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We study a smooth cosmological solution within a generalized 5D standing wave braneworld
modeled by gravity and a phantom scalar field. In this model the 3-brane is anisotropically warped
along its spatial dimensions and contains a novel time-dependent scale factor that multiplies the
anisotropic spatial interval of the 5D metric, a fact that allows us to study cosmological effects.
By explicitly solving the bulk field equations we found a natural mechanism which isotropizes the
braneworld for a wide class of natural initial conditions. We are able to give a physical interpretation
of the anisotropic dissipation: as the anisotropic energy of the 3-brane rapidly leaks into the bulk
through the nontrivial components of the projected to the brane non-local Weyl tensor, the bulk
becomes less isotropic. At the same time, under the action of the 4D cosmological constant, the
anisotropic braneworld super-exponentially isotropizes by itself, rendering a 3-brane with de Sitter
symmetry embedded in a 5D de Sitter space-time, while the phantom scalar field exponentially
vanishes.

PACS numbers: 04.50.-h, 11.27.+d, 98.80.Cq

I. INTRODUCTION

Braneworld models involving large extra dimensions
have been very useful in addressing several open ques-
tions in high energy physics [1, 2], and astrophysics and
cosmology (for reviews see [3–5]). For more than a decade
it is clear that braneworlds possess a set of appealing
features that encourage one to develop this research line
further. Namely, braneworld models recast the hierarchy
problem into a higher dimensional viewpoint, reveal a ge-
ometrical mechanism of dimensional reduction supported
by a curved extra dimension, can trap various matter
fields on the brane (including gauge bosons in some
cases), take into account the self-gravity on the brane
through its tension, give a realization of the AdS/CFT
correspondence to lowest order, allow one to address the
smallness of the cosmological constant, provide several
cosmological backgrounds with consistent dynamics that
lead to General Relativity results under suitable restric-
tions on their parameters, etc. Most of the braneworlds
were realized as time independent field configurations.
However, mostly within the framework of cosmological
studies, there have been proposed different braneworld
models that employ time-dependent metrics and matter
fields (if any), as well as branes with tensions varying in
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time [6, 8–16].

It is widely believed that our Universe started its evo-
lution from a highly anisotropic state which lead to a
highly symmetric state that we observe nowadays (ac-
cording to the recent WMAP data CMB is isotropic with
an accuracy of 10−5 [17]). An interesting cosmological
question concerns the dynamical mechanism that led the
Universe to shed almost all of its anisotropy along time
till the present epoch which is highly isotropic. A very
popular mechanism among cosmologists is inflation: the
Universe diluted away almost all of its anisotropy during
a period of accelerating expansion in an early epoch. Of
course, there are several other mechanisms that tried to
explain this important phenomenon (see [13] and refer-
ences therein).

When studying braneworlds generated by anisotropic
backgrounds, one must have a complete solution to the
bulk and brane field equations in order to consistently
analyze the cosmological dynamics on the brane. Such a
solution involves the knowledge of the bulk Weyl tensor
which is felt on the brane by means of its projection [18].
It turns out that this is not an easy task to solve [10] and
up to now, there are a very few cosmological anisotropic
braneworlds that present a complete solution [9–15]. In
this context, there are many studies reported in the lit-
erature that made several assumptions about the Weyl
term in the absence of knowledge of the full solution to
the bulk metric [19, 20]. The main difficulty here con-
sists in finding anisotropic generalizations of the AdS5

space-time that are necessarily non-conformally flat and
incorporate anisotropy on the cosmological brane. In this
sense, it is relevant to propose new braneworld general-
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izations that attempt to describe more realistic cosmo-
logical braneworld models, or explore other aspects of
higher-dimensional gravity which were not addressed till
now by the known brane models.

