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Abstract

We consider p-branes with one or more circular directions fibered over the transverse space. The

fibration, in conjunction with the transverse space having a blown-up cycle, enables these p-brane

solutions to be completely regular. Some such circularly-wrapped D3-brane solutions describe flows

from SU(N)3 N = 2 theory, F0 theory, as well as an infinite family of superconformal quiver gauge

theories, down to three-dimensional field theories. We discuss the operators that are turned on

away from the UV fixed points. Similarly, there are wrapped M2-brane solutions which describe

smooth flows from known three-dimensional supersymmetric Chern-Simons matter theories, such as

ABJM theory. We also consider p-brane solutions on gravitational instantons, and discuss various

ways in which U-duality can be applied to yield other non-singular solutions.



1 Introduction and summary

Supergravity p-brane solutions play an important role in string theory, and have provided many

explicit examples of the AdS/CFT correspondence [1]. A singularity at the origin of the brane would

impose a severe restriction on the range of validity of the supergravity background. While some

singularities may be resolved by stringy or non-perturbative effects, deformations of the geometry

and/or the inclusion of additional fields can sometimes smooth out the singularity at the level of

supergravity.

For instance, this can be done through Chern-Simons type modifications in the Bianchi identities

or equations of motion. There is an abundance of literature on this type of singularity resolution

of p-brane solutions, some examples of which can be found in [2–5]. This can provide supergravity

backgrounds dual to supersymmetric field theories for which the conformal symmetry is typically

broken by the resolution. The resolution procedure involves turning on an n-form which is square

integrable at short distance, which requires the transverse space to have a non-collapsing n-cycle.

As an example of this, consider the Klebanov-Strassler solution, which provides a supergravity

description of chiral symmetry breaking and confinement [2]. This involves D3-branes on a deformed

conifold, which has a non-collapsing 3-cycle and therefore supports a square-integrable three-form

flux.

We will consider the scenario in which the the d-dimensional transverse space has a non-

collapsing 2-cycle and/or d − 2-cycle. We wrap the p-brane on one or more circular directions

which are fibered over the transverse direction. The fibration manifests itself as a harmonic 2-

form source term for the form field that supports the p-brane. The non-collapsing cycle translates

into there being a 2-form that is square integrable at short distance, which ends up yielding a

non-singular p-brane solution. Previous examples of this construction include D5-branes on the

Eguchi-Hanson and Taub-NUT instantons [6], D3-branes on a resolved cone over T 1,1/Z2 [7], M2-

branes on a regular cone over Q1,1,1/Z2 [8], and various branes on Taub-NUT and Taub-BOLT

instantons [9].

Here we generalize these already-known solutions by considering multiple fibrations, as well

as greatly enlarge the number of examples of toroidally-wrapped p-branes by considering various

spaces with non-collapsing d− 2-cycles. The new solutions include D3-branes on cones over S5/Z3

and the Y p,q spaces; M2-branes on cones over S7/Z4, the Stiefel manifold,M3,2, and Sasaki-Einstein

manifolds in general; various p-branes on the Schwarzschild instanton and its higher-dimensional

analog.

The large distance limit of some of the wrapped D3-brane solutions describe known four-

dimensional superconformal field theories, including SU(N)3 N = 2 theory [10, 1], F0 theory [11],

and an infinite family of superconformal quiver gauge theories [12]. The linearized form of the so-

lutions enables us to analyze the transformation properties and dimensions of the operators turned

on as one flows away from the UV fixed point, and in certain cases some of these operators can

be identified. In general, the fibration corresponds to turning on a dimension-two vector opera-

tor, a blown-up 2-cycle corresponds to a dimension-two scalar operator, and a blown-up 4-cycle
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corresponds to a dimension-six non-mesonic scalar operator [13]. The full supergravity solutions

describe smooth flows in which the theory undergoes compactification to three dimensions. Like-

wise, some of the wrapped M2-brane solutions describe smooth flows from known three-dimensional

supersymmetric Chern-Simons matter theories, such as ABJM theory [14].

