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ABSTRACT: We describe the application of a novel approach for the reduction of scattering ampli-
tudes, based on multivariate polynomial division, which we have recently presented. This technique
yields the complete integrand decomposition for arbitrary amplitudes, regardless of the number of
loops. It allows for the determination of the residue at any multi-particle cut, whose knowledge
is a mandatory prerequisite for applying the integrand-reduction procedure. By using the division
modulo Grébner basis, we can derive a simple integrand recurrence relation that generates the multi-
particle pole decomposition for integrands of arbitrary multi-loop amplitudes. We apply the new
reduction algorithm to the two-loop planar and non-planar diagrams contributing to the five-point
scattering amplitudes in ' = 4 SYM and A/ = 8 SUGRA in four dimensions, whose numerator
functions contain up to rank-two terms in the integration-momenta. We determine all polynomial
residues parametrizing the cuts of the corresponding topologies and sub-topologies. We obtain the
integral basis for the decomposition of each diagram from the polynomial form of the residues.
Our approach is well suited for a semi-numerical implementation, and its general mathematical
properties provide an effective algorithm for the generalization of integrand reduction method to
all orders in perturbation theory.



1. Introduction

The unitarity of the S-matrix encodes the most profound property of a quantum system, namely
the probability conservation. The optical theorem, that relates the difference between the transition
amplitude and its complex conjugate to their product, is the direct consequence of unitarity. Hence,
at a given order in perturbation theory, it connects the discontinuity of the amplitude across a given
branch cut to the sum of all the Feynman diagrams sharing that specific cut, which factorize into
two lower-order amplitudes. By elaborating on the role of the optical theorem, and introducing the
concept of generalised cuts [1-4], unitarity has been inspiring a novel organization of the perturba-
tive calculus, where Feynman diagrams are grouped according to their multi-particle factorization
channels.

Scattering amplitudes in quantum field theories are analytic functions of the momenta of the
interacting particles, hence they are determined by their singularities. The singularity structure
is retrieved when virtual particles go on-shell, under the effect of complex deformations of the
kinematic, as needed for solving multiple on-shell conditions simultaneously.

The investigation of the mathematical properties of the residues at the singularities led to the
discovery of new relations involving scattering amplitudes, such as the BCFW recurrence relation [4],
its link to the leading singularity of one-loop amplitudes [2], and the OPP integrand-decomposition
formula [5].

Automating the evaluation of one-loop multi-particle amplitudes, for an accurate description of
scattering processes that were considered prohibitive, has become feasible. Motivated by the chal-
lenging experimental programme of the LHC, where the ubiquity of QCD manifests itself through
the production of multi-jet events, several codes have been developed with the goal of reaching the
next-to-leading order level of accuracy for the cross-sections [6-14].

On the more mathematical side, it became clear that within the on-shell and unitarity-based
methods, the theory of multivariate complex functions could play an important role in order to
compute the generalized cuts efficiently. The holomorphic anomaly [15,16] and the spinor integra-
tion [17,18], as well as, Cauchy’s residue theorem [2,4], Laurent series expansion [19-21], Stokes’
Theorem [22, 23], and Global residue theorem [24] have been employed for carrying out the inte-
gration of the phase-space integrals, left over after applying the on-shell cut-conditions to the loop
integrals.

Progress on the unitarity-based methods and the vivid research activity spun off has been
recently reviewed in [25] and [26-32].

At two loops, generalized unitarity techniques have been introduced for supersymmetric am-
plitudes [33] and later for QCD amplitudes [34]. The multiple cuts of two-loop amplitudes were
proposed to extend the simplicity of the one-loop quadruple-cut [2] to the leading singularity tech-
niques [35,36] and to the maximal cuts method [37]. The maximal-unitarity approach developed by
Kosower, Larsen, Caron-Huot, and Johansson [38-41] has refined this techniques by a systematic
application of the global residue theorem.

The singularity structure of multi-loop scattering amplitudes can be also exposed in the in-
tegrand, before integrating over the loop momenta. The integrand reduction methods use the
singularity structure of the integrands to decompose the (integrated) amplitudes in terms of Master
Integrals (MI’s). The multi-particle pole expansion of the integrand is equivalent to the decomposi-
tion of the numerator in terms of products of denominators, multiplied by polynomials. These latter
correspond to the residues at the multiple-cuts. In general, the coefficients of the MI’s are a subset
of the coefficients appearing in the polynomial residues. Therefore the complete determination of
the residues leads to the complete decomposition of the amplitudes in terms of MI’s. The final
result is then obtained by evaluating the latter.



The parametric form of the polynomial residues is process-independent and it can be deter-
mined a priori, from the topology of the corresponding on-shell diagram, namely from the graph
identified by the denominators that go simultaneously on-shell. The actual value of the coefficients
is clearly process-dependent, and its determination is indeed the goal of the integrand reduction.
Integrand reduction methods determine the (unknown) coefficients by polynomial fitting, through
the evaluation of the (known) integrand at values of the loop-momenta fulfilling the cut conditions.
The integrands contributing to the amplitude, which have to be evaluated in correspondence to the
solutions of the on-shell conditions, are the only input required. They can be provided either as a
product of tree-level amplitudes, like in unitarity-based approaches, or as a combination of Feynman
diagrams, retaining the full loop-momentum dependence. In the former case the on-shell diagram
represents a cut of the amplitude while in the latter case it is simply the cut of an integral where
the on-shell conditions are applied to its numerator. The integrand reduction methods have been
originally developed at one loop [5]. Extensions beyond one-loop were proposed in [42,43]. A key
point of the higher-loop extension is the proper parametrization of the residues of the multi-particle
poles. Each residue is a multivariate polynomial in the irreducible scalar products (ISP’s) among
the loop momenta and either external momenta or polarization vectors constructed out of them.
ISP’s cannot be expressed in terms of denominators, thus any monomial formed by ISP’s is the
numerator of an integral which may be a MI appearing in the final result.

Both the numerator and the denominators of any integrand are multivariate polynomials in
the components of the loop variables. As recently shown in [44,45], the decomposition of the
integrand can be obtained using basic principles of algebraic geometry, by performing the multi-
variate polynomial division between the numerator and the Grébner basis generated by (a subset of)
the denominators. Moreover, the multi-variate polynomial divisions gives a systematic classification
of the polynomial structures of the residues, leading to both the identification of the MI’s and the
determination of their coefficients.

In [42] it was observed that the set of independent integrals which emerge from the integrand
reduction algorithms is not minimal. Integration-by-parts [46], Lorentz-invariance [47], and Gram-
determinant [48] identities may constitute additional, independent relations which can further re-
duce the number of MI’s that have to be actually evaluated, after the reduction stage. Badger,
Frellersvig and Zhang have explicitly shown that the number of independent 10-denominator inte-
grals identified through the integrand decomposition of the three-loop four-point ladder box diagram
is significantly reduced by using integration-by-parts identities [49]. In the case of one- and two-
loop amplitudes, an alternative technique for counting the numbers of tensor structures and of
the independent coefficients has been presented by Kleiss, Malamos, Papadopoulos and Verheynen
in [50]. During the completion of this work, Feng and Huang [51] have shown that, by using multi-
variate polynomial division [44,45], a systematic classification of a four dimensional integral basis
for two-loop integrands is doable.

In [45], we have set the mathematical framework for the multi-loop integrand reduction algo-
rithm. We have shown that the residues are uniquely determined by the denominators involved in
the corresponding multiple cut. We have derived a simple integrand recurrence relation generating
the multi-particle pole decomposition. The algorithm is valid for arbitrary amplitudes, irrespective
of the number of loops, the particle content (massless or massive), and of the diagram topology
(planar or non-planar). Interestingly, at one-loop our algorithm allows for a simple derivation of the
OPP reduction formula [5]. The spurious terms, when present, naturally arise from the structure
of the denominators entering the generalized cuts.

In the same work [45], we gave the proof of the mazimum-cut theorem. The theorem deals
with cuts where the number of on-shell conditions is equal to the number of integration variables
and therefore the loop momenta are completely localized. The theorem ensures that the number
of independent solutions of the maximum-cut is equal to the number of coefficients parametrizing



the corresponding residue. The maximum-cut theorem generalizes at any loop the simplicity of the
one-loop quadruple-cut [2,5], where the two coefficients parametrizing the residue are determined
by the two solutions of the cut.

