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We calculate the explicit equations of motion for non-spinning compact objects to 2.5 post-
Newtonian order, or O(v/c)5 beyond Newtonian gravity, in a general class of scalar-tensor theories
of gravity. We use the formalism of the Direct Integration of the Relaxed Einstein Equations
(DIRE), adapted to scalar-tensor theory, coupled with an approach pioneered by Eardley for incor-
porating the internal gravity of compact, self-gravitating bodies. For the conservative part of the
motion, we obtain the two-body Lagrangian and conserved energy and momentum through second
post-Newtonian order. We find the 1.5 post-Newtonian and 2.5 post-Newtonian contributions to
gravitational radiation reaction, the former corresponding to the effects of dipole gravitational ra-
diation, and verify that the resulting energy loss agrees with earlier calculations of the energy flux.
For binary black holes we show that the motion through 2.5 post-Newtonian order is observationally
identical to that predicted by general relativity. For mixed black-hole neutron-star binary systems,
the motion is identical to that in general relativity through the first post-Newtonian order, but
deviates from general relativity beginning at 1.5 post-Newtonian order, in part through the onset
of dipole gravitational radiation. But through 2.5 post-Newtonian order, those deviations in the
motion of a mixed system are governed by a single parameter dependent only upon the coupling
constant ω0 and the structure of the neutron star, and are formally the same for a general class of
scalar-tensor theories as they are for pure Brans-Dicke theory.

PACS numbers: 04.25.Nx,04.50.Kd,04.30.-w

I. INTRODUCTION AND SUMMARY

The anticipated detection of gravitational waves by a network of ground-based laser-interferometric observatories
promises a new way of “listening” to the universe in the high-frequency band. A future space-borne interferometer
would open the low-frequency band and pulsar timing arrays may soon begin exploring the nano-Hertz region of the
gravitational-wave spectrum. In addition to providing a wealth of astrophysical information, these observations also
hold the promise of providing tests of Einstein’s theory of general relativity in the strong-field, dynamical regime.
The “inspiralling compact binary” – a binary system of neutron stars or black holes (or one of each) in the late

stages of inspiral and coalescence – is a leading potential source for detection. Given the expected sensitivity of the
ground-based interferometers, stellar-mass compact binaries could be detected out to hundreds of megaparsecs, while
for a space interferometer, inspirals involving supermassive black holes could be heard to cosmological distances.
In order to maximize the detection capability and the science return of these observatories, extremely accurate,

theoretically generated “templates” for the gravitational waveform emitted during the inspiral phase must be available.
This means that correction terms in the equations of motion and gravitational-wave signal must be calculated to high
orders in the post-Newtonian (PN) approximation to general relativity, which, roughly speaking, is an expansion in
powers of v/c ∼ (Gm/rc2)1/2 (for a review and references see [1]). Contributions to the waveform from the merger
phase of the two objects and from the “ringdown” phase of the final vibrating black hole also play an important role.
The detected gravitational-wave signals can also be used to test Einstein’s theory in the radiative regime, particularly

for waves emitted by sources characterized by strong-field gravity, such as inspiraling compact binaries. One way to
study the potential for this is to check the consistency of a hypothetical observed waveform with the predicted
higher-order terms in the general relativistic PN sequence, which depend on very few parameters (only the two
masses, for non-spinning, quasi-circular inspirals). Another is to examine the constraints that could be placed on
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specific alternative theories using gravitational-wave observations [2–10]. Most of these analyses have incorporated
only the dominant effect that distinguishes the chosen theory from general relativity, such as dipole radiation or the
wavelength-dependent propagation of a massive graviton (see, however [11]).
Some authors have taken a different approach by proposing parametrized versions of the gravitational waveform

model [12–15], inspired by the parametrized post-Newtonian (PPN) formalism used for solar-system experiments,
and analysing the bounds that could be placed on those theory-dependent parameters by various gravitational-wave
observations. Yet the authors of these frameworks were limited by the fact that for many alternative theories of
gravity, only the leading terms in the waveform model have been derived.
In addition, the existing parametrizations of the gravitational waveform make the implicit assumption that the

gravitational wave signal during the inspiral depends only on the masses of the orbiting compact bodies (in the
spinless case), and not on their internal structure. This is true in general relativity, which satisfies the Strong
Equivalence Principle, but is known to be violated by almost every alternative theory that has ever been studied. In
scalar-tensor theory, for example, the internal gravitational binding energy of neutron stars has a definite effect on the
motion and gravitational-wave emission, and since the binding energy can amount to as much as 20 percent of the total
mass-energy of the body, the effects can be significant. In order to determine the full nature of the gravitational-wave
signal in an alternative theory of gravity, the strong internal gravity of each body must be accounted for somehow,
even in a PN expansion.
To make the situation even more interesting, binary black holes play a special role within the scalar-tensor class

of alternative theories. Based on evidence from a 1972 theorem by Hawking [16], together with known results from
first-post-Newtonian theory, it is likely that in a broad class of scalar-tensor theories, binary black hole motion and

gravitational radiation emission are observationally indistinguishable from their GR counterparts. This conjecture will
be discussed in more detail later in this paper.
Scalar-tensor gravity is the most popular and well-motivated class of alternative theories to general relativity. Apart

from the long history of such theories, dating back more than 50 years to Jordan, Fierz, Brans and Dicke [17], scalar-
tensor gravity has been postulated as a possible low-energy limit of string theory. In addition, a wide class of so-called
f(R) theories, designed to provide an alternative explanation for the acceleration of the universe to the conventional
dark-energy model, can be recast into the form of a scalar-tensor theory (for reviews, see [18, 19]).
Measurements in the solar system and in binary pulsar systems already place strong constraints on key parameters

of such theories, notably the coupling parameter ω0. Yet these tests probe only the lowest-order, first post-Newtonian
limit of these theories, some aspects of their strong-field regimes (related to the strong internal gravity of the neutron
stars in binary pulsars) and the lowest-order, dipolar aspects of gravitational radiation damping.
These considerations have motivated us to develop the full equations of motion and gravitational waveform for

compact bodies in a class of scalar-tensor theories to a high order in the PN sequence; this is the first in a projected
series of papers aiming to treat this problem in full.
It should be acknowledged that we do not expect any big surprises. Damour and Esposito-Farèse [20] have shown

on general grounds that the available constraints on the scalar-tensor coupling constant ω0 derived from solar-system
experiments imply that scalar-tensor differences from GR will be small to essentially all PN orders, except for certain
regions of scalar-tensor theory space where non-linear effects inside neutron stars, called “spontaneous scalarization”,
can occur (for a recent example, see [21]). It is therefore unlikely that we will be able to point to a qualitatively new
test of scalar-tensor gravity to be performed with gravitational waves.
Nevertheless we expect to provide a complete and consistent waveform model to an order in the PN approximation

comparable to the best models from GR. With this model it will be possible to carry out parameter estimation
analyses for gravitational waves from binary inspiral, and to compare the bounds with those from earlier work that
either confined attention to the leading dipole term, such as [6], or assumed extreme mass ratios, such as [11].
We will use a version of the formalism of “post-Minkowskian” theory, which has proven to be very powerful for

deriving the equations of motion and gravitational-wave signal to high post-Newtonian orders in GR. The specific
version is known as Direct Integration of the Relaxed Einstein Equations (DIRE), based on a framework originally
developed by Epstein and Wagoner [22], extended by Will, Wiseman and Pati [23–26], and applied to numerous
problems in post-Newtonian gravity [27–32]. DIRE is a self-contained approach in which the Einstein equations are
cast into their “relaxed” form of a flat-spacetime wave equation together with a harmonic gauge condition, and are
solved formally as a retarded integral over the past null cone of the field point. The “inner”, or near-zone part of
this integral within a sphere of radius λ, a gravitational wavelength, is approximated in a slow-motion expansion
using standard techniques; the “outer” part, extending over the radiation zone, is evaluated using a null integration
variable.
DIRE is rather easily adapted to scalar-tensory theory, so that the same methods that have been worked out for GR

can be applied here. It is possible that many other theories that generalize the standard action of general relativity
in four spacetime dimensions by adding various fields could be cast in a similar form, permitting a systematic study
of their predictions for compact binary inspiral beyond the lowest order in the PN approximation. Indeed another
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motivation for this work is to lay out a template for possible extensions to other theories of gravity, such as the
Einstein-Aether theory [33] or TeVeS [34].
Specifically, the theories we address here are described by the action

S = (16π)−1

∫

[

φR− φ−1ω(φ)gαβ∂αφ∂βφ
]√−gd4x+ Sm(m, gαβ) , (1.1)

where R is the Ricci scalar of the spacetime metric gαβ , φ is the scalar field, of which ω is a function. Throughout,
we use the so-called “metric” or “Jordan” representation, in which the matter action Sm involves the matter fields m
and the metric only; φ does not couple directly to the matter (see [35] for example, for a representation of this class
of theories in the so-called “Einstein” representation). We exclude the possibility of a potential or mass for the scalar
field.
In order to incorporate the internal gravity of compact, self-gravitating bodies, we adopt an approach pioneered

by Eardley [36], based in part on general arguments dating back to Robert Dicke, in which one treats the matter
energy-momentum tensor as a sum of delta functions located at the position of each body, but assumes that the mass
of each body is a function MA(φ) of the scalar field. This reflects the fact that the gravitational binding energy of the
body is controlled by the value of the gravitational constant, which is directly related to the value of the background
scalar field in which the body finds itself. Consequently, the matter action will have an effective dependence on φ,
and as a result the field equations will depend on the “sensitivity” of the mass of each body to variations in the scalar
field, holding the total number of baryons fixed. The sensitivity of body A is defined by

sA ≡
(

d lnMA(φ)

d lnφ

)

. (1.2)

For neutron stars, the sensitivity depends on the mass and equation of state of the star and is typically of order 0.2;
in the weak-field limit, sA is proportional to the Newtonian self-gravitational energy per unit mass of the body. From
the theorem of Hawking, for stationary black holes, it is known that sBH = 1/2.
This paper reports the results of a calculation of the explicit equations of motion for binary systems of non-spinning

compact bodies, through 2.5PN order, that is, to order (v/c)5 beyond Newtonian theory. The post-Newtonian
corrections at 1PN and 2PN orders are conservative; we obtain from them expressions for the conserved total energy
and linear momentum, and obtain the 2-body Lagrangian from which they can be derived. There are also terms
in the equations of motion at 1.5PN and 2.5PN orders. These are gravitational-radiation reaction terms. Terms at
1.5PN order do not occur in general relativity, but in scalar-tensor theories with compact bodies, they are the result
of the emission of dipole gravitational radiation. At 2.5PN order, one finds the analogue of the general relativistic
quadrupole radiation, together with PN correction effects related to monopole and dipole radiation.
Not surprisingly the expressions for these quantities are complicated, much more so than their counterparts in

general relativity. On the other hand, they depend on a relatively small number of parameters, related to the value
of ω(φ) far from the system, where φ = φ0, along with its derivatives with respect to ϕ ≡ φ/φ0, and the sensitivities
s1 and s2 of the two bodies, and their derivatives with respect to φ. The parameters and their definitions are shown
in Table I.
At Newtonian order, the “bare” gravitational coupling constant G is related to the asymptotic value of the scalar

field, but for two-body systems of compact objects, the coupling is given by the combination Gα, where

α =
3 + 2ω0

4 + 2ω0
+

(1− 2s1)(1− 2s2)

4 + 2ω0
, (1.3)

where ω0 = ω(φ0). At 1PN order there are two body-dependent parameters, γ̄ and β̄A, A = 1, 2 (see Table I for
definitions of the parameters). For non-compact objects, where sA ≪ 1, γ̄ = γ − 1 and β̄A = β − 1, where γ and β
are precisely the PPN parameters for scalar-tensor theory, as listed, for example in [37]. At 2PN order, there are two
additional parameters δA and χA. Most of the parameters in Table I can be related directly to parameters defined
in [20, 35].
Here we will quote the bottom-line result: the two-body equation of motion, expressed in relative coordinates,

x ≡ x1 − x2, through 2PN order. This equation is ready-to-use, for example in calculating time derivatives of
radiative multipole moments in determining the gravitational-wave signal, which will be the subject of the second
paper in this series. The equation has the form

d2x

dt2
= −Gαm

r2
n+

Gαm

r2
[

n(APN +A2PN ) + ṙv(BPN +B2PN )
]

+
8

5
η
(Gαm)2

r3
[

ṙn(A1.5PN +A2.5PN )− v(B1.5PN +B2.5PN )
]

, (1.4)



4

TABLE I: Parameters used in the equations of motion

Parameter Definition Parameter Definition

Scalar-tensor parameters Equation of motion parameters

G φ−1

0
(4 + 2ω0)/(3 + 2ω0) Newtonian

ζ 1/(4 + 2ω0) α 1− ζ + ζ(1− 2s1)(1− 2s2)

λ1 (dω/dϕ)0ζ
2/(1− ζ) post-Newtonian

λ2 (d2ω/dϕ2)0ζ
3/(1− ζ) γ̄ −2α−1ζ(1− 2s1)(1− 2s2)

Sensitivities β̄1 α−2ζ(1− 2s2)
2 (λ1(1− 2s1) + 2ζs′1)

sA [d lnMA(φ)/d lnφ]0 β̄2 α−2ζ(1− 2s1)
2 (λ1(1− 2s2) + 2ζs′2)

s′A [d2 lnMA(φ)/d lnφ
2]0 2nd post-Newtonian

s′′A [d3 lnMA(φ)/d lnφ
3]0 δ̄1 α−2ζ(1− ζ)(1− 2s1)

2

δ̄2 α−2ζ(1− ζ)(1− 2s2)
2

χ̄1 α−3ζ(1− 2s2)
3
[

(λ2 − 4λ2

1 + ζλ1)(1− 2s1)− 6ζλ1s
′
1 + 2ζ2s′′1

]

χ̄2 α−3ζ(1− 2s1)
3
[

(λ2 − 4λ2

1 + ζλ1)(1− 2s2)− 6ζλ1s
′
2 + 2ζ2s′′2

]

where r ≡ |x|, n ≡ x/r, m ≡ m1+m2, η ≡ m1m2/m
2, v ≡ v1−v2, and ṙ = dr/dt. We use units in which c = 1. The

leading term is Newtonian gravity. The next group of terms are the conservative terms, of integer PN order, while
the final group are dissipative radiation-reaction terms, of half-odd-integer PN order. The coefficients A and B are
given explicitly by

APN = −(1 + 3η + γ̄)v2 +
3

2
ηṙ2 + 2(2 + η + γ̄ + β̄+ − ψβ̄−)

Gαm

r
,

BPN = 2(2− η + γ̄) , (1.5a)

A2PN = −η(3− 4η + γ̄)v4 +
1

2

[

η(13− 4η + 4γ̄)− 4(1− 4η)β̄+ + 4ψ(1− 3η)β̄−
]

v2
Gαm

r
− 15

8
η(1 − 3η)ṙ4

+
3

2
η(3 − 4η + γ̄)v2ṙ2 +

[

2 + 25η + 2η2 + 2(1 + 9η)γ̄ +
1

2
γ̄2 − 4η(3β̄+ − ψβ̄−) + 2δ̄+ + 2ψδ̄−

]

ṙ2
Gαm

r

−
[

9 +
87

4
η + (9 + 8η)γ̄ +

1

4
(9− 2η)γ̄2 + (8 + 15η + 4γ̄)β̄+ − ψ(8 + 7η + 4γ̄)β̄−

+(1− 2η)(δ̄+ − 2χ̄+) + ψ(δ̄− + 2χ̄−)− 24η
β̄1β̄2
γ̄

](

Gαm

r

)2

,

B2PN =
1

2
η(15 + 4η + 8γ̄)v2 − 3

2
η(3 + 2η + 2γ̄)ṙ2

−1

2

[

4 + 41η + 8η2 + 4(1 + 7η)γ̄ + γ̄2 − 8η(2β̄+ − ψβ̄−) + 4δ̄+ + 4ψδ̄−
] Gαm

r
, (1.5b)

A1.5PN =
5

2
ζS2

− ,

B1.5PN =
5

6
ζS2

− . (1.5c)