We also discuss how the above wrapped p-brane solutions are related to other types of super-

gravity solutions. For instance, magnetically-charged AdS solitons in gauged supergravity [15] can

be dimensionally oxidized to certain wrapped p-brane solutions. We demonstrate this for the case

of wrapped D3-branes on cones over the Y p,q spaces by using the consistent Kaluza-Klein reduction

ansatz presented in [16]. Moreover, the p-brane solutions have several directions along which one

can perform dimensional reduction or T-duality. For example, T-dualizing or reducing along a

worldvolume direction that is fibered over the transverse space yields a p-brane solution that is

modified by additional flux. At the same time, the fibration causes a direction in the transverse

space to have a radius that is nowhere vanishing and which stabilizes at large distance. This en-

sures that performing T-duality or dimensional reduction along this transverse direction yields a

non-singular solution as well.

We would like to note that an alternative way to construct completely non-singular supergravity

solutions is to localize the p-brane at a point on the blown-up cycle of the transverse space, instead

of a uniform distribution of p-branes as above. For the case of D3-branes on the resolved conifold,

this results in a solution that smoothly interpolates from AdS5×T 1,1 at large distance to AdS5×S5

at short distance. This describes an RG flow from the SU(N) × SU(N) N = 1 superconformal

fixed point in the UV to the SU(N) N = 4 superconformal fixed point in the IR, which has been

confirmed from the behavior of the superpotential [17]. This construction has been generalized

to cover all of the resolved cones over the La,b,c spaces, yielding RG flows from AdS5 × La,b,c to

AdS5 × S5/Zk [18].

This paper is organized as follows. In section 2, we consider D3-branes with worldvolume

directions that are wrapped and fibered over six-dimensional spaces, including cones over S5/Z3,

T 1,1/Z2, Y
p,q and various gravitational instantons. We emphasize the cases which describe smooth

flows from known four-dimensional superconformal field theories to three-dimensional theories, and

discuss the operators that are turned on away from the UV fixed point. In section 3, we consider

toroidally-wrapped M2-branes on cones over various Sasaki-Einstein spaces, including regular cones

over S7/Z4, Q
1,1,1/Z2, the Stiefel manifold and M3,2. Some of these solutions describe flows from

known three-dimensional supersymmetric Chern-Simons matter theories. In section 4, we consider

more examples of toroidally-wrapped brane solutions on gravitational instantons.

2 Toroidally-wrapped D3-branes

The D3-brane of type IIB supergravity is supported by the self-dual 5-form field strength, with a

six-dimensional Ricci-flat transverse space. If the transverse space has a 2-cycle or 4-cycle, then

we can construct a toroidally-wrapped D3-brane with one or more of the worldvolume coordinates

fibered over the transverse space. In addition, a D3-brane with a fibered timelike direction can

3



be interpreted as a rotating D3-brane. The solution with maximum fibrations generally has the

form [7]

ds210 = H−1/2ηµνdx̃
µdx̃ν +H1/2 ds26, (2.1)

F(5) = d4x̃ ∧ dH−1 − ∗6dH + (∗6dAµ
(1)) ∧ dx̃µ +

1

6
ǫµνρσdx̃

µ ∧ dx̃ν ∧ dx̃ρ ∧ dAσ
(1),

where dx̃µ ≡ dxµ + Aµ
(1), dA

µ
(1) = mµLµ

(2) (µ not summed) are harmonic 2-forms in the transverse

space of the metric ds26, ∗6 is the Hodge dual with respect to ds26 and µ, ν = 0, . . . 3. The equations

of motion are satisfied, provided that

H = −1

2

3
∑

µ=0

(

mµLµ
(2)

)2
, (2.2)

where is the Laplacian on ds26. Note that the periods of the wrapped directions are governed by

the connections on the fibers.

2.1 On a regular cone over S5/Z3

A regular cone over the lens space S5/Z3 is given by [19]

ds26 = f−1dr2 +
r2

9
f
(

dψ − 3
2 sin

2 θσ3
)2

+ r2ds2
CP

2 ,

f = 1− b6

r6
, (2.3)

where the metric on CP
2 is given by

ds2
CP

2 = dθ2 +
1

4
sin2 θ

(

σ21 + σ22 + cos2 θσ23
)

, (2.4)

and σi are left-invariant 1-forms of SU(2). If ψ has a period of 2π and r ≥ b, then this space is

completely regular and has a short-distance geometry of R2 × CP
2. The parameter b is related to

the volume of the 4-cycle CP
2. Note that S5/Z3 is a smooth space, which corresponds to the fact

that we are working in a limit in which all twisted states in the string theory are heavy. The metric

(2.3) follows the general construction for Ricci-flat Kähler metrics in [20].