In this paper, we apply our algorithm to the two-loop five-point planar and non-planar diagrams
contributing to amplitudes in A/ = 4 super Yang-Mills (SYM) and A/ = 8 Supergravity (SUGRA) in
four dimensions [52,53]. We use the numerator functions computed in [53], which contain up to rank-
two terms in each integration-momenta. In particular, we derive the generic polynomial residues
which are required by the reduction procedure. Later, we show that the integrand reduction can be
performed both semi-numerically, by polynomial fitting, and analytically. The latter computation
has been performed generalizing the method of integrand reduction through Laurent expansion [54],
which has been recently introduced to improve the integrand reduction of one-loop amplitudes.

All the numerical and analytic computations presented in this paper have been performed using
C++, FORM [55] and the MATHEMATICA package S@QM [56].

2. Integrand reduction

In this Section we describe the general strategy for the reduction of scattering amplitudes at the
integrand level, following [42,45]. In dimensional regularization, an ¢-loop amplitude can be written
as a linear combination of n-denominator integrals of the form

An = /ddql-'-/ddqf I’iy“in(él)"'vql)
Ni i (q,....q
= /ddql.../dd(p — ! _n(ql q_é) )
Di(qu,---5Ge) - Dy, (G- - -, Ge)
2
D'L = (Z ai,aga+pi> —mz2 (21)

where q1,...,q¢ are integration momenta and a;, € {0,£1}. Objects living in d = 4 — 2¢ are
denoted by a bar. We use the notation ¢¥ = ¢~ + an, where ¢# is the four-dimensional part
of a, while Xy, is its (—2¢)-dimensional part [57]. In the following we will limit ourselves to the
four-dimensional case. Extensions to higher-dimensional cases, according to the chosen dimensional

regularization scheme, can be treated analogously.

The integrand reduction methods [5, 42,43, 54, 58-65] trade the decomposition of the loop
integrals in terms of Master Integrals (MI’s) with the algebraic problem of building a general
relation, at the integrand level, for the numerator functions of each integral contributing to the
amplitude. In this paper we use the method introduced in [45]. The algorithm relies solely on
general properties of the loop integrand, i.e. on the maximum power of the loop momenta present
in the numerator, and on the quadratic form of Feynman propagators. The residue of each multi-
particle pole is determined by the on-shell conditions corresponding to the simultaneous vanishing
of the denominators it is sitting on. In particular, we obtain the multipole decomposition of the
integrand of Eq. (2.1) using an integrand recurrence relation based on multivariate polynomial
division together with a criterion for the reducibility of the integrands. In the following subsections
we will briefly review the two ingredients of the method.

2.1 Integrand recurrence relation

The 4-dimensional version of the integrand of Eq. (2.1) is

I“,L = -/\/-il---in(qlv"'vql) (22)

" Di1(ql7"'7q€)"'Din(ql7"'7q€)'




The numerator A, ...;, and any of the denominators D; are polynomial in the components of the
loop momenta, say z = (21, . .. 24¢), i.e.

n

L Naew(@)
Liyoi, = Dr. (z) - Di () .

(2.3)

We construct the ideal generated by the n denominators
Tiyi, = (D), -+, D; ) = {Z h(2)D;, (z) : hy(z) € P[z]},
r=1

where P|z] is the set of polynomials in z. The common zeros of the elements of J;,...;, are exactly

the common zeros of the denominators. We chose a monomial order and we construct a Grobner
basis generating the ideal J;,...;,

Giyoi, ={91(2), ..., gm(2)} . (2.4)

The n-ple cut-conditions D;, = ... = D;, = 0, are equivalent to g1 = ... = g, = 0. The
multivariate division of AVj,...;, modulo G, ...;, leads to

Mlln (Z) = Fil"'in + Ail"'in (Z) 5 (25)

where I';,...;, = >.", Qi(2)g;(z) is a compact notation for the sum of the products of the quotients
Q; and the divisors g;. The polynomial A,,...;, is the remainder of the division. Since G;,...;, is a
Grobner basis, the remainder is uniquely determined once the monomial order is fixed. The term
T, ..., belongs to the ideal J;,...;, , thus it can be expressed in terms of denominators, as

I‘il"'in = ZMl”'imfliwrl"'in (Z)DiN (Z) . (26)
k=1

The explicit form of Nj,...;._ i, ,,...i,, can be found by expressing the elements of the Grébner basis
in terms of the denominators. Using Eqgs. (2.5) and (2.6), we cast the numerator in the suggestive
form

n

Nyt (2) =Y Niy iy yingr i (2)Di (2) + Ay i, (2) (2.7)

k=1

Plugging Eq. (2.7) in Eq. (2.3), we get a non-homogeneous recurrence relation for the n-denominator
integrand,

A

Tiyin = O Tiyi g + ﬁ (2.8)
k=1 “

n

According to Eq. (2.8), Z;,...;,, is expressed in terms of (n — 1)-denominator integrands,

n
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D
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The non-homogeneous term contains the remainder of the division (2.5). By construction, it con-
tains only irreducible monomials with respect to G;,...;,,, and it is identified with the residue of the
cut (iy...14,).

The integrands Z;, ...;,_,i,,,--.i, can be decomposed repeating the procedure described in Eqs. (2.3)-
(2.5). In this case the polynomial division of Nj,..;, i, .,...i, has to be performed modulo the
Grobner basis of the ideal Ji,...i, i, -
The complete multi-pole decomposition of the integrand Z;, ...;

of Egs. (2.3)-(2.5).

i, » generated by the corresponding (n — 1) denominators.
is obtained by successive iterations

n



2.2 Reducibility criterion

An integrand Z;, ...;, is said to be reducible if it can be written in terms of lower-point integrands,

n

i.e. when the numerator can be written as a linear combination of denominators. Egs. (2.5) and
(2.6), allow to characterize the reducibility of the integrands:

Proposition 2.1 The integrand I, ...;,
Grobner basis vanishes, i.e. iff Niy...i, € Tiy-i,, -

is reducible iff the remainder of the division modulo a

A direct consequence of the Proposition 2.1 is

Proposition 2.2 An integrand Z;, ...;,, is reducible if the cut (i1 - - - in) leads to a system of equations
with no solution.

Indeed if the system of equations D;, (z) = --- = D;, (z) = 0 has no solution, the weak Nullstellensatz
theorem ensures that 1 € J;,...;,,, i.e. Ji,....,, = P[z]. Therefore any polynomial in z is in the ideal.

Any numerator function A, ...;, is polynomial in the integration momenta, thus A, ...;, € Jiy ..,

n

and it can be expressed as a combination of the denominators Dy, (z), ..., D;, (z) [45,50]. In this
case Eq. (2.8) becomes

Tiyoin = O Tiyin yinyin - (2.10)
k=1

The reducibility criterion and the recurrence relation (2.8) are the two mathematical properties
underlying the integrand decomposition of scattering amplitudes, at any order in perturbation
theory. If the n denominators cannot vanish simultaneously, the corresponding integral is reducible,
namely it can be written in terms of integrands with (n — 1) denominators. If the n-ple cut leads to
a consistent system of equations, we extract the polynomial form of the residue as the remainder of
the division of the numerator modulo the Gréobner basis associated to the n—ple cut. The quotients
of the polynomial division generate integrands with (n — 1) denominators which should undergo
the same decomposition. The algorithm will stop when all cuts are exhausted, and no denominator
is left. Upon integration, the non-vanishing terms present in each residue may give rise to master
integrals.

Each residue A,,...;, belongs to a vector subspace @, ...;, [z] of P[z]. Its dimension is indepen-
dent of the choice of the basis. The residue can be expressed in terms of the ISP’s writing the
components z in terms of scalar products. A suitable choice of the bases of the loop momenta
allow to write the ISP’s as multivariate monomials in z generating Q;,...;, [z]. When the number
of external legs of the cut diagram is less than five, then the ISP’s may involve spurious terms. As
in the one-loop case [5,42,43,54,58-64], they originate from the components of the loop momenta
belonging to the orthogonal space, i.e. the space orthogonal to the one spanned by the independent
external momenta of the cut diagram.

2.3 Maximum-cut Theorem

Following [45], we define Mazimum cut an n-ple cut D;,(z) = -+ = D, (z) = 0 fully constraining
all the components z of the loop momenta. Examples of maximum cuts for the one-loop case are
the 4-ple (5-ple) cut in 4 (d = 4 —2¢) dimensions. We assume that, at non-expceptional phase-space
points, a maximum cut has a finite number ng of solutions, each with multiplicity one. Under these
assumptions one can prove the following theorem [45]

Theorem 2.1 (Maximum cut) The residue at the mazimum-cut is a polynomial paramatrised
by ns coefficients, which admits a univariate representation of degree (ns — 1).



