analysis (cf. [12]). In anysea comparing Fig. 2 with eq. (21), it is
clear thatQ(k_ ) must deviate from linearity at small momentum. We therefoede an ansatz for
the kernel which imposes the finite range restrictiorQoin a simple way:

Qx—y) :{ <\/_?E>xy X =Y < Fmax (23)

0 IX—Y| > rmax

Givenrmax 6(k|_) is obtained by a Fourier transform Q{x —Y), and this result can be compared
to the data via (21). Actually, two Fourier transforms aiguiesd. First, we determiné, / —DE)
xy

from
(), =gt 2

and eq. (23) define®(x —Y), givenrmax (see Table Il). TherQ(k ) is derived fromQ(x) by
inverting the transform (20).

To determinemax We do a linear fit of théq = 0 data
E d—SP vVsS. a, (25)
L3 \ dag Bo—0r
as shown in Fig. 3. Let the slope of the lineDeThen, from (21),
c1—4c2Q(0)) =D, (26)

The rmax cutoff fixesQ(x—y) via (23), and theQ(k_ ) at all k is obtained by inverting the trans-
form (20). We choosenax to satisfy the condition (26) as closely as possible.
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L=24 data and finite range kernel

0.1 — ‘ ‘ ‘ ‘ ‘ ‘
5wy data o
0.08 | Tos fitusing Q(k) -
0.06 | o,
-
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0.04 - ",
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-0.02 \
-0.04 f
-0.06 | ~
-0.08

L3 dsp/day

FIG. 4. Atest of eq. (21) air = 0.05. The derivative data of Fig. 1 is plotted against the adojed fitting
function a(3¢1 — 2c2Q(kL)) With rmax= 3.

In Fig. 4 we plot the data shown in Fig. 1 together with the galoomputed for

a(3e1—20,Q(k) @27)

(cf. eq. (21)) atn = 0.05. Agreement seems to be quite good in the entire range of

We have repeated this analysis at smaller volumes of spattehsionL = 12 16,20. The
results forcy, Cp, rmaxare shown in Table I. In Table Il we record non-zero companienQ(x) =
(—02)x0 up to|x| < 3.2 and lattice volume 24 For rmax = 3, the last entry in the table should
be replaced by(3,1,0) = 0. The rest of the non-zero elementdpére obtained from the table
via permutation symmetryg <+ Xj, and reflection symmetry; — —x;, among the coordinate
components.

L C1 C2 I'max
12/4.364(6)0.491(1) 3.2
16|4.417(4)0.498(1) 3.0
20(4.416(7)0.493(1) 3.0
24(4.414(8)0.493(1) 3.0

TABLE |. Constants defining the effective Polyakov line antfor pure YM theoryl 2 x 4 lattice, 3 = 2.2.

B. Comparing the PLA to the underlying lattice gauge theory

We now have a concrete proposal for the effective Polyakos &ctions at various spatial
volumesL? ranging from 13 to 24, and which correspond to an underlying lattice SU(2) gauge
theory atB = 2.2 on anL2 x 4 lattice volume. The actions are specified by egs. (19), €28) the
constants in Table I. Above the lattice volumé® lthese actions are about the same.
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X1|%2|x3| Q(X)

0[0]0[2.38760
1/0|01-0.22001
1/1]0/-0.02357
1/1]1/-0.00774
20| 0/-0.01279
2|1|0/(-0.00455
2(1|1]-0.0024¢
2|2|0/-0.0016(
2(2|1]-0.00111
3|0/ 0-0.0020¢
3/1/0]-0.00121

TABLE Il. Non-zero elements of the bilinear kerr@(x) atrmax= 3.2 andL = 24.

Polyakov line correlators, L=12 Polyakov line correlators, L=16
1 T . 1 . . . . . .
lattice YM @ lattice YM o
effective action = effective action =
0.1 ¢ E 0.1
L}
ol —
x 0.01 " m x 0.01 B
O - o ®a
L™ By
ﬂ!! 5 .! .
0.001 ¢ o8 E 0.001 ¢
e T -
%H = %D
1w 5 heel] .
0.0001 5 5 5 : . 5 0.0001 .
0 1 2 3 4 5 6 7 0 1 2 3 4 5 6 7
R R
(@) L=12 (b) L=16
Polyakov line correlators, L=20 Polyakov line correlators, L=24
1 T T 1 T T T T T T
lattice YM o lattice YM o
effective action = effective action
0.1 ¢ E 0.1 ¢
L}
—~~ —
3 0.01 C e 0.01 + 8
O] = o Sa
® Oy
EEEWEW =" .! "
0.001 b E 0.001 ay
WEE EE’E - E &
= 8o,
e fioy
0.0001 . - - . . . 0.0001 .
0 1 2 3 4 5 6 7 1 2 3 4 5 6 7
R R
(c) L=20 (d) L=24

