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In this work we make a systematic analysis of the correlated processes J/¢ — yn(1440)/ f1(1420)
with 7(1440)/f1(1420) — KKm, nmr and 37, where the role played by the so-called “triangle
singularity mechanism” (TSM) is clarified. Our results agree well with the experimental data and
suggest a small fraction of f1(1420) contributions in these processes. This study confirms our
conclusion in [Phys. Rev. Lett. 108, 081803 (2012)] that the dynamic feature of the TSM can be
recognized by the strong narrow peak observed in the w7 invariant mass spectrum of 7(1440) — 37
with anomalously large isospin violations. Nevertheless, we explicitly demonstrate that the TSM
can produce obvious peak position shifts for the same 7(1440) or f1(1420) state in different decay
channels. This is a strong evidence that the 7(1405) and 7(1475) are actually the same state, i.e.
n(1440). We also make an analysis of the radiative decays of 7(1440) — vV (V = ¢, p° or w)
which shows that such a one-state prescription seems not to have a conflict with the so-far existing
experimental data. Our analysis may shed a light on the long-standing puzzling question on the
nature of 7(1405) and n(1475).

PACS numbers: 13.75.Lb, 14.40.Rt, 13.20.Gd

I. INTRODUCTION

The charmonium hadronic and radiative decays into light hadrons have provided an important way to probe the light
hadron structures. In particular, with high statistics of J/1 and ¢’ events produced in ete™ annihilation, the light
hadron spectra can be studied closely and dynamic information concerning the light hadron properties can be extracted
from their production and decays. During the past few years, there have been several new resonance structures with
JPC = 0=+ observed by BESII and BESIII in J/v and v’ decays. They could be candidates of radial excitation
states of the pseudoscalar mesons n and 7/, or exotic states such as glueball, multiquark state or hadronic molecule.
For instance, the BES-IT Collaboration first reported a resonance structure in J/¢ — vX(1835) — yn'mTx~ [1],
which was later confirmed by the BESIII measurement [2] with high statistics. Nevertheless, two additional resonance
structures were identified as X (2120) and X (2370) in the n'77 invariant mass spectrum [2, 3].

In fact, our understanding of the isoscalar spectrum is still far from well-established. Historically, the study of
the nature of 1(1405) and 7(1475) has been a hot topic and closely related to the effort of searching for the ground
state pseudoscalar glueball in experiment. Since the first radial excitation states of 7 and 7’ are generally assigned to
1(1295) and 7(1475) taking into account their production and decay properties [4], it leaves out the abundant 1(1405)
as a possible candidate for the pseudoscalar glueball. However, we would like to emphasize that such an arrangement
still needs further studies, and it is still controversial whether 7(1405) and n(1475) are two separated states or just
one state of 0~ in different decay modes [5].

With the availability of high-statistic J/¢ and ¢’ events from the BESIII Collaboration, it allows us to tackle
the question on the nature of 7(1405) and 7(1475). One important experimental progress is that the BESIII
Collaboration [6] report the observation of anomalously large isospin violations of the 1(1405/1475) — 3w in
J/p — yn(1405/1475) — ~7°f5(980) — ~ + 37 which, however, can hardly be understood by treating them as
either glueball or ¢g state. Interestingly, this decay process also explicitly involves the issue of a(980)-fo(980) mix-
ings. The BESIII data show that the f,(980) signal is only about 10 MeV in width and the lineshape is different from
the Breit-Wigner width of about 40 ~ 100 MeV [4]. Moreover, the isospin violation turns out to be significant with
BR(n(1405) — fo(980)7" — 3m)/BR(n(1405) — af(980)7° — nrr) = (17.9 & 4.2)%, which cannot be explained by
the ag — fo mixing intensity measured in other channels [7].

An immediate theoretical interpretation is given by Ref. [8], where we propose that a triangle singularity mechanism
(TSM) via the intermediate K*K + c.c. rescatterings would lead to significant enhancement of the isospin violating
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decay, i.e. 1(1405/1475) — K*K + c.c. = fo(980)7. In this transition, the dominant contributions would come
from such a specific kinematic region that all the intermediate mesons in the triangle loop are literally on-shell. The
identification of such a mechanism seems to be nontrivial since it can naturally explain the narrow width of the f,(980)
observed in the two pion invariant mass spectrum. Consequently, it raises an essential issue concerning the nature
of 1(1405/1475) since the TSM can also contribute to the decays of 17(1405/1475) — K K7 and nam, and distort
the lineshapes and shift the peak positions of the 7(1405/1475) in those decay channels. As a result, a coherent
study of 7(1405/1475) — K K=, nrr, and 37 is necessary and could be a key towards a better understanding of the
1(1405/1475) puzzle.

In this work, we shall provide a detailed analysis of 1(1405/1475) — K K7, nmm, and 37. We shall show that only
one 0~ isoscalar state, namely 7(1440), is needed in this mass region. With this “one state” assumption, we shall
demonstrate that the TSM can lead to different mass spectra for 1(1440) — K K* + c.c., ag(980)7%, and f5(980)7. In
J/p — yn(1440), with 1(1440) — KK* + c.c., ao(980)7°, and f,(980)7, another possible contribution to the same
final states is via f1(1420). Since the mass of f1(1420) is similar to that of 1(1440), we should investigate the role
played by f1(1420) in these processes. In particular, due to the similar masses between f1(1420) and 7(1440), the
decay of f1(1420) would also experience the TSM. Therefore, a helicity analysis of the invariant mass spectrum for the
overlapping f1(1420) and 7(1440) is necessary. In comparison with the results reported in Ref. [8], we have detailed all
the analysis by including the f1(1420) contributions. We confirm the BESIII results by detailed helicity analysis from
which we can extract the invariant mass spectra for 7(1440) in different channels. These features as a consequence of
the TSM could be a natural solution for the long-standing puzzle about the nature of 7(1405/1475) in experimental
analyses.