The maximum-cut theorem guarantees that the maximum number of terms needed to parametrize
the residue of the maximum cut is exactly equal to ns. Therefore it guarantees the full recon-
struction of the residue by sampling the integrand on the n, solutions of the maximum cut. The
Theorem 2.1 generalizes at any loop the simplicity of the one-loop maximum cuts [2,5]. Indeed, in
d = 4 — 2¢ dimensions, the residue of the quintuple cut is parametrized by 1 coefficient, and can be
reconstructed by sampling on the single solution of the cut itself. Similarly the two coefficients of
the residue of the quadruple-cut in 4 dimensions can be determined by sampling the integrand on
the two solutions of the cut.

2.4 Two-loop integrand reduction

In four dimensions, the generic 2-loop n-denominator integral A,, reads as follows

M. q )

_ 4 4 4 4 n\4,
_/dq/den(q, /d /d DiDs - D

D; = (o1,iq + azik +pi)> —m; (2.11)

Every integrand with more than eight denominators D; leads to a system of equations with no
solution for its cut!. Proposition 2.2 implies that such an integrand is reducible and can therefore
be expressed in terms of integrands with eight or less denominators. The recursive procedure
described in Section 2.2 leads to the following multipole decomposition

n n
A 'L 2 A’L
I, = + -+ 12 4 — + . (212
n ) Z Dl1 18 Z 11 Z DllDlz ZDZ QZ ( )
11 <<ig=1 1 <<ir=1 11 <ta=1 =1
where i, << i, stands for a lexicographic order i, < 441 < ... < 9p—1 < %p. Equivalently, the

numerator decomposition formula reads,

Nl---n = Z Ail---is H Dj + Z Ail"'i7 H Dj 4+t
%7

i1 <<ig=1 j;éil, .8 i1 <<ir=1 j;éil,
+ Z Aii, H D; +ZA HD +QgHD (2.13)
i1 <ig=1 J#i1,i2 i=1 J#i
The residue A,,...;, is obtained from the corresponding rank r;,...;, integrand Z,..;, using the
following procedure
1. Decompose the loop momenta in using two bases {7;}i=1,... 4 and {e;}j=1, . 4,
4 4
“:—pg—i—zgvi T, k”z—r{f—i—Zyj el . (2.14)
i=1 i=1

In this case z = (y1,. .., Y4, L1, -, Z4)-

2. Consider a generic rank r;,...;, polynomial in z

8 8
Nijiy(2) = ) a;<Hz5i>, Jr)={jeN*:> ji<r}. (2.15)
)

Fes(ry.ny) =l i=1

3. Choose a monomial order and construct a Grobner basis G;,...;, = {91(2), ..., gm(2)}, gener-
ating the ideal J;, ..., = (Diy, ..., D).

LA potential ambiguity may arise in topologies with 9 denominators two of which are degenerate. However in this
case the one-loop sub-topology contains at least 6 denominators yielding thus a system of equations with no solution.



4. Divide N, ...;, modulo G, ...;, holding the remainder A,;...;, .

The integrand decomposition (2.12) allows to express the amplitude in terms of Master Integrals
(MI's), associated to diagrams with 8-, 7-,... , 2- denominators. Depending on the powers of
the integration momenta appearing in the numerator, the multivariate division may also generate
the single-cut residues A;, and the quotients of the last divisions, Qg. These two contributions
generate spurious terms only but they are needed for the complete reconstruction of the integrand.
The term Qg is non cut-constructible: its determination requires to sample the numerator away
from the solutions of the multiple-cuts.

We expect that the integrand reduction formula could be extended to d dimensions, where
additional degrees of freedom related to Xq and Xj, enter [66].

3. Five-point amplitudes in N =4 SYM

The five-point amplitude in A/ = 4 SYM can be expressed in terms of six diagrams [53]. The
color ordered amplitude is given by a sum over the cyclic permutations of the external momenta.
We apply the integrand reduction only to the three diagrams depicted in Fig. 1. The other three
diagrams are trivially expressed in terms of scalar integrals, since their numerator is independent
of the loop momenta. We consider one integrand at a time and we obtain its decomposition by
evaluating its numerator on solutions of multiple cuts, i.e. on values of the loop momenta such that
some of its denominators vanish.

We introduce the notation Z(*+% ( N 49) to denote the integrand (numerator) of the diagram
in Fig. 1 () in ' =4 SYM. The integrand of diagrams in Fig. 1 are

9 (g, k)

Iff*.’%)(q, k) = Dy Ds Nf.“.’.g)(q, k)=2q w1+ P, (3.1)
(4,b)
4b Niog (g, k 4.
nRen = 5 NED (k) =24 w1+ 61 32)
; N (g, k )
Il(%-’-s)(qak) = Bsi(qD) , Nl(fl,’,g)(q, k)=2q -us+2k-ug+ B2+ B3, (3.3)
1+ Dg
The vectors uf, ub, and uf and the constants f; are defined as [53]
1
U‘f :Z (735124 (pg - pg) + 734125(]95 - Pg) + V45123 (p§ - pﬁf) + 2712345 (p‘f - p‘f)) ) (3.4)
1
ub =1 (723145(195 — ph) + Vo135 (P — DY) + V34125 (D5 — P) + 2715034 (P} — pg)) ; (3.5)
1
uf =1 (712345(pf —ph) + Yas134(Ph — PE) + V15234 (Y — PE) + 2v34125 (5 — pff)) ; (3.6)
1
B1 =1 (735124(834 + 12 + S35) + 2 Y34125 S12 + Ya5123(S34 + S12 + S35)
+2 712345 (523 — 813)) ; (3.7)
1
2 = | — (723145 T 7Y24135) 23 T 7V34125(S15 T S34 $23) — 4715234\513 — S35) | .
B2 =7 (= Crasias +720135) 523 + Yaas (515 + 531 + 2 923) — 271528 ) (338)
1
3 =— (712345 — 7VY25134) S12 T Y15234(S34 T S15 S$12) — 4734125(813 — S14) ) - .
g =4 (( )12+ 15z (831 + 915 + 2 912) — 29325 ) (39)
where the kinematic invariants s;; and the functions v read as follows
sij = (pi+1;)* =2(pi - pj) (3.10)

B [12][23][34][45][51]
V12345 = ([1 4][23](12)(34) — [12][34](14)(23)

> —(1+2). (3.11)



D1 =k

5 Dy = (k+p2)®
1 D3 = (k—p1)®
Dy = q2
4 1* Ds = (g+ps)’
! ) Ds = (g =)’
3 D7 = (¢ —pa—ps)
Ds = (¢ +k+p2+ps)
(a)
Dy =k
5 Dy = (k+p2)®
1 D3 = (k+q—ps—ps)
Dy = q2
4 Ds = (q+ps)’
4 5 Ds = (q—pa)®
3 Dr = (g —pa—ps)°
Dy = (q+k‘+p2+p3)
(b)
Dy = q2
5 4 D; = (q—p3)2
N . Ds = (q2+p4)2
1 3 Dy =k
Ds = (k+ps)°
= (k—p1)°
= (k—q+ps+ps)°
? = (k—q—p1 —pa)’
(c)

Figure 1: Five-point diagrams entering the amplitudes in N'=4 SYM and /' = 8 SUGRA. They are the
pentabox diagram (a) the crossed pentabox diagram (b) and the double pentagon diagram (c). For each
diagram, the definition of the denominators is shown as well.

In N = 4 SYM, given the simple form of the numerators, the multipole decomposition of the
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Figure 2: Cut-diagrams of the sevenfold cuts. Starting from the left, we show the diagram of the cut
(1234568), (1234678), (1234578), and (1235678).

integrands only requires one iteration. The numerators can be decomposed as:

7
/\/1(.4.’.?((], k) = A123as67s + Z Ay i—1ir)--8Di , T=a,b,c. (3.12)

=1

The number of 7-ple residues of the integrands A ** and N *?) is almost halved since the numer-
ator depends on ¢ only, thus Ay...;_1)(i41)..s =0 for i #4,5,6,7.