The expressions for the 2.5PN coefficients are lengthy and will be displayed in a later section. Here the subscripts
“+” and “−” on various parameters denote sums and differences, so that, for a chosen parameter τi we define

τ+ ≡ 1

2
(τ1 + τ2) ,

τ− ≡ 1

2
(τ1 − τ2) . (1.6)

The quantity S− and its companion S+ (used later) are defined by

S− ≡ −α−1/2(s1 − s2) ,

S+ ≡ α−1/2(1− s1 − s2) , (1.7)
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(the significance of these definitions of S± will become clear in Sec. VIIA), and ψ is defined by

ψ ≡ m1 −m2

m1 +m2
= ±

√

1− 4η . (1.8)

Several things are worth noting about these equations (and indeed about all the two-body equations shown later
in this paper). In the general relativistic limit ω0 → ∞, or ζ → 0, the equations (including the 2.5PN terms) reduce
to those of general relativity, as determined by many authors [26, 38–43]. At 1PN order, the equations agree with the
standard scalar-tensor equations, both for weakly self-gravitating bodies in the general class of theories [44] (shown
within the PPN framework in Sec. 6.2 and 7.3 of [37]), and for arbitrarily compact bodies in pure Brans-Dicke theory
(as displayed in Sec. 11.2 of [37]).
Although a number of authors have obtained partial results in scalar-tensor theory at 2PN order, notably the

metric sufficient to study light deflection at 2PN order [45, 46], and the generic structure of the 2PN Lagrangian for
N compact bodies [20], our explicit formulae for the 2PN and 2.5PN contributions to the two-compact-body equations
of motion are new.
The energy loss that results from the 1.5 PN and 2.5 PN terms in the equations of motion is in complete agreement

with the energy flux calculated to the corresponding order by Damour and Esposito-Farèse [35].
The other interesting limit is that in which both bodies are black holes. Assuming that Hawking’s result that

sBH = 1/2 applies equally for binary black holes as for isolated black holes, we find that the parameters γ̄, β̄A, δ̄A and
χ̄A all vanish, and α = 1 − ζ = (3 + 2ω0)/(4 + 2ω0). In this case the equations reduce identically to those of general
relativity through 2.5PN order, with GαmA replacing of GmA for each body. In other words, if each mass is rescaled
by (4 + 2ω0)/(3 + 2ω0), the scalar-tensor equations of motion for binary black holes, including the 2.5PN terms,
become identical to those in general relativity. Again this applies to all the equations of motion and related quantites
(total energy, Lagrangian), whether for the individual bodies or for the relative motion. Since the masses of bodies
in binary systems are measured purely via the Keplerian dynamics of the system, the rescaling is unmeasurable, and
therefore, the dynamics of binary black holes in this class of theories is observationally indistinguishable from the
dynamics in general relativity. Assuming, as we believe will be the case, that this is also true for the gravitational
wave emission, the conclusion is that gravitational-wave observations of binary black hole systems will be unable to
distinguish between these two theories.
If only one member of the binary system is a black hole, then α = 1−ζ, and γ̄ = β̄A = 0, so that even at 1PN order,

the equations of motion are identical to those of general relativity, after rescaling each mass. Only at 1.5PN order
and above do differences between the two theories occur for the mixed binary system, because of the non-vanishing
of S− in the dipole radiation reaction term, and the non-vanishing of δ̄1 (if body 1 is the neutron star) in the 2PN
terms. However, in this case all the deviations from general relativity depend on a single parameter Q, given by

Q ≡ ζ(1− ζ)−1(1 − 2s1)
2 , (1.9)

where s1 is the sensitivity of the neutron star. In particular, all reference to the parameters λ1 and λ2 disappears,
and the motion through 2.5PN order is identical to that predicted by pure Brans-Dicke theory. If this conclusion
holds true for the gravitational-wave emission, then gravitational-wave observations of mixed black-hole neutron-star
binaries will be unable to distinguish between Brans-Dicke theory and its generalizations. The only caveat is that, for
a given neutron star, generalized scalar-tensor theories can predict very different values of its un-rescaled mass and
its sensitivity from those predicted by pure Brans-Dicke.
The remainder of this paper provides details. In Sec. II, we derive the “relaxed field equations” and the associated

formal equations of motion in scalar-tensor theories, and write down the formal solutions for the gravitational and
scalar fields in terms of solutions of the flat spacetime wave equation. In Sec. III we describe the formal structure
of the fields in the near zone, and in Sec. IV we obtain formal solutions for the fields through 2.5PN order in terms
of Poisson-like potentials and time derivatives of system multipole moments. In Sec. V we introduce the Eardley
approach for characterizing the compact bodies, rewrite all equations in terms of a “conserved” density in which the
masses of each body are constant, and arrive at the equations of motion expressed in terms of the redefined potentials.
In Sec. VI we apply the methods of [26] to express the equations of motion explicitly in terms of masses, positions
and velocities of each compact body in a two-body system. We obtain the 2-body Lagrangian, the conserved total
energy and linear momentum, the relative effective one-body equations of motion, and the rate of energy loss due to
gravitational-radiation reaction. Section VII presents a detailed discussion of the results.
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II. THE RELAXED FIELD EQUATIONS IN SCALAR-TENSOR THEORY

A. Field equations and equations of motion

We begin by recasting the field equations of scalar-tensor theory into a form that parallels as closely as possible
the “relaxed Einstein equations” used to develop post-Minkowskian and post-Newtonian theory in general relativity.
The original field equations of scalar-tensor theory as derived from the action of Eq. (1.1) take the form

Gµν =
8π

φ
Tµν +

ω(φ)

φ2

(

φ,µφ,ν − 1

2
gµνφ,λφ

,λ

)

+
1

φ
(φ;µν − gµν�gφ) , (2.1a)

�gφ =
1

3 + 2ω(φ)

(

8πT − 16πφ
∂T

∂φ
− dω

dφ
φ,λφ

,λ

)

, (2.1b)

where Tµν is the stress-energy tensor of matter and non-gravitational fields, Gµν is the Einstein tensor constructed
from the physical metric gµν , φ is the scalar field, ω(φ) is a coupling function, �g denotes the scalar d’Alembertian
with respect to the metric, and commas and semicolons denote ordinary and covariant derivatives, respectively. We
work throughout in the metric or “Jordan” representation of the theory, in contrast to the “Einstein” representation
used, for example in [35].
Normally, such as for a perfect-fluid source, the matter stress-energy tensor depends only on the matter field

variables and the physical metric gµν , not on the scalar field, and accordingly the term ∂T/∂φ does not appear in
the field equations. But in dealing with a system of self-gravitating bodies, we will adopt an approach pioneered by
Eardley [36]. Because φ controls the local value of the gravitational constant in and near each body in this class of
theories, the total mass of each body, including its self-gravitational binding energy, may depend on the scalar field.
Thus, as long as each body can be regarded as being in stationary equilibrium during its motion, Eardley proposed
letting each mass be a function of φ, namely MA(φ). With this assumption, T µν takes the form

T µν(xα) = (−g)−1/2
∑

A

∫

dτMA(φ)u
µ
Au

ν
Aδ

4(xαA(τ) − xα)

= (−g)−1/2
∑

A

MA(φ)u
µ
Au

ν
A(u

0
A)

−1δ3(x− xA) , (2.2)

where τ is proper time measured along the world line of body A and uµA is its four-velocity. The indirect coupling of
φ to matter via the binding energy is responsible for the term ∂T/∂φ in the field equations.
From the Bianchi identity applied to Eq. (2.1a), the equation of motion is

T µν
;ν =

∂T

∂φ
φ,µ , (2.3)

with the right-hand-side vanishing in the perfect-fluid case. From the compact body form of T µν in Eq. (2.2), it can
then be shown that the equation of motion for each compact body takes the modified geodesic form

uν∇ν(MA(φ)u
µ) = −dMA

dφ
φ,µ , (2.4)

or in terms of coordinate time and ordinary velocities vα,

dvj

dt
+ Γj

αβv
αvβ − Γ0

αβv
αvβvj = − 1

MA(u0)2
dMA

dφ
(φ,j − φ,0vj) . (2.5)

These equations of motion could also be derived directly from the effective matter action, Sm =
∑

A

∫

A
MA(φ)dτ .

Equation (2.2) can equally well be taken to describe a pressureless perfect fluid (dust), simply by letting the mass of
each particle be a constant, independent of φ.

B. Relaxed field equations

To recast Eq. (2.1a) into the form of a “relaxed” Einstein equation, we make use of the following well-known
property: defining the quantities

g
µν ≡ √−ggµν , (2.6a)
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Hµανβ ≡ g
µν
g
αβ − g

αν
g
βµ , (2.6b)

it can be shown that the following is an identity, valid for any spacetime,

Hµανβ
,αβ = (−g)(2Gµν + 16πtµνLL) , (2.7)

where tµνLL is the Landau-Lifshitz pseudotensor [see Eq. (20.22) of [47] for an explicit formula].
To incorporate scalar-tensor theory into this framework, we assume that, far from any isolated source, the metric

takes its Minkowski form ηµν , and that the scalar field φ tends to a constant value φ0. We define the rescaled scalar
field ϕ ≡ φ/φ0. We next define the conformally transformed metric g̃µν by

g̃µν ≡ ϕgµν , (2.8)

and the gravitational field h̃µν by the equation

g̃
µν ≡

√

−g̃g̃µν ≡ ηµν − h̃µν . (2.9)

From Eq. (2.8) it can be shown that this is equivalent to

g
µν ≡ ϕ−1(ηµν − h̃µν) . (2.10)

We now impose the “Lorentz” gauge condition

h̃µν,ν = 0 , (2.11)

which is equivalent to

g
µν

,ν = −ϕ−2ϕ,ν(η
µν − h̃µν) . (2.12)

Substituting Eqs. (2.1a), (2.1b), (2.9) and (2.11) into (2.7), we can recast the field equation (2.1a) into the form

�ηh̃
µν = −16πτµν , (2.13)

where �η is the flat spacetime d’Alembertian with respect to ηµν , and where

16πτµν = 16π(−g) ϕ
φ0
T µν + Λµν + Λµν

S , (2.14)

where

Λµν ≡ 16π [(−g)tµνLL] (g̃
µν) + h̃µα,β h̃

νβ
,α − h̃αβ h̃µν,αβ , (2.15a)

Λµν
S ≡ (3 + 2ω)

ϕ2
ϕ,αϕ,β

(

g̃
µα

g̃
νβ − 1

2
g̃
µν
g̃
αβ

)

, (2.15b)

where the notation [(−g)tµνLL](g̃
µν) denotes that the Landau-Lifshitz piece should be calculated using only g̃, in other

words, exactly as in general relativity, except using the conformal metric, rather than the physical metric. The scalar
field equation can also be rewritten in terms of a flat-spacetime wave equation, of the form

�ηϕ = −8πτs , (2.16)

where

τs = − 1

3 + 2ω

√−g ϕ
φ0

(

T − 2ϕ
∂T

∂ϕ

)

− 1

8π
h̃αβϕ,αβ

+
1

16π

d

dϕ

[

ln

(

3 + 2ω

ϕ2

)]

ϕ,αϕ,β g̃
αβ . (2.17)

In principle, Eqs. (2.6a) and (2.9) can be combined to give gµν in terms of ϕ and h̃µν , although in practice, we will
express it as a PN expansion. The final result will be the relaxed field equations (2.13) - (2.17) expressed entirely
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in terms of h̃µν , ϕ, and the matter variables. The next task will be to solve these equations iteratively in a post-
Newtonian expansion in the near-zone. Formally the solutions of these wave equations can be expressed using the
standard retarded Green function, in the form

h̃µν(t,x) = 4

∫

τµν (t− |x− x
′|,x′)

|x− x
′| d3x′ ,

ϕ(t,x) = 2

∫

τs(t− |x− x
′|,x′)

|x− x
′| d3x′ , (2.18)

where the integration is over the past flat spacetime null cone of the field point (t,x). We will expand these integrals
in the near-zone, and incorporate a slow-motion, weak-field expansion in terms of a small parameter ǫ ∼ v2 ∼ m/r;
the strong-field internal gravity effects will be encoded in the functions MA(φ).

III. FORMAL STRUCTURE OF THE NEAR-ZONE FIELDS

We follow [25] (hereafter referred to as PWI) by defining a simplified notation for the field h̃µν and the scalar field
ϕ:

N ≡ h̃00 ∼ O(ǫ) ,

Ki ≡ h̃0i ∼ O(ǫ3/2) ,

Bij ≡ h̃ij ∼ O(ǫ2) ,

B ≡ h̃ii ≡
∑

i

h̃ii ∼ O(ǫ2) ,

Ψ ≡ ϕ− 1 ∼ O(ǫ) , (3.1)

where we show the leading order dependence on ǫ in the near zone. To obtain the equations of motion to 2.5PN
order, we need to determine the components of the physical metric and ϕ to the following orders: g00 to O(ǫ7/2), g0i
to O(ǫ3) , gij to O(ǫ5/2), and ϕ to O(ǫ7/2). From the definitions (2.6a) and (2.9), one can invert to find gµν in terms

of h̃µν and ϕ to the appropriate order in ǫ, as in PWI, Eq. (4.2). Expanding to the required order, we find,

g00 = −1 +

(

1

2
N +Ψ

)

+

(

1

2
B − 3

8
N2 − 1

2
NΨ−Ψ2

)

+

(

5

16
N3 − 1

4
NB +

1

2
KjKj +

3

8
N2Ψ− 1

2
BΨ+

1

2
NΨ2 +Ψ3

)

+O(ǫ4) , (3.2a)

g0i = −Ki +

(

1

2
N + Ψ

)

Ki +O(ǫ7/2) , (3.2b)

gij = δij
{

1 +

(

1

2
N −Ψ

)

−
(

1

8
N2 +

1

2
B +

1

2
NΨ−Ψ2

)}

+Bij

+O(ǫ3) , (3.2c)

(−g) = 1 + (N − 4Ψ)− (B + 4NΨ− 10Ψ2) +O(ǫ3) . (3.2d)

In Eqs. (3.2) we do not distinguish between covariant and contravariant components of quantities such as Ki or Bij ,
since their indices are assumed to be raised or lowered using the Minkowski metric, whose spatial components are δij .
We now define a set of provisional “densities” following the convention of Blanchet and Damour [48], but adding a

separate density for the scalar field equation:

σ ≡ T 00 + T ii ,

σi ≡ T 0i ,

σij ≡ T ij .

σs ≡ −T + 2ϕ∂T/∂ϕ . (3.3)

The second contribution to σs will be non-zero only in the case where our system consists of gravitationally bound
bodies, whose internal structure could depend on the environmental value of ϕ.
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Because of the way we have formulated the relaxed scalar-tensor equations, the quantity Λµν has exactly the same
form as in PWI, Eq. (4.4). To the 2PN order needed for our work, we have

Λ00 = −7

8
(∇N)2 +

{

5

8
Ṅ2 − N̈N − 2Ṅ ,kKk +

1

2
Ki,j(3Kj,i +Ki,j)

+K̇jN ,j −BijN ,ij +
1

4
∇N · ∇B +

7

8
N(∇N)2

}

+O(ρǫ3) , (3.4a)

Λ0i =

{

N ,k(Kk,i −Ki,k) +
3

4
ṄN ,i

}

+O(ρǫ5/2) , (3.4b)

Λij =
1

4
{N ,iN ,j − 1

2
δij(∇N)2}+

{

2Kk,(iKj),k −Kk,iKk,j −Ki,kKj,k + 2N ,(iK̇j) +
1

2
N ,(iB,j)

−1

2
N(N ,iN ,j − 1

2
δij(∇N)2)− δij(K l,kK [k,l] +N ,kK̇k +

3

8
Ṅ2 +

1

4
∇N · ∇B)

}

+O(ρǫ3) , (3.4c)

Λii = −1

8
(∇N)2 +

{

K l,kK [k,l] −N ,kK̇k − 1

4
∇N · ∇B − 9

8
Ṅ2 +

1

4
N(∇N)2

}

+O(ρǫ3) . (3.4d)

To the required order, the scalar stress-energy pseudotensor is given by

Λ00
S =

3 + 2ω0

2
(∇Ψ)2 +

3 + 2ω0

2

{

N(∇Ψ)2 − 2

(

1− ω′
0

3 + 2ω0

)

Ψ(∇Ψ)2 + Ψ̇2

}

+O(ρǫ3) , (3.5a)

Λ0i
S = −(3 + 2ω0)Ψ̇Ψ,i +O(ρǫ5/2) , (3.5b)

Λij
S = (3 + 2ω0)

{

Ψ,iΨ,j − 1

2
δij(∇Ψ)2

}

−(3 + 2ω0)

{

2

(

1− ω′
0

3 + 2ω0

)

Ψ

[

Ψ,iΨ,j − 1

2
δij(∇Ψ)2

]

− 1

2
δijΨ̇2

}

+O(ρǫ3) , (3.5c)

Λii
S = −3 + 2ω0

2
(∇Ψ)2 + (3 + 2ω0)

{(

1− ω′
0

3 + 2ω0

)

Ψ(∇Ψ)2 +
3

2
Ψ̇2

}

+O(ρǫ3) , (3.5d)

where ω′
0 ≡ (dω/dϕ)0.