We also mention that the 17(1405/1475) — 3w decay was also studied in Ref. [9] recently in a chiral unitary approach.
By exhausting several models and taking constraints from the meson-meson scatterings, the authors confirm that only
ap(980)- fo(980) mixing can not explain the BES result [6] and the inclusion of the triangular diagrams is necessary [8].

The rest part of this paper is organized as follows: the formalism is presented in Sec. II. Section III is devoted to
the numerical results and discussions. Our conclusion is given in Sec. IV.

II. FORMALISM
A. Effective Lagrangians and transition amplitudes

The effective Lagrangians for the 1(1440) production have been presented in Ref. [8]. Here, we include the f;(1420)
contribution and list the effective Lagrangians as the following:

LvivaP = GViVa PEupo Dy, DL, 0y, UV, 0P (1)
Lvpp, = gvep,(Wp10up, — Yp20,p )Y (2)
Lspp, = gspp,VsVp VP, , (3)
Lavp = gavpiv,dp , (4)
Long, = 91600pa 0" WLPLUT, + 928 po 0" PR OO PEVT, (5)

where S, P, V and A stand for four types of fields: scalar, pseudoscalar, vector and axialvector, respectively. For
7(1440) the same diagrams as in Ref. [8] are calculated, while for f;(1420) the similar diagrams are listed in Fig. 1.
Figure 1(1a)-(1b) are for f;(1420) — K K7 through K*K and ao(980)7 channels. Figure 1(2a)-(2b) are for f;(1420) —
7tr~ 70 through the TSM and ag — fo mixing. Figure 1(3) is for f1(1420) — nm%7%, where we assume that a$(980)7°
gives the main contribution.

Our kinematics conventions are shown in Fig. 2. Some common functions are defined as follows:
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FIG. 1: Feynman diagrams for the f1(1420) decays and its production in J/v radiative decay. Similar diagrams for 7(1440)
have been given in Ref. [8].
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FIG. 2: Kinematics defined in our formalism.
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Then, the typical loop integrals can be expressed as

kuk
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65 (Cppu + Cp1p1u) s
Iy = Ip1(12) = Eg(dppu + dp,p2p) -

Taking into account that the relative signs between the charged and neutral loops are positive in isospin-conserving

processes but negative in isospin-violating processes, it is convenient to define

CF = CoGiera + i ren s
¢ = cggz*Kw — cZg,?*K,r ,
C;;rl = Ctzjngz*KTr +02191?*K7r )
C;D_l = Cfngl{é*Kﬂ _CZIQI?*Kw )

where the superscripts ‘c’ and ‘n’ denote the charged and neutral loops, respectively. We also define I, [+ di and di

for Iy, in a similar way.
The invariant amplitudes in Fig. 1 can then be expressed as
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M4 = gleuupapwew Efl +g26uupo'p¢pjl Efle’l/J ple2(Q) : (28)

In Eq. (27), we have put the identical factor 1/2 in the squared amplitude. The parametrization of Eq. (28) is taken
from Ref. [10] and Bz(Q) is the Blatt-Weisskopf barrier factor

1
B2(Q) = \/Q4+3Q2Q3+9Qé ) (29)

where @ is the decay momentum, and Qo is a hadron scale parameter Qo = 0.197321/R GeV with R the radius of
the centrifugal barrier in fermi. In this paper we adopt R = 0.35 fm which is about the radius of J/.

1. Helicity amplitudes

In experiment, the quantum number of an intermediate state X is generally determined by measuring the angular
distribution of the X decays. To proceed, we first make a model-independent analysis of the helicity structure of the
transition matrix element which would allow us to separate different partial waves. Then, by comparing with the
angular distributions measured by experiment, we can extract the dynamic coupling strengths for different partial
waves.

For a decay process a — b+ ¢ with spin, helicity and parity (s;, Ai, 7;)i=a.b,c, the decay amplitude in the rest frame
of a can be expressed as [11],

)\bA ( (bv ) DiZTAbf)\C(¢7 97 O)F)i?)\c ’ (30)

where D3*"\ | (¢,0,0) is the rotation function, and Fy’, is the helicity-coupling amplitude which is independent
of angular variables. It satisfies two constraints taking into account angular momentum conservation and Parity
conversation:

Ao = Ac| < sa, (31)
Fey = mamune(—)% 75T (32)
From these relations, we can find out the independent helicity-coupling amplitudes.

As follows, we will re-analyze the angular distributions of the recoiled photon in J/1 — vX and the recoiled f(980)
in X — fo(980)7 decays which are measured by the BESIII experiment [6]. Now as a preparation, we derive the
helicity amplitudes of each vertex from the Lagrangians in Egs. (1)-(5).