In the next subsections, we list the parametrization of the residues entering our computation,
namely of the residues in Eqgs. (3.12). All the eightfold residues are related to mazimum cuts.
According to the maximum cut theorem [45], the number of coefficients needed to parametrize the
residue of a maximum cut is finite and equal to the number of the solutions of the corresponding cut.
We found the most general parametrization of the eightfold residue, which is process-independent
and valid for numerators of any rank in both ¢ and k. The parametrization of the sevenfold residues
is also process-independent and it is given for the case of renormalizable numerators of rank six at
most, which is more than we need for the applications presented in this paper. The parametrization
of higher rank numerators can be obtained including additional terms with higher powers of the
loop momenta in the residues [54]. The number of coefficients required to parametrize the residues
agrees with an independent computation performed using a technique based on Gram determinants.

3.1 Residue of the planar pentabox

The decomposition of the pentabox diagram in Fig. 1 (a) requires the parametrization of the residues
of the eightfold cut (12345678) and the sevenfold cuts depicted in Fig. 2. The parametrization is



cut bases z Monomials in the residue

(12345678) | Eq. (3.13) | (va,¥s, Y2, Y1, %4, T3, T2,21) | Si2sasers = {1, 21,1, Y2}

(1234568) Eq. (3.13) | (y4,y3,Y2,Y1, T4, T3, T2,21) | S1234568 = {1,x1,x%,x%,x‘f,x2,xlx2,
$%$27$%5027ylvxlyly$%y17$?yhfﬂ%yla
$2y17501502y17$%$2y17$?$2y17y%7$1y%7
myiyi:ﬁyi’,mgyf,yf,:myf,mgy%,yz,

T1Y2, Y1y, YiY2, Yiy2}

(1234678) Eq. (3.13) | (y4,¥3,Y2,Y1, T4, T3, T2,2Z1) | S1234678 = S1234568

2 3 4

(1234578) Eq. (3-14) (y4vy3vy27y1,9€479637f172,901) S1234578 :{1,272,962,962,962,954,952964,
2 3 2 3 4
T2X4, T2X4, Y1, T2Y1, T2Y1, L2Y1, LaY1, T4aY1,

2 3 2 2 2 3 3
T2X4Y1,T2T4Y1, L2T4Y1, Y1, L2Y1,T4Y1, Y1, T2Y1,

3,4 4 4

Ta¥Y1,Y1,T2Y1,TaY1, Y4, T2Y4, Y1Y4,

YTy, yiya}

(1235678) Eq. (3.15) (y47y37y2,y17x47x37:c27:c1) 81235678 = {1,%17I%,$%,$%,$2,

L1, T w2, 21T, Y1, T1Y1, TIY1,

wiyr, 2iyn, Toyr, T122y1, w2yt TiT2Y1,
yixly%ﬂc?y%y%7:c1y§7x2y§7

yl, w1yt T2y, Ys, T1Y3, Y1Y3, Yiys, yiys}

Table 1: Set of monomials parametrizing the residues entering the decomposition of the five-point pentabox
diagram. They have all been found using degree lexicographic monomial ordering. For each cut the bases
and the chosen ordering for loop-variables are shown as well.

obtained using the procedure described in Section 2. The relevant bases are

w3

Tg:O'uv eﬁbnga 82:p45 3277 4_77
2|v*|1 1|4*|2
_ (ap1) _ (ap2) _ (k-pa) _ (k-ps)
1= (:Dl':Dlz) ’ L2 = (P1'1722) ’ b= (103'1;14) ’ Y2 = (103'1734) )

32|11 {1|v*|3] £ (1]2]3)(3|v*|1
RO 1 1. E1E i

’ 4
312|111 |v*|3] £ (1]2]3](3|y*|1
o ot ok o, BEMOEBIE RGN g
. o k- k-e

r1 = ((pql.zss))a Ty = (qT{)’ Y1 = ((plfUpSa))’ Ya = { 524);

12 (1 y*[3] F (1[2(3](3[*[1]
Tg = OH’ elLlLA = 4 eg = pgv eg = pétv

32|11 |v*|3] F (1]2]3](3|y*|1
e it ot~ SN QRO )
x, = ((Q*:Z%L)fl)’ Ty = ((4(;0;)51)7 Y = (kr?)’ Y3 = ((1)’?'2%3)).

The residue of each cut (iy...ix) is written in terms of a set of monomials S;;...;., collected in
Table 1.

3.2 Residue of the crossed pentabox
The diagram in Fig. 1 (b) is decomposed in terms of the residue of the eightfold cut (12345678)

,10,



Figure 3: Cut-diagrams of the sevenfold cuts. Starting from the left, we show the diagram of the cut
(1234568), (1234678), (1234578), and (1235678).

cut bases z Monomials in the residue

(12345678) | Eq. (3.13) | (w4, 3,22, Y3, Y4, T1,Y2,Y1) | Si2sasers = {1,21,y1, Y2}

2 3,4 .5 .6
(1234568) Eq. (3.13) | (ys,y3, Y2, Y1, T4, T3,22,21) | Si23ases = {1, z1, 21, ®7, 21, 27, 27, T2,
2 3 4 5
:L’1:L’2,$1$2,$1$2,$1$2,$i$2,
2 3 4 5
Y1,T1Y1,T1Y1, T1Y1,T1Y1,T1Y1, T2Y1,
2 3 4 2 2
T1X2Y1,T1T2Y1, T1X2Y1, T1T2Y1, Y1, L1Y1,
2 3 3 3 .4 4 4
T2Y1, Y1, T1Y1, T2Y1, Y1, T1Y1, T2Y1, Y2,

T1y2, Y1Y2, Yiy2, yiy2}
(1234678) | Eq. (3.13) | (y4,Y3, Y2, Y1, T4, 23,2, 71) | Si23a678 = Si234568

(1234578) Eq. (3.14) | (y4,Y3,Y2, Y1, T4, 23,2, 21) | Si2sasrs = {1, 22,23, 23, x5, x5, 5, x4,
x2x4,x%x4,x2x4,x§x4,x3x4,y1,:c2y1,
x%yh:cgyl,x%yhxgyl,:c4y1,12x4y1,x§x4y1,
x%m4y17:c%:c4y1,y%7:czy%,m4y%,y?7:czyf,

Tay?, Y1, T2yt TaYl, Ya, T2Ya, Y1ya, Yiya, Yiya}

— 2 .3 .4 .5 6

(1235678) Eq. (3.15) | (ya,y2,y3,Y1,Ta,T3,22,21) | Si23s67s = {1, z1, 27, x7, 27,27, 27, T2,

2 3 4 5
$1$27501502750155275015027$1‘$2:y17

2 2 2 2,2
T1Y1, T1Y1, T2Y1, T1X2Y1, Y1, T1Y1, L1Y1,

2 2,3 3 2,3 3 3

T2Y1, L1T2Y1, Y1, T1Y1, L1Y1, T2Y1, T1T2Y1,
4 4 2,4 4 4
Y1, T1Y1, T1Y1, T2Y1, T1XT2Y1, Y3, T1Y3,

Y1ys, yiys, yiys}

Table 2: Same as Table 1, but for the five-point crossed pentabox diagram.

and of the residue of the sevenfold cuts in Fig. 3. Each residue can be expressed in terms of a
set of monomials, as shown in Table 2. The parametrization is obtained using the multivariate
polynomial division described in Section 2.

3.3 Residue of the double pentagon

The decomposition of the double pentagon diagram requires the parametrization of the residues
of the eightfold cut (12345678) and all the sevenfold cuts. However, the topology in Fig. 1 (¢) is
invariant under the transformation

pieps,  piens, @t ekt (3.16)
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cut bases z Monomials in the residue

(12345678) | Eq. (3.17) | (ya,vs,y2, Y1, %4, %3,71,72) | S123a5678 = {1, Y1, T2, Y122, 3, T3, x1, T271 }

(1345678) Eq. (3.17) | (24,3, 22, 21,91, Y3, Y2, 91) | Sizasers = {1, y1,v%, u%, 1, 5, 48, v2, v1ve,
Yiy2, Yiy2, yiy2, yiye, o1,
ylfChy%mlvy%xhy%ivhyi)mh

Y21, Y1Y2T1, Y1 Y2 T, YiyaTa,

yiyewy, o1, 127, Yot , 23, yrat,
Yoxt, a1, 177, Y2,

2 3
T2,Y1x2,T122, T1T2, 231332}

(1245678) | Eq. (3.17) | (w4, T3, %2,%1,Y4,Y3, Y2, Y1) | Sizase7s = S1345678

(2345678) | Eq. (3.18) | (1,3, T2, 4,ys,ya,Y2,¥1) | Sasasers = {1,y1,47, 4%, y1, yi, UL, ya, v1ya,
YTYa, YiYa, Yiya, yiya, T2, 172,
m4,y1:c47yfm4,yi”m,y%u?yi’m,

YaTa, Y1yaTa, Y3 YaTa, Y1 Yata,
Yiyaza, ok, T3, Y127, Yaz,

2 3 3 3 3 4 4 4
T2T4,T4,Y1T4, Y4Ta, T2y, Ty, Y1T4, y4$4} )

(1234567) Eq (317) (:C47:C37:C27:C17y47y37y27y1) 8123567 = {17y17y%7y§7y%7y27y1y27y%y27y%y27
mlvylxhy%mhy?mhy%xhy?mhylnyh

2 3 2 2 2 3
Y1Y2T1,Y1Y2T1, T1,Y1T1, Y2T1, Tq,
ylmllanyll;:lelyyllelvaxéll7x27y1x27

2 3
T1T2, T1T2, TIT2}

Table 3: Same as Table 1, but for the five-point double pentagon diagram in Fig. 1 (c).