A 2-form that preserves the isometry of (2.3) has the form

L(2) = u0 e
0 ∧ e5 + u1 e

1 ∧ e2 + u2 e
3 ∧ e4, (2.5)

expressed in the vielbein basis

e0 =
dr√
f
, e1 =

r

2
sin θσ2, e2 =

r

2
sin θσ1, e3 = rdθ,

e4 =
r

2
cos θ sin θσ3, e5 =

r

3

√

f
(

dψ − 3
2 sin

2 θσ3
)

, (2.6)

where the ui are functions of r only. The Kähler form corresponds to u0 = −1, u1 = u2 = 1.

Another harmonic 2-form has

u0 =
2

r6
, u1 = u2 =

1

r6
, (2.7)
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which corresponds to

A(1) = − m

6r4
(

dψ − 3
2 sin

2 θσ3
)

. (2.8)

One of the worldvolume directions, let us suppose the x3 direction, can be fibered over the transverse

space. This yields a regular solution with

H =
m2

4b6r4
. (2.9)

The connection on the fiber implies that x3 has a period of πm/(3b4). The ten-dimensional metric

interpolates between a product space of three-dimensional Minkowski spacetime and a U(1) bundle

over R2 × CP
2 at short distance to AdS5 × S5/Z3 at large distance.

The UV limit of the dual field theory is an N = 2 superconformal field theory of a general

class of theories [10] which was discussed specifically in [1]. It is an SU(N)3 gauge theory with

chiral multiplets Uj in the (N, N̄,1) representation, Vj in the (1,N, N̄) representation and Wj in

the (N̄,1,N) representation, where j = 1, 2, 3. The classical superpotential has the form W =

gǫijkUiVjWk, for which all three gauge couplings and the superpotential coupling g are equal. In

the quantum theory, the space of these couplings contains a one-dimensional line of superconformal

fixed points whose parameter can be identified with the dilaton in the AdS5 × S5/Z3 background.

While mesonic directions of the full moduli space correspond to the motion of the D3-branes,

the non-mesonic, or baryonic, directions are associated with either deformations of the geometry or

turning on B-fields [13]. As is generally the case for deformations which correspond to blowing up

4-cycles, b is associated with a local deformation, since it does not change the position of the branes

at infinity. Thus, as one flows away from a superconformal fixed point of the theory, non-mesonic

operators get vacuum expectation values. The transformation properties and dimensions of these

operators can be read off from the linearized form of the supergravity solution. In particular, it

can be seen from (2.3) that the leading order contribution of the b parameter to the metric goes as

b6/r6. This implies that a dimension-six non-mesonic scalar operator gets a vacuum expectation

value that goes as b6.

Although the specific operator has not been identified, it has been suggested that for this type

of deformation the operator being turned on is associated with the gauge groups in the quiver and

has the schematic form [13]

Oi =
∑

g

ci,gWgW̄g, (2.10)

where the gauge groups have been summed over, Wg is an operator associated with the field strength

for the gauge group g, and ci,g are constants. In addition, this operator could have a contribution

from the chiral fields of the form

UiŪ
iVj V̄

jWkW̄
k. (2.11)

It is proposed that a particular combination of the terms in (2.10) and (2.11) corresponds to the

blown-up 4-cycle.
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In order to analyze the operator that corresponds to the fibration, it is useful to express the

metric as

ds210 =
r2

R2

[

−dt2 + dx21 + dx22 + fdx23
]

+
R2

r2f
dr2 +R2

[

1

9

(

dψ − 3
2 sin

2 θσ3 −
6b6

mr2
dx3

)2

+ ds2
CP

2

]

,

whereR2 = m/(2b3). Now one can read off that the fibration corresponds to turning on a dimension-

two vector operator along the x3 direction whose expectation value goes as b6/m.

Away from the UV limit, the field theory lives on the direct product of three-dimensional

Minkowski spacetime and a circle. We can set x3 ≡ m
6b4
φ, where φ has a period of 2π. Then

the circular direction has a physical radius of m
6b4

. Curiously enough, this radius can be made

large enough to be consistent with observations by taking b4 ≪ m. In fact, statistical tools to use

the cosmic microwave background to search for “circles in the sky” have been developed in, for

example, [21]. If, on the other hand, the radius of the circular direction is small, then the field

theory undergoes a flow “across dimensions” towards a three-dimensional theory.