Recently a braneworld generated by 5D anisotropic
standing gravitational waves minimally coupled to a
phantom-like scalar field was proposed [21, 22]. Usually
in 4D cosmology phantom fields (mostly scalars [23]) are
used to model dark energy [24]. It seems that WMAP
data combined with either Supernova or Baryonic Acous-
tic Oscillations prefer the phantom model of dark en-
ergy [17]. The motivation to introduce a phantom scalar
fields in the 5D model [21, 22] was to provide an alter-
native mechanism for localizing 4D gravity as well as for
trapping matter fields [25], including gauge bosons [26],
which usually are not localized on thin braneworlds. In
this model the phantom scalar field is present only in the
bulk and does not couple to ordinary matter (to avoid the
well-known problems of stability which occur with ghost
fields). Notwithstanding, the metric and scalar fluctua-
tions are coupled in this system and the problem of sta-
bility could persist in principle at the quantum level. In
Section III we discuss on this issue in more detail.

In this paper we consider a thick version of the
braneworld model [21, 22] and modify the metric ansatz

by adding a time-dependent scale factor that multiplies
the spatial sector of the anisotropic 3-brane in the 5D
metric in order to be able to study cosmology and, in
particular, a possible isotropization mechanism for the
early universe. Thus, in comparison to [21, 22], in this
model we smooth out the warp factor and incorporate a
scale factor in the metric. The first generalization allows
us to dispense with the use of Dirac delta functions and
their respective singularities in the model since the time-
dependent scalar field acts as a source in complete agree-
ment with the fact that anisotropic metrics on the brane
are not consistent with static bulks [12, 13], whereas the
second generalization permits us to study new cosmolog-
ical effects that are not present in the original version of
the model.

Further, by exactly solving the 5D Einstein field equa-
tions, the bulk cosmological constant turns out to be
positive, realizing a de Sitter braneworld instead of an
Anti de Sitter one. Moreover, by leaving the found so-
lution evolve in time, the metric isotropizes and the cor-
responding scalar field exponentially disappears, leading
to a recently proposed de Sitter braneworld model purely
generated by curvature, i.e., by an interplay between the
4D and 5D cosmological constants [27]. It turns out that
within this regular braneworld one is able to model the
thick brane in a completely geometrical way, avoiding at
all the use of scalar matter. In this model the effective
4D Planck mass is finite (and also depends on the Hubble
parameter of the metric), the 4D gravity can be localized
and the corrections to Newton’s law have already been
computed. As an extra bonus, a mass gap is displayed in
the gravity spectrum of Kaluza-Klein (KK) excitations
(a fact that fixes the energy scale at which these massive

fluctuations can be excited and enables us to avoid diffi-
culties when analyzing the traces of ultra-light KK exci-
tations) without developing naked singularities as in the
case of scalar thick brane configurations [28]. Another in-
teresting feature of this isotropic thick braneworld model
is that its 4D cosmological constant can be made as small
as one desires without the need of fine tuning the bulk
cosmological constant with the brane tension, as it hap-
pens in the Randall-Sundrum type models [29].

II. THE MODEL AND THE COMPLETE

SOLUTION

We start with a 5D action which describes gravity cou-
pled to a non-self-interacting scalar phantom-like field
[23, 30], which depends on time and propagates in the
bulk:

Sb =

∫

d5x
√
g

[

1

16πG
(R− 2Λ) +

1

2
(∇φ)

2

]

, (1)

where G and Λ are 5D Newton and cosmological con-
stants, respectively. The Einstein equations for the ac-
tion (1) are written in the form:

Rµν = Tµν−
1

3
gµνT +

2

3
gµνΛ = −∂µσ∂νσ+

2

3
gµνΛ , (2)

where Greek indices refer to 5D and we have redefined
the scalar field as σ =

√
8πGφ in order to absorb the 5D

gravitational constant.
In order to study the braneworld isotropization mech-

anism we intend to present in this article, we can start
from a generalization of the metric ansatz of [21, 22] con-
sistent with the fact that the fields of the setup possess
both temporal and extra coordinate dependence. Thus,
we shall begin by considering the following metric:

ds2 = e2A(t,w)
(

−dt2 + g̃mn(t, w)dx
mdxn + dw2

)