In J/1 — 7 f1, the helicity amplitude with transversely polarized f; can be expressed as

<)\7,)\f1 = :|:1|S’|)\w> = gleuupgpdjedj *pe —l—gng(Q)Euypngp,y *pefl Ew pV
= _’LglA mqu)\wo(Qb,e O)—i_ngBQ(Q)A mszD}\wo((bvevO)

= Dy0(0,0,0)F5 5, (33)
which is nonvanishing with A, = Ay, and
Fy s, = —ig1Aymy +ig22mypQ*Ba(Q) - (34)
So the independent amplitude is
Fift = imy[—g1 + g2Q° B2(Q)] . (35)

When f; is longitudinally polarized, the g term will have no contribution. The helicity amplitude is
<)‘V7)‘f1 = O|S’|)\’¢> = gleuupapqpeqp *pefl
E
= —igudymy DY, (8,6,0)

)\w (¢79 O)F)\ 0> (36)

with

_ E
F)ho = —ig1 Ay My LN (37)
mf,



So the independent amplitude is

E
Fl¢ = —igimy—1- . (38)
0 mpy,

For f1 — f0(980)7°, the helicity amplitude can be written as

(forr|SIf1) = 295Kk K Gfok K |Ticrknlfa _g%*KTrIA}Ll)
= 297K K9fKK € (Pucy + Prucy,)
= 29 K*K9f KK Cp, €p * D1
= Dy’ o(6,0,0)Fyg (39)

where we have used the relation €, - p = 0. Also, in the helicity frame of f;(1420), we have
ep -1 =—D33(6,6,0)Q . (40)
So the independent amplitude is
Fol = =295, kK 9fox K, Q - (41)
Similarly, the helicity amplitude for J/¢ — 1(1440) can be obtained with both J/¢ and v transversely polarized:
<>w77(1440)|§|)\w> = gwmeuupapi(ﬁefbei

= —1AyGyryn My |(ﬂD§\1>\w (¢,6,0)
= DY (6.0,0)F} (42)

with
F)%fo = —iAGyymmylql (43)
For 7)(1440) — fo(980)7°, the helicity amplitude is
(forS|n(1440))

= 29771K*KgfoKK(g(I:(*Kﬂ—I;1 - gnK*KTrI%)
= FJ¢. (44)

B. Angular distribution

By combining the two-body decay amplitudes in the helicity frame, we can derive the total helicity amplitudes for
the chain process J/¢ — vX — v£0(980)7% as shown in Fig. 3 and extract the angular distributions to compare with
the experimental data [6].

.\fn(980)

N X \

FIG. 3: The kinematics for the chain process J/¢ — X — f0(980)7°.



For X being 7(1440), the total helicity amplitude can be expressed as

1
Ay (A Ay) o DYy (¢, 0., 0)Fi€ , Fig . (45)
m v Ay NP Uy ”OS—m?n +imp, Ly, 00

The angular distribution is

doy,
d(g X Z Ay, ()\wv)\'y)|2

Mg Ay =%1

x Z ‘D,\w,\ (¢4,65,0)

Ay Ay =

2

= 1+ cos? HV , (46)
where dQ) = d€2,,dQ, with dQ, = dcosf,d¢, and dS2;, = dcosby,dgy,. One step further, we obtain

1 29 47

dcosb, oc LcostOy, (47)
daﬁl

t 48

Teos 07, o const , (48)

for the angular distributions of 6. and 0y (9g0), respectively. These expressions are the same as those adopted in
Ref. [6].
For X being f;(1420), the total helicity amplitude of the chain process can be expressed as

1

Afl(/\wv)")’v)‘fl)O(D)\wk —Af, (¢779770) A >‘f1 m?c +imyp, Ly >‘f1 (¢f079f0a )F(Jlé7 : (49)
1 J17 J1
The angular distribution via f;(1420) is
2
do
d(];l x Z Z Afl()‘w7)‘V7)‘.f1)
A Ay =%1 [Ap, =0,41
2
X Z ‘O‘Diz,O(QZ)’Yae’YaO)D}:O((bfovofmo) (¢7a97a0)D (¢foa9f07 0)
A Ay =F1
= ofsin? Oy, sin? 0., + % COS ¢ COS @, 8in 207, 8in 20, + cos® O, (cos? O, + 1) | (50)

where o = aje’= is the ratio of the Ay, = £1 amplitude to that of Ay, = 0. By integrating over corresponding polar
angles in the above double distribution, one has access to the angular distributions of 6, and 0y, , respectively, for the
intermediate f;(1420):

do

ﬁ x 14203+ (1—202)cos? 6, (51)
do .

W;‘;fo o« 2+ (a2 —2)sin® by, . (52)

With both 7(1440) and f;(1420) contributing to the chain process, the total helicity amplitude can be obtained in
a similar way, namely,

. . 1
A771+f1 ()‘1/17)")’) = Diu)\w (Qb’Yvo’YaO)F)}WOS 2 - F(?Od

1
9 O D 9 0 Fla Flb
>\w0(¢’>” v ) (¢fov for ) Arhy s — m?’l + imfl 1—‘f1 00

1
+DY\ (65,0.,0)DE5 (S50, 07, 0) FA4 ' oo
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where we have applied the selection rule Ay, = A\, for the transversely polarized f;(1420); r = r; e'*r is the ratio of
the 77(1440) amplitude to that of f;(1420) with Ay, = 0. Then the angular distribution becomes

do
—re o Y Apen Qe )l

Ap Ay =1
= r}(cos 20, + 3) + 2r1aq sin by, sin 20, cos ¢ 1, cos(¢o — @) + 271 cos 05, cos ¢, (cos 20, + 3)
+2a7 sin’ 0y, sin” 0, + a; cos ¢, sin 20, sin 20, cos ¢ 5, + cos® O, (cos 20, + 3) . (54)