The near-zone expansions of the fields N , Ki, Bij and Ψ are then given by

NN = 4ǫ

∫

M

τ00(t,x′)

|x− x
′| d

3x′ + 2ǫ2∂2t

∫

M

τ00(t,x′)|x− x
′|d3x′ − 2

3
ǫ5/2

(3)

Ikk(t) +
1

6
ǫ3∂4t

∫

M

τ00(t,x′)|x− x
′|3d3x′

− 1

30
ǫ7/2

{

(4xkl + 2r2δkl)
(5)

Ikl(t) −4xk
(5)

Ikll(t) +
(5)

Ikkll(t)

}

+N∂M +O(ǫ4) , (3.6a)

Ki
N = 4ǫ3/2

∫

M

τ0i(t,x′)

|x− x
′| d

3x′ + 2ǫ5/2∂2t

∫

M

τ0i(t,x′)|x− x
′|d3x′ + 2

9
ǫ3

{

3xk
(4)

Iik(t) −
(4)

Iikk(t) +2ǫmik
(3)

Jmk(t)

}

+Ki
∂M +O(ǫ7/2) , (3.6b)

Bij
N = 4ǫ2

∫

M

τ ij(t,x′)

|x− x
′| d

3x′ − 2ǫ5/2
(3)

Iij(t) +2ǫ3∂2t

∫

M

τ ij(t,x′)|x− x
′|d3x′

−1

9
ǫ7/2

{

3r2
(5)

Iij(t) −2xk
(5)

Iijk(t) −8xkǫmk(i
(4)

Jm|j)(t) +6
(3)

M ijkk(t)

}

+Bij
∂M +O(ǫ4) , (3.6c)

ΨN = 2ǫ

∫

M

τs(t,x
′)

|x− x
′| d

3x′ − 2ǫ3/2Ṁs + ǫ2∂2t

∫

M

τs(t,x
′)|x− x

′|d3x′

−1

3
ǫ5/2

(

r2
(3)

Ms(t) −2xj
(3)

Ij
s (t) +

(3)

Ikk
s (t)

)

+
1

12
ǫ3∂4t

∫

M

τs(t,x
′)|x− x

′|3d3x′

− 1

60
ǫ7/2

{

r4
(5)

Ms(t) −4r2xj
(5)

Ij
s (t) +(4xkl + 2r2δkl)

(5)

Ikl
s (t) −4xk

(5)

Ikll
s (t) +

(5)

Ikkll
s (t)

}

+O(ǫ4) , (3.6d)
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where we define the moments of the system by

IQ ≡
∫

M

τ00xQd3x , (3.7a)

J iQ ≡ ǫiab
∫

M

τ0bxaQd3x , (3.7b)

M ijQ ≡
∫

M

τ ijxQd3x , (3.7c)

IQ
s ≡

∫

M

τsx
Qd3x , (3.7d)

Ms ≡
∫

M

τsd
3x . (3.7e)

The index Q is a multi-index, such that xQ denotes xi1 . . . xiq . The integrals are taken over a constant time
hypersurface M at time t out to a radius R, which represents the boundary between the near zone and the far zone.
The structure of the expansions for NN , Ki

N and Bij
N is identical to the structure in PWI because the source τµν

satisfies the conservation law τµν ,ν = 0, a consequence of the Lorentz gauge condition. However, no such explicit
conservation law applies to τs; nevertheless, in a post-Newtonian expansion, we will be able to show, for example, that
the term ǫ3/2Ṁs actually vanishes to lowest PN order, and thus contributes only beginning at ǫ5/2 order; the other
terms involving time derivatives ofMs will also be boosted to one higher PN order. The time derivatives of the dipole
moments Ij

s do not vanish in general; this is related to the well-known phenomenon of dipole gravitational radiation

that can occur in scalar-tensor theories. The boundary terms N∂M, Ki
∂M and Bij

∂M can be found in Appendix C of
PWI, but they will play no role in our analysis. As in PWI, we will discard all terms that depend on the radius R of
the near-zone; these necessarily cancel against terms that arise from integrating over the remainder of the past null
cone; those “outer” integrals can be shown to make no contribution to the near zone metric to the PN order at which
we are working.
In the near zone, the potentials are Poisson-like potentials and their generalizations. Most were defined in [25], but

we will need to define additional potentials associated with the scalar field. For a source f , we define the Poisson
potential to be

P (f) ≡ 1

4π

∫

M

f(t,x′)

|x− x
′|d

3x′ , ∇2P (f) = −f . (3.8)

We also define potentials based on the “densities” σ, σi and σij and σs constructed from Tαβ and from T −2ϕ∂T/∂ϕ,

Σ(f) ≡
∫

M

σ(t,x′)f(t,x′)

|x− x
′| d3x′ = P (4πσf) , (3.9a)

Σi(f) ≡
∫

M

σi(t,x′)f(t,x′)

|x− x
′| d3x′ = P (4πσif) , (3.9b)

Σij(f) ≡
∫

M

σij(t,x′)f(t,x′)

|x− x
′| d3x′ = P (4πσijf) , (3.9c)

Σs(f) ≡
∫

M

σs(t,x
′)f(t,x′)

|x− x
′| d3x′ = P (4πσsf) , (3.9d)

along with the superpotentials

X(f) ≡
∫

M

σ(t,x′)f(t,x′)|x− x
′|d3x′ , (3.10a)

Y (f) ≡
∫

M

σ(t,x′)f(t,x′)|x− x
′|3d3x′ , (3.10b)

and their obvious counterparts X i, Xs, and so on. A number of potentials occur sufficiently frequently in the PN
expansion that it is useful to define them specifically. There are the “Newtonian” potentials,

U ≡
∫

M

σ(t,x′)

|x− x
′|d

3x′ = P (4πσ) = Σ(1) , (3.11a)
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Us ≡
∫

M

σs(t,x
′)

|x− x
′| d

3x′ = P (4πσs) = Σs(1) . (3.11b)

The potentials needed for the post-Newtonian limit are:

V i ≡ Σi(1) , Φij
1 ≡ Σij(1) , Φ1 ≡ Σii(1) , Φs

1 ≡ Σs(v
2) ,

Φ2 ≡ Σ(U) , Φs
2 ≡ Σs(U) , Φ2s ≡ Σ(Us) , Φs

2s ≡ Σs(Us) ,

X ≡ X(1) , Xs ≡ Xs(1) . (3.12)

Useful 2PN potentials include:

V i
2 ≡ Σi(U) , V i

2s ≡ Σi(Us) ,

Φi
2 ≡ Σ(V i) , Y ≡ Y (1) ,

X i ≡ X i(1) , X1 ≡ X ii(1) ,

X2 ≡ X(U) , X2s ≡ X(Us) ,

Xs
2 ≡ Xs(U) , Xs

2s ≡ Xs(Us) ,

P ij
2 ≡ P (U ,iU ,j) , P2 ≡ P ii

2 = Φ2 −
1

2
U2 ,

P ij
2s ≡ P (U ,i

s U
,j
s ) , P2s ≡ P ii

2s = Φs
2s −

1

2
U2
s ,

G1 ≡ P (U̇2) , G1s ≡ P (U̇2
s ) ,

G2 ≡ P (UÜ) , G2s ≡ P (UÜs) ,

G3 ≡ −P (U̇ ,kV k) , G3s ≡ −P (U̇ ,k
s V

k) ,

G4 ≡ P (V i,jV j,i) , G5 ≡ −P (V̇ kU ,k) ,

G6 ≡ P (U ,ijΦij
1 ) , G6s ≡ P (U ,ij

s Φij
1 ) ,

Gi
7 ≡ P (U ,kV k,i) + 3

4P (U
,iU̇) ,

H ≡ P (U ,ijP ij
2 ) , Hs ≡ P (U ,ijP ij

2s) ,

Hs ≡ P (U ,ij
s P ij

2 ) , Hs
s ≡ P (U ,ij

s P ij
2s) . (3.13)

IV. EXPANSION OF NEAR-ZONE FIELDS TO 2.5PN ORDER

In evaluating the contributions at each order, we shall use the following notation,

N = ǫ(N0 + ǫN1 + ǫ3/2N1.5 + ǫ2N2 + ǫ5/2N2.5) +O(ǫ4) , (4.1a)

Ki = ǫ3/2(Ki
1 + ǫKi

2 + ǫ3/2Ki
2.5) +O(ǫ7/2) , (4.1b)

B = ǫ2(B1 + ǫ1/2B1.5 + ǫB2 + ǫ3/2B2.5) +O(ǫ4) , (4.1c)

Bij = ǫ2(Bij
2 + ǫ1/2Bij

2.5) +O(ǫ3) , (4.1d)

Ψ = ǫ(Ψ0 + ǫ1/2Ψ0.5 + ǫΨ1 + ǫ3/2Ψ1.5 + ǫ2Ψ2 + ǫ5/2Ψ2.5) +O(ǫ4) , (4.1e)

where the subscript on each term indicates the level (1PN, 2PN, 2.5PN, etc.) of its leading contribution to the
equations of motion.

A. Newtonian, 1PN and 1.5PN solutions

At lowest order in the PN expansion, we only need to evaluate τ00 = (−g)T 00(ϕ/φ0)+O(ρǫ) = σ/φ0+O(ρǫ) (recall
that σii ∼ ǫσ), and τs = σs/[φ0(3+2ω0)]+O(ρǫ), where ω0 ≡ ω(φ0). Since both densities have compact support, the
outer integrals vanish, and we find

N0 =
4U

φ0
, (4.2)

Ψ0 =
2Us

φ0(3 + 2ω0)
. (4.3)
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Consider the case where we are dealing with pure perfect fluids, with no compact bodies having sensitivity factors
sA. Then to Newtonian order, σ = σs, U = Us, and the metric to Newtonian order is given by the leading term in
Eq. (3.2a),

g00 = −1 +

(

1

2
N +Ψ

)

(4.4)

= −1 + 2
4 + 2ω0

φ0(3 + 2ω0)
U . (4.5)

We therefore identify the coefficient of U in g00 as the effective Newtonian gravitational coupling constant, G, given
by

G ≡ 1

φ0

4 + 2ω0

3 + 2ω0
. (4.6)

However, we will not set G = 1 as is conventional in general relativity, in order to highlight the fact that it is an
effective gravitational constant linked to the asymptotic value of φ, which could, for example, vary with time as the
universe evolves. For future use, we also define the parameters

ζ ≡ 1

4 + 2ω0
,

λ1 ≡ (dω/dϕ)0ζ

3 + 2ω0
,

λ2 ≡ (d2ω/dϕ2)0ζ
2

3 + 2ω0
. (4.7)

A consequence of these definitions is that

1

φ0
= G(1 − ζ) ,

1

φ0(3 + 2ω0)
= Gζ . (4.8)

It is worth pointing out that ω0 enters at Newtonian order, via the modified coupling constant G of Eq. (4.6). It is
then clear, by virtue of the expansion ω(φ) = ω0 + (dω/dϕ)0Ψ + (d2ω/dϕ2)0Ψ

2/2 + . . . , that the parameter λ1 will
first contribute at 1PN order, λ2 will first contribute at 2PN order, and so on.
To this order, (−g) = 1 + 4GU(1− ζ) − 8GUsζ +O(ǫ2). Then, through PN order, the required forms for τµν and

τs are given by

τ00 = G(1 − ζ)

{

σ − σii +G(1− ζ)
(

4σU − 7

8π
(∇U)2

)

−Gζ
(

6σUs −
1

8π
(∇Us)

2
)

}

+O(ρǫ2) , (4.9a)

τ0i = G(1 − ζ)σi +O(ρǫ3/2) , (4.9b)

τ ii = G(1 − ζ)

{

σii − 1

8π
G(1− ζ)(∇U)2 − 1

8π
Gζ(∇Us)

2

}

+O(ρǫ2) , (4.9c)

τ ij = O(ρǫ) , (4.9d)

τs = Gζ

{

σs + 2G(1− ζ)σsU − 2G(2λ1 + ζ)σsUs +
1

2π
G(λ1 − ζ)(∇Us)

2

}

+O(ρǫ2) . (4.9e)

Substituting into Eqs. (3.6), and calculating terms through 1.5PN order (e.g. O(ǫ5/2) in N), we obtain

N1 = G(1− ζ)

{

7G(1 − ζ)U2 − 4Φ1 + 2G(1− ζ)Φ2 + 2Ẍ

−GζU2
s − 24GζΦ2s + 2GζΦs

2s

}

, (4.10a)

Ki
1 = 4G(1− ζ)V i , (4.10b)

B1 = G(1− ζ)

{

G(1 − ζ)U2 + 4Φ1 − 2G(1− ζ)Φ2



13

+GζU2
s − 2GζΦs

2s

}

, (4.10c)

Ψ1 = Gζ

{

−2G(λ1 − ζ)U2
s + 4G(1− ζ)Φs

2 − 4G(λ1 + 2ζ)Φs
2s + Ẍs

}

, (4.10d)

N1.5 = −2

3

(3)

Ikk(t) , (4.10e)

B1.5 = −2
(3)

Ikk(t) , (4.10f)

Ψ1.5 = −2Ṁs(t) +
2

3
xj

(3)

Ij
s (t) −

1

3

(3)

Ikk
s (t) . (4.10g)

In Eq. (4.10g), we have used the fact (to be verified later) that, because of the conservation of baryon number, and
assuming that our compact bodies have stationary internal structure, Ms(t) is constant to the lowest PN order. Thus,

rather than contributing to Ψ0.5 as shown in Eq. (3.6d), the term −2Ṁs contributes to Ψ1.5; similarly the term in
Ψ1.5 involving three time derivatives of Ms actually contributes to Ψ2.5.
The physical metric to 1.5PN order is then given by

g00 = −1 + 2G(1− ζ)U + 2GζUs − 2G2(1− ζ)2U2 − 2G2ζ(ζ + λ1)U
2
s

−4G2ζ(1 − ζ)U Us + 4G2ζ(1− ζ)Φs
2 − 12G2ζ(1 − ζ)Φ2s

−4G2ζ(2ζ + λ1)Φ
s
2s +G(1− ζ)Ẍ +GζẌs

−4

3

(3)

Ikk(t) −2Ṁs(t) +
2

3
xj

(3)

Ij
s (t) −

1

3

(3)

Ikk
s (t) +O(ǫ3) , (4.11a)

g0i = −4G(1− ζ)V i +O(ǫ5/2) , (4.11b)

gij = δij
[

1 + 2G(1− ζ)U − 2GζUs

]

+O(ǫ2) . (4.11c)

B. 2PN and 2.5PN solutions

At 2PN and 2.5PN order, we obtain, from Eqs. (2.14), (3.4) and (3.5),

τ ij = G(1− ζ)σij +
1

4π
G2(1− ζ)2

(

U ,iU ,j − 1

2
δij(∇U)2

)

+
1

4π
G2ζ(1− ζ)

(

U ,i
s U

,j
s − 1

2
δij(∇Us)

2
)

+O(ρǫ2) , (4.12a)

τ0i = G(1− ζ)σi +G2(1− ζ)2
(

4σiU +
2

π
U ,jV [j,i] +

3

4π
U̇U ,i

)

