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Abstract

Kelvin waves, or Kelvons, have been known for a long time as gap-
less excitations propagating along superfluid vortices. These modes
can be interpreted as the Nambu-Goldstone excitations arising from
the spontaneous breaking of the translational symmetry. Recently a
different type of gapless excitations localized on strings — the so-called
non-Abelian modes — attracted much attention in high-energy physics.
We discuss their relevance in condensed matter physics. Non-Abelian
rotational quasi-gapless excitations could appear on the mass vortices
in the B phase of the superfluid 3He, due to the fact that the order
parameter in *He-B is tensorial. While the U(1) rotational excitations
are well established in vortices with asymmetric cores, the non-Abelian
rotational excitations, belonging to the same family, were not consid-
ered.



1 Introduction

In this paper we argue that vortices in certain superfluids with a tensorial order parameter,
such as the B-phase of superfluid 3He, can have non-Abelian quasi-gapless modes. The
existence of such modes depends on the values of a number of phenomenological parameters
(see Eq. (2.2) below). Therefore, strictly speaking, for the time being we can only say that
our assertion refers to a superfluid with the symmetry of 3He-B, characterized by relatively
small values of parameters v, and 73, which could be arranged in ultra cold Fermi gases with
p-wave pairings.

By non-Abelian we mean that the moduli (collective coordinates) that give rise to these
modes are described by non-Abelian sigma models, say, the O(3) model. The very notion
of non-Abelian gapless (or quasi-gapless) modes came from the study of topological defects
in high-energy physics, especially in supersymmetric non-Abelian field theories, where they
attracted much attention recently [1], see also [2] for reviews. These non-Abelian modes are
called orientational; they play an important role in the theory of confinement.

Non-Abelian Nambu-Goldstone (NG) excitations localized on the vortices occur when
a non-Abelian global symmetry of the ground state is spontaneously broken by the vortex.
An interesting case that can be realized in Nature is quark matter at high densities, such
as in the neutron star cores. In this case nucleons are melt into the quark matter in which
color SU(3) and flavor SU(3) symmetries are spontaneously broken down to a diagonal
SU(3) color-flavor locked symmetry [3], resembling the B phase of 3He. The vortices in this
medium spontaneously break the SU(3) color-flavor locked symmetry of the ground state.
As a result, non-Abelian NG gapless modes appear, localized on and propagating along the
non-Abelian vortices [4].!

Motivated by these developments in high-energy physics we would like to study whether
the results obtained there are relevant in condensed matter applications.

Superfluid Helium-3 is one of the most interesting states of matter thoroughly stud-
ied both experimentally [6] and theoretically [7-10]. Unlike conventional superfluids, the
fermionic *He atoms condense after forming bosonic Cooper pairs [7]. The attractive in-
teraction between *He atoms has a strong short-range repulsive core that favors a P-wave
pairing and bound states with unit angular momentum and spin. The consequence of this
fact is that the order parameter describing the condensate has a tensorial structure: it is a
3 by 3 matrix e,;, where p and i are the spin and orbital indices, respectively [8,11,12].

Low-energy physics of superfluids can be described by gapless excitations, the NG modes
associated with spontaneously broken global symmetries. The most important NG modes
are: (i) phonons associated with the spontaneously broken phase symmetry U(1), (here the
subscript p stands for phase), and (ii) magnons associated with spontaneously broken SO(3)
spin symmetry [13].

In conventional superfluids the breaking of the Abelian phase symmetry U(1), — 1 leads
to the existence of phonon excitations in the bulk and of topologically stable superfluid
vortices [14] when the superfluid sample is under rotation [15-17]. Long ago Lord Kelvin
predicted that vortices support vibrating modes (called Kelvons) which correspond to fluc-
tuations of the vortex line [18,16,19]. Kelvons have been directly observed recently [20].

!The above modes are gapped, however, after taking into account quantum corrections [5].