Figure 4: Cut-diagrams of the sevenfold cuts. Starting from the left, we show the diagram of the cut
(1234567), (1245678), (1345678), and (2345678).

thus the only sevenfold cut needed are (1345678), (1245678), (2345678), and (1234567), depicted in
Fig. 4. The remaining sevenfold cuts can be obtained using the transformation (3.16). The eightfold
cut is a maximum cut. It exhibits eight solutions and it is parametrized by eight coefficients, in
accordance with the maxim-cut theorem.

The sets of monomials parametrizing the relevant residues are collected in Table 3. They are

- 12 —



obtained by multivariate polynomial division using the following bases

=0 =gt =rh o= SOELr BOR

=0t =pt, =ph, o= SV U0 (317)
n=ghs megh . m=gBy . w=gh

SR S 1111 YT G
S SN YT CTL P
:m:%, $4=((q%§)ma Yy :%7 4=(k£4).

4. Semi-numerical integrand reduction

In the previous section we illustrated how to determine the general structure of the residues by means
of the multivariate polynomial division. Knowing this structure, we can proceed and numerically
perform the integrand reduction to extract the values of all process-dependent coeflicients which
appear in the residues. The decomposition can be checked by verifying the identity between the
original numerator and its reconstruction, i.e. between Lh.s. and r.h.s. of Eq. (3.12), for arbitrary
values of the integration momenta ¢ and k. This procedure is known as global N = N test of the
integrand reduction.

4.1 Planar pentabox diagram

Eightfold cut. The residue of the eightfold cut can be parametrized using the monomials in
Table 1,

A123456’78 = C12345678,0 + C12345678, l(q 'pl) + C12345678, 2(k 'pS) + C12345678, B(k ' p4) . (41)

The number of solutions equals the number of coefficients, in accordance with the maximum cut
theorem. Therefore the four coefficients appearing in Eq. (4.1) can be obtained by sampling the
numerator on the four solutions of the eightfold cut, where the decomposition (3.12) becomes

(4,a)
NS = Avasasers - (4.2)
In our case we find that only C12345678, 0 and C12345678,1 are non—vanishing.

Sevenfold cut. The residue of the generic sevenfold cut (iy---i7) appearing in Eq. (3.12) can
be parametrized using the results listed in Table 1. For the process at hand, the structure of the
numerator ensures that residue can be parametrized just by the a constant term,

Aiyviz = Ciyonin,0 - (4.3)

The actual value of ¢;, ...;;, o is obtained by sampling the numerator and the residue of the eightfold
cut in correspondence of one solution of the sevenfold cut, where

N1(.4.7.g) (g, k) — A12345678
5 )
Hh#a...h Dh

Ail"'i7 = (44)

— 13 —



The multipole decomposition of the integrand Iﬁ’fg) becomes
a C12345678,0 1 C12345678, 1 q Pl C1... )(i+1)---8,0
T (k) = + Z . (4.5)
D D8 i=4 Hh;éz Dh

This result also shows the decomposition of the integral as linear combination of two MI’s with
eight denominators and four MI’s with seven denominators.
4.2 Crossed pentabox diagram

Eightfold cut. The residue of the eightfold cut is parametrized as (cfr. Table 2)

A12345678 = C12345678,0 + C12345678,1(q * P1) + C12345678,2(K - P3) + 12345678, 3(Kk - pa) - (4.6)
The coefficients are obtained sampling the numerator at the four solutions of the maximum cut
(12345678), where
4.b
Nl( 8) = A12345678 - (4.7)
The only non-vanishing coeflicients are ci2345678,0 and ci2345678, 1-

Sevenfold cut. The generic sevenfold cut appearing in the multipole decomposition of Iﬁ’,bg) is
(i1 ---17) € {(1234568), (1234578), (1234678), (1235678)}. The structure of ./\/1(,4,’,?5 guarantees that

the only non-vanishing coefficient is the one of the monomial 1, i.e.
Aiyvvig = Ciyenig,0 - (4.8)

We sample the numerator and the residue of the eightfold cut at a solution of the cut (iy - - -i7) and
we get ¢j,...i;, 0 by using the relation

N(4 'a) (g, k) — A12345678
Hh;ﬁs...h D

Within the numerical precision, the coefficients of the crossed pentabox turn out to be equal to the
ones of the planar pentabox. This is expected since the two diagrams share the same numerator

Ail"'i7 = (49)

and also the denominators appearing in its decomposition are in common between the two.
The integrand Iﬁ’,bg) is decomposed as follows:

€12345678, 0 T C12345678, 1 q pl Clo(i—1)(i+1)--8, 0
T (g, k) = + (4.10)
Dy Ds zz; Hh;ﬁz Dy,

As for the previous diagram, this result yields the decomposition of the integral as linear combination
of two MI'’s with eight denominators and four MI’s with seven denominators.
4.3 Double pentagon diagram
Eightfold cut. The parametrization of the residue of the eightfold cut is given in Table 3 and
can be written as
A12345678 = C12345678,0 + C12345678), 1 (K * P3) + C12345678,2(q * P5)
+ C12345678,3(q - P1) + C12345678, 4(q  P5)° + C12345678,5(q  P5)(q - P1)
+ c12345678,6(k - p3)(q - ps) + cr23a5678,7(q - p5)3 . (4.11)

The eightfold cut is a maximum cut, thus the eight solutions of the eightfold cut allow to determine
the coefficients in Eq. (4.11) using the relation

N(4 s = A12345678 (4.12)

which holds at the solutions of the eightfold cut. The non-vanishing coefficients are ci234567s,; for
1 < 4.

— 14 —



Sevenfold cut. The numerator has rank one and it is easy to see that the generic sevenfold
residue Ay, ...;, entering Eq. (3.12) can be parametrized by a constant term, i.e.

Ai1»»»i7 = Cjy--+i7,0 - (413)

The value of ¢;, ...;;, o is obtained by sampling the numerator and the residue of the eightfold cut at
a solution of the cut (i1 - - -i7), where the relation

J\/(4 c)( k) — A12345678
Hh#&..ﬂﬁ D

holds. The multipole decomposition of the integrand of the double pentagon reads as follows

N (4.14)

C12345678,0 + C(12345678, 1(k - P3) + C12345678,2(q  P5) + C12345678,3(q - P1)
D, ---Dg

8
Ct... (i—1)(i+1)---8,0
+> : (4.15)
i=1 Hh;ﬁz Dy,

4,c

The corresponding decomposition of the integral is a linear combination of four MI's with eight
denominators and eight MI's with seven denominators.

4.4 Unitarity-based construction

In the previous subsections as well as in the following sections, we apply the multi-loop integrand
reduction method in the case of integrands provided by a diagrammatic representation of the scat-
tering amplitude, where the full dependence on the loop momenta is known. The method can,
however, be applied also using a unitarity-based representation of the integrands, where the lat-
ter is known only in correspondence to multiple cuts in physical channels as a state-sum over the
product of tree-level amplitudes.