−G2ζ(1 − ζ)
(

6σiUs +
1

4π
U̇sU

,i
s

)

+O(ρǫ5/2) . (4.12b)

Outer integrals and boundary terms contribute nothing, so we obtain

Bij
2 = 4G(1− ζ)Φij

1 +G2(1 − ζ)2
[

4P ij
2 − δij(2Φ2 − U2)

]

+G2ζ(1 − ζ)
[

4P ij
2s − δij(2Φs

2s − U2
s )
]

, (4.13a)

Ki
2 = G2(1− ζ)2

(

8V i
2 − 8Φi

2 + 8UV i + 16Gi
7

)

+ 2G(1− ζ)Ẍ i −G2ζ(1− ζ)
(

24V i
2s + 4P (U̇sU

,i
s )
)

, (4.13b)

Bij
2.5 = −2

(3)

Iij(t) , (4.13c)

Ki
2.5 =

2

3
xk

(4)

Iik(t) −2

9

(4)

Iikk(t) +
4

9
ǫmik

(3)

Jmk(t) . (4.13d)

All solutions obtained so far must be substituted into Eqs. (2.14), (2.17), (3.4) and (3.5) to obtain τ00, τ ii and τs to
the required order,

τ00 = G(1− ζ)

{

σ − σii +G(1 − ζ)
(

4σU − 7

8π
(∇U)2

)

−Gζ
(

6σUs −
1

8π
(∇Us)

2
)

}

+G2(1− ζ)2
{

σ

[

7G(1− ζ)U2 − 8Φ1 + 2G(1− ζ)Φ2 + 2Ẍ

]

− 4σiiU
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+
1

4π

[

5

2
U̇2 − 4UÜ − 8U̇ ,kV k + 2V i,j(3V j,i + V i,j) + 4V̇ jU ,j − 4U ,ijΦij

1 + 8∇U · ∇Φ1

−7

2
∇U · ∇Ẍ −G(1− ζ)

(

4∇U · ∇Φ2 + 10U(∇U)2 + 4U ,ijP ij
2

)

]}

+G2ζ(1 − ζ)

{

σ

[

G(6λ1 − 1 + 19ζ)U2
s −G(1 − ζ)

(

24UUs + 24Φ2s + 12Φs
2

)

+2G(6λ1 + 1 + 11ζ)Φs
2s − 3Ẍs

]

+ 6σiiUs

+
1

4π

[

G(1 − ζ)
(

2U(∇Us)
2 + 4Us∇U · ∇Us + 42∇U · ∇Φ2s + 2∇Us · ∇Φs

2 − 4∇U · ∇Φs
2s − 4U ,ijP ij

2s

)

+
1

2
U̇2
s − 2G(λ1 + 2ζ)∇Us · ∇Φs

2s +
1

2
∇Us · ∇Ẍs

]}

+G(1− ζ)

{

σ

[

4

3

(3)

Ikk(t) +6Ṁs(t)− 2xj
(3)

Ij
s (t) +

(3)

Ikk
s (t)

]

+
1

2π
U ,ij

(3)

Iij(t) +
1

12π
U ,j
s

(3)

Ij
s (t)

}

+O(ρǫ3) , (4.14a)

τ ii = G(1− ζ)

{

σii − 1

8π
G(1 − ζ)(∇U)2 − 1

8π
Gζ(∇Us)

2

}

+G2(1− ζ)2
{

4σiiU − 1

4π

[

9

2
U̇2 + 4V i,jV [i,j] + 4V̇ jU ,j +

1

2
∇U · ∇Ẍ

]}

−G2ζ(1 − ζ)

{

6σiiUs −
1

4π

[

3

2
U̇2
s −G(1− ζ)

(

2∇Us · ∇Φs
2 − 6∇U · ∇Φ2s

)

+2G(λ1 + 2ζ)∇Us · ∇Φs
2s −

1

2
∇Us · ∇Ẍs

]}

− 1

12π
G(1− ζ)U ,j

s

(3)

Ij
s (t) +O(ρǫ

3) , (4.14b)

τs = Gζ

{

σs + 2G(1− ζ)σsU − 2G(2λ1 + ζ)σsUs +
1

2π
G(λ1 − ζ)(∇Us)

2

}

+G2ζσs

{

G(1− ζ)

[

2(1− ζ)U2 − 4(2λ1 + ζ)
(

UUs +Φs
2

)

− 12ζΦ2s

]

− (1 − ζ)
(

4Φ1 − Ẍ
)

+G(20λ21 − 4λ2 + 6ζλ1 + 2ζ2)U2
s + 4G(2λ1 + ζ)(λ1 + 2ζ)Φs

2s − (2λ1 + ζ)Ẍs

}

− 1

8π
G2ζ

{

(1 − ζ)
(

8UÜs + 16V jU̇ ,j
s + 8Φij

1 U
,ij
s

)

+ 4(λ1 − ζ)
(

U̇2
s −∇Us · ∇Ẍs

)

−G(1− ζ)

[

16(λ1 − ζ)∇Us · ∇Φs
2 − 8(1− ζ)U ,ij

s P ij
2 − 8ζU ,ij

s P ij
2s

]

+16G(λ1 + 2ζ)(λ1 − ζ)∇Us · ∇Φs
2s − 8G(λ2 − 4λ21 + 4ζλ1 − ζ2)Us(∇Us)

2

}

+G

{

σs

[

2

3
ζ

(3)

Ikk(t) +
1

3
(2λ1 + ζ)

(

6Ṁs(t)− 2xj
(3)

Ij
s (t) +

(3)

Ikk
s (t)

)]

+
1

2π
ζU ,ij

s

(3)

Iij(t) +
1

3π
(λ1 − ζ)U ,j

s

(3)

Ij
s (t)

}

+O(ρǫ3) . (4.14c)

Substituting into Eqs. (3.6a), (3.6c) and (3.6d) and evaluating terms through O(ǫ7/2), and verifying that the outer
integrals and surface terms make no R-independent contributions, we obtain,

N2 = G(1− ζ)

{

1

6

(4)

Y −2Ẍ1 +G(1 − ζ)

[

7UẌ − 16UΦ1 − 4V iV i − 16Σ(Φ1) + Σ(Ẍ) + 8Σi(V i) + Ẍ2

−4G1 − 16G2 + 32G3 + 24G4 − 16G5 − 16G6

]

+G2(1− ζ)2
[

8UΦ2 +
20

3
U3 − 16H

]}
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+G2ζ(1 − ζ)

{

24Σii(Us)− UsẌs − 12Σ(Ẍs) + Σs(Ẍs)− 12Ẍ2s + Ẍs
2s + 4G1s

+G(1− ζ)

[

8UΦs
2s − 4UsΦ

s
2 − 84UΦ2s − 4UU2

s − 12Σ(Φ2s)− 48Σ(Φs
2)

+4Σs(Φ
s
2) + 4Σs(UUs)− 12Σ(UUs)− 16Hs

]

+ 24G(λ1 + 3ζ)Σ(U2
s )

+4G(λ1 + 2ζ)

[

12Σ(Φs
2s)− Σs(Φ

s
2s)− Σs(U

2
s ) + UsΦ

s
2s

]}

, (4.15a)

B2 = G(1− ζ)

{

2Ẍ1 +G(1 − ζ)

[

UẌ + 4V iV i − Σ(Ẍ)− 8Σi(V i) + 16Σii(U)

−Ẍ2 − 20G1 + 8G4 + 16G5

]}

+G2ζ(1 − ζ)

{

UsẌs − 24Σii(Us)− Σs(Ẍs)− Ẍs
2s + 4G1s

+G(1− ζ)

[

4UsΦ
s
2 − 12UΦ2s + 12Σ(Φ2s)− 4Σs(Φ

s
2)− 4Σs(UUs) + 12Σ(UUs)

]

+4G(λ1 + 2ζ)

[

Σs(Φ
s
2s) + Σs(U

2
s )− UsΦ

s
2s

]}

, (4.15b)

Ψ2 = Gζ

{

1

12

(4)

Ys +G(1− ζ)

[

2Σs(Ẍ)− 8Σs(Φ1)− 8G2s + 16G3s − 8G6s + 2Ẍs
2

]

−2G(λ1 + 2ζ)
(

Σs(Ẍs) + Ẍs
2s

)

− 2G(λ1 − ζ)UsẌs − 8G2(1 − ζ)(λ1 + 2ζ)

[

Σs(Φ
s
2) + Σs(UUs)

]

+8G2(λ1 + 2ζ)

[

(λ1 − ζ)UsΦ
s
2s + (λ1 + 2ζ)Σs(Φ

s
2s)

]

− 8G2(1− ζ)(λ1 − ζ)UsΦ
s
2

+G2(1− ζ)2
(

4Σs(U
2)− 8Hs

)

−G2ζ(1 − ζ)
(

24Σs(Φ2s) + 8Hs
s

)

−4

3
G2(λ2 − 4λ21 + 4ζλ1 − ζ2)U3

s − 4G2(λ2 − 4λ21 − 5ζλ1 − 4ζ2)Σs(U
2
s )

}

, (4.15c)

N2.5 = − 1

15
(2xkl + r2δkl)

(5)

Ikl(t) +
2

15
xk

(5)

Ikll(t) − 1

30

(5)

Ikkll(t) +G(1− ζ)

[

16

3
U

(3)

Ikk(t) −4X ,kl
(3)

Ikl(t)

+24UṀs(t)− 8(xkU −X ,k)
(3)

Ik
s (t) +4U

(3)

Ikk
s (t) −2

3
X ,k

s

(3)

Ik
s (t)

]

, (4.15d)

B2.5 = −1

3
r2

(5)

Ikk(t) +
2

9
xk

(5)

Ikll(t) +
8

9
xkǫmkj

(4)

Jmj(t) −2

3

(3)

Mkkll(t) +
2

3
G(1 − ζ)X ,k

s

(3)

Ik
s (t) , (4.15e)

Ψ2.5 = − 1

30
(2xkl + r2δkl)

(5)

Ikl
s (t) +

1

15
xk

(5)

Ikll
s (t) − 1

60

(5)

Ikkll
s (t) +

1

15
r2xk

(5)

Ik
s (t) −

1

3
r2

(3)

Ms(t)

+Gζ

[

4

3
Us

(3)

Ikk(t) −2X ,kl
s

(3)

Ikl(t)

]

+
4

3
G(λ1 + 2ζ)X ,k

s

(3)

Ik
s (t)

+
2

3
G(2λ1 + ζ)Us

[

6Ṁs(t)− 2xk
(5)

Ik
s (t) +

(3)

Ikk
s (t)

]

. (4.15f)

V. PN EXPANSION OF THE MATTER SOURCE

A. Energy momentum tensor and the conserved density

We now must expand the effective energy-momentum tensor, Eq. (2.2) in a PN expansion to the required order,
including the φ dependence of the masses MA. We first expand MA(φ) about the asymptotic value φ0:

MA(φ) =MA0 + δφ

(

dMA

dφ

)

0

+
1

2
δφ2

(

d2MA

dφ2

)

0

+
1

6
δφ3

(

d3MA

dφ3

)

0

+ . . . . (5.1)
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We then define the dimensionless “sensitivities”

sA ≡
(

d lnMA(φ)

d lnφ

)

0

,

s′A ≡
(

d2 lnMA(φ)

d(ln φ)2

)

0

,

s′′A ≡
(

d3 lnMA(φ)

d(ln φ)3

)

0

. (5.2)

Note that the definition of s′A used in [37] and [49] has the opposite sign from our definition. Recalling that φ =
φ0(1 + Ψ)we can write

MA(φ) = mA

[

1 + sAΨ+
1

2
(s2A + s′A − sA)Ψ

2

+
1

6
(s′′A + 3s′AsA − 3s′A + s3A − 3s2A + 2sA)Ψ

3 +O(Ψ4)

]

≡ mA [1 + S(sA; Ψ)] , (5.3)

where we define the constant mass for each body mA ≡MA0.
In general relativity, neglecting pressure, the stress energy tensor can be written as (PW II, Eq. (2.12))

T µν = ρ∗(−g)−1/2uµuν/u0 , (5.4)

where ρ∗ is identified as the “baryonic”, or “conserved” mass density, ρ∗ = mn
√−g u0, where n is the number density

of baryons, and m is the rest mass per baryon. It satisfies an exact continuity equation ∂ρ∗/∂t+∇ · (ρ∗v) = 0, and
implies that the baryonic mass of any isolated body is constant. Here we identify the “baryons” as our compact point
masses with constant mass mA, so that

ρ∗ =
∑

A

mAδ
3(x− xA) , (5.5)

Thus, we can rewrite Eq. (2.2) in the form

T µν = ρ∗(−g)−1/2u0vµvν [1 + S(s; Ψ)] , (5.6)

where ρ∗ is given by Eq. (5.5), and where we have substituted uµ = u0vµ, with vµ = dxµ/dt = (1,v) being the
ordinary velocity. We have dropped the subscript from the variable s in S because it will be assigned a label A
wherever the delta function that is implicit in ρ∗ corresponds to body A. Thus, we arrive at a conversion from the
σ-densities of Eq. (3.3) to ρ∗, given by

σ = ρ∗(−g)−1/2u0(1 + v2) [1 + S(s; Ψ)] ,

σi = ρ∗(−g)−1/2u0vi [1 + S(s; Ψ)] ,

σij = ρ∗(−g)−1/2u0vivj [1 + S(s; Ψ)] . (5.7)

To convert σs, recall that

T = gµνT
µν

= −ρ∗(−g)−1/2(u0)−1 [1 + S(s; Ψ)] , (5.8)

and that ϕ = 1 + Ψ, ∂/∂ϕ = ∂/∂Ψ. Consequently

σs = −T + 2ϕ
∂T

∂ϕ

= ρ∗(−g)−1/2(u0)−1

[

1 + S − 2(1 + Ψ)
∂S
∂Ψ

]

= ρ∗(−g)−1/2(u0)−1
[

(1 − 2s) + Ss(s; Ψ)
]

. (5.9)
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Defining

as ≡ s2 + s′ − 1

2
s ,

as
′ ≡ s′′ + 2ss′ − 1

2
s′ ,

bs ≡ as
′ − as + sas , (5.10)

we can write

S(s; Ψ) = sΨ+
1

4
(2as − s)Ψ2 +O(Ψ3) ,

Ss(s; Ψ) = −2asΨ− bsΨ
2 +O(Ψ3) . (5.11)

Substituting the expansion for the metric, Eq. (3.2), and for the metric potentials, Eq. (4.1), we obtain to the 2.5PN
order required for the equations of motion,

σ = ρ∗
[

1 + ǫ

(

3

2
v2 −G(1 − ζ)Uσ +Gζ(5 + 2s)Usσ

)

+ ǫ2
(

7

8
v4 +

5

2
G2(1− ζ)2U2

σ

+
1

2
G(1 − ζ)v2Uσ − 4G(1− ζ)viV i

σ +
3

2
(5 + 2s)Gζv2Usσ − (5 + 2s)G2ζ(1 − ζ)UσUsσ

+
1

2
(15 + 18s+ 4as)G

2ζ2U2
sσ +

3

4
B1 −

1

4
N1 +

1

2
(5 + 2s)Ψ1

)

+ǫ5/2
(

2N1.5 +
1

2
(5 + 2s)Ψ1.5

)

+O(ǫ3)

]

, (5.12a)

σi = ρ∗vi
[

1 + ǫ

(

1

2
v2 −G(1 − ζ)Uσ +Gζ(5 + 2s)Usσ

)

+O(ǫ2)

]

, (5.12b)

σij = ρ∗vivj [1 +O(ǫ)] , (5.12c)

σii = ρ∗v2
[

1 + ǫ

(

1

2
v2 −G(1− ζ)Uσ +Gζ(5 + 2s)Usσ

)

+O(ǫ2)

]

, (5.12d)

σs = ρ∗
[

(1 − 2s)− ǫ

{

1

2
(1− 2s)v2 + 3G(1− ζ)(1 − 2s)Uσ − 3Gζ

(

1− 2s− 4

3
as

)

Usσ

}

+ǫ2
{

− 1

8
(1− 2s)v4 +

21

2
G2(1− ζ)2(1− 2s)U2

σ − 1

2
G(1− ζ)(1 − 2s)v2Uσ

+4G(1− ζ)(1 − 2s)viV i
σ − 3

2
Gζ

(

(1− 2s)− 4

3
as

)

v2Usσ − 9G2ζ(1− ζ)

(

1− 2s− 4

3
as

)

UσUsσ

+
3

2
G2ζ2

(

1− 2s− 8as −
8

3
bs

)

U2
sσ +

1

4
(1− 2s)B1 −

3

4
(1− 2s)N1 +

3

2

(

1− 2s− 4

3
as

)

Ψ1

}

+ǫ5/2
{

3

2

(

1− 2s− 4

3
as

)

Ψ1.5

}

+O(ǫ3)

]

, (5.12e)

where Uσ, Usσ and V i
σ are defined in terms of the σ-densities.

