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We demonstrate that rapidity separated di-hadron spectra in high multiplicity proton-proton
collisions at the LHC can be quantitatively described by a combination of BFKL and saturation
dynamics. Based on these results, we predict the systematics of di-hadron spectra in proton-nucleus
collisions at the LHC.
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Proton-proton collisions in the high energy Regge-Gribov asymptotics of QCD are described by the exchange of
ladder like emissions of gluons. These gluons carry very small fractions x of the longitudinal momenta of the colliding
protons but have fixed but sufficiently large transverse momenta such that the coupling αS governing their emission
is weak. In these high energy asymptotics, large logarithms of x accompany every such emission; multi-particle
production is described by the Balitsky-Fadin-Kuraev-Lipatov (BFKL) equation [1, 2] which performs a resummation
of αS ln(x) terms that appear at each rung of the QCD ladder. The BFKL bremsstrahlung evolution equation in x
can be contrasted to the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP) equations [3–5] corresponding to QCD
evolution with squared momentum resolution Q2 .
An important feature of QCD in Regge-Gribov asymptotics is gluon saturation [6, 7], which predicts that gluons have
a maximal phase space occupancy for transverse momenta below a saturation scale QS (x) in hadron wavefunctions.
QS (x) is significantly larger at small x than the intrinsic QCD scale, making feasible a weak coupling Effective Field
Theory (EFT) treatment of the non-perturbative dynamics of QCD saturation [8]. This Color Glass Condensate
(CGC) EFT describes both the growth of gluon distributions via BFKL evolution and the onset of gluon saturation [9].
In this letter, we demonstrate that a combination of BFKL and saturation dynamics provides a good description
of high multiplicity di-hadron spectra in proton-proton (p+p) collisions at the LHC. These spectra were measured
by the CMS collaboration [10] in events with a high charged hadron multiplicity (N > 110) in the rapidity range
of 2 ≤ |∆η| ≤ 4. On the nearside (with azimuthal separations ∆φ ≈ 0), the di-hadron spectra display a novel and
mostly unanticipated collimation called the “ridge”. We showed previously [11] that the di-hadron yield in the ridge
is described by “Glasma graphs” [12–14] which are enhanced by gluon saturation in high multiplicity events relative
4
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to minimum bias by α−8
S , a factor of 10 –10 for typical values of the coupling αS .
Emission on the awayside (∆φ ≈ π) is dominated by the better known “back-to-back” QCD graphs. Gluon
emissions between the tagged partons are shown to be essential and described by a universal BFKL Green function.
Both Glasma and BFKL graphs are illustrated in fig. 1. Detailed exploration of di-hadron spectra has the potential to
uniquely pin down the underlying perturbative “QCD string”
dynamics, gluon saturation, and the interplay between
√
the two. Proton-Lead (p+Pb) collisions at the LHC at s = 5.02 TeV provide valuable information in this regard;
we therefore make predictions for di-hadron spectra in these collisions.
We first examine the Glasma Graphs for correlated two gluon production. The leading contributions in pT /QS are
expressed in terms of the two particle momentum space rapidities yp,q and transverse momenta pT , qT as [11]
corr.(1)
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where DA2(1) = ΦA2(1) (yq , qT + kT ) + ΦA2(1) (yq , qT − kT ).
We extend our previous calculation by evaluating addition diagrams [12, 13] that are formally subleading in pT /QS
but are important for a quantitative analysis; their contribution is expressed as
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with[15] A1 = δ 2 (pT + qT ) I12 + I22 + 2I32 , such that
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FIG. 1. The glasma graph on the left illustrates its schematic contribution to the double inclusive cross-section (dashed orange
curve). On the right is the back-to-back graph and the shape of its yield (dashed blue curve). The gray blobs denote emissions
all the way from beam rapidities to those of the triggered gluons. The solid black curve represents the sum of contributions
from glasma and back-to-back graphs. The shaded region represents the Associated Yield (AY) calculated using the ZYAM
procedure.