The radius of the angular coordinate φ from the ten-dimensional viewpoint is given byH−1/4 m
6b4

,

which decreases monotonically as one comes in from the asymptotic region. In order for the type

IIB description to be reliable, this radius must be much larger than the string length scale. When

this circle gets smaller than the string length scale, the more appropriate description is obtained

by T-dualizing along the x3 direction. Then one obtains a non-singular D2-brane solution given

by [7]

ds210 = H−5/8(−dt2 + dx21 + dx22) +H3/8(ds26 + dy2), (2.12)

F(4) = dt ∧ dx1 ∧ dx2 ∧ dH−1 + ∗6L(2), F(3) = mL(2) ∧ dy, φ = −1

4
logH.

Note that T-duality has untwisted the x3, which now corresponds to the y coordinate of the

transverse space.

A convenient method for determining the preserved supersymmetry of this solution is to now

dimensionally oxidize it to eleven dimensions, which results in a non-singular M2-brane solution

given by

ds211 = H−2/3(−dt2 + dx21 + dx22) +H1/3(ds26 + dy2 + dz2),

F(4) = dt ∧ dx1 ∧ dx2 ∧ dH−1 +mL(4), (2.13)

where

L(4) = ∗6L(2) + L(2) ∧ dy ∧ dz, (2.14)

is a self-dual harmonic 4-form on the 8-dimensional transverse space with the metric ds26+dy
2+dz2.

The introduction of L(4) to the M2-brane solution preserves all of the initial supersymmetries,

provided that [22]

LabcdΓ
bcdǫ = 0, (2.15)

where ǫ is a Killing spinor in the 8-dimensional transverse space. This implies that the ui must

satisfy the linear relation:

−u0 + u1 + u2 = 0. (2.16)
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While the Kähler form does not satisfy this requirement, the second harmonic 2-form does and so

the wrapped D3-brane solution is supersymmetric.

Alternatively, we can perform T-duality along the ψ direction of the D3-brane solution, which

untwists the S5/Z3 to CP
2 × S1 [23]. Since CP

2 does not admit a spin structure, its spectrum

contains no fermions. While the resulting type IIA solution is not supersymmetric at the level

of supergravity, the missing superpartners are provided by stringy winding modes. Performing

T-duality along the ψ direction and lifting to eleven dimensions yields the solution

ds211 =

(

R

3

)2/3 [ r2

R2

(

−dt2 + dx21 + dx22 + fdx23
)

+
R2

r2
f−1dr2 +R2ds2

CP
2 +

9

R2
(dy2 + dz2)

]

,

F(4) =
2m

3r

(

1

R4
+

1

r4

)

dt ∧ dx1 ∧ dx2 ∧ dr +
R4

3

(

4f − m2

r10

)

ǫ(4)

+
3

2

(

mR4

18r7
dx3 ∧ dr + dy ∧ dz

)

(

sin2 θσ1 ∧ σ2 + sin(2θ)dσ3 ∧ dθ
)

, (2.17)

where ǫ(4) is the volume-form of CP2. The geometry smoothly interpolates from AdS5 × CP
2 × R

2

at large distance to Mink3 × CP
2 × R

4 at short distance.

2.2 On a resolved cone over T 1,1/Z2

While there is an S1-wrapped D3-brane solution on the resolved conifold whose geometry is asymp-

totically AdS5×T 1,1, it has a naked singularity. On the other hand, there are S1-wrapped D3-brane

solutions on the resolved cone over T 1,1/Z2 which are asymptotically AdS5×T 1,1/Z2 and completely

regular [7]. The resolved cone over T 1,1/Z2 has the metric

ds26 = f−1dr2 +
r2

36
f(σ3 − Σ3)

2 +
1

12
R2

1(σ
2
1 + σ22) +

1

12
R2

2(Σ
2
1 +Σ2

2), (2.18)

where σi and Σi are left-invariant 1-forms of SU(2)× SU(2), R2
i ≡ r2 + ℓ2i and

f =
2r4 + 3(ℓ21 + ℓ22)r

2 + 6ℓ21ℓ
2
2

R2
1R

2
2

. (2.19)

The radial coordinate r ≥ 0. In order for the geometry described by the metric (2.18) to be

R
2 × S2 × S2 at small distance for nonvanishing ℓ1 and ℓ2, the principal orbit must be T 1,1/Z2.