It is easy to show that Eqgs. (46) and (50) can be reproduced by setting the corresponding resonance couplings to
vanish. Similarly, the angular distributions of ¢, and 6y, can be obtained

doﬁl +f1

dcosb, o< 14207 +3r] + (1 — 207 +3r{) cos® 0, , (55)
d

SIMEL o a2 4202 4 41y cos ¢, cos O, + (2 — aF) cos® 0, - (56)
dcosty,

Checking Egs. (47), (51) and (55), one can see that the cos @, distribution is always symmetric as a feature of a two-
body decay. In contrast, the angular distribution of cos 6y, turns out to be nontrivial. As shown by Eqgs. (48), (52) and
(56), the contributions from different states with different quantum numbers are encoded in the angular distribution
of cosfy,. By fitting the experimental data, the coupling parameters can thus be determined which alternatively
would provide information about the contributing resonances. As shown by Fig. 3 of Ref. [6], the cos 6, distribution
is apparently asymmetric which indicates some contributions from the f;(1420) production besides 1(1440).

With the explicit total helicity amplitude in Eq. (53), we can express the differential width as

11

2> —
= WW |Am+f1| |p7||pfo|d\/SXdQ’Ydeo . (57)

We can define the following quantities by integrating the invariant mass \/sx of the fo(980)7":

Pk [
A = /d S D || D . ) 58
e RO ] Premerr e e (5%)
FlaFlb
A :/d./_s 5 15 100 , 59
2 x 7517 sx —mk +impTT, (59)
2
Az = dv/sx |py||p : ,
3 VEx 1Py |1P, | x w2 ¥ imgTy,
which can thus be related to the quantities measured in experiment, i.e.
A A
of =7 =7 (61)

:14—37 :A—S

From these relations, we can extract the information about the couplings from the angular distribution analysis.
To compare with the experimental measurement of the unpolarized partial decay width in terms of the recoiled
energy s by the photon in J/¥ — vX — yABC, the following standard expression is adopted,

dl' /sy xvABC _ 25 Lyjypyx(s) x T'xasa(s)
dy/s 7T (s =m% )2 +T%m%

, (62)

where s is the four-momentum square of X = 1(1440)/f1(1420) in the reaction. A constant width T'(f1(1420)) =
0.0549 GeV is adopted for f1(1420) [4], while for 1(1440), both constant width and energy-dependent form are adopted,

F77(1440)(5) = Fn(1440)%K*KﬁKf(7r(S) =Ta(s) , (63)

where I'y, corresponds to Fig. 1(1a).



III. RESULTS AND DISCUSSIONS

In this part, we present our analyses and numerical results. First we demonstrate explicitly that the TSM is
dominant in 1(1440) — 37, and the main contribution is indeed from such a kinematic region that all the internal
particles are close to their mass shells. Then, we give the fitting results about 7(1440) from K K7 spectrum and
show the predictions of 777~ 7" and na%7® which are consistent with Ref. [8]. By including f;(1420), we extract
the couplings of f1(1420) through the analysis of the angular distribution of 77~ 7" channel [6]. Finally, we show
that the combined results for both 1(1440) and f;(1420) in comparison with the BES data would allow us to draw
a conclusion on the anomalously large isospin violations observed in 7(1405) — 37 and the nature of 7(1405) and
n(1475).

A. Loop integral

Here we discuss in detail the calculation of I,; and I7; in Eqs. (11)-(12). What we actually need in I7; is the
coefficients ¢, and cp1. We use two methods to calculate the loops:

1. We directly calculate fnl and ffl by LoopTools without any form factors. The UV divergences are regularized
dimensionally by A = 2/(4 — D) — vg + log 4w, where A can be adjusted and the default value is A = 0.

2. The exponential form factor method as applied in Ref. [12]. Namely, an exponential form factor as follows is
included in I;;; and Iy to cut off the UV divergence:

Bomd ok (k- p)? -

A2 A2 AQ ) (64)

exp

where A is the cutoff energy and characterize the effective range of the interaction. In principle, other forms of
form factors can also be examined and we find the results are similar to each other.

We present the calculations based on the above two treatments in Fig. 4. In the kinematic region that all the internal
particles are close to their mass shells, namely the TS kinematics, these two treatments give nearly identical results
since the form factor corrections are nearly unity. In particular, the absorptive part is dominated by the contributions
from the TS kinematics. The real part turns out to be more sensitive to the form factor corrections when the internal
particles deviate from their mass shells. Similar results are found for the f;(1420) since its mass is nearly the same
as 1(1440) and they share the same TSM. As a result, one can imagine that there should be little difference between
these two treatments in the isospin-violating decay of 7(1440)/f1(1420) — 37 since the main contribution is from
the absorptive part in the TS kinematics and the dispersive part would largely cancel out between the charged and
neutral loop amplitudes. It is worth noting that the cancellation between the charged and neutral loop amplitudes
eventually makes the calculation almost independent of the model uncertainties as explicitly pointed out in Ref. [8].
This should be a direct way to confirm the dominance of the TSM in n — 37 as a dynamic mechanism.