, (3)

where the warp factor A = A(t, w) and the 3D metric
g̃mn(t, w) (m,n = 1, 2, 3) are arbitrary functions. Note
that without loss of generality we can express g̃mn(t, w) =
a2(t)gmn(t, w) and thus, we can further write the metric
(3) as:

ds2 = e2A(t,w)
(

−dt2 + a2(t)gmn(t, w)dx
mdxn

)

+ e2A(t,w)dw2 . (4)

Motivated by [7] we further require the condition Ȧ = 0
which corresponds to the case when the radion is not
dynamical in our model. This condition was used in [7]
for solving the Einstein’s equations with a general metric
ansatz under the assumption of a maximally symmetric
3D space, allowing the authors of these articles to get an
interesting general solution with no separation of vari-
ables. This fact implies that the warp factor A(w) is a
function of the extra coordinate alone.
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We shall further consider that

gmn(t, w) = diag
(

eu(t,w), eu(t,w), e−2u(t,w)
)

(5)

in order to use the 3D spatial metric of [21, 22]. Here we
have set g11 = g22 for simplicity since under this equal-
ity the spatial volume of our metric is still anisotropic.
The ansatz (5) seems very artificial but it is necessary in
order for us to be able to obtain exact solutions, since
when detgmn = 1 (a constant in general), the Einstein
and Klein-Gordon equations yield decoupled differential
equations that can further be analytically solved. This
assumption was used in order to construct a standing

wave along the fifth dimension in the braneworld model
proposed in [21, 22].

Thus, we arrive at the following 5D interval

ds2 = e2A(w)
{

−dt2 + a2(t)
[

eu
(

dx2 + dy2
)

+ e−2udz2
]

+ dw2
}

. (6)

This is the metric ansatz we shall work with in this pa-
per in order to study the above mentioned isotropization
mechanism. We see that a(t) plays the role of a cos-
mological scale factor, u(t, w) describes time-dependent
gravitational warping and the warp factor A(w) is an ar-
bitrary function of the extra coordinate w, allowing for
smooth solutions, and models a thick brane configuration
in the spirit of [31].

This metric generalizes straightforwardly the thin
brane metric ansatz of [21, 22] to the case when the warp
function A(w) does not involve the module of the fifth
dimension, i.e. A(w) 6= A(|w|) (a fact that smoothes
out the field configurations avoiding the singularities gen-
erated by the Dirac delta sources of the setup), and a
scale factor a(t) multiplies the 3D anisotropic spatial sec-
tor of the metric, introducing cosmology apart from the
bulk gravitational waves of the original model, where the
3-brane possesses anisotropic oscillations which send a
wave into the bulk as in [32].

Thus, in our model the brane is anisotropically warped
along the spatial coordinates x, y, z through the factor
eu(t,w), depending on time t and the extra coordinate
w. Moreover, these warped spatial coordinates are mul-
tiplied by a scale factor a(t) that allows them to evolve
in time (expanding or contracting) as an extra feature.
This model also joins previously constructed anisotropic
braneworlds [9–15] which approached several cosmologi-
cal issues, like anisotropy dissipation during inflation [11],
braneworld isotropization with the aid of magnetic fields
[13] and localization of test particles [14, 25, 26]. More-
over, as a general feature it has been established that
anisotropic metrics on the brane cannot be supported by
static bulks [12, 13].

On the other hand, the phantom-like scalar field
σ(t, w) obeys the Klein-Gordon equation on the back-

ground (6):

1√−g
∂µ

(√−ggµν∂νσ
)

=

= σ̈ +
3ȧ

a
σ̇ − σ′′ − 3A′σ′ = 0 , (7)

where overdots and primes stand for derivatives with re-
spect to time and the extra coordinate, respectively.
Under the ansatz (6) we can write the Einstein equa-

tions in the form:

Rtt = −3

2
u̇2 − 3

ä

a
+A′′ + 3A′2 = −2

3
e2AΛ− σ̇2 ,

Rxx = Ryy = a2eu
[

1

2

(

ü+ 3
ȧ

a
u̇− u′′ − 3A′u′

)

+

+
ä

a
+ 2

(

ȧ

a

)2

−A′′ − 3A′2

]

=
2

3
e2A+ua2Λ ,

Rzz = a2e−2u

[

−ü− 3
ȧ

a
u̇+ u′′ + 3A′u′ +

ä

a
+ (8)

+ 2

(

ȧ

a

)2

−A′′ − 3A′2

]

=
2

3
a2e2A−2uΛ ,

Rww = −3

2
u′2 − 4A′′ =

2

3
e2AΛ− σ′2 ,

Rtw = −3

2
u̇u′ = −σ̇σ′ .