In this case, the integrand of the (color ordered) amplitude in N' =4 SYM reads as

IW(g,k) = Y D Ry Z el (4.16)
(31---18) (1-

where the first (second) sum runs over all the eightfold (sevenfold) cuts.
The residue of the generic eightfold cut is given by

Ai iy = Resiy i, {I<4>} , (4.17)

where the (maximum-cut) residue Res;,...;; {Z(¥} is the state-sum over the product of seven three-
point tree-level amplitudes.
The residue of the generic sevenfold cut reads instead

AV,
Aiyir = Resiyiy { ZW = Y- DD [ (4.18)
(i1--ig) 1

ig
where Res;,..;, {Z(!} is the state-sum product of six tree-level amplitudes, while the sum runs over

all the sets (i1 ---ig) containing (i1 - - - i7) as a subset.
The extension of the algorithm to lower cuts, if needed, is straightforward.
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5. Five-point amplitudes in N' =8 SUGRA

The five-point amplitude in N' = 8 SUGRA can be expressed in terms of the same six diagrams
as in N = 4 SYM [53]. Again, the color ordered amplitude is given by a sum over the cyclic
permutations of the external momenta. In N' = 8 SUGRA, the numerator of each integrand is
obtained by squaring the corresponding numerator in N' = 4 SYM, as shown in [53]. We apply
the integrand reduction only to the three diagrams depicted in Fig. 1, whose numerator exhibits a
non-trivial dependence on the loop momenta. In the following we denote the integrand (numerator)
of the diagram in Fig. 1 (i) by Z(89 ( N(8:9),

The numerators are of rank two in the loop momenta. Following the same machinery as in the
case of N' = 4 SYM, we show that their decomposition can be expressed in terms of 8-, 7-, and
6-denominator integrands,

8
Nf.g.’.?(q, k) = A123a5678 + Z Ay i—nr)--sDi
i=1

8
+ Z Alm(i—l)(i+l)~v(j—1)(j+1)---8DiDj , T = a,b,c . (51)
i<j=1
The corresponding decomposition for the integrands Iﬁ’g), Il(%,’,bg) and Il(%,’,%) reads

8

p A12345678 Aj(i=1)(i+1)---8
I (g k) = S
p (e Dy Ds ! i=1 ngz;éi Dy,
2 AL (D) (41) (D4 1)--8
+ E HS ;) J , x=a,bc. (5.2)
i<j=1 h#i,j ~h

Since the numerators Nl(éig) and /\/’1(,8,';? are of rank 2 in ¢ and independent of k, their decompo-

sition is significantly simplified. Indeed in these cases Aj.._1)(i+1)..s = 0 for i # 4,5,6,7 and
Aj(i-1) i+ 1) (1) (j+1)-8 = 0 for 4,7 # 4,5,6,7.
5.1 Semi-numerical computation

In this section we briefly describe the numerical decomposition of the three numerators. We checked
the decomposition by verifying that at arbitrary values of ¢ and k the numerator and its recon-
struction are equal.

Planar pentabox

Eightfold cut. The computation of the residue of the eightfold cut, Ajs34567s follows the same
pattern as the N' = 4 SYM planar pentabox, described in Section 4.1. The non-vanishing coefficients

are 12345678, 0 and C12345678,1-

Sevenfold cut.  The residue of the generic sevenfold cut (i; - - - i7) in Eq. (5.1) can be parametrized
in terms of the monomials collected in Table 1. The structure of the numerator guarantees that
the residue contains rank one terms at most,
Ajy iz = Ciyevig, 0 F Ciyooig, 1(q + W0) - W1 + Ciy iy, 2(q + wo) - w2
+Ci1---i7,3(k + ’LU3) s wy + Cil---i7,4(k + ’wg) S Wy . (53)

The momenta w!" depends on the cut (i ---i7). The actual value of the coefficients can be obtained
by sampling on five independent solutions of the sevenfold cut, where

Nf.g.?g) (g, k) — A12345678
5 .
htir..in Dn

Ail"'i7 = (54)

— 16 —



In this case, all the coefficients but c¢;,...i;, 0, Ci;.-.i5, 1, and ¢;,...4;, 2 vanish.

Sixfold cut. The numerator ./\/'1(,8,’,'81) has rank 2 in ¢ and is independent of k. The only non-

vanishing term in the residue of the generic sixfold cut (i1 ---ig) in (5.1) is the constant, therefore
we have

Air“is = Cj;---ig,0 - (55)

The actual value of the constant can be obtained evaluating the decomposition (5.1) at one solution
of the sixfold cut, where

8,a) B A 7 A .
Agy gy = D08 (;Ja ) 12345678 Z “T’w ' (5.6)
Hh;éil,..»-,iﬁ Dh’ h;éihl':fl.is "

After polynomial fitting of Aja345678, A, ...ir and Ay, ..., the resulting multipole decomposition
of Eq. (5.2) contains 20 non-vanishing coefficients two of which are spurious (i.e. their contribution
vanish upon integration) while the others give rise to MI’s, namely two with eight denominators,
ten with seven denominators and six with six denominators.

Crossed pentabox

As in the N' = 4 SYM case, the crossed pentabox in Fig 1 (b) has the same numerator and the
same decomposition as the planar pentabox. Therefore the coefficients of the former are exactly
the same as the coefficients of the latter.

Double pentagon

Eightfold cut. The computation residue of the eightfold cut of the double pentagon follows
the same lines of the A/ = 4 SYM double pentagon (see Section 4.3). The parametrization of the
residue is given in Eq. (4.11). In this case the only vanishing coefficient is c1234567s, 7-

Sevenfold cut. The residue A;,...;, of the generic cut (i1---i7) can be parametrized using
Eq. (5.3). At the sevenfold cut (i - - - i7) the decomposition (5.1) reduces to

Nl(»gfg)(qa k) — A12345678

Aiy.iy = (5.7)

.....

The coefficients are then computed by sampling Eq. (5.7) at five solutions of the sevenfold cut. The
non-vanishing ones are those multiplying constant or linear terms in the loop momenta.

Sixfold cut.  The residue A;,...;, of the generic sixfold cut (i1 ---ig) can be parametrized by a
constant, as in Eq. (5.5). The constant is computed using one solution of the sixfold cut and the
expression of the decomposition (5.1) at the sixfold cut,

N(&a) q,k - A 7 JAVIN S
Ajyig = — 5 (9, k) — Buzsasers > —5 (5.8)

B
Hh;éil,...,is D, htiy,... ig

We find that Aj23456 = 0, while the residues of all the other sixfold cuts are non-vanishing.

After polynomial fitting of A12345678, D¢, ...i and A, ..., the resulting multipole decomposition
of Eq. (5.2) contains in this case 74 non-vanishing coefficients, four of which are spurious. The
integral can be decomposed as a linear combination of seven MI’s with eight denominators, 36 MI’s
with seven denominators and 27 MI’s with six denominators.
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6. Analytic integrand reduction

In this section we perform the reduction of the five-point diagrams analytically. We apply a two-
loop generalization of the integrand reduction through Laurent expansion formulated in [54]. As
in the one loop case, the Laurent expansion allows to find simpler formulas for the coefficients
entering the decomposition. Moreover, the subtraction of the higher residues can be performed at
the coefficient level rather than at the integrand level. Indeed the Laurent expansion makes each
function entering the reduction separately polynomial. Therefore the subtraction can be omitted
during the reduction and accounted for correcting the reconstructed coefficients. For simplicity we
will focus on the rank-one numerators in the five-point integrands of N' = 4 SYM. The method can,
however, be extended to higher rank numerators as described in Section 6.4 for the planar pentabox
diagram in /' = 8 SUGRA.

6.1 Planar pentabox diagram

The analytic decomposition of the pentabox diagram in Fig. 1 (a) we are about to discuss, is valid
for any numerator of the type (3.1), i.e. for any rank-1 numerator depending on ¢ only. Indeed our
computation is carried out for generic w4 and f£1; the results for N’ =4 SYM will be recovered at
the very end, using Egs. (3.4) and (3.7).