The other contribution, A2 in Eq. (3) can be expressed as
Z
ΦA1 (yp , k1⊥ )ΦA1 (yp , k2⊥ )ΦA2 (yq , pT − k1⊥ )ΦA2 (yq , qT + k1⊥ )
A2 =
k1⊥


k1⊥ · pT − k21⊥ k2⊥ · pT − k22⊥ + (k1⊥ × pT ) (k2⊥ × pT )
×
2
k21⊥ (pT − k1⊥ )


k1⊥ · qT − k21⊥ k2⊥ · qT − k22⊥ + (k1⊥ × qT ) (k2⊥ × qT )
×
2
k22⊥ (qT + k1⊥ )

(4)

where k2⊥ ≡ pT − qT − k1⊥ .
The unintegrated gluon distribution (UGD) per unit transverse area Φ is a universal quantity determined by solving
the Balitsky-Kovchegov (BK) equation [16, 17] as a function of the rapidity y = log (x0 /x). To avoid repetition, we
refer the interested reader to Ref. [11] for identical details [18] of i) the derivation of Eqs. (1) and (3), ii) the expression
for the single inclusive distribution, iii) solutions of the BK equation, iv) a discussion of the non-perturbative constant
ζ in C2 that represents the effect of soft multi-gluon interactions on the di-hadron spectrum.
We now turn to the double inclusive distribution from the back-to-back QCD graphs shown in Fig. 1. At high
energies, for a pair of hadrons having a rapidity separation ∆y & 1/αs , a resummation of rapidity ordered multi-gluon
emissions is necessary, corresponding to t-channel Pomeron exchange in the language of “Reggeon Field Theory” [19,
20]. Emissions between the two tagged partons lead to an angular decorrelation of the dihadron signal observed in
the data. The observation of an angular decorrelation as a signal of pomeron exchange is complementary to looking
for the growth in the dijet cross-section, as first proposed by Mueller and Navelet [21]. In this framework, the double
inclusive multiplicity can be expressed as [22, 23]
d2 p
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where G is the BFKL Green’s function
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The Φ’s in the derivation of Eq. (5) are known as impact factors and, to next-to-leading-logarithmic (NLLx)
accuracy in x, satisfy an integral equation where the kernel is the real part of the leading-logs in x (LLx) BFKL
kernel [22, 24, 25]. Since the CMS di-hadron kinematics requires very significant evolution of the Φ’s down from beam
rapidities, well beyond the Mueller-Navelet regime, we will make the ansatz here that the Φ’s are equivalent to the
unintegrated gluon distributions in Eqs. (1) and (3) which are solutions of BK equation. Because of the very high
parton densities in high multiplicity p+p events, it is not unreasonable to expect that BFKL evolution is modified
to BK evolution. Because the BK equation includes multiple scattering effects on QCD evolution, one might expect
multiple scattering effects on the BFKL Green function as well in these kinematics. Unfortunately, the technology to
include these is unknown at present.
This systematic uncertainty from rescattering contributions to the BFKL Green function can be estimated as
follows. A two gluon system produced in the BFKL framework, with large rapidity separation, corresponds to a large
invariant mass. One anticipates that this system should be little affected by rescattering with the already shadowed
gluons in the wave functions. This simple picture is borne out for heavy quark pair-production. In [26, 27], the
rescattering (kt-factorization breaking) contributions to pair production were much less important (on the 10% level)
when the invariant masses of the produced pair were greater than or equal to the saturation scale QS , while the
shadowing corrections lead to qualitative changes at small x. Extending this estimate to the two gluon system, and
taking into account the larger color factor, would give a 20% systematic uncertainty.
The role played by the BFKL Green’s function can be demonstrated by “turning off” the gluon radiation between
partons by taking the αS ∆y → 0 limit of the BFKL Green’s function, obtaining the well known expression in MultiRegge kinematics (MRK) [23, 28],
Z
d2 NAB
16 Nc αs (pT ) αs (qT ) S⊥
=
ΦA (x1 , k1⊥ )ΦB (x2 , k2⊥ ) .
(7)
d2 pT d2 qT dyp dyq MRK
(2π)8 CF
p2T q2T k1⊥
The universal BFKL Green’s function in Eq. (6) resums leading logs in x, albeit with αS chosen to run as the
geometrical mean of the two momentum scales. NLLx expressions for this quantity are now known [22, 29] and
are significantly more analytically cumbersome than Eq. (6). The moments Cm = hcos m(∆φpq )i (h· · · i denotes the
d2 NAB
d2 pT d2 qT dyp dyq weighted average over φp ,φq ) have been computed numerically to estimate the relative LLx and NLLx
contributions to the double inclusive distributions for relative rapidities ∆Y ≥ 6 [22, 30]. While the ratios C1,2 /C0
are larger at NLLx by factors of 2-3 relative to LLx, this is largely because the ∆φpq independent background C0 is
significantly lower at NLLx relative to LLx. In contrast, the collimated contributions C1 and C2 at NLLx are larger
than the LLx values by ∼ 10% and 30% respectively. Thus the relatively small NLLx corrections to C1,2 suggest a