FIG. 5. A comparison of the Polyakov line correlation funos G(|x —y|) = (PRy) as computed via
lattice Monte Carlo simulation of the underlying gauge tlysan aL® x 4 lattice at coupling3 = 2.2, and
via Monte Carlo simulation of the corresponding effectivtian S of eq. (19). Lattices are of spatial
extensionL = 12,16,20,24 lattice spacings. Note that off-axis displacementsraieided.
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On-axis Polyakov line correlators, L=24

1 T I T I T I T I T I T
G—oO lattice YM

L o effective theory :
0.01— —

~

o
N—’ E 3
o 2 E
0.0001— —

le-0

FIG. 6. A high-statistics comparison of the Polyakov lineretation functionG(|x—y|) = (PR;) computed
for the lattice gauge and effective theories, for displaeetsx — y parallel to thex,y or z-axes, and spatial
volume 24.

The crucial question, of course, is whether these proposg@kov line actions are correct;
they are certainly different from the action suggested i [&, which was derived for gauge
configurations in a rather unrepresentative region of cardigon space. There is one obvious
and essential test: Do the derived Polyakov line actionsodkre the Polyakov line correlator
calculated in the corresponding lattice gauge theory? Wauisompute, via numerical simulation
of the Polyakov line action dt = 12, 16,20, 24,

G(Ix—yl) = (BB , (28)

and compare the result to the same observable obtained tamdeasd lattice Monte Carlo at
B = 2.2 on anL® x 4 volume. The result for these four cases is shown in Fig. Fe Nt off-axis
displacements are included, witizcomponents of the displacemeit y in the range—4, 4].

The data in Fig. 5 is limited to displacements of magnit&e 7 lattice spacings, and it is
interesting to consider larger displacements for largeickss. This calls for higher statistics. In
Fig. 6 we compare the results f6{x — y) obtained on a 24lattice for the effective theory, and on
a 24 x 4 lattice for the SU(2) gauge theory, agairBat 2.2. In this figure we show the results for
displacementx — y parallel to any one of the coordinate axes. The Lusches¥\f@ise reduction
method [13] was used in obtaining the Polyakov line corcglat the lattice gauge theory, while for
the effective Polyakov line action the correlator was aledifrom 38,400 configurations (about
two orders of magnitude more than was used in Fig. 5).

The agreement of the correlators in the PLA and the undeyliattice gauge theory seen in
Fig. 6 is extraordinary, and it persists down to magnitudesrder 10°.2 While this is not a

2 The Polyakov line correlator derived from the Inverse Mo@tlo method in ref. [8] was displayed on a linear,
rather than logarithmic, scale, and hence the precisiog@feanent with lattice gauge theory, in that approach, is
difficult to judge.

12



proof thatSp is the correct effective action, it is difficult to believeatragreement of Polyakov line
correlators to this level of precision is coincidental.

IV. POLYAKOV LINE ACTION FOR AN SU(2) GAUGE-HIGGS SYSTEM

We now add a scalar matter field in the fundamental represeniaf the gauge group, thereby
breaking explicitlyZ, center symmetry. The simplest case is a fixed-modulus Higs find for
SU(2) gauge theory the action can be written in the followiray:

S= BZ TrUUUTUT—l—KZ ST (UL () @(x+ )], (29)

where @(x) is SU(2) group-valued. The work of Fradkin and Shenker [14Elf based on a
theorem by Osterwalder and Seiler [15], demonstratedhiedtiiggs region and the “confinement-
like” regions of thef — k phase diagram are continuously connected. SubsequeneNiamto
studies found that there is only a single phase at zero teaatper(there might have been a separate
Coulomb phase), although there is a line of first-order items between the confinement-like and
Higgs regions, which eventually turns into a line of shagssover arounf3 = 2.775 k = 0.705,

cf. [16] and references therein. At= 2.2 the crossover occursat= 0.84, as seen in the plaquette
energy data shown in Fig. 7. There is also a steep rise in tlyalRwy line expectation value as
increases past this point.