Substituting these formulas into the definitions of Uσ, Usσ and the other potentials defined in terms of σ, we can
convert all potentials into new versions defined in terms of ρ∗, plus PN corrections. For example, we find that the
“Newtonian” potentials Uσ and Usσ become

Uσ = U + ǫ

{

3

2
Φ1 −G(1 − ζ)Φ2 + 6GζΦ2s −GζΦs

2s

}

+ǫ2
{

7

8
Σ(v4) +

5

2
G(1− ζ)Σ(Φ1) +

1

2
G(1− ζ)Σ(v2U)− 4G(1− ζ)Σ(viV i)− 1

2
G(1− ζ)Σ(Ẍ)

−G2(1− ζ)2Σ(Φ2) +
3

2
G2(1 − ζ)2Σ(U2) + 9GζΣ(v2Us)−

3

2
GζΣs(v

2Us) +
1

2
Gζ Σs(Φ

s
1)

−3Gζ Σ(Φs
1) + 3Gζ Σ(Ẍs)−

1

2
Gζ Σs(Ẍs)−G2ζ(1 + 12λ1 + 5ζ)Σ(Φs

2s) +G2ζ(2λ1 + ζ)Σs(Φ
s
2s)
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+G2ζ(1 + 17ζ − 6λ1)Σ(U
2
s )−

1

2
G2ζ(11ζ − 2λ1)Σs(U

2
s )− 6G2ζ(1− ζ)Σ(UUs) +G2ζ(1− ζ)Σs(UUs)

+2G2ζ2Σ(asU
2
s )− 6G2ζ(1− ζ)Σ(Φs

2) +G2ζ(1− ζ)Σs(Φ
s
2)− 24G2ζ2 Σ(Σ(asUs)) + 4G2ζ2 Σs(Σ(asUs))

}

+ǫ5/2
{

−4

3

(3)

Ikk(t) U − 1

6

(3)

Ikk
s (t) (6U − Us) +

1

3

(3)

Ij
s (t)

(

6xjU − xjUs − 6X ,j +X ,j
s

)

− Ṁs(t)(6U − Us)

}

+O(ǫ3) , (5.13)

Usσ = Us + ǫ

{

− 1

2
Φs

1 − 3G(1− ζ)Φs
2 + 3GζΦs

2s − 4GζΣ(asUs)

}

+ǫ2
{

−1

8
Σs(v

4)− 1

2
G(1 − ζ)Σs(Φ1)−

1

2
G(1− ζ)Σs(v

2U) + 4G(1 − ζ)Σs(v
iV i)− 3

2
G(1− ζ)Σs(Ẍ)

+G2(1− ζ)2Σs(Φ2) +
11

2
G2(1 − ζ)2Σs(U

2)− 3

2
GζΣs(v

2Us) + 2GζΣ(asv
2Us)−

3

2
GζΣs(Φ

s
1) + 2GζΣ(asΦ

s
1)

−2GζΣ(asẌs) +
3

2
GζΣs(Ẍs) + 4G2ζ(2λ1 + ζ)Σ(asΦ

s
2s) +G2ζ(1 − 4ζ − 6λ1)Σs(Φ

s
2s)− 4G2ζ(4ζ − λ)Σ(asU

2
s )

+
1

2
G2ζ(2 + 7ζ − 6λ1)Σs(U

2
s )− 4G2ζ2Σ(bsU

2
s )− 9G2ζ(1 − ζ)Σs(UUs) + 12G2ζ(1− ζ)Σ(asUUs)

−12G2ζ2Σs(Σ(asUs))− 3G2ζ(1 − ζ)Σs(Φ
s
2) + 4G2ζ(1− ζ)Σ(asΦ

s
2) + 16G2ζ2 Σ(asΣ(asUs))

}

+ǫ5/2

{

−1

6

(3)

Ikk
s (t) (3Us − 4Σ(as)) +

1

3

(3)

Ij
s (t)

(

3xjUs − 4xjΣ(as)− 3X ,j
s + 4X(as)

,j
)

− Ṁs(t) (3Us − 4Σ(as))

}

+O(ǫ3) , (5.14)

while the relevant PN potentials become

Φ1σ = Φ1 + ǫ

{

1

2
Σ(v4)−G(1 − ζ)Σ(v2U) + 6GζΣ(v2Us)−GζΣs(v

2Us)

}

+O(ǫ2) , (5.15)

Φ2σ = Φ2 + ǫ

{

3

2
Σ(v2U) +

3

2
Σ(Φ1)−G(1 − ζ)Σ(U2)−G(1 − ζ)Σ(Φ2)

+6GζΣ(UUs)−GζΣs(UUs) + 6GζΣ(Φ2s)−GζΣ(Φs
2s)

}

+O(ǫ2) , (5.16)

Φs
2σ = Φs

2 + ǫ

{

−1

2
Σs(v

2U) +
3

2
Σs(Φ1)− 3G(1− ζ)Σs(U

2)−G(1− ζ)Σs(Φ2)

+3GζΣs(UUs)− 4GζΣ(asUUs) + 6GζΣs(Φ2s)−GζΣs(Φ
s
2s)

}

+O(ǫ2) , (5.17)

Φ2sσ = Φ2s + ǫ

{

3

2
Σ(v2Us)−

1

2
Σ(Φs

1)−G(1− ζ)Σ(UUs)− 3G(1− ζ)Σ(Φs
2)

+6GζΣ(U2
s )−GζΣs(U

2
s ) + 3GζΣ(Φs

2s)− 4GζΣ(Σ(asUs))

}

+O(ǫ2) , (5.18)

Φs
2sσ = Φs

2s + ǫ

{

−1

2
Σs(v

2Us)−
1

2
Σs(Φ

s
1)− 3G(1− ζ)Σs(UUs)− 3G(1 − ζ)Σs(Φ

s
2)

+3GζΣs(U
2
s )− 4GζΣ(asU

2
s ) + 3GζΣs(Φ

s
2s)− 4GζΣs(Σ(asUs))

}

+O(ǫ2) , (5.19)

Ẍσ = Ẍ + ǫ

{

3

2
Ẍ(v2)−G(1 − ζ)Ẍ(U) + 6GζẌ(Us)−GζẌs(Us)

}

+O(ǫ2) , (5.20)

Ẍsσ = Ẍs + ǫ

{

−1

2
Ẍs(v

2)− 3G(1− ζ)Ẍs(U) + 3GζẌs(Us)− 4GζẌ(asUs)

}

+O(ǫ2) , (5.21)

V i
σ = V i + ǫ

{

1

2
Σ(viv2)−G(1− ζ)V i

2 + 6GζV i
2s −GζΣs(v

iUs)

}

+O(ǫ2) , (5.22)

where all potentials are now defined in terms of the density ρ∗, and including, where needed, the sensitivity factors
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s, as and bs. In manipulating these expressions, we have made use of the identities, valid for any function f ,
Σ(sf) = [Σ(f)− Σs(f)]/2 and Σ(xi f) = xiΣ(f)−X ,i(f). The potentials U and Us will henceforth be given by

U =

∫

M

ρ∗(t,x′)

|x− x
′| d

3x′ ,

Us =

∫

M

(

1− 2s(x′)
)

ρ∗(t,x′)

|x− x
′| d3x′ . (5.23)

In some cases we will use the same notation as before, to avoid a proliferation of hats, tildes or subscripts. We redefine
the Σ, X and Y potentials by

Σ(f) ≡
∫

M

ρ∗(t,x′)f(t,x′)

|x− x
′| d3x′ = P (4πρ∗f) , (5.24a)

Σi(f) ≡
∫

M

ρ∗(t,x′)v′if(t,x′)

|x− x
′| d3x′ = P (4πρ∗vif) , (5.24b)

Σij(f) ≡
∫

M

ρ∗(t,x′)v′iv′jf(t,x′)

|x− x
′| d3x′ = P (4πρ∗vivjf) , (5.24c)

Σs(f) ≡
∫

M

(

1− 2s(x′)
)

ρ∗(t,x′)f(t,x′)

|x− x
′| d3x′ = P (4π(1 − 2s)ρ∗f) , (5.24d)

X(f) ≡
∫

M

ρ∗(t,x′)f(t,x′)|x− x
′|d3x′ , (5.24e)

Y (f) ≡
∫

M

ρ∗(t,x′)f(t,x′)|x− x
′|3d3x′ , (5.24f)

and their obvious counterparts X i, X ij , Xs, Y
i, Y ij , Ys, and so on. With this new convention, all the potentials

defined in Eqs. (3.13) can be redefined appropriately.

B. Equation of motion in terms of potentials

Pulling together all the potentials expressed in terms of ρ∗, inserting into the metric, Eq. (3.2), calculating the
Christoffel symbols, we obtain from Eq. (2.5) the equation of motion

dvi/dt = aiN + ǫaiPN + ǫ3/2ai1.5PN + ǫ2ai2PN + ǫ5/2ai2.5PN +O(ǫ3) , (5.25)

where

aiN = G(1− ζ)U ,i +Gζ(1 − 2s)U ,i
s , (5.26)

aiPN = v2
[

G(1 − ζ)U ,i −Gζ(1 − 2s)U ,i
s

]

− 4G(1− ζ)vivjU ,j − vi
[

3G(1− ζ)U̇ −Gζ(1 − 2s)U̇s

]

−4G2(1− ζ)2UU ,i − 4G2ζ(1 − ζ)(1 − 2s)UU ,i
s − 2G2ζ [λ1(1− 2s) + 2ζs′]UsU

,i
s

+8G(1− ζ)vjV [i,j] + 4G(1− ζ)V̇ i +
1

2
G(1 − ζ)Ẍ ,i +

1

2
Gζ(1 − 2s)Ẍ ,i

s

+
3

2
G(1 − ζ)Φ,i

1 − 1

2
Gζ(1 − 2s)Φs

1
,i −G2(1− ζ)2Φ,i

2 −G2ζ(1 − ζ)(1 − 2s)Φs
2
,i

−G2ζ [1− ζ + (2λ1 + ζ)(1 − 2s)] Φs
2s

,i − 4G2ζ2(1− 2s)Σ,i(asUs) , (5.27)

ai1.5PN =
1

3
(1 − 2s)

(3)

Ii
s , (5.28)

ai2PN = 4G(1− ζ)vivjvkV j,k + v2vi
[

G(1− ζ)U̇ −Gζ(1 − 2s)U̇s

]

+vivj
[

4G2(1− ζ)2Φ,j
2 + 4G2ζ(1 − ζ)Φs

2s
,j − 2G(1− ζ)Φ,j

1 − 2G(1− ζ)Ẍ ,j
]
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+vjvk
[

2G(1− ζ)Φjk,i
1 − 4G(1− ζ)Φij,k

1 + 2G2(1− ζ)2P jk,i
2 − 4G2(1 − ζ)2P ij,k

2

+2G2ζ(1 − ζ)P jk,i
2s − 4G2ζ(1− ζ)P ij,k

2s

]

+v2
[

−1

2
G(1 − ζ)Φ,i

1 +
1

2
Gζ(1 − 2s)Φs

1
,i −G2(1− ζ)2Φ,i

2 +G2ζ(1 − ζ)(1 − 2s)Φs
2
,i

−G2ζ [1− ζ − (2λ1 + ζ)(1 − 2s)]Φs
2s

,i + 2G2ζ [λ1(1− 2s) + 2ζs′]UsU
,i
s

+4G2ζ2(1− 2s)Σ,i(asUs) +
1

2
G(1 − ζ)Ẍ ,i − 1

2
Gζ(1 − 2s)Ẍ ,i

s

]

+vi
[

3G2(1− ζ)2Φ̇2 −G2ζ(1 − ζ)(1 − 2s)Φ̇s
2 +G2ζ [3(1− ζ)− (2λ1 + ζ)(1 − 2s)] Φ̇s

2s

−4G2ζ2(1− 2s)Σ̇(asUs)− 2G2ζ [λ1(1− 2s) + 2ζs′]UsU̇s −
1

2
G(1 − ζ)Φ̇1 −

1

2
Gζ(1 − 2s)Φ̇s

1

−3

2
G(1 − ζ)

(3)

X +
1

2
Gζ(1 − 2s)

(3)

X s +4G2(1− ζ)2V kU ,k + 4G2ζ(1 − ζ)(1 − 2s)V kU ,k
s

]

+vj
[

8G2(1− ζ)2V
[i,j]
2 + 8G2ζ(1− ζ)Σ,[i

s (vj]Us)− 16G2(1− ζ)2Φ
[i,j]
2 + 4G(1− ζ)Ẍ [i,j]

+32G2(1 − ζ)2G
[i,j]
7 − 8G2ζ(1 − ζ)P (U̇sU

,[i
s ),j] − 16G2(1− ζ)2UV [i,j] − 4G(1− ζ)Σ,[i(vj]v2)

+8G2(1− ζ)2V iU ,j + 8G2ζ(1− ζ)(1 − 2s)V jU ,i
s − 4G(1− ζ)Φ̇ij

1 − 4G2(1− ζ)2Ṗ ij
2 − 4G2ζ(1 − ζ)Ṗ ij

2s

]

+
1

24
G(1− ζ)

(4)

Y ,i +
1

24
Gζ(1 − 2s)

(4)

Y ,i
s +2G(1− ζ)

(3)

X i +
3

4
G(1 − ζ)Ẍ ,i

1 − 1

4
Gζ(1 − 2s)Ẍ ,i

s (v
2)

+2G(1− ζ)Σ̇(viv2) +
7

8
G(1 − ζ)Σ,i(v4)− 1

8
Gζ(1 − 2s)Σ,i

s (v
4) +

9

2
G2(1− ζ)2Σ,i(v2U)

−1

2
G2ζ [3(1− ζ)− (2λ1 + ζ)(1 − 2s)] Σ,i

s (v
2Us)−

3

2
G2ζ(1− ζ)(1 − 2s)Σ,i

s (v
2U)

+2G2ζ2(1− 2s)Σ,i(v2asUs)− 4G2(1− ζ)2Σ,i(vjV j) + 4G2ζ(1− ζ)(1 − 2s)Σ,i
s (v

jV j)− 3

2
G2(1− ζ)2Σ,i(Φ1)

−3

2
G2ζ(1 − ζ)(1 − 2s)Σ,i

s (Φ1) + 2G2ζ2(1− 2s)Σ,i(asΦ
s
1) +

1

2
G2ζ [1− ζ + (2λ1 + ζ)(1 − 2s)]Σ,i

s (Φ
s
1)

−6G2(1− ζ)2UΦ,i
1 + 2G2ζ(1− ζ)(1 − 2s)UΦs

1
,i +G2ζ [λ1(1− 2s) + 2ζs′]UsΦ

s
1
,i

−2G2(1− ζ)2Φ1U
,i − 2G2ζ(1 − ζ)(1 − 2s)Φ1U

,i
s +G2ζ [λ1(1− 2s) + 2ζs′] Φs

1U
,i
s

−4G2(1− ζ)2Φij
1 U

,j − 4G2ζ(1− ζ)(1 − 2s)Φij
1 U

,j
s + 8G2(1 − ζ)2V jV j,i

+4G2(1− ζ)2V iU̇ − 4G2ζ(1 − ζ)(1 − 2s)V iU̇s

−2G2(1− ζ)2UẌ ,i − 2G2ζ(1 − ζ)(1 − 2s)UẌ ,i
s −G2ζ [λ1(1− 2s) + 2ζs′]UsẌ

,i
s

−2G2(1− ζ)2ẌU ,i − 2G2ζ(1 − ζ)(1 − 2s)ẌU ,i
s −G2ζ [λ1(1− 2s) + 2ζs′] ẌsU

,i
s

−8G2(1− ζ)2UV̇ i − 1

2
G2(1− ζ)2Σ,i(Ẍ)− 1

2
G2ζ(1− ζ)(1 − 2s)Σ,i

s (Ẍ)