The metric (2.18) was found in [24] with the radial coordinate ρ and the parameters a and b

given by

2ρ2 = R2
1, 12a2 = ℓ22 − ℓ21, 16b6 = ℓ41(3ℓ

2
2 − ℓ21), (2.20)

where a and b correspond to a blown-up 2-cycle and a blown-up 4-cycle, respectively. This reduces

to the metric of the resolved conifold [25] for vanishing b and is included in the class of metrics

obtained in [26,20] for vanishing a.

A 2-form that preserves the isometry of (2.18) has the form given by (2.5) expressed in the

vielbein basis

e0 =
dr√
f
, e1 =

R1√
12
σ1, e2 =

R1√
12
σ2,

e3 =
R2√
12

Σ1, e4 =
R2√
12

Σ2, e5 =
r

6

√

f(σ3 − Σ3), (2.21)
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where the ui depend only on r. In this case, there are three harmonic 2-forms. Besides the Kähler

form, there is one with

u0 =
(ℓ21 − ℓ22)(r

4 − ℓ21ℓ
2
2)

R4
1R

4
2

, u1 =
r4 + 2ℓ21r

2 + ℓ21ℓ
2
2

R4
1R

2
2

, u2 =
r4 + 2ℓ22r

2 + ℓ21ℓ
2
2

R2
1R

4
2

. (2.22)

This 2-form is square integrable at short distance. However, it is non-normalizable at large distance

and carries non-trivial flux. The last harmonic 2-form is given by

u0 =
R2

1 +R2
2

R4
1R

4
2

, u1 =
1

R4
1R

2
2

, u2 = − 1

R2
1R

4
2

. (2.23)

This 2-form is square integrable at short distance and normalizable with vanishing flux. These two

2-forms can be used to have two of the D3-brane worldvolume directions fibered over the transverse

space. This yields a regular solution with

H = 1 +
ℓ41(ℓ

2
1 − ℓ22)

2m2
1 +m2

2

4ℓ41(ℓ
2
1 − 3ℓ22)(ℓ

2
1 − ℓ22)R

2
1

+
ℓ42(ℓ

2
1 − ℓ22)

2m2
1 +m2

2

4ℓ42(ℓ
2
2 − 3ℓ21)(ℓ

2
2 − ℓ21)R

2
2

(2.24)

+
ℓ41ℓ

4
2(ℓ

2
1 + ℓ22)

2m2
1 + (ℓ21 − ℓ22)

2m2
2

2
√
3ℓ41ℓ

4
2(ℓ

2
1 − 3ℓ22)

3/2(3ℓ21 − ℓ22)
3/2

log

(

4r2 + 3(ℓ21 + ℓ22)−
√

3(ℓ21 − 3ℓ22)(3ℓ
2
1 − ℓ22)

4r2 + 3(ℓ21 + ℓ22) +
√

3(ℓ21 − 3ℓ22)(3ℓ
2
1 − ℓ22)

)

,

for ℓ2 6= ℓ1 and ℓ2 6= ℓ1/
√
3, where m1 and m2 are associated with the 2-forms with (2.22) and

(2.23) and the wrapped worldvolume directions have periods πm1/3 and πm2/(6ℓ
2
1ℓ

2
2), respectively.

For ℓ2 = ℓ1 we have

H = 1 +
m2

2

8ℓ61R
4
1

+
m2

1

2
√
3ℓ21

arctan

( √
3ℓ21

2r2 + 3ℓ21

)

, (2.25)

and for ℓ2 = ℓ1/
√
3 we have

H = 1 +
m2

1ℓ
6
1(27r

6 + 63ℓ21r
4 + 45ℓ41r

2 + 11ℓ61) + 4m2
2(18r

4 + 36ℓ21r
2 + 19ℓ41)

36ℓ61R
6
1(3r

2 + ℓ21)
. (2.26)

One can also superimpose the 2-forms to construct a D3-brane solution with a single world-

volume direction fibered over the transverse space. The wrapped direction has a period of πm1/3

and ℓ21ℓ
2
2m1/m2 must be rational in order to have a smooth manifold. Note that H may contain

mixed terms in m1 and m2. For ℓ2 = ℓ1, there are no mixed terms in H. On the other hand, for