B. Angular distribution analysis

In the numerical calculations, the common coupling constants present in the triangle loops for 17(1440) and f;(1420)
are adopted the same as in Ref. [8], i.e. g,xg = 3.33 GeV, ganx = 2.45 GeV, g% . = 3.208, and g% ;. = 3.268.
BES [13] and KLOE [14] give different values for the fo(980) coupling, namely, g,z = 4.18 GeV and gprr =
1.66 GeV from BES [13]; and g g = 5.92 GeV and grr = 2.09 GeV from KLOE [14]. Similar to the treatment in
Ref. [8], contributions from Figs. 1(1b) and (2b) are neglected since they are only about 1/10 of Figs. 1(1a) and (2a),
respectively.

We adopt the mass and width of f;(1420) from the PDG [4], i.e. my, 1420y = 1.4264 GeV and Iy, (1420) = 54.9 MeV,
but leave the mass and width of 1(1440) to be fitted by the experimental data based on the “one-state” assumption.
This is reasonable since the f1 spectrum does not suffer from the ambiguity of possible abundant states in this energy
region and as we shall see later that the f,(980) angular distribution measured by BESIII [6] only requires a small
contribution from the f7(1420).

Taking into account the present datum status, our analysis strategy is as follows: we first fit the BESIII data [6]
for the angular distributions of the recoiled photon and fo(980) in the decay of J/¢ — ¥X and X — f5(980)7°.
This allows us to extract the relative strengths between the 7(1440) and f1(1420) in the isospin violating decays.
Then, by applying for the constraint from the .J/¢» — y1(1405/1475) — vK K7 from DM2, MARK III, and BES [4],
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FIG. 4: The imaginary and real parts of the loop integrals in terms of the invariant mass of KK at /s = 1.42 GeV. There are
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it allows us to determine the absolute differential widths for both 7(1440) and f;(1420). We shall compare this
with the exclusive fit by 7(1440) as shown in Ref. [8]. In the end, we shall output the invariant mass spectra for
n(1440)/ f1(1420) — K K7, nrr and 3, from which we would expect to observe different lineshapes and peak positions
from the same state in different decay channels.

The 6., and 6y, angular distributions of exclusive 7(1440) and f1(1420) have been analyzed in Ref. [6] as parame-
terized in Eqs (47)-(48) and (51)-(52). Now we consider the combined contributions from both 7(1440) and f;(1420)
and fit the BESIII data [6] using Eqgs. (55)-(56) which can be expressed as

dN
dcost,

dN
dcosfy,

= b,(1+ccos?0,) ,

= by, (1 +cicosby, +cacos®ly,)
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where b, and by, are the overall normalization factors and

1—2a3 +3r? 4ry cos ¢, 2 —a? (67)
c=E——F—— 1= ———o 0= —5— .
14202+ 3r?’ YT a2 T a2+ 22

We use the CERN program MINUIT to fit the data and the fitting results are demonstrated in Fig. 5. To compare
with the results of Ref. [6], we show the x? values of different fits in Table I. From Fig. 5 we can see that the angular
distributions are improved significantly when both 7(1440) and f;(1420) are included. The apparently asymmetric
behavior of the cosfy, distribution in Fig. 5 can be well explained as the interference between 7(1440) and f;(1420).

300 T T T T T T T T T T T

250

250

200

N

=3

S
1

150

dN/dcos6,

150

dN/dcos.efO(gem

100
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COSS'O(%O) COSGV

FIG. 5: Fitting results for the cos 0y, (980) distribution (left panel) and cos 0 distribution (right panel), respectively. The solid
lines are the results considering both 7(1440) and f1(1420), while the dashed and dotted lines are the results with exclusive

1(1440) or f1(1420), respectively.

TABLE I: The fitting qualities of different fits.

immediate states  x?/d.o.f for cosf, x*/d.o.f for cosfy,

1(1440) 40.2/15 26.8/14
f1(1420) 59.0/15 26.4/13
n(1440) and f;(1420) 38.3/14 19.8/12

The fitted parameters are as follows:

by =118.5+8.8, ¢=0.538+0.312, (68)
from the 6, distribution and
br, = 145.7£10.7, ¢; =0.314+0.128, co = 0.141 £ 0.317 (69)
for 0¢,. By solving Eq. (67), we obtain
a? = 1.197 £ 1.090, r; = 1.50 £ 0.89, ¢, = £(1.27 £ 0.20) , (70)

which will allow us to extract the coupling constants for f;(1420), i.e. g¢, (1420)k+K> 91, and ga. Coupling gy, (1420) K+ K
can be directly obtained from the width of f;(1420) [4] by assuming that K K7 channel is dominant; Gyn(1440)/ 91 18
related to the fitted r1; and go/g; is related to the fitted ;.

The fitted parameters of 17(1440) are my1440) = 1.42 GeV , T')(1440) = 67 MeV. The extracted couplings are listed
in Table II. There are two solutions for the ratio of the D-wave coupling to S-wave coupling g2/g1, i.e. the value
—0.179 indicates the S-wave dominant, while the value 0.970 indicates the D-wave dominant. The present precision
of the experimental data seems impossible to distinguish these two solutions. From our fit we find that the ratio of
f1(1420) to 1(1440) in the K K7 channel is about 17.3%.
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TABLE II: Couplings extracted from the angular distribution analysis.