Eightfold cut. The four solutions of the eightfold cut (12345678) are

w oy [((45) By4] (32) (1]4*]2] woony  ((45) By[4] (1
(1’k1)_(<35> 2 (13) 2 > (qQ’kQ)_<<35> 2 (2

5) <2|7”|1]>
5 2 ’
oy _ ([45] 4y*3] [15] (1]y*2] oy ((1A5] A3 [32] (2(y* 1]
(Q3ak3)_(ﬁ 2 ) ﬁT)v (q47k4)_<m 2 ) m 2 )

The general parametrization of the residue Ajasasers is given in Eq. (4.1). The simple form of the

numerator ./\/'1(_4_’_';) implies that the coefficients c12345678, 2 and c12345678, 3 vanish. The non-vanishing
coefficients are obtained by sampling at the solutions (q1, k1) and (gs, k3) only. The outcome is

1
C12345678,0 = T e B 1) [53][4 1] — (53)(4 1)[54][3 1]

x ((54) (41) (3Jua| 4[5 4][31] — (5 4)(31) (4 ua 3] 5 4)[4 1]

~B1(54) (31 [B3A 1]+ B (53)(41)[54][31]) (6.1)
) L, (353~ (53) (4hn[3][54 62
12345078 1 (54)(31)[53][41] — (53)(4 1)[54][31]° '

Sevenfold cuts. We discuss the generic sevenfold cut (i; - - - i7) appearing the decomposition (3.12).
For later convenience, we define the uncut propagator

Di.(q, k) = (¢ + P)?, withig € {1,...,8} and ig#iy,---ir. (6.3)

The momentum PZ‘; is a linear combination of external momenta and it can be inferred from Fig. 1
(a), for instance P} = —p} —pt. The simplicity of the numerator allows to parametrize the residue
using the constant term c;,...;, 0, cfr. Eq. (4.3).

Every sevenfold cut of this topology exhibits a t-dependent family of solutions of the type:
(g4 k) = (vg‘hl t+ ”51,07 vgl) . (6.4)

The coefficient ¢;, .;,, o can be computed evaluating Eq. (4.4) at the solutions (6.4). The computation
can be simplified performing a Laurent expansion around ¢ = oo,

Nl(fl.ig) (g1, k1) Augsasers(qu, k1)

D (q1, k1) Di(q1, k1) 1m0 (6.5)

t—o00
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Indeed in general neither
Nf?‘,i? (q1,k1) Hor A12345678(q1, k1)
Dig(q1, k1) Dig(q1, k1)

are polynomial in ¢ but only their difference is. However, their truncated Laurent expansion obtained
neglecting O(1/t) terms is polynomial in ¢, namely in this case a constant

(4,a)
1og (g1, k1) <1> A12345678 (q1, k1) <1>
Nesslguk)) Lol Swseslank)l Lo (L) 6.7
Dig(qu, k1) . o L Dig(qi, k1) |0 e t (6.7

(6.6)

Therefore, similarly to the one-loop case [54], the coefficients n;, ...;;, 0 and by, ...;;, o can be computed
separately obtaining the coefficient c¢;,...;;,0 by their difference,

Ciy-vir, 0 = My iz, 0 = biy i 0 - (6.8)

The subtraction can be performed at the coefficient level rather than at the integrand level. More-
over the known structure of Aja34567s allow to compute the coefficient b;,...;,, o once and for all,
irrespective of the actual form of the numerator:

C12345678 1(p1 " VUgy 1)
biyorin 0 = ’ — . 6.9
e 2(Pi8 + ’Ulh,O) *Uqq,1 ( )

The coefficients n;,...;; o read as follows

U - v . 3|y |4
N1234568,0 = —ﬁ with ”51,1 = %7
5 Vqq,1
U1 - Vgy,1 . 5|y#|4
11234678,0 = ﬁ with ”51,1 = W’
qi1,
Uy - Vg1 . 3| Psas
11234578,0 = —ﬁ with 51,1 = (3] 2| ],
" Yq,1
Uy - Vg1 . 5| Psas3
N1235678,0 = ————— with = 6h] ] (6.10)
p4 : vql,l 2
The massless momentum P, is defined as
_ Sbe
Pabe S0h +PE = g0 Sl (6.11)
C a

As already stated, the foregoing discussion applies to any numerator of the form given in
Eq. (3.1). By using the explicit expressions of u; and 31 given in Egs. (3.4) and (3.7), we can write
down the results for the coefficients in A/ =4 SYM in terms of the functions v defined in Eq (3.11)

C12345678,0 = % (v12345(823 — 813 — S45) + S12(Y34125 + V35124 + Y45123))
C12345678,1 = — 2712345
C1234568,0 = i(—735124 — V45123 + 2712345)
C1234578,0 = Z(—734125 + V35124 + 2V45123)
C1234678,0 = i(—735124 — 734125 — 2712345)
C1235678,0 = i(—745123 + 35124 + 2934125)- (6.12)

The complete integrand decomposition is obtained plugging the coefficients of Eq. (6.12) in
Eq. (4.5). These results are in agreement with the ones found in the numerical computation of
Section 4.1.
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6.2 Crossed pentabox diagram

As already noticed in Section 4.2, the crossed pentabox of Fig. 1 (b) and the planar pentabox have
the same decomposition. Indeed the numerator /\/1(,4,’,3 and the numerator Nl(flf,g), Eq. (3.2), are
equal and are decomposed in terms of the same denominators, cfr. Egs. (4.10) and (4.5) multiplied
by D;, ...D;,. Therefore the coefficients appearing the multi-pole decomposition (4.10) are equal

to the corresponding ones appearing the decomposition (4.5) of the planar pentabox.

6.3 Double pentagon diagram

The numerator /\/’1(,4,’,2), Eq. (3.3), is highly symmetric in ¢ and k. Indeed the dependence on ¢ and

k can be disentangled and ./\/'1(_4_’_2) can be cast in the following form:
N (k) = REEL(0) - TS (), (6.13)
where
RO =20 up+ Ba, T (B) = RED(K) | cspa, pacops (6.14)

The vector us and the constant Sy are defined in Eqs. (3.5) and (3.8), respectively. Although in
principle there are no additional issues in performing the reduction of the full numerator, the com-
putation can be simplified by performing the reduction of R§42 (q) only. The reduction of 7'1(4§ ) (9),
and thus of the full numerator /\/’1(,4,’,? (g, k), is then obtained by means of the substitutions (3.16).
The numerator R§4C8) (¢q) depends on ¢ only and can be decomposed as follows:

3
R?? (q) = A12345678 + Z Ay i-1y(itn)--8Di - (6.15)

=1

Eightfold cut. The solutions of the eightfold cut (12345678) are eight and they can be used to
compute the eight coefficient parametrizing the residue

A12345678 = C12345678,0 + C12345678,1(K - D3) + C12345678,2(q - P5)
+ C12345678,3(q - P1) + C12345678,4(q - P5) + 12345678, 5(q * Ps)(q - p1)
+ C123a5678,6(k - p3)(q - p5) + Cra3ase7s, 7(q - ps5)° - (6.16)

The rank of RYL%) implies that for ¢ > 4 ¢€12345678,+ = 0. The simplicity of the numerator simplifies
the computation even further. Indeed decomposing uh in the basis {p;}i=1... 4, and using the
conditions D1 = Dy = D3 = 0 we get

€12345678,0 = B2, C12345678,1 = 0 . (6.17)

The two remaining coefficients can be obtained by sampling the numerator on two solutions of the
eightfold cut, e.g.

(', gty = (_<14>[41]<45>+<35>[35]<45>— (42)(35)[23] (5|v*[1] (35) <4|7“|3]>
1 (25)[12](45) 2 7 (45 2 ’

(i, gty = (_ (23)[42][35] + (41)[41][45] — (35)[35][45] (1]4"[5] @<3IW“I4])
2072 (21)[25][4 5] 2 [45] 2 '

The missing coeflicients read as follows:
b IUIBluald] = (3111443
" (4[5[3](3[1[4] = (3[5]4] (4[1[3]
(4]513]{3[ual4] — (3|5]4](4|uz|3]
(415[3](3]1]4] — (3[5]4](4[1[3]

€¢12345678,3 = 2 (6.18)
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Sevenfold cuts. We consider the generic sevenfold cut (i1 - - - i7) appearing the decomposition (6.15).
The solutions of the cut can be cast into one-parameter families. In particular each cut allow for a
solution with the following asymptotic behavior

1 1
(K, @) = (vf:l)lt—i-vfjl)o—l—(’) (;) , vh at+ug o+ 0 <¥)> fort — o0. (6.19)

We compute the coefficient ¢134567s, 0 by evaluating the decomposition (6.15) at one solution of the
sevenfold cut, and by expanding around ¢ = oo:

RV A k
1---8 (‘h) _ 12345678 (q1, K1) = &iin0 - (6.20)
Dig(qlvkl) D’is(qlakl)
t—o0
The denominator Dj; is written in terms of P! as in Eq. (6.3). The actual form of P} is inferred
from Fig. 1 (¢). Also in this case the ¢ — oo limit makes both
RS A k
1---8 (Q1) and 12345678((11, 1) (6.21)
Dis(qlakl) Dig(qlvkl)

polynomial in ¢,

R§4’C§ (@) . < 1> A12345678 (q1, k1) - < 1)
= N ..d ) +O _ R bt el B :bz i, +O - . 622
Dy (q17k1) t—00 e ¢ Dig (q17k1) t— o0 e t ( )