ℓ2 = ℓ1/
√
3,

H = 1 +
9m2

1(18r
4 + 36ℓ21r

2 + 19ℓ41) + 2ℓ61m
2
2(27r

6 + 63ℓ21r
4 + 45ℓ41r

2 + 11ℓ61)

72ℓ61R
6
1(3r

2 + ℓ21)

+
m1m2(9r

4 + 18ℓ21r
2 + 11ℓ41)

12ℓ21R
6
1(3r

2 + ℓ21)
. (2.27)

Note that (2.26) does not arise in any limit of (2.27), since the value of the integration constant

that yields a regular solution itself depends on mixed terms in m1 and m2.

For vanishing m1 and taking the integration constant in H to be 0 instead of 1, H has an

asymptotic expansion which can be written as

H ≈ m2
2(ℓ

2
1 + ℓ22)

64ℓ41ℓ
4
2ρ

4

[

1 +
6a2

ρ2
+ · · ·

]

. (2.28)

8



The geometry is AdS5 × T 1,1/Z2 at large distance and a product space of three-dimensional

Minkowski spacetime and a U(1) bundle over R
2 × S2 × S2 at short distance. The UV limit

of the dual field theory is the Z2 orbifold of the conifold theory [27] called the F0 theory [11].

The blown-up 2-cycle, which is a global deformation in that it changes the position of the

branes at infinity, corresponds to a dimension-two scalar operator that can be written in terms of

the bifundamental fields as [13]

K = AαĀ
α −Bα̇B̄

α̇ +CαC̄
α −Dα̇D̄

α̇. (2.29)

This operator lies within the U(1) baryonic current multiplet, and its dimension is protected since

the conserved current has no anomalous dimension. As one flows from the UV fixed point, this

operator gets a vacuum expectation value that goes as a2. The dimension-six non-mesonic scalar

operator that corresponds to the blown-up 4-cycle gets a vacuum expectation value that goes as

b6. Also, the fibration corresponds to turning on a dimension-two vector operator along the x3

direction with a vacuum expectation value that goes as
ℓ41ℓ

4
2

m2(ℓ21+ℓ22)
.

We can perform T-duality along the U(1)R direction of T 1,1/Z2, which untwists T 1,1/Z2 to

S2 × S2 × S1 [23]. Although supersymmetry is broken at the level of supergravity, it is still

preserved within the full string theory. Performing T-duality along the ψ direction and lifting to

eleven dimensions yields

ds211 = h1/3H−2/3
[

− dt2 + dx21 + dx22 +H
(

f−1dr2 + h−1
(fr2

36
dx23 + dy2 + dz2

)

+
1

12
R2

1(σ
2
1 + σ22) +

1

12
R2

2(Σ
2
1 +Σ2

2)
)]

,

F(4) = dt ∧ dx1 ∧ dx2 ∧
(

(R2
1 +R2

2)r

6R4
1R

4
2

dr − m

12R2
1R

2
2

dH−1

)

+

[

Σ1 ∧ Σ2 − σ1 ∧ σ2 − d

(

m

12hR2
1R

2
2

)

∧ dx3
]

∧ dy ∧ dz

+ ∗
[

dt ∧ dx1 ∧ dx2 ∧ dy ∧ dz ∧
(Hfr2

36h
dx3 ∧ dH−1 − m(R2

1 +R2
2)r

72R6
1R

6
2h

dx3 ∧ dr

+
1

12R2
1R

2
2

(σ1 ∧ σ2 − Σ1 ∧Σ2)
)]

, (2.30)

where

h = Hf
r2

36
+

m2
2

144R4
1R

4
2

> 0. (2.31)

Since h > 0, this solution is free from curvature singularities. The geometry smoothly interpolates

from AdS5 × S2 × S2 × R
2 at large distance to Mink3 × S2 × S2 × R

4 at short distance, where

from now on we will use Minkd to refer to d-dimensional Minkowski spacetime. In order to avoid

a conical singularity at r = r0, the coordinate x3 has a period of πm2/(6ℓ
2
1ℓ

2
2).