In(1440)K* K 3.638
9/ wrm(1420)(GeV ™) (1.59 £0.32) x 1072
g5 5+ 1 (GeV) 2.282 4 0.054
g1 (444+2.7) x107*
g2/91(GeV~2) —0.179793% or 0.97079-219

C(J/b—y 1 7KK m)
Tty s ki (17-3 £23.4)% or (17.1 £23.1)%

With these couplings, we can predict the corresponding spectra and ratios for J/1 — ~f1(1420) with f;(1420) —
KKn, ntn~ 7% and nn°7° as shown in Fig. 6 and Table III. The results obtained by those two values of go/g; are
almost identical as demonstrated in Fig. 6(a) for the K K7 channel. So, in other channels we only show the results
with go/g1 = —0.179. The main features of spectra and ratios are similar to those of 7(1440).

In the 77~ 7% channel, the results of KLOE are larger than those of BESIII by a factor of about 1.11 due to the
difference of g;xz and grr extracted from these two experiments as mentioned earlier. Meanwhile, it shows that
the partial width (or branching ratio) is insensitive to the form factor cut-off energy. This feature has been discussed
earlier and it is because that the model uncertainties will be largely constrained by the cancellation between the
charged and neutral loop amplitudes. Nevertheless, the dominant contributions to the isospin-violating decays are
from the TS kinematics where the form factor effects are rather small.

In the 770 channel, the results are sensitive to the integration methods and cut-off energies due to the contributions
from the dispersive part in the loop integrals. When varying the cut-off A from 1.0 GeV to 0.5 GeV, the results change
about 31%.

4.0x107 — . . . . . . . . . . .
s N T T T T T ] = o [ T T T T T ]
2 35x10” | —9,/9,=-0.179 2 Toao N 1
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FIG. 6: Predictions for the spectra dI'(J/vy — v f1(1420) — yABC)/d\/s. Figure (a) is for the K K7 channel where the solid
and dashed line denote results with different values of ga/g1. Figures (b) and (c) are for the 777~ 7% channel with g,k and
Gfonn determined by the BES and KLOE data, respectively, and (d) for the n7’7° channel. The thick and thin solid lines in
Figures (b-d) correspond to the results with A = 1.0 and 0.5 GeV, respectively, while the dashed lines denote the results by
the LoopTools calculation without form factor.

As we expect that the TSM appears to be more significant in f;(1420) than in 7(1440) since the coupling f1(1420) —
K*K + c.c. is in a relative S wave, while 7(1440) — K*K + c.c. is in a P wave. Taking the results with A = 1.0 GeV
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TABLE III: The extracted results for fi(1420), where 'apc = I'(J/¢ — vf1(1420) — yABC) and Rapc =T aBc/T k-

coupling g2/g1 = —0.179 GeV™2 ga/g1 = 0.970 GeV~?
channel I'(keV) R I'(keV) R
KKn 2.67 x 1072 1 2.63 x 10°° 1

LoopTool 3.18 x 107* 1.19% 3.18 x 10°* 1.21%

atr~7%(BES) A =1.0 GeV 3.06 x 10~*  1.15%  3.06 x 10™* 1.16%
A=05GeV 311 x10™*  1.17% 3.11x 107" 1.18%

LoopTool 3.54 x107% 1.33% 3.54x107* 1.34%

7t " (KLOE) A = 1.0 GeV 3.40 x 107*  1.27% 3.89 x 107* 1.29%
A=0.5CeV 345 x107*  1.29% 3.45x10°* 1.31%

LoopTool 6.78 x 1073  254%  6.74 x 107°  25.6%

nrlnm° A=10GeV 468 x 107 17.5% 4.68 x 107* 17.8%
A=005GeV 324 x107°% 121% 3.24x107* 12.3%

as an example, the ratio of 7777 to KK is 1.27% in f1(1420), while in 1(1440) the ratio is 0.762%. The ratio of
70 to KK is 17.5% in f1(1420), while in 7(1440) the ratio is 6.61%. The contributions from the f;(1420) also
affects the peak position as demonstrated in the next Subsection.

C. Invariant mass spectra including both 7(1440) and f;(1420)

With the parameters fixed as the above, we compare the spectra and ratios with experiment [6] in Fig. 7 and
Table IV where both 7(1440) and f1(1420) are included. The main features are consistent with Ref. [8] where only
7(1440) was considered.

It shows that the contribution of f;(1420) is much smaller than that of n(1440) in J/¢ — n(1440)/ f1(1420) —
vK K7. However, one should be reminded that this is largely due to the suppressed coupling for J/v — v f1(1420).
In contrast, the contribution from the f;(1420) is relatively enhanced in the nm%7® channel than in K K7 because
of the TSM. The most interesting scenario is that the lineshapes of the invariant mass spectra for the K K, nr9z°
and 70777~ decays are very different from each other due to the presence of the TSM in the last two processes.
Also, the interferences of the TSM have led to the shifts of peak positions in those three channels which describe
the experimental data consistently. Such a phenomenon retains even with contributions from 7(1440) exclusively as
found in Ref. [§].

For the isospin-violating channel of 7(1440)/f1(1420) — 3w, the observation of the narrow f((980) in the 7w
spectrum can be regarded as a signature of the TSM. As being shown in Ref. [8], the narrow peak is located between
the charged and neutral KK thresholds as a residual contribution due to the isospin violation. The mass difference
between the charged and neutral kaons gives rise to the nonvanishing amplitudes between the K+ K~ and K°K°
thresholds which has been a crucial mechanism for the a¢(980) and fp(980) mixing. Beyond this scenario, what we show
here and in Ref. [8] is that the TSM can further dominantly enhance the f;(980) production in 7(1440)/ f1(1420) — 3=
which eventually explains the anomalously large isospin violations.