LLx treatment may be adequate for studying collimated contributions. Further, because we include the effect of of
running coupling both in the Φ’s and G–a piece of the NLLx contribution-the contributions neglected may be even
smaller and comparable to other uncertainties such as choices of energy and renormalization scales.
We now turn to a quantitative comparison of the Glasma graphs (summing contributions from Eqs. (1), (3)) and
back-to-back graphs (Eq. 5) and compute the associated yield per trigger [31] shown in the shaded region of Fig. (1).
The detailed expressions for computing this yield implementing the ZYAM procedure are listed in [11]. The results
for the CMS high multiplicity (denoted here as “central p+p”) events [10] are shown in Fig. (2). The agreement with
asc
data is quite good; the results in the 2 ≤ pasc
T ≤ 3 GeV and 3 ≤ pT ≤ 4 windows have not been presented previously.
While the trends are reproduced, the data is slightly underestimated with increasing ptrig
(albeit within experimental
T
uncertainties). We note that in the absence of a Monte-Carlo generator, we are unable to require Ntrig ≥ 2, as done
for the data, in each transverse momentum bin.
Inclusion of the contribution from Eq. (3) lowers the K-factor from KGlasma = 2.3 required previously in [11] to
KGlasma = 1. An important caveat is that we have taken the BFKL contribution on the near-side to be independent
of ∆φpq for ∆φpq ≤ π/2 in Figs. (2) and (3). This is practically the case; however, a very small anti-collimation on the
nearside, completely negligible relative to the awayside amplitude, can skew the nearside “ridge” signal completely
because it is so small in comparison. BFKL predictions are not of this accuracy–we will therefore conjecture that a
more precise treatment of its dynamics will give a ∆φpq independent nearside contribution “within ridge accuracy”.
These theoretical uncertainties can be resolved by comparisons to data of the associated per trigger yield in p+Pb
collisions [32]. In Fig. (3), we show predictions for the nearside ridge for both minimum bias (left) and central (right)
p+Pb collisions. All parameters are fixed to be the same for p+p and p+Pb. The only difference [33] is the value
of the initial scale Q0 in the running coupling BK evolution of Φ for Pb nuclei. The initial saturation scale (in the
fundamental representation) is taken to be three times that of the min. bias proton value, Q20 = 0.504 GeV2 , and
denotes what is meant in our context by “minimum bias” for lead ions. A value six times larger, Q20 = 1.008 GeV2 , is
used for “central” ions. Recall that the min. bias and “central” p+p values were taken to be Q20 = 0.168 GeV2 and
Q20 = 0.672 GeV2 respectively
[34]. The key message from Fig. (3) is the prediction that there is a ridge in min. bias
√
p+Pb collisions at s = 5 TeV, albeit smaller than that in “central” p+p data. The ridge is larger in central p+Pb
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FIG. 3. The associated yield per trigger as a function of ptrig
in min.bias p+Pb collisions at s = 5 TeV (left) and central
T
p+Pb collisions (right). Predictions are for the same pasc
windows as for high multiplicity p+p collisons, and results from the
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collisions[35] slightly smaller than central p+p data.
In Fig. (4), we compare the “back-to-back” BFKL contribution in Eq. (5), which dominates the awayside ∆φpq
trig
distribution to data in the pasc
matrix. This comparison also includes the awayside contribution from the Glasma
T , pT
graphs but, as discussed previously, this contribution is small. Because BFKL at the accuracy computed gives a
“small” nearside anticollimation, this changes the Glasma K-factor from unity to K = 2.3. How this reweighting
affects Fig. 2 is discussed in the appendix. The BFKL result gives good agreement with awayside data in the entire
matrix in contrast to the result from the MRK expression in Eq. (7), as well as the result of a computation in quasimulti-Regge-kinematics (QMRK)
√ [23, 28]. In Fig. (5), we plot our prediction for the awayside di-hadron yield per
unit Ntrig in p+Pb collisions at s = 5 TeV compared to the same in central p+p.
It will be interesting to extend our predictions for di-hadron spectra to di-jet production [36, 37] which has a larger
rapidity acceptance at the LHC. Such tests of di-hadron spectra over the entire ∆φpq range in p+p and p+Pb collisions
have the potential to provide fundamental insights into the nature of QCD bremsstrahlung and gluon saturation at
high energies.
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FIG. 4. CMS data after the removal of the underlying event in each bin via the ZYAM procedure. The solid curve is the BFKL
result added to the Glasma result with K-factors of KBFKL = 1.1 and KGlasma = 2.3. The solid (dashed) gray curves show the
result without BFKL evolution in the MRK (QMRK) framework.