2.3 On cones over Y p,q

We will consider cones over the Y p,q Sasaki-Einstein spaces [28,29] which have the metric

ds26 = K(r)−1 dr2 +
1

9
K(r) r2

(

dψ +A
)2

+ r2 ds24, (2.32)

9



where

A = − cos θ dφ+ y (dβ + cos θ dφ), K(r) = 1− b6

r6
, (2.33)

and the radial coordinate r ≥ b. The Y p,q metric has been expressed in canonical form with its

base space given by the Einstein-Kähler metric

ds24 =
1

6
(1− y)(dθ2 + sin2 θ dφ2) +

dy2

w(y)q(y)
+

1

36
w(y)q(y) (dβ + cos θ dφ)2, (2.34)

with

w(y) =
2(a− y2)

1− y
, q(y) =

a− 3y2 + 2y3

a− y2
. (2.35)

Note that dA = 6J , where J is the Kähler form of the base space. The S2 coordinates θ and φ

have the ranges 0 ≤ θ < π and 0 ≤ φ < 2π. The angular y coordinate has the range y1 ≤ y ≤ y2,

where yi are the two smaller roots of q(y). a and yi can be written in terms of the Chern numbers

p and q as

a =
1

2
− p2 − 3q2

4p3

√

4p2 − 3q2,

y1 =
1

4p

(

2p − 3q −
√

4p2 − 3q2
)

,

y2 =
1

4p

(

2p + 3q −
√

4p2 − 3q2
)

. (2.36)

The six-dimensional metric (2.32) uses the general construction given in [20] and has been

considered in [30, 31, 13]1. While there is no curvature singularity for nonvanishing b, there are

generally conifold fixed points of complex co-dimension two at the apex of the cone [31,13]. There

are special cases for which these are orbifold fixed points and the string dynamics is well defined

[33, 34]. Then the Sasaki-Einstein space is in the quasi-regular class and
√

4p2 − 3q2 is integer-

valued. This implies that the volume of the Y p,q space is a rational fraction of the volume of the

unit S5, corresponding to rational central charges in the dual gauge theory [29]. The larger family

of spaces with conifold rather than orbifold singularities corresponds to irrational central charges in

the dual gauge theory. For the cases in which the singularities correspond to orbifold fixed points,

we denote the cone as C(Y p,q)/ZN1,N2 . This space becomes S2 × C
2/ZNi

in the vicinity of the

orbifold fixed-points at r = r0, y = yi. The simplest example of an orbifolded resolved cone is

C(Y 1,1)/Z4,2, for which a = 1 and the Y 1,1 space is S5/Z2. Examples for higher values of p and q

include

C(Y 7,3)/Z70,56, C(Y 7,5)/Z126,84, C(Y 13,7)/Z312,234, C(Y 13,8)/Z91,65. (2.37)

One harmonic 2-form supported by these six-dimensional cones is given by

L̃(2) =
1

r2 (1− y)2
(e1 ∧ e2 − e3 ∧ e4). (2.38)

1Cones over the larger family of Lpqr Sasaki-Einstein spaces [32] have also been considered in [31].
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This 2-form is square-integrable for r → b and the range in y is such that L(2) never diverges.

However, since L(2) is not normalizable at large distance, the resulting ten-dimensional geometry

will not be asymptotically AdS. Another harmonic 2-form is

L(2) =
1

r6
(e1 ∧ e2 − 2e0 ∧ e5 + e3 ∧ e4), (2.39)

which is square-integrable at short distance and normalizable at large distance. For the latter

harmonic 2-form, we can easily find closed-form solutions for the function H of the form H =

h(r) + g(y). However, in order for ∂yH to remain finite in the asymptotic region, we find that it

must not depend on y. There is a solution given by

H =
m2

4b6 r4
. (2.40)

The geometry interpolates from a product space of Mink3 and U(1) bundle over C(Y p,q) at short

distance to AdS5×Y p,q for large distance. The dual field theory flows from anN = 1 superconformal

quiver gauge theory [12] to an N = 2 three-dimensional theory. The fibration corresponds to a

dimension-two vector operator along the x3 direction, and the blown-up 4-cycle corresponds to a

dimension-six non-mesonic scalar operator which gets a vacuum expectation value that goes as b6.

Note that a completely regular cone over Y 2,1 has been constructed in [35], which involves a

blown-up 2-cycle and 4-cycle. However, the harmonic 2-form supported by this cone, along with

the function H, would necessarily have angular dependence.