As listed in Table IV, we can see that the ratios of 777~ 7% and nr’7° to K K7 agree well with experiment.
Meanwhile, one also notices that the relative contributions from f;(1420) to 7(1440) are quite different in different
channels as we discussed in Fig. 7. Namely, the relative strength of f1(1420) to 1(1440) turns out to be more significant
in the nm97° channel than in the K K7. It is because the S-wave coupling of K*K to f;(1420) would allow a relatively
enhanced contributions from the TSM in J/¢ — 7 f1(1420) — ynm97® than 7(1440).

In Table V we present the 7(1440) and f;(1420) peak positions extracted in those three decay channels. Due to the
contributions from the TSM, the peak positions are shifted differently. It shows that the exclusive results for 1(1440)
and f1(1420) respectively or the results with their combined contributions have a similar feature. Namely, the largest
peak mass can be seen in the K K7 channel, while the smallest one is the 37 channel. This qualitative pattern fits
well the experimental observations in these three decay channels.

Because of the TSM, the peak positions in both nw7 and 37 channels would move towards the K*K + c.c. threshold
which is about 1.39 GeV. The more significant the TSM contribution is, the larger the peak position shift would
be. As a result of the TSM dominance in the 77~ 7% channel, the peak position observed in the 777~ 7% channel
has a lower value than that in the n7%7® channel. The importance of the TSM suggests that a partial wave analysis
including the TSM is necessary. Such a mechanism may also have significant interferences with the background. As
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FIG. 7: The spectra d['(J/¢ — vX — yABC)/d+/s including both 7(1440) and f1(1420). In the K K7 channel, we also show
the experimental data, i.e. the solid triangles, solid circles, hollow circles, solid pentacles and hollow pentacles from MARK
HI(KSK*7F) [15], BES(K2K*7T) [16], BES(K* KT7°) [17], DM2(K3K*7T) [18], and DM2(K K~ n°) [18], respectively.
The thin line in Fig. (a) is the background. In the 777~ 7" and 777~ channels, we show the results given by the Loop Tools
calculation with gs,xx and gs,~~ determined by BES. In the 7771'071'0 channel, we choose the results with A = 1.0 GeV.

TABLE IV: The combined results for Rapc = I'(J/¢ — vX — yABC)/T'(J/v — vX — vyKK7) including both 7(1440) and
f1(1420). The experimental data [6, 16, 19, 20] are also listed. For f1(1420) we adopt g2/g1 = —0.179.
R
channel Theory Expt.
KKn 1 1
LoopTool  0.781%
rtan®(BES) A = 1.0 GeV 0.746% (0.90 + 0.39)%
A =0.5 GeV 0.752%
LoopTool  0.878%
7t~ 7% (KLOE) A = 1.0 GeV 0.837% (0.90 & 0.39)%
A =0.5 GeV 0.843%
LoopTool  23.7%
nrln° A =10 GeV 822% (7.84+4.6)%
A =0.5 GeV 5.28%

a consequence, it will lead to different lineshapes for the 7(1440) in different production channels. For instance, the
peak position of the 1(1440) in J/ip — ynrr is slightly different from that in J/¢ — wnrr [21]. Note that the results
of Ref. [21] are given by simple Breit-Wigner fit instead of partial wave analysis. Further detailed analysis of this
channel using partial wave analysis should include the TSM as an important underlying dynamics in order to extract
the correct pole position for the 1(1440).

With m(1440) = 1.42 GeV and my, (1429) = 1.4264 GeV, we find that the peak position shifts in the f(1420) decays
are larger than in 7(1440). The reason again is because of the relative S-wave coupling for f1(1420) — K*K + c.c.
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When combining 7(1440) and f1(1420) together, the largest peak position shift that we can achieve is about 24 MeV,
which supports our one-state assumption. Namely, the (1405) and 7(1475) may be just one state in different channels.

TABLE V: Peak positions in different channels.

peak position (GeV) KKn 77n~ 7° nnzx°
1(1440) 1.433 1416 1.426
£1(1420) 1431 1411 1.422
n(1440) + f1(1420) 1.432 1.415 1.425

D. Radiative decays of 1(1405/1475)

Our proposal that 7(1405) and 7(1475) are the same state would have an explicit consequence in the description of
the radiative decays of 17(1405/1475) — vV, where V stands for the light vector mesons ¢, p” and w. In the one-state
assumption, 1(1440) would be the SU(3) flavor partner of 7(1295) as the first radial excitation states of n and n’. In
Ref. [5], it was commented that by assigning the 7(1475) to the SU(3) partner of (1295) as the s5 dominant state would
not be able to explain why the observed branching ratios BR(n(1475) — ~p°)) is larger than BR(n(1475) — ~v¢)).
Also, it was commented that the observation that the much stronger production rate of J/¢ — vn(1405/1475) than
J/1 — yn(1295) seemed not be obvious taking into account the above question. However, in this Subsection, we shall
show that the experimental observations can be self-consistently understood by treating 7(1440) and 7(1295) as the
SU(3) flavor partners. This can be explicitly demonstrated as the following:

By assigning 7(1295) and 7(1440) as the first radial excitation of n and ', we can organize them as the following
mixtures between ni = (ut + dd)/+/2 and s3:

n(1295) = cosanfi — sin ass
7(1440) = sinanfi + cos ass , (71)

where « is the mixing angle.