In unconventional superfluids, such as 3He, the order parameter is tensorial and non-
Abelian symmetries related to spatial rotations are usually broken in the vacuum. If we
neglect the spin-orbit interaction, rotations of spinorial and orbital indices can be performed
independently; the full symmetry of *He is G = U(1), x SO(3)s x SO(3);,, where SO(3)s
and SO(3), are spin and angular rotations. Two phases were theoretically predicted and
experimentally (indirectly) observed (in the absence of external magnetic fields). We focus
on the so-called B phase, where the ground state preserves a locked SO(3) symmetry,

G =U(1), x SO(3)s x SO(3);, — Hp = SO(3)s.1..

The locked SO(3)s4 1 symmetry can be identified with the overall spatial rotations SO(3)g.
The expression above imply the existence of bulk “non-Abelian” NG bosons, called magnons
in the condensed matter terminology, due to spontaneous breaking of non-Abelian global
symmetries. The B phase supports topologically stable vortices:

T (U(l)p X 50(3)5 X SO(3)L/SO(3)S+L) = T (U(l)p X SO(B)S_L) = Z@ ZQ.

The first Z factor corresponds to the breaking of the Abelian U(1), symmetry and supports
the so-called mass vortices. These vortices are created and stabilized in a lattice once the
sample is rotated, and are characterized by a non-vanishing superfluid current and angular
momentum, much in the same way as vortices in conventional superfluids.? Both the bulk
magnons and the Kelvin excitations were recently observed [21,20] in experiments with
superfluid *He and *He.

In this paper we will argue that a hitherto unexplored type of quasi-gapless modes local-
ized on the mass vortices in the superfluid 3He-B exist. While Kelvons can be interpreted
as the NG modes arising from the breaking of translational symmetry, the excitations we
discuss arise from the breaking of the spatial rotation symmetry Hg = SO(3)syr by the
vortex solution. Because of their origin we will refer to them as non-Abelian.

It is known that the B phase is divided into two sub-phases classified according to the
core structure of the mass vortex under rotations around the vortex axis. The core can
be either axially symmetric or axially asymmetric [22,11]. A possible signal of the axial
symmetry breaking in the core of the mass vortices has been already observed [23]. The
axial symmetry gives rise to a U(1) NG mode localized on the given mass vortex. This is
the conventional U(1) NG excitation, while our task is to focus on non-Abelian excitations.

Considering the whole non-Abelian symmetry, there can exist up to two or three ad-
ditional modes, due to breaking of the bulk symmetry Hg = SO(3)syr on the vortex, in
accordance with the fact that

SO(3)s4n/U(1), ~ S* or SO(3)syr/1 ~ S3/Zy

relevant respectively for the axially symmetric core (left) and for the asymmetric core (right).
As far as we know, these excitations were not discussed in the literature, nor observed in
experiments. This is the first example of spatially localized non-Abelian modes in condensed

2The second Z; factor stabilizes a more exotic type of vortices, the spin vortices. They are not directly
created by the superfluid rotation; they were detected, however, as bound states with the mass vortices



matter physics. It is important to stress here that these modes can be quasi-gapless, or
become gapped upon inclusion of quantum effects.

The arguments that lead us to this conclusion are explained in more detail in the next
Sections. They can be applied to other unconventional superfluids with tensorial order pa-
rameters. The crucial points in our considerations are (i) the presence (in the B phase) of an
unbroken non-Abelian (global rotational) SO(3)s., symmetry, which may be spontaneously
broken by the vortex, and (ii) tensorial nature of the order parameter. The rotational symme-
try is broken by the vortex solution at two levels. As in the case of conventional superfluids,
it is broken by the physical shape of the vortex itself — a line defect in three spatial dimen-
sions. (iii) It is known that the moduli coming from the latter breaking are not independent
of those originated by translations, in the case of scalar order parameter, while we argue
that independent (quasi)moduli are generated in the case of tensorial order parameters.

From a more formal point of view, if the ground state of the theory is symmetric under
H and the vortex solution preserves only a subgroup H’ of the group H, then a particular
vortex gives rise to a family of (degenerate) vortices which are characterized by a number
v = dimH — dimH’ of continuous parameters (called moduli) of the solutions and vy NG
excitation modes. In relativistic field theories, the NG theorem implies the existence of a
massless particle per each broken generator (vyg = v). In the non-relativistic case [24] the
NG theorem is subtler [25]: the number of the gapless excitations can be smaller than or
equal to the number of the broken generators (moduli).?