From the tw-component of the Einstein equations (8),
it follows that the fields σ and u are related by

σ(t, r) =

√

3

2
u(t, r) , (9)

up to a meaningless additive constant. The same rela-
tionship was obtained in [21, 22] and it holds even in the
presence of an arbitrary self-interaction potential of the
scalar field, evidencing the need of a phantom scalar in
the setup, instead of a canonical scalar field. Another
way of looking at this fact is that the quadratic rela-
tion (9) between u and σ fixes the phantom nature of
the scalar field regardless of a self-interaction potential.
If one would require a standard scalar field by changing
the sign of the kinetic term in the action, then the metric
would necessarily become complex.
We further take into account the Klein-Gordon equa-

tion (7) in the Einstein equations (8), and combine the tt-
and xx-components to obtain a single relevant equation
for the scale factor:

ä

a
−
(

ȧ

a

)2

= 0 , (10)

which has a solution of the form:

a(t) = a0e
Ht , (11)

where a0 is a constant that can be absorbed in a redefi-
nition of the spatial coordinates.
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Once we know the solution for the scale factor, we
further substitute its expression back into the Einstein
equations, and combine the xx- and ww-components in
order to get an equation for the warp factor A(w):

A′′ −A′2 +H2 = 0 . (12)

This equation has the solution:

A(w) = ln

[

H

b
sech [H(w − w0)]

]

, (13)

where the integration constant b is related to the 5D cos-
mological constant as follows:

Λ = 6b2 , (14)

which reveals the de Sitter nature of the 5D bulk space-
time.
On the other hand, after taking into account the solu-

tion for the scale factor (11), and assuming the following
ansatz for the scalar field:

σ(t, w) ∼ u(t, w) = ǫ(t)χ(w)e−
3

2
A , (15)

the Klein-Gordon equation reduces to a couple of ordi-
nary differential equations:

χ′′ −
(

3

2
A′′ +

9

4
A′2 − Ω2

)

χ = 0 , (16)

ǫ̈ + 3Hǫ̇+Ω2ǫ = 0 , (17)

where Ω is an arbitrary constant.
The equation (16) can be regarded as a Schrödinger

equation with the analog quantum mechanics potential:

VQM =
3

2
A′′ +

9

4
A′2 . (18)

Using the solution for the warp factor (13) we see that it
represents a modified Pöschl-Teller potential of the form:

VQM (w) =
9

4
H2 − 15

4
H2sech2 [H(w − w0)] . (19)

Thus, the differential equation for χ (16) turns out to be
a known eigenvalue problem with a mixed spectrum (see
[33], for instance). Namely, there are two bound states: a

ground state with Ω = 0 and another one with Ω =
√
2H ,

separated by a gap determined by the asymptotic value:

VQM (∞) =
9

4
H2 , (20)

as well as a continuum of KK states starting at Ω =
3H/2.
In fact, the equation for χ is precisely the eigenvalue

equation for the transverse traceless KK metric fluctu-
ations and massless scalar perturbations of the recently
proposed de Sitter braneworld model [27, 29], where there
is a mass gap in the graviton and scalar mass spectra of
KK perturbations.