In the J/4 radiative decays, it is a good approximation that the photon is radiated by the charm (anti-)quark, and
the light ¢ of 0~ is produced by the gluon radiation. By defining the production strength for the ¢g of 0~ as the
following:

g0 = (aalH|J/¢,7) (72)
one can express the production amplitudes for 1(1295) and 7(1440) as

M(n(1295)) = (V2cosa — Rsina)go ,
M(n(1440)) = (V2sina+ Rcosa)go (73)

where R = (s5|H|.J/1,7)/go is an SU(3) flavor symmetry breaking factor, and one can simply set it to be unity as a
leading approximation. It can be easily seen that a proper value for the mixing angle « in the first quadrant would
lead to a much suppressed b.r. for J/i¢ — yn(1295) than for J/¢ — ~n(1440). The value of « can be determined
by the b.r.s measured for these two channels. For instance, if one requires that B.R.(J/¢¥ — yn(1440))/B.R.(J/¢¥ —
vn(1295)) ~ 10, namely, the production of 1(1440) is about one order of magnitude larger than 7(1295), one would
have

(74)

2
B.R.(J/1 — yn(1440)) <qn(1440) >3 V2sina+ Reosa | 0
B.R.(J/¢ — yn(1295)) qn(1295) V2cosa — Rsinae )

where g,(1440) and gy (1295) are three momenta of the pseudoscalars in the J/1 rest frame, respectively. with R =1,
one has a ~ 38°. Such a mixing scenario will have explicit predictions for the radiative decays of 1(1440) — ¢y, p%y
and w7y.

Since ¢ and w are nearly ideally mixed to each other and p° has isospin-1, we adopt the flavor wavefunctions, ¢ = s5
and w = nn, and p° = (ui — dd)/+/2. The 1(1440) radiative decays are via M1 transitions where the quark spin will
be flipped by the magnetic interaction. A standard operator in the quark model can be written as

2
Hem = <¢AXS| Zeiﬂi?i : ?7|¢SXA> , (75)
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where p1; = e/2m; is the magnetic moment of the ith quark, and |¢sxa) and |¢4xs) are the flavor-spin wavefunctions
for 7(1440) and vector meson, respectively. The subscriptions S and A means that the corresponding wavefunctions
are symmetric or anti-symmetric under the exchange of the first and second quark (anti-quark). The flavor and spin
wavefunctions are defined in a standard way as the following:

bs5(s5) = (s5+5s)/V2,
ps(nn) = (ni+nan)/V?2 ,
xa = (1= 11)/v2 (76)

for the pseudoscalar state, and
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for the vectors.
One can easily work out the flavor-spin couplings for those three channels as follows:

e
hey = — CoS &
(201 M ’
€ .
hpoy = sina ,
Myq
e
hyry = sin «v 78
Y qu ’ ( )

where mg, = m, = mg and m ~ 5m,/3. Apart from the spacial form factor and phase space factor in a P wave, the
b.r. fraction among these decay channels are then

cos?a sin?a sin?a

25 4 7 36
For a proper value of a in the first quadrant, the decay of 1(1440) — vp° would be dominant. To be consistent with
the production of 7(1440) and 1(1295) in the J/1 radiative decays, i.e. a ~ 38°, one obtains B.R.(v¢) : B.R.(yp") :
B.R.(yw) ~1:3.8:0.42.

In brief, given a proper mixing angle between the 1(1295) and 7)(1440) as the first radial excitation states of  and
7', the theoretical interpretation of the 1(1405/1475) as a single state of 7(1440) does not obviously conflict with the
so far available experimental data at all. The misunderstanding that the branching ratio of 7(1475) — ~¢ should
be larger than that of 7(1475) — ~p° if n(1475) is the higher mass partner of 7(1295) is not necessary at all due to
the suppression of the quark masses in the M1 transition. This point, unfortunately, has not been realized in earlier
analyses.

B.R.(v$) : B.R.(yp") : B.R.(qw) ~ (79)

IV. SUMMARY

In summary, we have made a systematic analysis of the correlated processes J/1p — ~n(1440)/f1(1420) with

n(1440)/ f1(1420) — KK, nrr and 3w, where the role played by the TSM is clarified. Our combined analysis
including 7(1440) and f1(1420) agrees well w1th the experlment data, and provides an overall description of the
processes J/1 — yX with X — KKn, na%7° and 7#t7= 7% In partlcular we show that the inclusion of the
f1(1420) can improve the description of the f0(980)7r angular distribution significantly, although the contribution
from f1(1420) is much smaller than 7(1440). By fitting the BESIII data for J/1 — vX — 7 f0(980)7°, we extract the
coupling parameters of f1(1420). It allows us to estimate that the ratio of f1(1420) to 1(1440) in the K K7 channel
is about 17.3%. This does not change the results of the previous work [8] in which we assumed that 1(1440) was the
only contributing state as treated by the BESIII. We also show that f1(1420) can contribute some percentages to the
narrow peak of f,(980) — 77 via the TSM.

We emphasize that the dynamic feature of the TSM can be recognized by the strong narrow peak observed in the
371 channel with the anomalously large isospin violations. Moreover, it leads to the obvious peak position shifts for
the same 1(1440) or f1(1420) state in different decay channels, which may suggest that the 7(1405) and 7(1475) are
actually the same state. So far, such a one-state prescription seems not to have a conflict with existing experimental
data. This may shed a light on the long-standing puzzling question on the nature of 7(1405) and 7(1475) in the
literature.
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