Our proposal is that the rotational symmetry H = SO(3)sy broken by a non-trivial
configuration of the tensorial order parameter on the vortex solution, generates rotational
non-Abelian (quasi)moduli w® (¢ = 1,2,3) which are coupled, in the general case, to the
conventional Kelvin excitations. The Kelvin excitation presents an example of the non-
relativistic type II NG mode. With two broken translations, there is only one independent
circularly polarized fluctuation of the vortex. The number of the gapless rotational excita-
tions, given a certain number of rotational moduli, must be established on the case-by-case
basis in non-relativistic theories, through the quantization procedure.

2 The Ginzburg-Landau description of 3He

The starting point of our analysis is the Ginzburg-Landau description of the superfluid phase
of *He near the critical temperature. The order parameter is a 3 x 3 matrix e,; with spin
indices p (where p = 1,2,3) and orbital indices ¢ (i = 1,2,3) that transform under the
vector representations of SO(3)g and SO(3);

Cui — €i¢5puLij€uj ) (2-1)

where S and L are SO(3)s and SO(3), orthogonal rotation matrices. 1) is a phase parameter
corresponding to U(1), rotations.

30ne NG mode with a linear dispersion relation (called type-1) corresponds to one broken generator (as
in the relativistic case), and, at the same time, one NG mode with a quadratic dispersion relation (called
type-II) corresponds to two broken generators.



The most general time dependent expression for the free energy, invariant under the
U(1) x SO(3)s x SO(3) symmetry of the theory takes the form

*

P N * * * *
FGL = 6“1'8156!“- + ’)/182'€M'82‘€M- + ’)/282'@“'8)'6“)» + 7382'6!”'8]'6#2' — 6m-€w'
* * * * * * * * * *
+ B enievicni + Baeniepiey e + Baeenieuicy; + Baeeviey eui + Bseeviesie, . (2.2)

The coefficients v and [ are phenomenological parameters depending both on temperature
and pressure. Experimental determination of all these coefficients is very difficult [26]. One
can roughly evaluate them from BCS-like calculations [12]. Note that the v, and 73 terms in
the second line differ only by a total derivative. Hence, in deriving the equations of motion
in the bulk they can be identified. BCS-like calculations are valid at weak coupling, and
predict the B-phase, were they are more reliable. Strong coupling effects have to be taken
into account in general, especially to predict the appearance of the A phase. However, for
the considerations presented in this paper the precise values of the coefficients v, « and
are not important.

Minimizing the potential term in Eq. (2.2) with respect to the order parameter gives the
B-phase ground state [10]

A= a

~ 6(B1+ Bo) +2(Bs + Bat PBs)

where the ground state solution is parametrized (in the most general form) in terms of an

element (Ry),,; of the SO(3) group. The configuration(eg),; = ¢ A (Ry) ,; contains 4 param-

eters, representing the NG excitations in the bulk, or magnons, discussed in the introduction.
The unbroken symmetry corresponds to a combined action of spinorial and orbital trans-

formations, namely,

(€0), = e A (Ry) (2.3)

Wi 0

Sunlis (Ro)z = (Ro) s - (24)

Without loss of generality we can set (Ry),; = d,; (i.e. 0 =0 and ¢ = 0) in the ground state.
Then Eq. (2.4) becomes obvious provided S = L .

If the parameters o 3 in (2.2) are small, the symmetry of the free energy (2.2) is enhanced.
Indeed, in the limit 9,73 — 0, the spatial SO(3)g rotations of coordinates can be done
independently from the spinorial SO(3)s and orbital rotation SO(3); without changing the
free energy. In this case, the SO(3)s and SO(3), symmetries, together with the locked
SO(3) s+ symmetry effectively act as internal symmetries. Then if we switch on vo3 # 0
these two terms in the free energy explicitly break SO(3)s x SO(3)r x SO(3)g down to a
“locked” SO(3)s+r = SO(3)g. This observations will be important below.