SU(2) Gauge-Higgs, p=2.2, 16% Lattice
0.64 ‘ ‘ ‘

0.63 |
0.62 |
0.61 |
0.6 -
0.59

Plaguette Energy

0.58 |
0.57 |

0-56 L L L L L
0.4 0.6 0.8 1 1.2 1.4
K

FIG. 7. Plaquette energy vs. gauge-Higgs coupknat fixed 3 = 2.2, for the SU(2) gauge-Higgs theory
with fixed Higgs modulus on a f8attice volume, showing a sharp crossovek at 0.84.

We will work at 8 = 2.2 on a 24 x 4 lattice volume, but this time at Higgs coupligg= 0.75,
which places us in the “confinement-like” phase a little belbhe crossover point. For these
parameters, the Polyakov line has a VEV (&) = 0.0515. Once again, we generate sets of
thermalized Polyakov line holonomies, and computédS/da, as explained in the previous
section.

The derivative9S>/day atay = a are computed as before, and at elgch- 0 the results are
simply proportional taa. The constants;,c; are again extracted by a linear fit to tkhe> 0.7
data. However, the data lt = O is not strictly proportional tar; there is also am-independent
constant contribution to the data. This fact can be seengn&:iThe straight line is a best fit to
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FIG. 8. The derivatives 0% with respect to the amplitude of the zero mode in the gaugmgsitheory,
evaluated at positive and negative valueapf a. (a) shows the full range of the data; (b) is a closeup near
a = 0. They-intercept of this data is non-zero, and determines theic@aft ¢y of the linear,Z,-symmetry
breaking term in the effective PLA (30).

L—30Sp/dag evaluated agg = a for a in the rangg—0.2,0.2]. They-intercept of this line does
not pass through zero, but rather throygh 0.023614). This implies tha must contain a term
which is linear inR, i.e.

1
SP:COZPx-I-éclzpf—zczxznyQ(X—Y)Py, (30)

and it is clear from inspection thag must equal to thg-intercept in Fig. 8. It is also clear that
only thek; = 0 mode contributes to the linear term, and is therefore iiokgsn the derivatives of
S atk. > 0. We defineQ(x—y) again by (23), withrmaxdetermined as in the pure-gauge theory.
The final set of parameters for the effective Polyakov lingads given in Table I, and we plot
thek_ > 0 data, together with the quantity

a(%cl—ZCZQ(kL)) vs. ki (31)
in Fig. 9.
L Co C1 Co M'max

24/.0236(14)4.447(9)0.501(1) 3.2

TABLE IlI. Constants defining the effective Polyakov linetiaa for gauge-Higgs theory, 24« 4 lattice,
B =22 k=0.75.

As in the pure gauge theory, the crucial test is to see whétledPolyakov line correlator (28)
found from numerical simulation of the gauge-Higgs the@9)(agrees with the same observable
computed in the derived Polyakov line action (30). The itssale shown in Fig. 10. In this case
the agreement between the lattice gauge Higgs correldtmk(bliamonds) and the correlator of
the effective action (blue triangles), while fairly closenot perfect. However, the result for the
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L=24 gauge-higgs data and finite range kernel
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FIG. 9. Same as Fig. 4 for the gauge-Higgs theory. We plot #te fibr the derivative —20Ss/da vs. ki
against the conjectured fitting functian(%cl —2¢Q(ky)) with rmax= 3.2

On-axis Polyaov line correlators, L=24
1 T T T T T
T T T T T

o eff theory: c0=0.02165¢
©o—o latt SU(2) + Higgs
A eff theory: c0=0.0236

G(R)

0.01- \, Ve

FIG. 10. A comparison of the Polyakov line correlation fuoes G(|x —y|) = (PPy) as computed via
lattice Monte Carlo simulation of the underlying gauge-gigheory (black diamonds) on a®24 4 lattice,
at couplingsg = 2.2, k = 0.75, and via Monte Carlo simulation of the correspondingaife actionSs
of eq. 30 (blue triangles;y = 0.0236). Also shown is a simulation of the effective actionhadt slightly
different value ofcy = .02165 (red circles).

effective action depends very sensitively on the valuegfand of course there is an errorbar
associated with this quantity. In our best fits,= 0.023614). With a little trial and error, one
can find a value o€ for the effective effective action such that the correspogdorrelator (red
circles) agrees almost exactly with the gauge-Higgs valins happens at a valug = 0.02165
which is not far outside our errorbars, about d&.4way fromcy = 0.0236.
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V.  Sp AT FINITE CHEMICAL POTENTIAL