Thus, the equation for the relevant function χ pos-
sesses a general solution:

χ(w) = C1P
µ
3/2 [tanh (H(w − w0))] +

+C2Q
µ
3/2 [tanh (H(w − w0))] , (21)

where Pµ
3/2 and Qµ

3/2 are associated Legendre functions

of first and second kind, respectively, degree ν = 3/2 and
order

µ =

√

9

4
− Ω2

H2
. (22)

Thus, the first discrete state is the ground state with
Ω = 0, order µ = 3/2 and

E0 = −9

4
H2 . (23)

The explicit expression of this zero mode is given by:

χ0(w) = c0sech
3/2 [H(w − w0)] , (24)

where c0 is a normalization constant. On the other hand,
the second bound state corresponds to an excited mode
with Ω =

√
2H , order µ = 1/2 and energy

E1 = −1

4
H2 , (25)

and has the following form:

χ1(w) = c1 sinh [H(w − w0)] sech
3/2 [H(w − w0)] , (26)

where c1 also is a normalization constant. Finally, for
the continuum of KK massive modes the order becomes
purely imaginary µ = iρ = i

√

Ω2/H2 − 9/4.
Turning back to the equation for ǫ(t) (17) we see that

it is the equation for a damped oscillator which has three
different solutions depending on the kind of damping,
i.e. on the relation between the constants H and Ω:
a). under-damping (Ω2 > 9H2/4), b). critical damp-
ing (Ω2 = 9H2/4), and c). over-damping (Ω2 < 9H2/4).
a). The solution for the under-damped case reads:

ǫ(t) = Ce−
3

2
Ht sin (ωt+ δ) (27)

where the constant C denotes the oscillations amplitude,
the parameter

ω =

√

Ω2 − 9

4
H2 , (28)

is the un-damped frequency of the oscillations and δ is
an arbitrary phase constant. The constants C and δ are
determined by initial conditions. We can easily see that
these oscillations will exponentially decay to zero with
time, a fact that translates into a vanishing metric func-
tion u → 0, which leads in turn to an isotropic 5D metric
with a 3-brane with de Sitter symmetry [27].
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b). The solution for the critical damping case reads:

ǫ(t) = e−
3

2
Ht (αt+ β) , (29)

where α and β are arbitrary constants determined by ini-
tial conditions. In this case we observe the same effect as
in the under-damped one: the amplitude of the function
ǫ exponentially vanishes with time, making the metric
function u disappear and yielding a de Sitter 3-brane
embedded in an isotropic 5D de Sitter space-time.
c). Finally, the over-damped case possesses the follow-

ing solution:

ǫ(t) = e−
3

2
Ht

(

αeω̃t + βe−ω̃t
)

, (30)

where

ω̃ =

√

9

4
H2 − Ω2 , (31)

and α and β are arbitrary constants determined by initial
conditions. Once again we see that the metric function
u exponentially decays in time, leading to a completely
isotropic 5D metric with a de Sitter 3-brane embedded in
it and realizing a very natural isotropization mechanism.
Thereby, we see that in the general case, the solution

for the time evolution of the metric function u(t, w) ex-
pressed by (15) super-exponentially yields an isotropic
5D metric of the form:

ds2 = e2A(w)
[

−dt2 + dw2+ (32)

+ a2(t)
(

dx2 + dy2 + dz2
)

+
]

,

which possesses an embedded 3-brane with de Sitter
symmetry (11) under a wide class of initial conditions.
Namely, for an arbitrary ti > 0, the anisotropic metric
will super-exponentially evolve to an isotropic 5D met-
ric since all the solutions for ǫ(t) exponentially vanish
in time. Moreover, this effect takes place for any val-
ues of the integration constants of the solution to the
braneworld model C, α, β and δ. It is worth noticing
that together with the function u, the scalar field also
exponentially disappears as a consequence of their pro-
portionality (9), rendering a completely geometric de Sit-
ter thick brane with very appealing features [27].
We now proceed to briefly review this purely geometric

isotropic braneworld model. It arises from the action

S = 2M3

∫

d5x
√
g (R− 2Λ) , (33)

where we have redefined the gravitational coupling con-
stant as 2M3 = 1

16πG , and is generated by the pure pos-
itive curvature of both 5D and effective 4D cosmological
constants under the ansatz (32). In order to extract an
effective 4D Einstein-Hilbert action on the brane from
the bulk action (33) we express it as:

Seff ⊃
∫

d4x
√−ḡ 2M3

∫ ∞

−∞

dw
{

e3AR̄+ (34)

+ 4H2e3A
[

5 sech2(Hw) − 3
]

− 2e5AΛ5

}

, (35)

where R̄ was computed with the barred metric ḡMN =
e−2AgMN and we have taken into account the form of
the warp factor (13). We further integrate over the extra
coordinate w and compare the result to the 4D Einstein-
Hilbert action on the brane,

Sbrane = 2M2
pl

∫

d4x
√

−4g
(

4R− 2Λ4

)

. (36)

In order to derive the scale of the effective 4D gravita-
tional interactions we focus on the curvature term and
get:

M2
Pl = M3

∫ ∞

−∞

dwe3A(w) =

=
M3H3

b3

∫ ∞

−∞

dw sech3(Hw) =
πM3H2

2b3
, (37)

which is finite, as it should be for a well defined 4D theory,
and explicitly depends on both 5D and 4D cosmological
constants since the second and third terms in (35) con-
tribute to the definition of the effective 4D cosmological
constant Λ4:

Λ4 = 3H2 . (38)

In contrast with the Randall-Sundrum thin braneworld
model, this cosmological constant can be made as small
as one desires without fine tuning it to zero with the aid
of the bulk cosmological constant (14) and the tension
of the brane since here we do not have junction condi-
tions. Moreover, both cosmological constants are defined
through different independent parameters (see [29] for
details).
In order to study the localization of 4D gravity and

further compute the corrections to Newton’s law in this
model we need to first perturb the isotropic metric,

ds2 = e2A(w)
[

dw2 + (gµν + hµν(x,w)) dx
µdxν

]

, (39)

in the axial gauge h5M = 0, compute the Einstein’s
equations to first order for the transverse traceless sec-
tor hµ

µ = ∂µhµν = 0 of the tensorial fluctuations, further

denoted by h̄µν , and solve the relevant bulk equations
in order to get explicit expressions for them. After this
work is done, one can calculate the corrections to the
Newtonian gravitational potential due to the KK mas-
sive modes of these fluctuations in the thin brane limit
by making use of a simple formula. Thus, if we con-
sider the variable separation h̄µν = e−

3

2
A(w)Ψ(w)g(x)µν ,

the transverse traceless modes of the metric fluctuations
obey the following Schrödinger-like equation along the
fifth dimension:

(

−∂2
w +

9

4
A′2 +

3

2
A′′ −m2

)

Ψ(w) = 0 , (40)

where one can identify an analog quantum mechanical
potential VQM :

VQM =
9

4
A′2+

3

2
A′′ = −15

4
H2sech2(Hw)+

9

4
H2 , (41)
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which is of modified Pöschl-Teller type. This potential
ensures the existence of a mass gap in the spectrum deter-
mined by its asymptotic value 9H2/4 and possesses two
bound states. One of them represents a massless gravi-
ton which is localized in the brane and is responsible for
recovering 4D gravity on the brane with the ansatz (39)
with no tachyonic modes at all [27]. The second one is
an excited KK massive mode.
In (40) the parameter m2 corresponds to the mass in a

4D de Sitter space-time in accordance with the relevant
4D equation:

(

−∂2
t − 3H∂t + e−2Ht∇2 − 2H2

)

g(x)µν =

= −m2g(x)µν , (42)

with ∇2 being the Laplacian in 3D flat space.
The general solution to the Schrödinger equation (40)

is given by:

Ψ(z) = C1P
µ
3

2

(tanh(Hw)) + C2Q
µ
3

2

(tanh(Hw)) , (43)

where Pµ
3

2

and Qµ
3

2

are associated Legendre functions of

first and second kind, respectively, of degree ν = 3/2 and

order µ =
√

9/4−m2/H2.
The continuum of KK massive modes starts from m ≥

3H/2 and is described by the following eigenfunctions

with imaginary order µ = iρ =
√

m2/H2 − 9/4 ,

Ψm(w) =
∑

±

C±P
±iρ
3

2

(tanh(Hw)) , (44)

which asymptotically behave as plane waves.
The massive modes contribute to Newton’s law with

small corrections coming from the fifth dimension. In
order to compute them we consider the thin brane limit
H 7−→ ∞ in the resulting isotropic model, locate two
probe masses M1 and M2 in the center of the brane in
the transverse direction r and compute their full inter-
action potential. Thus, the corrections to the potential
generated by the massive gravitons can be expressed as
follows

U(r) ∼ M1M2

r

(

G4 +

∫ ∞

m0

dm
e−mr

M3

∣

∣Ψm
µ (w0)

∣

∣

2
+

+
e−m1r

M3
|Ψ1(w0)|2

)

=
M1M2

r
(G4 +△G4) , (45)

where the brane is located at w = w0, G4 is now the
gravitational coupling constant in 4D, Ψ1(w0) represents
the first excited state, it does not contribute in the thin
brane limit that we are considering here since it is an
odd function; Ψµ(w0) denotes the continuous KKmassive
states that need to be integrated over their masses. After
some simple procedure we get the corrections to Newton’s
law due to the continuum of KK massive modes (see [33]
and references therein for details):

△G4 ∼ 1
∣

∣Γ(− 1
4 )Γ(

7
4 )
∣

∣

2

e−
3

2
Hr

M3r

[

1 +O

(

1

Hr

)]

, (46)

which exponentially decay for large enough Hr, indicat-
ing its small character.
Finally, in order to understand in detail what happens

to the anisotropy of the initial scalar-tensor system and
give a consistent physical interpretation to the isotropiza-
tion process, it is necessary to compute the Weyl tensor
and its projection to the brane using, for example, the
formalism of [18]. However, it is clear that the infla-
tionary process that isotropizes the metric is due to the
presence of the 4D cosmological constant (since it is equal
to Λ4 = 3H2), which is also responsible for the exponen-
tially vanishing in time of the phantom-like bulk scalar
field.
Thus, we explicitly quote the non-trivial components of

the projected to the brane non-local Weyl tensor [4, 18]:

E00 =
3

8

(

ü2 − u′2
)

, (47)

E11 = E22 = −e2Hteu

24

(

8u′′ − 3u′2+

+ 4ü− 3u̇2 + 12Hu̇
)

, (48)

E33 =
e2Hte−2u

24

(

16u′′ − 15u′2 + 8ü+

+ 3u̇2 + 24Hu̇
)

, (49)

where we have taken into account the relation (11). In
order to analyze the large time evolution of these quan-
tities we shall focus on the exponential time dependence
of (48) and (49). By considering the equations (15)-(17)
in the expressions (48) and (49) we have

E11 = −e2Hteu

8

[

4e−3A/2
(

3A′χ− 2A′χ′ − Ω2χ
)

ǫ −

− e−3A

(

χ′ − 3

2
A′χ

)2

ǫ2 − e−3Aχ2 ǫ̇2

]

, (50)

E33 =
e2Hte−2u

8

[

8e−3A/2
(

3A′χ− 2A′χ′ − Ω2χ
)

ǫ−

− 5e−3A

(

χ′ − 3

2
A′χ

)2

ǫ2 + e−3Aχ2ǫ̇2

]

. (51)

The common factors eu and e−2u super-exponentially be-
come a unity with time in comparison with e2Ht and the
expression in brackets and, hence, are not relevant for
our analysis. We further note that for the under-damped
and critical dumping cases, the qualitative behaviour of
ǫ and its time derivatives for large times (up to factors of
sin(ωt+δ), αt+β and their time derivatives) is governed
by a decaying in time exponential factor that goes like

ǫ ∼ ǫ̇ ∼ ǫ̈ ∼ e−3Ht/2 , (52)

whereas the for the over-damped case their behaviour is
dominated by a different decaying in time exponential
factor of the form:

ǫ ∼ ǫ̇ ∼ ǫ̈ ∼ e(ω̃−3H/2)t , (53)