Vortices in 3He-B

The simplest topologically stable mass vortex in the B phase of 3He has the following asymp-
totic behavior

Yot = A e, at r— oo, (2.5)

€

where « is the polar angle in the perpendicular plane. We identify ¢ with the polar angle,
so that the phase of the order parameter winds by 27. From the topological point of view,
a mass vortex is stable because m;(U(1),) is nontrivial.
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The asymptotic behavior (2.5) of the vortex solution does not break the SO(3)L4s sym-
metry of the bulk. Thus, no modulus associated with the phase winding appears. At generic
distances, the ansatz (2.5) is generalized as follows,

‘ gi(z,y)  felzy) fis(z,y)
et (z,y) = A eu(r,y), Eu=| falry) glr,y) falry) |, (2.6)
fai(z,y) foa(zy)  gs(z,y)

with boundary conditions €,; — d,; at r — oo.

As already mentioned in the Introduction, vortices with an asymmetric core and a ro-
tational modulus can exist. They are characterized by a profile matrix €,,(x,y) that break
SO(2) rotations around the vortex axis, for example if all f’s vanish, but g; # ¢» in the
core. This is a well-known property that distinguishes the mass vortices in *He-B from those
in conventional superfluids [22]. Thus, the 3He vortices cannot be considered as diagonal
embeddings of more conventional U(1) superfluid vortices.

The mentioned rotational gapless mode is Abelian. In the following, we want to consider
its non-Abelian counterpart.

3 Scalar vs. nonscalar order parameters

To begin with, let us consider the usual case of a superfluid vortex in a theory with scalar
order parameter (e.g. in *He). Such vortices are characterized by two translational moduli,
corresponding to translations in the x and y directions (assuming that the vortex axis is
oriented along the z axis). Let us examine the physical reason behind the existence of these
translational moduli (and, hence, the Kelvin mode). The underlying theory has a number
invariances in the ground state. In the case of the scalar order parameter these symmetries
are (a) translational (three generators); (b) rotational (three generators). Some of the above
symmetries are obviously spontaneously broken by the vortex defect, namely, translations in
the x and y direction (7}, ,) and rotations outside the z,y plane (L., and L,,).

It turns out that the two translational modes are one the conjugate momentum of the
other, thus giving a single mode known as the Kelvin mode (see e.g. [24]). What is the fate
of the rotational symmetry which is also spontaneously broken by the vortex? Two of the
rotations are broken, while the SO(2) rotation around the z axis remains unbroken. At first
sight the SO(3)/SO(2) pattern of the symmetry breaking must lead to two extra moduli,
corresponding to broken L., and L,,. However, these extra moduli are absent because the
above rotations are already represented by the translational moduli,* which we will call &;
(where the capital Latin subscript runs over I = 1,2). In the quantization procedure the
moduli £; become the fields &;(¢, z). Thus, in the case at hand, no extra moduli are needed
to represent the spontaneously broken O(3) symmetry since local translations are equivalent
to local rotations [27].

Dynamics of the & on the vortex is described by the gradient terms ~ (9.£7)?, plus a
time derivative. The string oriented along the z axis corresponds to the ground state:

& =0. (3.1)

4In the context of high energy physics this observation is sometimes referred to as the inverse Higgs
mechanism [27, 28]




A rotated string is described by another ground state,
&r(2) =ayz, ay arbitrary real numbers. (3.2)

This is also a solution of the equation of motion. An apparent increase in the ground state
energy for (3.2) compared to (3.1) is an illusion: for the rotated vortex the element of distance
along the vortex changes too. The overall tension remains the same.

Let us pass to the problem of interest in which the relevant order parameter carries
spatial indices, see Eq. (2.2). We will start our discussion from the simplest limit yo3 = 0
(or very small). If 753 = 0 the symmetry of the ground state is enhanced: in addition to
the translational symmetry and that of spatial rotations R, it has “internal” symmetries
SO(3)s x SO(3) spontaneously broken in the ground state down to SO(3)s.