As mentioned in the Introduction, one of our motivationgis tvork is to apply our methods to
the well-known sign problem, which arises upon introdua@ritpite chemical potential to a system
of matter fields coupled to gauge fields. There is no sign praldbr the SU(2) gauge group, but
the relative weights method should apply to other gaugepg@s well, and to the SU(3) group
in particular. However, since the method depends on orgiktonte Carlo simulations, it is only
applicable at chemical potentigl= 0. Supposing, then, that we can compute the effective PLA
for an SU(3) system at = 0, how does this help us to find the effective theory at now-zéx

Recall that for small gauge couplirgyand massive quark fields, the effective actﬁ?o at
zero chemical potential, defined in temporal gaugé by

exp| S ~[Ux UJ)| = [ DUDTDY exp[SUx UL U(x), .3 (32)

can be computed from a combined strong-coupling/hoppirgpeater expansion of the functional
integral on the right hand side. Let us consider any diagtaim an SU() gauge theory which
contributes to this expansion. In general, after integgabut all spacelike link variables and
fermion fields, the diagram (which may consist of some nundbelisconnected sub-diagrams)
will contribute terms of the form

NP (P pth’é Uy, UJ 33
Cp 2N2 PD[ X X] ( )

whereh is the hopping parametecp is a (8, h)-independent constanpp, pp, pp are integer

powers, andDD[UX,U,I] is a product of traces of Polyakov line holonomies at varipasitions
and of various winding numbers, i.e.

Po[Us, Uy]] = TrUATIURe . TrUPRTrUy S TrU 2. iUy (34)
where thew;, W, are winding numbers for Polyakov lines of opposite origntat Then

o
exp[%zo[ux, U,I]] - chN—pD (%) ” WP B Uy, U] (35)

By standard arguments, the series can be resummed into anexal whose exponent contains

only connected diagrams.

Note that sinc&Jx,U,:r are unintegrated, it is irrelevant to the strong-couphogfping param-
eter expansion whether these matrices are unitary, or eliether, despite the notation, they are
hermitian conjugates of one another, providing only me =1 at eachx.

Now in QCD, a chemical potential is introduced by making thglacement

Ux — eMHUy U — e NHyt (36)

in the Dirac operator. But in fact, we can also formally matkis teplacement in the pure gauge

3 The notation means thbk(x, 0) is replaced by, andU(;r (x,0) is replaced by, in the lattice actiorS,.
4 Because of a residual gauge invariakgéx, 0) — gxUo(X, O)g; in temporal gauge on a periodic lattice, there are
no terms inPp involving traces of products of holonomies at differengsijte.g. TlrJ{VUJ"‘/ with X £ y.
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part of the action as well, since this part is invariant urttlerreplacement. This means that

Uy, U Ui (%), @, 0] = S [MHUx, e MHUS Ui (x), @, ] (37)

and therefore
exp[$[Ux. U] = | DUDTDY explS[Ux. U Ui(). 9.
_ / DUDTDY exp|S [y, e MU, Ui(x), o 7] (38)

Once again, we may compute the second line of (38) by a stroungling/hopping parameter
expansion. As already noted, the fact tH’éltJUx,e_Nt“U,I are non-unitary, and are not the her-
mitian conjugates of one another, is irrelevant to the egmem We have exactly the same set of
diagrams as in thet = 0 expansion, and for each contribution the constaptgp, pp, p} are
unchanged. Thenly change is that the Polyakov line holonomie$inare modified by a factor
of MK multiplying Uy, and a factor o&~MH multiplying Uy, i.e.

Pb
1] _ o (P a Ny T
exp[$[ux,ux]} _chN Po (W) hPb Pp [eMH Uy, e MHU ] (39)
Comparing (35) and (39), it is clear that there must be a snapld powerful identity, which
is exactwithin the radius of convergence of the strong-couplingffing parameter expansion,

relatingSh to S5=°, namely
SHlUxUg) = e Uy e ML) (40)

It is not unreasonable to assume that this relationshiplid wageneral, for arbitrary3, h. If so,

and if we are able to compu@zo[UX,UI] by some method (such as relative weights), then we
obtain the effective Polyakov line action at non-zero cleinpotential by the trivial replacement
(36) in the effective Polyakov line action at zero chemiaatigmtial® Remarkably, this means that
the effective Polyakov line action gt~ 0 can in principle be obtained from the effective Polyakov
action atu = 0, without actually simulating the underlying lattice gaugeory at non-zerq.