−1

2
G2ζ [1− ζ + (2λ1 + ζ)(1 − 2s)] Σ,i

s (Ẍs)− 2G2ζ2(1− 2s)Σ,i(asẌs)

−1

2
G2(1− ζ)2Ẍ ,i

2 − 2G2ζ2(1− 2s)Ẍ ,i(asUs)−
1

2
G2ζ(1 − ζ)(1 − 2s)Ẍ ,i

s (U)

−1

2
G2ζ [1− ζ + (2λ1 + ζ)(1 − 2s)] Ẍ ,i

s (Us) + 4G2(1− ζ)2V̇ i
2 − 4G2ζ(1 − ζ)Σ̇s(v

iUs)

−8G2(1− ζ)2Φ̇i
2 − 6G2(1− ζ)2G,i

1 + 2G2ζ(1 − ζ)G,i
1s − 4G2(1− ζ)2G,i

2 − 4G2ζ(1 − ζ)(1 − 2s)G,i
2s

+8G2(1− ζ)2G,i
3 + 8G2ζ(1 − ζ)(1 − 2s)G,i

3s + 8G2(1− ζ)2G,i
4

−4G2(1− ζ)2G,i
6 − 4G2ζ(1 − ζ)(1 − 2s)G,i

6s + 16G2(1− ζ)2Ġi
7 − 4G2ζ(1 − ζ)Ṗ (U̇sU

,i
s )

+4G3(1− ζ)3UΦ,i
2 + 4G3ζ(1− ζ) [1− ζ + (2λ1 + ζ)(1 − 2s)]UΦs

2s
,i + 4G3ζ(1− ζ)2(1 − 2s)UΦs

2
,i

+2G3ζ(1 − ζ) [λ1(1− 2s) + 2ζs′]UsΦ
s
2
,i + 2G3ζ(2λ1 + ζ) [λ1(1 − 2s) + 2ζs′]UsΦ

s
2s

,i

+16G3ζ2(1− ζ)(1 − 2s)UΣ,i(asUs) + 8G3ζ2 [λ1(1− 2s) + 2ζs′]UsΣ
,i(asUs)

+4G3(1− ζ)3Φ2U
,i + 4G3ζ(1 − ζ)2Φs

2sU
,i + 2G3ζ(1 − ζ) [λ1(1− 2s) + 2ζs′] Φs

2U
,i
s
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+2G3ζ {2ζ(1− ζ)(1 − 2s) + (2λ1 + ζ)[λ1(1− 2s) + 2ζs′]}Φs
2sU

,i
s + 4G3ζ(1− ζ)2(1 − 2s)Φ2U

,i
s

+8G3ζ2 [λ1(1− 2s) + 2ζs′] Σ(asUs)U
,i
s

+8G3(1− ζ)3U2U ,i + 8G3ζ(1− ζ)2(1 − 2s)U2U ,i
s + 8G3ζ(1 − ζ) [λ1(1− 2s) + 2ζs′]UUsU

,i
s

+G3ζ
[

(8λ21 − 2ζλ1 − 2λ2)(1− 2s) + 12λ1ζs
′ − 4ζ2s′′

]

U2
sU

,i
s

−G3(1 − ζ)3Σ,i(Φ2)−G3ζ(1− ζ)2Σ,i(Φs
2s)−G3ζ(1 − ζ)2(1− 2s)Σ,i

s (Φ2)

+G3ζ {(2λ1 + ζ) [1− ζ + (2λ1 + ζ)(1 − 2s)]− ζ(1 − ζ)(1 − 2s)}Σ,i
s (Φ

s
2s)

+G3ζ(1 − ζ) [1− ζ + (2λ1 + ζ)(1 − 2s)]Σ,i
s (Φ

s
2) + 4G3ζ2(1− ζ)(1 − 2s)Σ,i(asΦ

s
2)

+4G3ζ2(2λ1 + ζ)(1 − 2s)Σ,i(asΦ
s
2s)

+16G3ζ3(1− 2s)Σ,i(asΣ(asUs)) + 4G3ζ2 [1− ζ + (2λ1 + ζ)(1 − 2s)] Σ,i
s (Σ(asUs))

+
3

2
G3(1− ζ)3Σ,i(U2) +

3

2
G3ζ(1 − ζ)2(1− 2s)Σ,i

s (U
2) +G3ζ(1 − ζ)2Σ,i(U2

s )

+
1

2
G3ζ

{

(2λ1 + ζ)(1 − ζ) + (1− 2s)
[

ζ(1 − ζ) + ζ(2λ1 + 1) + 16λ21 − 4λ2
]}

Σ,i
s (U

2
s )

+G3ζ(1 − ζ) [1− ζ + (2λ1 + ζ)(1 − 2s)]Σ,i
s (UsU) + 2G3ζ2 [1− ζ + 6λ1(1− 2s)]Σ,i(asU

2
s )

−4G3ζ3(1− 2s)Σ,i(bsU
2
s ) + 4G3ζ2(1− ζ)(1 − 2s)Σ,i(asUsU)

−4G3(1− ζ)3P ij
2 U

,j − 4G3ζ(1 − ζ)2P ij
2sU

,j − 4G3ζ(1 − ζ)2(1− 2s)P ij
2 U

,j
s − 4G3ζ2(1− ζ)(1 − 2s)P ij

2sU
,j
s

−4G3(1− ζ)3H ,i − 4G3ζ(1 − ζ)2H ,i
s − 4G3ζ(1 − ζ)2(1− 2s)Hs ,i − 4G3ζ2(1− ζ)(1 − 2s)Hs

s
,i , (5.29)

ai2.5PN =
3

5
xj

(

(5)

Iij −1

3
δij

(5)

Ikk

)

+ 2vj
(4)

Iij +2
[

G(1− ζ)U ,j +Gζ(1 − 2s)U ,j
s

]

(3)

Iij

+
4

3

[

G(1 − ζ)U ,i +Gζ(1 − 2s)U ,i
s

]

(3)

Ikk −
[

G(1 − ζ)X ,ijk +Gζ(1 − 2s)X ,ijk
s

]

(3)

Ijk

− 2

15

(5)

Iijj +
2

3
ǫqij

(4)

J qj − 1

15
(1 − 2s)xj

(

(5)

Iij
s +

1

2
δij

(5)

Ikk
s

)

+
1

15
(1− 2s)

(

xixj +
1

2
r2δij

) (5)

Ij
s

+
1

30
(1− 2s)

(5)

Iijj
s −1

3
v2(1− 2s)

(3)

Ii
s −4

3
G(1− ζ)(1 − 2s)U

(3)

Ii
s

+
1

6
vi(1− 2s)

(

2xj
(4)

Ij
s −

(4)

Ikk
s −6M̈s

)

− 1

3
(1− 2s)xi

(3)

Ms

−1

6
G

{

[1− ζ + (4λ1 + ζ)(1 − 2s) + 4ζs′]U ,i
s + 4ζ(1− 2s)Σ,i(as)

}

(

2xj
(3)

Ij
s −

(3)

Ikk
s −6Ṁs

)

−1

3
G

{

[1− ζ + (4λ1 + ζ)(1 − 2s) + 4ζs′]Us + 4ζ(1− 2s)Σ(as)

} (3)

Ii
s

+
1

3
G

{

[1− ζ + (2λ1 + ζ)(1 − 2s)]X ,ij
s + 4ζ(1− 2s)X ,ij

s (as)

} (3)

Ij
s . (5.30)

We next turn to the problem of expressing these equations explicitly in terms of positions and velocities of each body
in a two-body system.

VI. EQUATIONS OF MOTION FOR TWO COMPACT BODIES

We now wish to calculate the equation of motion for a member of a compact binary system. To do this, we integrate
ρ∗dvi/dt over body 1, and substitute Eq. (5.25) and then Eqs. (5.26) – (5.30). We follow closely the methods already
detailed in [26] (hereafter referred to as PWII) for evaluating the integrals of the various potentials, and so we will
not repeat those details here. Readers should consult Sec. III and Appendices B, C, and D of PWII for details. In
structural terms almost all of the potentials that appear in the 2PN terms in scalar-tensor theory also appear in
general relativity, apart from the differences in the types of densities that generate the potentials, for example Us vs.
U , Xs vs. X , Φs

2s vs. Φ2, and so on. The only 2PN term that does not appear in GR involves the potential P (U̇sU
,i
s ),

but this can be evaluated using the methods described in PWII.



22

Similarly, at 2.5PN order most of the moments that appear here also appear in GR, only a few, notably the
scalar monopole and dipole moments Ms and Ii

s are new. Particularly new is the appearance of a 1.5PN order term
generated by the scalar dipole moment; this, of course, is the radiation-reaction counterpart of the well-known dipole
gravitational radiation prediction of scalar-tensor theories.

A. Conservative 1PN and 2PN terms

We begin with the conservative Newtonian, 1PN and 2PN terms. The results are, at Newtonian and 1PN orders.

ai1 (PN) = −Gαm2

r2
ni +

Gαm2

r2
ni

{

−(1 + γ̄)v21 − (2 + γ̄)(v22 − 2v1 · v2) +
3

2
(v2 · n)2

+
[

4 + 2γ̄ + 2β̄1
] Gαm2

r
+
[

5 + 2γ̄ + 2β̄2
] Gαm1

r

}

+
Gαm2

r2
(v1 − v2)

i [(4 + 2γ̄)v1 · n− (3 + 2γ̄)v2 · n] ,

ai2 (PN) = (1 ⇋ 2) , (6.1)

where r ≡ |x1 −x2|, n ≡ (x1 −x2)/r, and where the parameters α, γ̄, and β̄A are defined in Table I. Note that under
the interchange (1 ⇋ 2), n → −n. At 2PN order, we find

ai1 (2PN) =
Gαm2

r2
ni

{

− (2 + γ̄)
[

v42 − 2v22(v1 · v2) + (v1 · v2)
2 + 3(v2 · n)2(v1 · v2)

]

+
3

2
(1 + γ̄)v21(v2 · n)2 +

3

2
(3 + γ̄) v22(v2 · n)2 −

15

8
(v2 · n)4

+
Gαm2

r

(

2(2 + γ̄)
[

v22 − 2v1 · v2

]

− 2β̄1v
2
1 +

1

2

(

(2 + γ̄)2 + 4δ̄2
) [

(v1 · n)2 − 2(v1 · n)(v2 · n)
]

−1

2

(

(6 − γ̄)(2 + γ̄) + 8β̄1 − 4δ̄2
)

(v2 · n)2
)

+
Gαm1

r

(

1

4

(

5 + 4β̄2
) [

v22 − 2v1 · v2

]

− 1

4

(

15 + 8γ̄ + 4β̄2
)

v21

+
1

2

(

17 + 18γ̄ + γ̄2 − 16β̄2 + 4δ̄1
)

(v2 · n)2

+
1

2

(

39 + 26γ̄ + γ̄2 − 8β̄2 + 4δ̄1
) [

(v1 · n)2 − 2(v1 · n)(v2 · n)
]

)

−1

4

G2α2m2
1

r2
(

57 + 44γ̄ + 9γ̄2 + 16(3 + γ̄)β̄2 + 4δ̄1 − 8χ̄2

)

−1

2

G2α2m1m2

r2
(

69 + 48γ̄ + 8γ̄2 + 8(3 + γ̄)β̄2 + 2(15 + 4γ̄)β̄1 − 48γ̄−1β̄1β̄2
)

−1

4

G2α2m2
2

r2
(

9(2 + γ̄)2 + 16(2 + γ̄)β̄1 + 4δ̄2 − 8χ̄1

)

}

+
Gαm2

r2
(vi1 − vi2)

{

2(2 + γ̄)

[

v22(v1 · n) + v1 · v2(v2 · n− v1 · n)−
3

2
(v1 · n)(v2 · n)2

]

+(1 + γ̄)v21(v2 · n)− (5 + 3γ̄)v22(v2 · n) +
3

2
(3 + 2γ̄)(v2 · n)3

+
Gαm1

4r

(

(

55 + 40γ̄ + 2γ̄2 − 16β̄2 + 8δ̄1
)

v2 · n−
(

63 + 40γ̄ + 2γ̄2 − 8β̄2 + 8δ̄1
)

v1 · n
)

−1

2

Gαm2

r

(

(

(2 + γ̄)2 + 4δ̄2
)

v1 · n+
(

4− γ̄2 + 4β̄1 − 4δ̄2
)

v2 · n
)}

,

ai2 (2PN) = (1 ⇋ 2) , (6.2)

where δ̄A and χ̄A are defined in Table I.
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It is straightforward to show that these equations of motion can be derived from a two-body Lagrangian, given by

L = −m1

(

1− 1

2
v21 −

1

8
v41 −

1

16
v61

)

+
1

2

Gαm1m2

r

+
Gαm1m2

r

{

1

2
(3 + 2γ̄)v21 − 1

4
(7 + 4γ̄)v1 · v2 −

1

4
(v1 · n)(v2 · n)−

1

2
(1 + 2β̄2)

Gαm1

r

}

+
Gαm1m2

r

{

1

8
(7 + 4γ̄)

[

v41 − v21(v2 · n)2
]

− (2 + γ̄)v21(v1 · v2) +
1

8
(v1 · v2)

2

+
1

16
(15 + 8γ̄)v21v

2
2 +

3

16
(v1 · n)2(v2 · n)2 +

1

4
(3 + 2γ̄)v1 · v2(v1 · n)(v2 · n)

+
Gαm1

r

[

1

8

(

2 + 12γ̄ + 7γ̄2 + 8β̄2 − 4δ̄1
)

v21 +
1

8

(

14 + 20γ̄ + 7γ̄2 + 4β̄2 − 4δ̄1
)

v22

−1

4

(

7 + 16γ̄ + 7γ̄2 + 4β̄2 − 4δ̄1
)

v1 · v2 −
1

4

(

14 + 12γ̄ + γ̄2 − 8β̄2 + 4δ̄1
)

(v1 · n)(v2 · n)

+
1

8

(

28 + 20γ̄ + γ̄2 − 8β̄2 + 4δ̄1
)

(v1 · n)2 +
1

8

(

4 + 4γ̄ + γ̄2 + 4δ̄1
)

(v2 · n)2
]

+
1

2

G2α2m2
1

r2

[

1 +
2

3
γ̄ +

1

6
γ̄2 + 2β̄2 +

2

3
δ̄1 −

4

3
χ̄2

]

+
1

8

G2α2m1m2

r2
[

19 + 8γ̄ + 8β̄1 + 8β̄2 − 32γ̄−1β̄1β̄2
]

}

−1

8
Gαm1m2

[

2(7 + 4γ̄)a1 · v2(v2 · n) + n · a1(v2 · n)2 − (7 + 4γ̄)n · a1v22
]

+(1 ⇋ 2) . (6.3)

As in general relativity, the Lagrangian contains acceleration-dependent terms at 2PN order, and thus the Euler-
Lagrange equations are (d2/dt2)(δL/δai)− (d/dt)(δL/δvi) + δL/δxi = 0. The equations of motion (absent radiation-
reaction terms) admit the usual conserved quantities. The energy is given to 2PN order by

E = m1

(

1

2
v21 +

3

8
v41 +

5

16
v61

)

− 1

2

Gαm1m2

r

+
Gαm1m2

r

{

1

2
(3 + 2γ̄)v21 −

1

4
(7 + 4γ̄)v1 · v2 −

1

4
(v1 · n)(v2 · n) +

1

2
(1 + 2β̄2)

Gαm1

r

}

+
Gαm1m2

r

{

3

8
(7 + 4γ̄)v41 −

1

8
(13 + 8γ̄)v21(v2 · n)2 −

1

8
(55 + 28γ̄)v21(v1 · v2) +

1

8
(17 + 8γ̄)(v1 · v2)