The vortex solution itself breaks T and R spontaneously, by the orientation of the vor-
tex axis. As was explained above, this breaking generates only two (not four) moduli, &;.
The breaking of the vacuum SO(3)r4s symmetry (which in the above limit is “internal”)
necessarily produces either three rotational moduli in the vortex solution (if SO(3)rts is
completely broken on the given solution) or two such moduli (if SO(3).+s is broken down
to SO(2)). For definiteness let us focus on the first case. If the axially asymmetric solution
exists in the limit 23 = 0, it can be automatically elevated to the status of the full-fledged
non-Abelian vortex. Indeed, since it breaks SO(2) by definition, one can “smear” this SO(2)
over the SO(3) 1+ by considering all possible embeddings of the broken SO(2) in SO(3)+s.
In this way, we acquire three (non-Abelian) rotational moduli. The axially asymmetric so-
lution exists provided that either g; # g2, or one or more f’s in Eq. (2.6) do not vanish, or
both.

We did not attempt to systematically explore the parameter space 31 5 in search of all
possible global vortex solutions at 7, 3 = 0. This will be the subject of a special investigation.
However, for some values of ;5 particular relevant solutions can be found in a qualitative
way in the following ansatz:

62‘2“ =A(ry) €ia5m + ik Xk(m) (3.3)

where 7, = {x,y} and X’ ia a vector with regards to the unbroken SO(3)r,s. In addition
to (2.5), x"(r.) — 0 at r; — oco. In the core of the vortex, at small |, an instability for x’
develops, x* # 0, and we obtain two rotational moduli (corresponding to SO(3) — SO(2)).

Now let us consider a general situation and switch on 23 # 0. Applying SO(3).4s =
SO(3)g to the vortex profile we get, generally speaking, three moduli w® in the matrix
structure of elvﬁrt(:z, y). Simultaneously the center of the solution gets shifted too by &;, see
Eq. (3.2), due to the entanglement of rotations and translations. The shift parameters a;
are linearly dependent on w; s.

There are two consequences: a mass gap proportional to 723 is generated for those
moduli that are not associated with the U(1) rotation and, in addition, a derivative coupling
connecting the translational and rotational moduli appears too.

4 Low-energy effective theories on the vortex

In this section we will briefly outline a general construction of low-energy effective theories on
the vortex which is not very widely used in condensed matter (albeit is absolutely standard
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in high-energy physics, e.g. [29]). This theory allows one to describe dynamics of gapless
and quasigapless excitations. This technique will help us to substantiate the last statement
in Sect. 3.

The general prescription for deriving an effective low-energy theory is as follows. One
expands the Ginzburg-Landau free energy (2.2) in terms of fluctuations of the order param-
eter, up to the second order in derivatives, near the vortex solution. These fluctuations are
assumed to be dependent on the world-sheet coordinates of the vortex,

eni(,y) = €3 (x,y) + deu(x,y, 2, 1) . (4.1)

The variation above is still completely generic. When varying expression (2.2), we observe
that the terms proportional to the first order in the variations vanish because of the equations
of motion. The remaining terms are as follows:

6* (Fgp) = hi 56;@56,” + 71@56”]-8256;]- + 728256,%8256;2 + 73825euz@56;z+
+ 720256,%015621 + vzazcsew@]c?ezz +c.c.+

+ 710]5€MJ8[5€;J + ’728]56u[8J56;J + ’738[5€MJ0J5€ZI + (86:“_8% V)éeméeﬁj +
(4.2)

where the ellipses denote terms of the third and higher order in de,;(x,y, 2,t) containing at
most two derivatives. We will discuss them later.

For the time being we discard the ¢ and z dependences in (4.2) and vary 2 (Fgr) with
respect to de,;. In this way we arrive at a static differential operator acting on de,;, and
define its eigenvalues and eigenmodes,

Lz, y)el) (z,y) = BEMel (x,y). (4.3)

Then one uses adiabatic approximation to expand de,;(z,y, z,t) = > cu(t, z)efz) (x,y). Of
all infinite set of modes we are interested only in the gapless and quasi-gapless modes, i.e.
those for which E™ = 0 or small. Again, it is convenient to start from the limit 7,3 = 0.