VI. CONCLUSIONS
Motivated in part by the sign problem, we have applied thatne¢ weights method to deter-
mine the effective Polyakov line actid® for both pure and gauge-Higgs lattice SU(2) gauge

theory. This effective action turns out to be a remarkahtye expression, which is bilinear in
the Polyakov line variableB, = 1Tr[Uy]:

1
S= COZPx+§C1;P)%—ZCZ%PXQ(X_Y>PY

Qx-y) :{ (V=18 =¥l < man (41)

0 IX—Y| > rmax

5 For a discussion of a possible pitfall in this approach, andesolution, cf. [4].
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with ¢y = 0 in the pure-gauge theory, and non-zero in the gauge-Higgsy. Our results so far
have been obtained at lattice couplifig= 2.2, andN; = 4 lattice spacings in the time direction.
The effective action has been checked by computing Polykkeworrelators in both the effective
theory and the underlying gauge theory, and we have fountdhbse correlators agree quite well
with each other. This is especially true in the pure gaugerthevhere agreement persists down to
correlator values of order 18. These results, together with previous checks in the castafg
coupling [6], inspire some confidence that the method woikse next immediate step will be
to understand how the couplings of the effective theoryevals a function of coupling and
temperature AN;.

In the longer term our interest is the sign problem, and taresidthat problem it will be
necessary to derive the effective Polyakov line actionesponding to lattice SU(3) gauge fields
coupled to matter at zero chemical potential. As explaimethe preceding section, we expect
to extract the Polyakov line action at finitefrom the appropriate Polyakov line actionjat= 0
by the simple substitution (36). The strategy is then toypple or more of the methods [1-4],
which were developed for solving Polyakov line actions vétbhemical potential, to our derived
effective action. If the sign problem is tractable in theeefive Polyakov line theory, as suggested
by the earlier work cited above, then it may be possible toaekuseful results regarding the QCD
phase diagram.
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Appendix: Dynamical Fermions

In this appendix we will just sketch how the relative weigakgorithm can be applied in the
case where there are two mass-degenerate dynamical ferooapled to the gauge field.
TakingD as the Dirac operator, ad = DD, the integration measure is

et = detM e | (A.1)

whereSy is the Wilson (or other improved pure-gauge) action. Defjnin

M(™ = M{Uo(x,0) = U™, Uk(x )] (A2)
we have
m+1); Zmi1
exp[ASé | = Z
detM (M+1)
< detrm P ]>m’ (A-3)

where (...)m signifies, as before, the expectation value in a probahitigasure e@m)]/zm.
The VEV can be evaluated via hybrid Monte Carlo, but in thisecthere is the question of how
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to evaluate the ratio of determinants in (A.3). In the mostightforward approach, defining
SM(MD) — MM _ MM and writing

detM (M) — det{M(m)(]l + [M<m>]*15|v|<m+1>)} , (A.4)
it is not hard to see that
% = exp[TrIog{Il + MM~ 1gMm (M) H
~ exp[Tr{[M(m)]_lc‘SM(m“)H . (A.5)
Therefore
explas™Y) = <exp[Tr{[M(m)]15M(m+l)H eAéle)>m . (A.6)

It is best not to evaluate the trace{Tv(™]-156M(™D} directly, because of the computational
expense, but rather indirectly, by the method of “noisy peéermions” (c.f. section 8.4 in ref.
[17]).

A way of completely avoiding—! in the observable is to introduce another set of pseud-
ofermionsg, distinct from the pseudofermions used by hybrid Monte €ab that we may write

detM™D D exp—¢ ™M ¢]

= ) A7
det™ [ D exg— ¢ Mg (A7)
Defining
DA™Y = ¢TMM D g — pTMM g (A.8)
we have
detM (M)
bt (m+1)
detM (M <<exp[AA ]>>m+1 ’ (A-9)
where(...)m1 refers to the expectation value in the measure proportional
exp—¢ ™M™V g) (A.10)
The final result for the relative weight is
m1), (m+1) m+1)
expAS™Y) < <<exp[AA ]>>m+lexp[A$(N ]>m . (A.11)

Again, the expectation valug..), would be computed via the usual hybrid Monte Carlo algo-
rithm. Eq. (A.11) is to be used, as before, to compute patilvateres, hopefully leading to an
expression for the effective PLA at = 0. The PLA with a finite chemical potential would then
be obtained from the substitution (36).

Apart from computation cost, we believe that the additiodyfamical fermions does not pose
any problems of principle to the derivation of the effectRelyakov line action via the relative
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weights approach.
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