2

+
1

16
(31 + 16γ̄)v21v

2
2 +

3

16
(v1 · n)2(v2 · n)2 +

1

4
(3 + 2γ̄)v1 · v2(v1 · n)(v2 · n)

+
1

8
(13 + 8γ̄)v1 · v2(v1 · n)2 −

1

8
(9 + 4γ̄)v21(v1 · n)(v2 · n) +

3

8
v1 · n(v2 · n)3

+
Gαm1

r

[

−1

8

(

12− 4γ̄ − 7γ̄2 − 8β̄2 + 4δ̄1
)

v21 +
1

8

(

14 + 20γ̄ + 7γ̄2 + 4β̄2 − 4δ̄1
)

v22

−1

4

(

12γ̄ + 7γ̄2 + 4β̄2 − 4δ̄1
)

v1 · v2 −
1

4

(

13 + 12γ̄ + γ̄2 − 8β̄2 + 4δ̄1
)

(v1 · n)(v2 · n)

+
1

8

(

58 + 36γ̄ + γ̄2 − 8β̄2 + 4δ̄1
)

(v1 · n)2 +
1

8

(

4 + 4γ̄ + γ̄2 + 4δ̄1
)

(v2 · n)2
]

−1

2

G2α2m2
1

r2

[

1 +
2

3
γ̄ +

1

6
γ̄2 + 2β̄2 +

2

3
δ̄1 −

4

3
χ̄2

]

−1

8

G2α2m1m2

r2

[

19 + 8γ̄ + 8β̄1 + 8β̄2 − 32γ̄−1β̄1β̄2

]}

+(1 ⇋ 2) , (6.4)

while the total momentum is given by

P j = m1v
j
1

(

1 +
1

2
v21 +

3

8
v41

)

− 1

2

Gαm1m2

r

[

vj1 + nj(v1 · n)
]



24

+
Gαm1m2

r
vj1

{

1

8
(5 + 4γ̄)v21 −

1

8
(7 + 4γ̄)

(

2v1 · v2 − v22
)

− 1

4
(v1 · n)(v2 · n)

+
1

8
(13 + 8γ̄)

(

(v1 · n)2 − (v2 · n)2
)

− (3 + 2γ̄ − β̄2)
Gαm1

r
+

1

2
(7 + 4γ̄)

Gαm2

r

}

+
Gαm1m2

r
nj(v1 · n)

{

−1

8
(9 + 4γ̄)v21 +

1

8
(7 + 4γ̄)

(

2v1 · v2 − v22
)

+
3

8

(

(v1 · n)2 + (v2 · n)2
)

+
1

4
(29 + 16γ̄)

Gαm1

r
− 1

4
(9 + 8γ̄ − 8β̄1)

Gαm2

r

}

+(1 ⇋ 2) . (6.5)

B. Radiation-reaction terms

At 1.5PN order, the leading dipole radiation reaction term is given by

ai1 (1.5PN) =
1

3
(1 − 2s1)

(3)

Ii
s ,

ai2 (1.5PN) =
1

3
(1 − 2s2)

(3)

Ii
s . (6.6)

Because we will be working to 2.5PN order, the scalar dipole moment Ii
s must be evaluated to post-Newtonian order,

and when time derivatives of that moment generate an acceleration, the post-Newtonian equations of motion must
be inserted. Explicit two-body expressions for Ii

s and the other moments needed for the radiation-reaction terms are
provided in an Appendix. In addition to evaluating the direct 2.5PN terms from Eq. (5.30) for two bodies, we must

include the 1.5PN contributions to the accelerations that occur in the 1PN terms V̇ i, Ẍ ,i and Ẍ ,i
s that appear in Eq.

(5.27).
At 2.5PN order, the final two-body expressions take the form

ai1 (2.5PN) =
3

5
xj1

(

(5)

Iij −1

3
δij

(5)

Ikk

)

+ 2vj1

(4)

Iij −1

3

Gαm2

r2
ni

(3)

Ikk −3
Gαm2

r2
ninjnk

(3)

Ijk − 2

15

(5)

Iijj +
2

3
ǫqij

(4)

J qj

− 1

15
(1− 2s1)x

j
1

(

(5)

Iij
s +

1

2
δij

(5)

Ikk
s

)

+
1

15
(1− 2s1)

(

xi1x
j
1 +

1

2
r21δ

ij

) (5)

Ij
s +

1

30
(1− 2s1)

(5)

Iijj
s

+
1

6
vi1(1− 2s1)

(

2xj1

(4)

Ij
s −

(4)

Ikk
s −6M̈s

)

− 1

3
(1 − 2s1)x

i
1

(3)

Ms −
1

3
v21(1− 2s1)

(3)

Ii
s

+
1

6

Gαm2

r2
ni

{

1− 2s2 − 4γ̄−1
[

(1 − 2s1)β̄1 + (1 − 2s2)β̄2
]

}

(

2xj1

(3)

Ij
s −

(3)

Ikk
s −6Ṁs

)

−1

6

Gαm2

r
ninj(1− 2s2)(1 − 8β̄2/γ̄)

(3)

Ij
s −1

6

Gαm2

r
(1− 2s1)(1 − 8β̄1/γ̄)

(3)

Ii
s

+
1

3

Gαm2

r
(s1 − s2)(7 + 4γ̄)

(3)

Ii
s ,

ai2 (2.5PN) = (1 ⇋ 2) . (6.7)

We shall defer calculating the moments and their time derivatives explicitly until the next subsection, where we obtain
the relative equation of motion.

C. Relative equation of motion

We now wish to find the equation of motion for the relative separation x = x1 −x2, through 2.5PN order. We take
the PN contributions to the equation of motion for body 1 and body 2 and calculate d2x/dt2 = a1 − a2. We must
then express the individual velocities v1 and v2 that appear in post-Newtonian terms in terms of v ≡ v1 − v2. Since
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velocity-dependent terms show up at 1PN order, we need to find the transformation from v1 and v2 to v to 1.5PN
order so as to keep all corrections through 2.5PN order. To do this we make use of the momentum conservation law
(6.5). But because of the contributions of dipole radiation reaction at 1.5PN order, the momentum is not strictly
conserved because of the recoil of the system in response to the radiation of linear momentum at dipole order. By
combining Eqs. (6.5) and (6.6), it is straightforward to show that the following quantity is constant through 1.5PN
order:

m1v
i
1

(

1 +
1

2
v21

)

− 1

2

Gαm1m2

r

[

vi1 + ni(v1 · n)
]

+
1

3
m1(1− 2s1)Ïi

s + (1 ⇋ 2) = Ci . (6.8)

Setting Ci = 0 and combining this with the definition of v, we find that

vi1 =
m2

m
vi + δi ,

vi2 = −m1

m
vi + δi , (6.9)

where

δi =
1

2
ηψ

[(

v2 − Gαm

r

)

vi − Gαm

r2
ṙxi
]

− 2

3
ζηS−(S+ + ψS−)

(

Gαm

r

)2

ni +O(ǫ2) , (6.10)

where m and η are the total mass and reduced mass ratio, ψ = δm/m = (m1 −m2)/m, and

S− ≡ −α−1/2(s1 − s2) ,

S+ ≡ α−1/2(1− s1 − s2) . (6.11)

We also need to evaluate the multipole moments that appear in the radiation-reaction terms to the appropriate
order, and then calculate their time derivatives, inserting the equations of motion to the appropriate order as re-
quired. Explicit formulae for the moments are displayed in Appendix A. Combining all the various PN contributions
consistently, we arrive finally at the relative equation of motion through 2.5PN order, as given in Eqs. (1.4) and (1.5).
Here we display the 2.5PN coefficients:

A2.5PN = a1v
2 + a2

Gαm

r
+ a3ṙ

2 ,

B2.5PN = b1v
2 + b2

Gαm

r
+ b3ṙ

2 , (6.12)

where

a1 = 3− 5

2
γ̄ +

15

2
β̄+ +

5

8
ζS2

−(9 + 4γ̄ − 2η) +
15

8
ζψS−S+ , (6.13a)

a2 =
17

3
+

35

6
γ̄ − 95

6
β̄+ − 5

24
ζS2

−

[

135 + 56γ̄ + 8η + 32β̄+
]

+ 30ζS−

(S−β̄+ + S+β̄−
γ̄

)

−5

8
ζψS−

(

S+ − 32

3
S−β̄− + 16

S+β̄+ + S−β̄−
γ̄

)

− 40ζ

(S+β̄+ + S−β̄−
γ̄

)2

, (6.13b)

a3 =
25

8

[

2γ̄ − ζS2
−(1− 2η)− 4β̄+ − ζψS−S+

]

, (6.13c)

b1 = 1− 5

6
γ̄ +

5

2
β̄+ − 5

24
ζS2

−(7 + 4γ̄ − 2η) +
5

8
ζψS−S+ , (6.13d)

b2 = 3 +
5

2
γ̄ − 5

2
β̄+ − 5

24
ζS2

−

[

23 + 8γ̄ − 8η + 8β̄+
]

+
10

3
ζS−

(S−β̄+ + S+β̄−
γ̄

)

−5

8
ζψS−

(

S+ − 8

3
S−β̄− +

16

3

S+β̄+ + S−β̄−
γ̄

)

, (6.13e)

b3 =
5

8

[

6γ̄ + ζS2
−(13 + 8γ̄ + 2η)− 12β̄+ − 3ζψS−S+

]

. (6.13f)
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D. Energy loss rate

We now wish to evaluate the rate of energy loss that is induced by the radiation-reaction terms in the equations
of motion. Because those equations of motion contain both 1.5PN as well as 2.5PN contributions, we will have not
only the normal “quadrupole” order contributions to the energy loss rate analogous to those that appear in general
relativity, but also dipole contributions that are in principle larger by a factor of 1/v2. Since the conventional “counter”
for keeping track of contributions to the waveform and energy flux in the wave-zone denotes the GR quadrupole terms
as “Newtonian” or 0PN order, the dipole terms will, by this reckoning, be of −1PN order.
To evaluate the energy loss correctly through “Newtonian” order, we first express the conserved energy in relative

coordinates to 1PN order. Using the transformations (6.9) and (6.10) to 1PN order, we obtain

E =
1

2
µv2 − µ

Gαm

r
+

3

8
µ(1− 3η)v4

+
1

2
µ
Gαm

r

[

(3 + 2γ̄ + η)v2 + ηṙ2
]

+
1

2
µ

(

Gαm

r

)2

(1 + 2β̄+ − 2ψβ̄−) . (6.14)

We then calculate dE/dt, inserting the 1.5PN and 2.5PN acceleration terms into the leading term v · a, and inserting
only the 1.5PN terms wherever accelerations occur in the time derivative of the 1PN terms.
Beginning with the leading term, and expressing the 1.5PN acceleration in the form a1.5PN = (D/r3)(3ṙn − v),

where D = 4ηζ(Gαm)2S2
−/3, we find for the −1PN term (dE/dt)−1PN = µ(D/r3)(3ṙ2 − v2). This can be simplified

by exploiting the identity

d

dt

(

ṙ

r2

)

=
v2 − 3ṙ2 + x · a

r3
. (6.15)

Thus (v2−3ṙ2)/r3 can be written as the total time derivative of a quantity that can be absorbed as a 1.5PN correction
to the definition of E, leaving (dE/dt)−1PN = µ(D/r3)(x · a). Inserting the Newtonian acceleration for a, we obtain

(dE/dt)−1PN = −4

3
ζ
µη

r

(

Gαm

r

)3

S2
− . (6.16)

This is in agreement with earlier calculations of the energy flux due to dipole gravitational radiation [36, 37].
However, since we are working to Newtonian order in the energy loss, we also need to include the 1PN contributions

to the acceleration that appears in Eq. (6.15), yielding a contribution given by µD(Gαm/r4)(APN + ṙ2BPN ), where
APN and BPN are given by Eqs. (1.5a). We then combine this with the other Newtonian order terms generated from
dE/dt, leading to an expression of the general form

dE

dt
= − 8

15

µη

r

(

Gαm

r

)2
[

p1
Gαm

r
v2 + p2

Gαm

r
ṙ2 + p3v

2ṙ2 + p4

(

Gαm

r

)2

+ p5v
4 + p6ṙ

4

]

(6.17)

We now use an identity derived from the Newtonian equations of motion,

d

dt

(

v2sṙp

rq

)

=
v2s−2ṙp−1

rq+1

(

pv4 − pv2
Gαm

r
− (p+ q)v2ṙ2 − 2s

Gαm

r
ṙ2
)

. (6.18)

This is applicable at this PN order provided that the integers s and p are non-negative, q ≥ 2 and 2s + p + 2q = 7.
Using the three possible cases (s, p, q) = (1, 1, 2), (0, 3, 2), (0, 1, 3), we can freely manipulate the values of three of
the six coefficients pi in Eq. (6.17). The idea is to combine terms on the right-hand-side of Eq. (6.17) into a total
time derivative, to move that to the left-hand-side and then to absorb it into a meaningless redefinition of E (see for
example, [50, 51] for discussion). Thus one can easily arrange for p4, p5 and p6 to vanish. It then turns out that the
coefficient p3 of the term proportional to v2ṙ2 is proportional to the combination of the 2.5PN equation-of-motion
coefficients 5a1 + 3a3 − 15b1 − 5b3. An inspection of Eqs. (6.13) reveals that this combination miraculously vanishes.
Pulling everything together, we obtain the final expression for the energy loss rate,

(dE/dt)0PN = − 8

15

µη

r

(

Gαm

r

)3
(

κ1v
2 − κ2ṙ

2
)

, (6.19)

where

κ1 = 12 + 5γ̄ − 5ζS2
−(3 + γ̄ + 2β̄+) + 10ζS−

(S−β̄+ + S+β̄−
γ̄

)
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+10ζψS2
−β̄− − 10ζψS−

(S+β̄+ + S−β̄−
γ̄

)

,

κ2 = 11 +
45

4
γ̄ − 40β̄+ − 5ζS2

−

[

17 + 6γ̄ + η + 8β̄+
]

+ 90ζS−

(S−β̄+ + S+β̄−
γ̄

)

+40ζψS2
−β̄− − 30ζψS−

(S+β̄+ + S−β̄−
γ̄

)

− 120ζ

(S+β̄+ + S−β̄−
γ̄

)2

. (6.20)

These results are in complete agreement with the total energy flux to −1PN and 0PN orders, as calculated by
Damour and Esposito-Farèse [35]. (We are grateful to Michael Horbatsch for his invaluable help in verifying this
agreement.)

VII. DISCUSSION

We have used the DIRE approach based on post-Minkowskian theory to derive the explicit equations of motion in
a general class of massless scalar-tensor theories of gravity for compact binary systems through 2.5PN order. Here we
discuss the results, and compare our work with related work on scalar-tensor gravity and equations of motion.