The coefficients ny;,...;;,0 and IA)il...iLO can be computed separately, and

Ciyin,0 = Ny g, 0 — Digoin 0 - (6.23)

Therefore the subtraction can be performed at the coefficient level via the universal function

b 12345678, 2(Vgy,1 - P5) + C12345678, 3(Vgr,1 - P1) (6.24)
e 2(U¢Z1,0 +Pi8) “ Vg1 . '

The coefficients ny,...;;, 0 are given by

71345678,0 = —Zj%zqqi, with v = 771% + 12l
N1245678,0 = Zj%zqqi’ with  vp = 773% + Maps,
1234578, 0 = L% yith vh = ns(p5 — pY) + 16 B4 + 7 <4|7M|3]- (6.25)
P3 - Vg 2 2
We define:
(2)41]
" Ty
(52)31]
"7 )
(35)[12]
GERNEYNEDIE

s = )

20’2
20908 — 0104 + 04\/0% — 40903
Ne = ’
20’20’5
20907 — 0106 + 06/ 02 — 40903
o= - ! : (6.26)

20’20’5
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in terms of

o1 = —4(0704+0'608)(p1 '192)7
o9 = —4(0604—03)(171 'pQ)a
o3 = —4o7o8(p1 - p2),

o4 =2(p1 - p5)(45)[31] = 2(p2 - p5)(45)[31] + (35)(42)[31][32] — (45)(42)[32][41],
o5 = — (35)(42)[32][41] + (32)(45)[31][42],
06 = 2(p2, p3)(35)[4 1] — 2(p2 - p5)(35)[41] + (35)(32)[31][42] — (32)(45)[41][42],
or = (35)(52)[41][12],

5)(52)

41][12
os = (45)(52)[31][12]. (6.27)
This completes the reduction of a generic numerator R?CS) of the form given in Eq. (6.14). As

previously stated, the reduction of the full numerator N, 1(,4,’,2 of N'=4 SYM can be recovered from
the one discussed in this section, by means of Eq.s (6.13) and (6.14). To that purpose, we observe

that the substitutions (3.16) give the one-to-one mapping between denominators
Dy D4, Do DG, D3 D5, D7 < Dsg.

Putting everything together and using the definitions of us and S of Egs. (3.5) and (3.8) we recover
the full multipole decomposition of Eq. (4.15), with coefficients

C12345678,0 = 3(734125(2513 — 2535 + 2823 + S15 + $34)

— 715234(2513 — 2835 + 2512 + 515 + 534)

— (V23145 + Y24135) S23 — (V25134 — V12345) (S35 — 514 — 812))
€12345678,1 = —2Y34125
C12345678,2 = 5(2734125 — 7Y23145 — 724135 — 2715234 + V25134 — 712345)
C12345678,3 = %(2734125 — V23145 — V24135 + 2715234 + V25134 — Y12345)
€2345678,0 = 3(2’734125 — Y23145 + Y24135)
C1345678,0 = i(—3734125 + 2723145 + V24135 — V25134 + V12345)
C1245678,0 = 3(734125 — V23145 — 2724135 + V25134 — ’712345)
€1235678,0 = i(—2715234 — V25134 — Y12345)
C1234678,0 = i(—2734125 + 15234 + Y25134)
C1234578,0 = 3(2734125 + V15234 + Y12345)
C1234568,0 = 3(2734125 + V25134 — 712345)

1

C1234567,0 = Z(—2734125 — V25134 + 712345)- (6-28)

The coefficients of Eq. (6.28) enter the integrand decomposition of Eq. (4.15). These results
are in agreement with the numerical computation of Section 4.3.
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6.4 Higher-rank integrands

The analytic reduction via Laurent expansion can be extended to numerators of higher rank. As
an example we perform the computation of the sevenfold residues for the N' = 8 SUGRA two-loop
five points planar pentabox, whose numerator has rank two in the loop momentum gq.

The most general parametrization of the residue of the generic sevenfold cut (iy ---i7) is

Ajyin(q, k) = Ciyovviz 0 F Ciyvig, 1(q + Wo) - W1 + €y iy, 2(q + Wo) - W2 (6.29)
The momenta wf, w}’, and wh are a linear combination of the external momenta and depend on
the cut (i1---i7). Their actual form is not relevant for this discussion but can be inferred from
Table 2. We consider two t-dependent solutions of the sevenfold cut:

(¢ k) = (ol b+l o, v)  with  =1,2. (6.30)

The coefficients in Eq. (6.29) can be computed evaluating (5.1) at the solutions (6.30)
Nl(.?’.g) (gi, ki) — A12345678(¢is ki)

Dis (qi7 kl)

= Ail---i7(Qi7ki)

Ciy iz, 0 F Ciy iz, 1(Vg;,0 + Wo) - W1

iy iz, 2(Vg; 0 + W0) - W2 + Ciy g 1(Vg; 1 - W1 )E
+Cij iz, 2(Vg 1 - w2)E, (6.31)

where D, is defined in Eq. (6.3). The Laurent expansion around ¢ = oo simplifies the computation.
Indeed in this limit both

Nf?’.g) (i, ki) A12345678 (i, ki)

and _— 7 6.32
have the same polynomial structure of the residue,
Nf?f.g) (qi, ki) (4] [4] 1
N = Nyyig, 0 Mgy 1t + O <_)
Dzs (Qza kl) 00 t
A12345678 (¢35 ki) (4] 1

12320070 Ty e/ =p ol=1. 6.33
Dis(qiaki) e 4147, 0 + £ ( )

The expression of the coefficients is obtained by plugging the expansions (6.33) in Eq. (6.31) and
by comparing both sides. In particular c;,...;;,1 and c¢;,...;; 2 are the solution of the system

1
Ciyoin, 1 (Vgy * W1) + Ciyvviz 2(Vg, - W2) = ”El]»»»w@

) (6.34)
2
Ciy iz, 1(U¢Z2 : wl) + Cil"'i772(vlh : w2) =N in1
The coefficient ¢;,...;;,¢ is given by
1 1
Ciyonig,0 = n£1]~-~i7,0 - b£1]~~-i7,0 = Ciyin, 1 (Vg0 + Wo) - W1 = €Ciynvip 2(Vgy 0 + Wo) - W
2 2
=l o= o= Cirin 1 (Vg0 + W0) - W1 — €y iy, 2 (Vg 0+ w0) - wa,  (6.35)
in terms of the functions
; c Vg,
pll _ C12345678,1(P1 - Vg;,1) . (6.36)

g ein, 0 =
v 2(UQi,0+Pi8) Vg1

Eq. (6.35) shows that the coefficient ¢;,...;;, 0 can be written as the constant term ”E?mimo of
the Laurent expansion of the integrand, corrected by two kinds of contributions. The first, bgil]mi% 0>
implements the the eightfold-cut subtraction as a correction at the coefficient level. The other terms
are proportional to the higher rank coeflicients of the same cut found as solutions of the system in

Eq. (6.34).
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7. Conclusions

We recently proposed a new approach for the reduction of scattering amplitudes [45], based on
multivariate polynomial division. This technique yields the complete integrand decomposition for
arbitrary amplitudes, regardless of the number of loops. In particular it allows for the determination
of (the polynomial form of) the residue at any multi-particle cut, whose knowledge is a mandatory
prerequisite for applying the integrand-reduction procedure. We have also shown how the shape of
the residues is uniquely determined by the on-shell conditions and, by using the division modulo
Grobner basis, we have derived a simple integrand recurrence relation generating the multi-particle
pole decomposition for arbitrary multi-loop amplitudes.

In the present paper, we applied the new reduction algorithm to planar and non-planar diagrams
appearing in the two-loop five-point amplitudes in A/ = 4 SYM and /' = 8 SUGRA (in four
dimensions), whose numerator functions contain up to rank-two terms in the integration-momenta.
We determined all polynomial residues parametrizing the cuts of the corresponding topologies and
sub-topologies. At the same time, the polynomial form of the residues defines the integral basis
for the amplitude decomposition. For the considered cases, we found that the amplitude can be
decomposed in terms of independent integrals with eight, seven, and six denominators.

Our presented approach is well suited for a semi-numerical implementation. The mathematical
framework it is based on is very general and provides an effective algorithm for the generalization
of the integrand reduction method to all orders in perturbation theory.
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