Let us denote the set of moduli on which e} (, y) depends as m®. This set includes
two translational moduli £&; and three orlentatlonal w’. Then ev‘m(:ﬂ, y; m®) determines the
gapless modes,

(0, a)(

0
T,Y) X —— evort(x,y; m), E*=0, (4.4)

ome
where the proportionality coefficient is derived from the normalization of each mode. Substi-
tuting these gapless modes in the expansion of de,;(z,y, z,t) (and neglecting all nongapless
modes),

6

deui(x,y, z,t) = Zm z,t)e Oa (4.5)

we arrive at a low-energy effective theory on the vortex in the form

FEed — Z Gap(m)d,m?(z,)0,m" (2, t) (4.6)



plus a similar term with time derivative (quadratic in 0, for the type I NG modes and linear
for the type II NG modes). In the quadratic approximation, as in (4.2), the target space
metric Go,(m) is replaced by Gqp(m)|,,.—,- The overall m dependence of G(m) is fixed
by the pattern of the symmetry breaking, or, alternatively, algebraically

ey (w, y;m) dei™ (x, y; m)

ome omp

Gap(m) = / iz, (A7)
where convolutions of the spin and angular momentum indices are ignored, so that Eq. (4.7)
is somewhat symbolic. Usually, translational moduli are uncorrelated with others. Then the
metric (4.7) factors out and acquires a block form

Fp= g&z&ﬁzgl + Z Gy (w)dw'(z, t)&zwg(z, t) + time der. (4.8)

0

In the previous sections we explained that our present problem is peculiar since the fam-
ily of solutions is obtained under simultaneous and concerted variations of rotational and
translational moduli.

Now, let us switch on 53 # 0 but small. Since SO(3) in this case is explicitly broken
by the vortex axis, only the modulus corresponding to the axial SO(2) will remain strictly
gapless. Two others — belonging to the coset SO(3)/SO(2) — generally speaking will acquire
a mass gap, proportional to v, 3, corresponding to a small shift of two eigenvalues in (4.4).
In other words, we expect AFLpm X Va3, Hy, 7 (WHw™) (0,0 = x,y). We will show
elesewhere that these modes are type-I NG modes with a linear disipersion relation so that
all modes are indepentent. Inclusion of quantum effects (not discussed here) may or may
not lift the U(1) mode too, depending on dynamical details.

In addition to (4.8) we will have an extra term Angad o Y23 (0.€1) (O,w'). There is a
dissipation of energy from the Kelvin mode to rotational and vice versa with the coefficient

~ 72,3

5 Conclusions

In this paper, we discussed the emergence of non-Abelian (quasi)gapless modes on the vor-
tices in *He. So far our analyses is purely classical. Quantization needed to determine how
many (quasi)gapless excitations appear from given moduli, and whether or not some are
lifted by quantum effects is deferred till a more detailed publication.?

In conventional superfluids (e.g. *He) the spontaneously broken translational and rota-
tional symmetries on a vortex do not produce independent NG modes; one can say that only
translational excitations occur, a single NG excitation, the Kelvon. This is due to the scalar
nature of the order parameter.

At the same time, for the mass vortices in the superfluid *He-B, the rotational symmetry
gives rise to independent rotational (quasi)NG excitations. One of them — due to the axial

5In the case of non-Abelian vortices in dense QCD, gapless modes localized on the vortex are gapped
after taking into account quantum corrections; quantum magnetic monopoles show up [5].



asymmetry of the vortex core — was known for a long time. We argued that extra non-
Abelian rotational excitations exist, associated with the full SO(3) symmetry of the ground
state. Generically, they are not strictly gapless and can be derivatively coupled with the
translational excitations, the Kelvons. Whether or not they will show up as quasi-gapless
depends on particular values of 7, 3 and /31 5. Generically, the parameters -, and 73 are not
parametrically small compared to v, in *He-B , and the gap of the new modes could be in
principle of the order of the fermionic gap. As already mentioned in the Introduction, this
problem can be in principle cured in ultra cold Fermi gases with p-wave pairing.

The tensorial order parameter in 3He-B is crucial for the phenomenon. We outlined the
construction of the low-energy effective theory for the (quasi)gapless excitations localized on
the vortex, defined as a (1+1)-dimensional theory on the vortex world sheet.
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