7

where we have taken into account that 3H/2 > ω̃ in
accordance with (30) and (31), hence, e−3Ht/2 decays to
zero faster than eω̃t grows.
Thus, for the under-damped and critical dumping

cases, the second and third terms in the expression within
the brackets of (50) and (51) always decay to zero faster
than the overall factor e2Ht increases for large times.
However, the first term within the brackets of these ex-
pressions is proportional just to e−3Ht/2, and when mul-
tiplied by e2Ht leads to a total factor eHt/2 that eter-
nally increases with time. Since the coefficients of the
first terms in (50) and (51) are different, as time goes
on, the components of the projected to the brane Weyl
tensor (48) and (49) become more different, yielding a
more and more anisotropic bulk as stated above.
The situation becomes even clearer in the over-damped

case since the total factor that governs the large time

behavior of (48) and (49) goes like e(
H

2
+ω̃)t and yields an

even more anisotropic bulk in comparison to the previous
cases.

III. CONCLUSIONS AND DISCUSSION

In this paper we have presented a novel mechanism
of isotropization of an initially anisotropic 5D thick
braneworld generated by a phantom-like scalar field min-
imally coupled to gravity. Under a wide class of suitable
initial conditions (for any ti > 0 and arbitrary constants
of the explicit scalar-tensor braneworld solution) the
anisotropic braneworld evolves and super-exponentially
isotropizes by itself, under the action of the 4D cosmo-
logical constant, while the scalar field exponentially dis-
appears. Thus, the anisotropic energy of the 3-brane
rapidly leaks into the bulk through the nontrivial com-
ponents of the projected to the brane non-local Weyl ten-
sor, leading to a less isotropic bulk. As a result we have
an isotropic thick braneworld supported by pure curva-
ture, where 4D gravity as well as other matter fields have
been shown to be localized, the effective 4D Planck mass
is finite and depending on the Hubble parameter, the 4D
cosmological constant can adopt an infinitely small value
without any fine-tuning since it is independent of the 5D
one, and the mass spectrum of KK gravitons displays a
mass gap, an important feature from the phenomenolog-
ical point of view; moreover, the corresponding correc-
tions to Newton’s law have also been computed [27, 29].
An interesting and puzzling point of this model con-

cerns its stability. The usual unstable problems of phan-
tom fields were tried to be avoided by leaving the scalar
field to exist in the bulk but not in the branes, where it

should couple to ordinary matter. However, both at the
classical and quantum levels the scalar and metric fluctu-
ations are strongly coupled and the stability issue of the
brane system will remain still open. Notwithstanding,
the scalar and its couplings have a very short life since
they exponentially decay. In principle this is in agree-
ment with the fact that the evolution of the universe
experienced a phase transition from a highly anisotropic
state to an isotropic one and, in this sense, it could have
an initially unstable phase rapidly (super-exponentially)
isotropizing to a stable de Sitter universe. This argu-
ment is reinforced by the fact that the anisotropic initial
state of the universe was characterized by a Hubble pa-
rameter which is very large in comparison to its actual
value, assisting a super-exponential isotropization which
leads to an expanding universe of de Sitter type, i.e., in
an accelerating way. The stability properties of the re-
sulting isotropic braneworld are much simpler since there
is no scalar field anymore and they were already studied
in [27], where it was shown that the spectrum of tenso-
rial metric fluctuations is free of tachyonic modes with
m2 < 0.
However, it should be pointed out as well that, as in

other braneworld models, after the isotropization mech-
anism has occurred, the universe on the brane is still in-
flating under the action of the 4D cosmological constant,
leading to a period of eternal inflation. This picture is dif-
ferent from the cosmological standard model where the
isotropization of the 4D universe takes place thanks to
the the fact that the inflaton field reaches its minimum
after slow-rolling in a sufficiently flat self-interaction po-
tential, giving place further to the phase of structure
formation. It would be interesting to propose a richer
model in the sense of considering standard matter on the
brane that could lead to a more realistic model of the
isotropization mechanism of the early universe.
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