A. General remarks and comparison with other results

We begin by noting that, not surprisingly, the expressions are considerably more complicated than the corresponding
general relativistic expressions. Given that the results depend on the function ω(φ) and its first and second derivatives,
on the masses of each body, and on the sensitivities of each body and their derivatives, it is somewhat remarkable
that the final equations of motion depend on a rather small number of parameters, as shown in the right-hand column
of Table I. The parameter α combines with G to yield an effective two-body Newtonian coupling constant. It is
not a universal constant, as it depends symmetrically on the sensitivities of each body. The parameter γ̄ and the
body-dependent parameter β̄A govern the post-Newtonian corrections, while the body-dependent parameters δ̄A and
χ̄A govern the 2PN corrections. In the radiation-reaction terms, the sensitivities sA occur explicitly along with γ̄ and
β̄A.
The relative simplicity of the parameters at 1PN and 2PN orders has been noted before. Damour and Esposito-

Farèse [20, 35] (DEF hereafter) studied a class of multi-scalar-tensor theories, but worked in the Einstein representa-
tion, where the gravitational action was pure general relativity, augmented by a free action for the scalar fields. This
is a non-metric representation of the theory, since the scalar field(s) couple to normal matter via a function A(ϕ)
(here we will focus on a single scalar field). For a compact body with mass m̃(ϕ) (using the Eardley ansatz), the
effective matter action depends on the product A(ϕ)m̃(ϕ). The scalar field φ of our Jordan representation is given
by φ = A(ϕ)−2, and 3 + 2ω(φ) = (d lnA/dϕ)−2. Using a diagrammatic approach, DEF showed that the important
quantities involved derivatives of A(ϕ)m̃(ϕ) with respect to ϕ, and consequently (in our language) ω and sA and their
derivatives always combined in specific ways, leading to relatively few parameters. Table II gives a dictionary that
translates from our parameters to those of DEF for the case of two bodies. Interestingly, our parameters δ̄A do not
appear in DEF’s list, so far as we could tell.
In the 1PN limit, Will [37] wrote down a general N -body Lagrangian for compact self-gravitating bodies that could

span a wide class of metric theories of gravity that embody post-Galilean invariance (so-called “semi-conservative”
theories of gravity), and that have no “Whitehead” potential in the post-Newtonian limit. Comparing our Lagrangian
of scalar-tensor theory with the 2-body limit of Eq. (11.62) of [37], we can translate between our parameters and the
coefficients Gab, Bab, and Dabc of [37], as shown in Table II.
The factor 1 − 2sA appears throughout these equations. This quantity is often called the “scalar charge” of the

object. From the point of view of the Einstein representation of scalar-tensor theory, it is easy to see how this factor
arises. The scalar field appears in the gravitational part of the action only in a kinetic term gµνϕ,µϕ,ν (we assume
that there is no potential V (ϕ)). It does not couple to gravity other than via the metric in the kinetic term. The
effective matter action for a compact body depends on the product A(ϕ)M(ϕ). Varying this product with respect to
ϕ yields the quantity

A(ϕ)M(ϕ)

(

d lnA

dϕ
+
d lnM

d lnφ

d lnφ

dϕ

)

δϕ = A(ϕ)M(ϕ)
d lnA

dϕ
(1− 2s)δϕ , (7.1)

where we used the fact that lnφ = −2 lnA(ϕ). Thus the factor 1− 2s and its derivatives naturally control the source
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TABLE II: Dictionary of parameters used in the equations of motion. DEF refers to Ref. [20, 35]; TEGP refers to Sec. 11.3 of
Ref. [37]; PPN refers to the parametrized post-Newtonian limit of weakly gravitating bodies

This paper DEF TEGP PPN limit

Gα G12 G12 1

γ̄ γ̄12
3

2
(B12/G12 − 1) γ − 1

β̄1 β1

22

1

2
(D122/G

2

12 − 1) β − 1

β̄2 β2

11

1

2
(D211/G

2

12 − 1) β − 1

δ̄1 − − −

δ̄2 − − −

χ̄1 − 1

4
ǫ1222 − −

χ̄2 −
1

4
ǫ2111 − −

γ̄−1β̄1β̄2 − 1

2
ζ1212 − −

of the scalar field, as can be seen clearly in Eq. (5.12e). Defining a scalar charge for body A in a two-body system by

qA ≡ α−1/2(1 − 2sA) , (7.2)

we see that the quantities S± are given by

S+ =
1

2
(q1 + q2) ,

S− =
1

2
(q1 − q2) . (7.3)

The scalar charge, or sensitivity of a given body depends on its internal structure. For weakly gravitating bodies,
s ≈ −Ω/M ≪ 1, where Ω ≡ −(1/2)G

∫

ρ∗ρ′∗|x − x
′|−1d3xd3x′ is the Newtonian self-gravitational binding energy .

For neutron stars, values of the sensitivities range from 0.1 to 0.3, depending on the mass and equation of state of
the body [52, 53] and can vary dramatically, depending on the specific form of ω(φ) [35].

B. Weakly self-gravitating systems

In the post-Newtonian limit with weakly self-gravitating systems, the sensitivities si are themselves of order ǫ. If
one is working purely at 1PN order, then the effects of sensitivities in the 1PN terms of Eq. (6.1) will be of 2PN
order. So the only effect of the bodies’ sensitivities in this case will come from the coefficient α in the Newtonian
term. Consider a specific example: body 1 with sensitivity s1 resides in the field of body 2, with sensitivity zero. The
acceleration of body 1 is then given by

a1 = −Gm2

r2
ni(1− 2ζs1) , (7.4)

and thus the body’s Newtonian acceleration will depend on its internal structure, a violation of the Strong Equivalence
Principle, commonly known as the Nordtvedt effect. In the PPN framework [37], the Nordtvedt effect is normally
expressed in terms of Ω. Alternatively, since M ≈ m0 + Ω, we have that Ω/M = d lnM/d lnG. Taking into account
Eq. (4.6), we can connect the sensitivity s to Ω by

s =

(

d lnM

d lnG

)

0

(

d lnG

d lnφ

)

0

= − Ω

M
[1 + 4Λ(2 + ω0)] , (7.5)

where Λ is defined by

Λ ≡ φ0(dω/dφ)0
(4 + 2ω0)2(3 + 2ω0)

. (7.6)

This is not the cosmological constant, but is the parameter defined in TEGP (see Eqs. (5.36) and (5.38)) such that
the PPN parameter β = 1+ Λ in scalar-tensor theory (note the relationship between φ0 and G, which is set equal to
unity in TEGP). We also have that γ = 1− 2ζ. We can then express the acceleration of body 1 as

a1 = −Gm2

r2
n

[

1 +

(

1

2 + ω0
+ 4Λ

)

Ω1

m1

]

. (7.7)
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The coefficient in front of Ω1/m1 is precisely 4β − γ − 3, as in the standard PPN framework.
In the 1PN terms in Eq. (6.1), for weakly self-gravitating systems, it is easy to see from Table I that in the limit

si → 0, α → 1, the parameters γ̄ and β̄i tend to the PPN parameters γ− 1 and β− 1, respectively, as shown in Table
II, and thus our equations of motion at 1PN order agree with the standard ones for “point” masses in scalar-tensor
theory.
The radiation-reaction results can also be compared with existing work. The −1PN energy loss due to dipole

gravitational radiation reaction, Eq. (6.16) is in complete agreement with calculations of the dipole energy flux [36,
37, 54]. In comparing Eq. (6.16) with Eqs. (10.84) and (10.136) of [37], the additional factor of [1+4Λ(2+ω0)]

2 arises
from the relation (7.5) between s and Ω/M .
For weakly self-gravitating bodies, the Newtonian-order energy loss simplifies by virtue of setting all sensitivities

equal to zero. In this case, with α = 1, γ̄ = −2ζ, β̄+ = β − 1 = Λ, β̄− = 0, S− = 0, and S+ = 1, we obtain

κ1 = 12− 5

2 + ω0
,

κ2 = 11− 45

2
ζ − 40Λ− 30Λ2/ζ

= 11− 45

8 + 4ω0

[

1 +
8

9

(

2Λ

ζ

)

+
1

3

(

2Λ

ζ

)2
]

. (7.8)

These agree completely with Eq. (10.136) of [37].

C. Binary black holes

Roger Penrose was probably the first to conjecture, in a talk at the 1970 Fifth Texas Symposium, that black holes in
Brans-Dicke theory are identical to their GR counterparts [55]. Motivated by this remark, Thorne and Dykla showed
that during gravitational collapse to form a black hole, the Brans-Dicke scalar field is radiated away, in accord with
Price’s theorem, leaving only its constant asymptotic value, and a GR black hole [55]. Hawking [16] proved on general
grounds that stationary, asymptotically flat black holes in vacuum in BD are the black holes of GR. The basic idea
is that black holes in vacuum with non-singular event horizons cannot support scalar “hair”. Hawking’s theorem was
extended to the class of f(R) theories that can be transformed into generalized scalar-tensor theories by Sotiriou and
Faraoni [56].
For a stationary single body, it is clear from Eq. (5.12e) that, if s = 1/2 and all its derivatives vanish, the only

solution for the scalar field is φ ≡ φ0, and hence the equations reduce to those of general relativity. In the Einstein
representation, this corresponds to A(ϕ)M(ϕ) = constant, so that the scalar field decouples from any source, and
thus must be either constant or singular. Consequently, stationary black holes are characterized by s = 1/2.
Another way to see this is to note that, because all information about the matter that formed the black hole has

vanished behind the event horizon, the only scale on which the mass of the hole can depend is the Planck scale, and
thus M ∝MPlanck ∝ G−1/2 ∝ φ1/2. Hence s = 1/2.
If sA = 1/2 for each black hole in a binary system, then, as we discussed in the introduction, all the parameters

γ̄, β̄A, δ̄A, χ̄A, and S± vanish identically, and α = 1− ζ. But since α appears only in the combination with GαmA,
a simple rescaling of each mass puts all equations into complete agreement with those of general relativity, through
2.5PN order.
But is sA = 1/2 really true for binary black holes? If the orbital timescale is long compared to the dynamical

(quasinormal mode) timescale of each black hole, then it is plausible to assume that Hawking’s theorem holds for
each black hole, at least up to some PN order. On the other hand, one could imagine a situation where each hole
is distorted by the tidal forces from the companion hole, or where gravitational radiation flowing across the event
horizons disrupts the stationarity needed for Hawking’s theorem. In PN language, these kinds of effects are known
to be of an order higher than the 2.5PN order achieved in this paper, so perhaps some non-GR effects might emerge
at sufficiently high PN order. Can a perturbation of the scalar field be supported sufficiently by strong gravity or
by time varying fields to make any difference? Or, without matter to support it, does any scalar perturbation get
radiated away on a quasinormal-mode timescale, which is short compared to the orbital timescale, except during the
merger of the two black holes? Preliminary evidence from numerical relativity supports the latter scenario: Healy et

al. [57] introduced a very large Brans-Dicke type scalar field into the initial data of a binary black hole merger and
found that, while the field affected the inspiral while it lasted, it was radiated away rather quickly, although it was
not possible from the numerical data to fully quantify this.
It should be pointed out that there are ways to induce scalar hair on a black hole. One is to introduce a potential

V (φ), which, depending on its form, can help to support a non-trivial scalar field outside a black hole. Another
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is to introduce matter. A companion neutron star is an obvious choice, and such a binary system in scalar-tensor
theory is clearly different from its general relativistic counterpart (see the next subsection). Another possibility is a
distribution of cosmological matter that can support a time-varying scalar field at infinity. This possibility has been
called “Jacobson’s miracle hair-growth formula” for black holes, based on work by Jacobson [58, 59]. Whether it is
possible to incorporate such ideas into our approach is a subject for future work.
These considerations motivate us to formulate a conjecture along the following lines: Consider a scalar-tensor theory

of gravity with no potential for the scalar field, and consider two black holes with non-singular event horizons in a
vacuum (no normal matter), asymptotically flat spacetime with φ at spatial infinity constant in time. Following an
initial transient period short compared to the orbital period, the orbital evolution and gravitational radiation from
the binary system are identical to those predicted by GR, after a mass rescaling, independent of the initial scalar field
configuration. Aspects of this conjecture could be addressed by numerical simulations that extend the work of [57].
It may also be possible to address it partially by generalizing Hawking’s theorem to a situation that is not strictly
stationary, but yet still retains some symmetry, such as a helical Killing vector. This will be the subject of future
work.

D. Black-hole neutron-star systems

Finally, we note the unusual circumstance that, if only one of the members of the binary system, say body 2, is a
black hole, with s2 = 1/2, then α = 1 − ζ, γ̄ = β̄A = 0, and hence, through 1PN order, the motion is again identical
to that in general relativity. This result is actually implicit in the post-Newtonian equations of motion for compact
binaries in Brans-Dicke theory displayed in Eq. (11.91) of [37], but was never stated explicitly there.
At 1.5PN order, dipole radiation reaction kicks in, since s1 < 1/2. In this case, S− = S+ = α−1/2(1− 2s1)/2, and

thus the 1.5PN coefficients in the relative equation of motion (1.4) take the form

A1.5PN =
5

8
Q ,

B1.5PN =
5

24
Q , (7.9)

where

Q ≡ ζ

1− ζ
(1− 2s1)

2 =
1

3 + 2ω0
(1 − 2s1)

2 . (7.10)

At 2PN order, χ̄A = δ̄2 = 0, but δ̄1 = Q 6= 0. In this case, the 2PN coefficients in (1.4) take the form

A2PN = AGR
2PN +Q

Gαm1

r

[

ṙ2 − Gαm1

r

]

,

B2PN = BGR
2PN − 2Q

Gαm1

r
. (7.11)

Finally, the 2.5PN coefficients in Eq. (6.12) have the form

a1 = 3 +
5

32
Q(9− 2η + 3ψ) ,

a2 =
17

3
− 5

96
Q(135 + 8η + 3ψ) ,

a3 = −25

32
Q(1− 2η + ψ) ,

b1 = 1− 5

96
Q(7− 2η − 3ψ) ,

b2 = 3− 5

96
Q(23− 8η + 3ψ) ,

b3 =
5

32
Q(13 + 2η − 3ψ) , (7.12)

while the coefficients in the energy loss rate simplify to

κ1 = 12− 15

4
Q ,
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κ2 = 11− 5

4
Q(17 + η) . (7.13)

We find, somewhat surprisingly, that the motion of a mixed compact binary system through 2.5PN order differs from
its general relativistic counterpart only by terms that depend on a single parameter Q, as defined by Eq. (7.10).
Furthermore, all reference to the parameters λ1 and λ2, related to derivatives of the coupling function ω(φ), has
disappeared, in other words, the motion of mixed compact binary systems in general scalar-tensor theories through
2.5PN order is formally identical to that in standard Brans-Dicke theory. The only way that a generalized scalar-
tensor theory affects the motion differently than pure Brans-Dicke theory is through the value of the un-rescaled mass
m1 and the sensitivity s1 for a neutron star of a given central density and total number of baryons.
The general conclusions reached in this paper about binary black holes and mixed binaries in scalar-tensor gravity

were obtained from the near-zone gravitational fields. If these conclusions continue to hold for the gravitational-
wave signal, then gravitational-wave observations of binary black holes will be unable to distinguish between general
relativity and scalar-tensor theories, and observations of mixed black-hole neutron-star binaries will be essentially
unable to distinguish between general scalar-tensor theories and Brans-Dicke theory. The radiative part of this
problem, which will involve a derivation of the gravitational waveform to 2PN order, together with the energy flux,
will be the subject of the second paper in this series.
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Appendix A: Multipole moments for two-body systems

Here we evaluate the multipole moments that appear in the radiation reaction expressions (6.6) and (6.7) to the
order required to obtain 2.5PN-accurate contributions. The scalar dipole moment Ii

s in Eq. (6.6) must be evaluated
to 1PN order. Substituting τs from Eq. (4.9e) and σs from Eq. (5.12e) to 1PN order into Eq. (3.7d), we obtain

Ii
s = Gζm1x

i
1(1− 2s1)

[

1− 1

2
v21 −

Gαm2

r

(

1− 4
β̄1
γ̄

)]

+ (1 ⇋ 2) . (A1)

Most of the multipole moments that appear in the 2.5PN expressions (6.7) can be evaluated to the lowest PN order,
so that we may write

Iij = G(1− ζ)
(

m1x
ij
1 +m2x

ij
2

)

, (A2a)

Iijk = G(1− ζ)
(

m1x
ijk
1 +m2x

ijk
2

)

, (A2b)

J qj = G(1− ζ)ǫqab
(

m1v
b
1x

aj
1 +m2v

b
2x

aj
2

)

, (A2c)

Iij
s = Gζ

(

m1(1− 2s1)x
ij
1 +m2(1− 2s2)x

ij
2

)

, (A2d)

Iijk
s = Gζ

(

m1(1− 2s1)x
ijk
1 +m2(1− 2s1)x

ijk
2

)

. (A2e)

The exception to this rule is the scalar monopole moment Ms =
∫

M
τsd

3x; formally it contributes at 0.5PN order, as
can be seen in Eq. (3.6d), but its leading contribution is constant in time, and hence it is the 1PN correction that
matters. Inserting τs and σs from Eqs. (4.9e) and (5.12e) to 1PN order, we obtain

Ms = Gζm1(1− 2s1)

[

1− 1

2
v21 −

Gαm2

r

(

1− 4
β̄1
γ̄

)]

+ (1 ⇋ 2) . (A3)
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Since the first term is constant, it can be dropped.
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