Appendix A: Appendix A.

The magnitude of the near-side collimation as extracted via the ZYAM procedure is sensitive to the degree of
near-side anti-collimation generated by the away-side BFKL graphs. Unfortunately, the systematic uncertainty of the
near-side dynamics is much larger than the away-side contribution in the BFKL framework. In the BFKL framework
the angular distribution always has a minimum at ∆φpq = 0. Clearly, this behavior is invalidated as one goes to small
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FIG. 5. BFKL prediction for the away-side yield in minimum bias p+Pb collisions at s = 5 TeV. The gray curves show the
corresponding results from central p+p. The underlying event has been subtracted from each bin.

rapidity separations having |yp − yq | ≤ 1 where the recoiling near-side jet is clearly present in the angular distribution.
It is not unlikely that the BFKL contribution has sizable systematic errors on the near-side at larger but still moderate
rapidity separations, |yp − yq | ∼ 2, which is the smallest separation included in the CMS acceptance.
Due to this larger near-side uncertainty, in evaluating the associated yield in Fig. 2 we have made the assumption
that the background is flat for ∆φpq ≤ π/2. In this case a K-factor, KGlasma = 1 was sufficient to explain the data.
The data in Fig 4 shows both the near and away-side contributions. Because of the BFKL uncertainty in the nearside we saw two possible ways to generate this plot. The first would be to use the analogous procedure of figure 3;

8
sum the Glasma contribution to a flat near-side background in the region ∆φpq ≤ π/2 and use the BFKL contribution
for ∆φpq ≥ π/2. In this case a K-factor, KGlasma = 1, would have sufficed to explain the experimental data.
Instead we chose to add the Glasma contribution to the BFKL contribution computed at all angular separations,
0 ≤ ∆φpq ≤ π. In this case the near-side collimation from the Glasma contribution has to compete against the
artificial near-side anti-collimation produced by the BFKL graphs. An additional K-factor, KGlasma = 2.3, had to be
used in order to account for this uncertainty in the near-side BFKL contribution.
One could ask how figure 2 would change if the near-side associated yield was extracted from figure 4 using the
same ZYAM procedure used to produce figure 2. The resulting calculation is shown in Fig. 6.
The qualitative features of figure 2 remain the same; there are quantitative differences between the two calculations.
The agreement is worse in the lowest associated pT window than if the BFKL contribution is taken to be flat in the
region ∆φpq < π/2, while for the higher associated pT windows, the agreement is of comparable quality.
While this manuscript was under review, measurements of the two particle correlations in p+Pb collisions have
become available [38]. In this case, the small correlations or anti-correlations from the BFKL graphs on the nearside
are dwarfed by the Glasma graph contribution, and the K factors are of order unity[39]. Hence, our strong assumption
of a ∆φpq independent near-side is justified a posteriori–a positive interpretation is that by combining results of protonproton and proton-lead collisions one can have a better handle on relative contributions of QCD graphs in high energy
QCD.
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