2.4 From lifting a five-dimensional magnetic AdS soliton

Five-dimensional Einstein-Maxwell theory has a magnetically-charged AdS soliton solution given

by

ds25 = g2r2
[

−dt2 + dx21 + dx22 + fdx23
]

+
dr2

g2r2f
,

B(1) =
3gb3

r2
dx3, (2.41)

where

f = 1− µ

r4
− b6

r6
, (2.42)

and r ≥ r0 where r0 is the largest root of f . The circular x3 direction smoothly caps off like a cigar

geometry, provided that x3 has a period of

∆x3 =
2πr50

g2(2µr20 + 3b6)
. (2.43)

For vanishing b, this reduces to the AdS soliton [36]. A multiple-charge generalization of this

solution in five-dimensional N = 2 gauged U(1)3 supergravity arises in a large mass limit of the

global AdS solitons found in [15]. However, we will focus on the equal-charge case of these solutions,

for which the AdS soliton carries U(1)R graviphoton charge. Using the consistent Kaluza-Klein
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reduction ansatz presented in [16] then enables us to lift the solution (2.41) to type IIB theory on

a Sasaki-Einstein manifold Y p,q. The resulting S1-wrapped D3-brane solution can be expressed as

ds210 = g2r2
[

−dt2 + dx21 + dx22 + f̃(dx3 +A(1))
2
]

+
1

g2r2

[

dr2

f
+
r2f

9f̃
(dψ +A)2 + r2ds24

]

,

F(5) = dt ∧ dx1 ∧ dx2 ∧
[

4g4r3dx3 ∧ dr +
2b3

g2
J

]

+ dual, (2.44)

where

f̃ = 1− µ

r4
, A(1) =

b3

3g2r4f̃
(dψ +A), (2.45)

A is given by (2.33) and J is the Kähler form of the base metric ds24 given by (2.34). For vanishing

µ, the transverse space reduces to the Ricci-flat cone given by (2.32). For b 6= 0, f̃ > 0. This means

that the period of x3 is solely dictated by the connection on the fiber, and is therefore different

from what is required in five dimensions. The period of x3 is

∆x3 =
2πb3

3g2(r20 − µ)
. (2.46)

The asymptotic geometry is generally AdS5 × Y p,q. However, as discussed in the last subsec-

tion, using Y p,q spaces for this construction means that there are generally orbifold or conifold

fixed points, with the exceptions of S5/Z3 and T 1,1/Z2 for which the resulting ten-dimensional

background is completely regular.

One can also consider the AdS soliton in five-dimensional N = 2 gauged U(1)3 supergravity

with three independent charges [15]. Using the consistent Kaluza-Klein reduction ansatz in [37],

one can lift this solution on S5/Z3 to obtain a more general D3-brane solution. This is something

that cannot be done for T 1,1/Z2 [38] or the Y p,q spaces in general [16], since this would involve

SU(2)×SU(2) vector multiplets, which it is inconsistent to retain in any truncation to the massless

sector.

2.5 On a six-dimensional Schwarzschild instanton

A six-dimensional analog of the Schwarzschild instanton [39] has the metric

ds26 = f−1dr2 + fdψ2 +
r2

3

(

dΩ2
2 + dΩ̃2

2

)

, (2.47)

where

f = 1− r30
r3
, (2.48)

the coordinate ψ has a period of 4πr0/3 and r ≥ r0. Three harmonic 2-forms are given by

L1
(2) = − 3

r4
dr ∧ dψ, L2

(2) = Ω(2), L3
(2) = Ω̃(2). (2.49)

These can be used to construct a D3-brane wrapped on one, two or three directions which are fibered

over the Schwarzschild instanton [9]. For the case of three wrapped directions, they must have the
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periods 4πm1/(3r
2
0), 4πm2 and 4πm3, respectively, in order for the manifold to be simply connected.

For the case in which the connections are used for a single fibered direction, the resulting manifold

will be simply connected if m3 = m2 = m1/(3r
2
0). We can also have non-simply-connected smooth

manifolds if the ratios m3/m2 and 3r20m2/m1 are rational-valued. The corresponding function H

is given by

H = 1 +
m2

1

r30r
3
+
m2

2 +m2
3

2
√
3r20

[

2 arctan

(

2r + r0√
3r0

)

− π +
√
3 log

(

r2 + r0r + r20
r2

)]

. (2.50)

Since the circular ψ direction has a radius that stabilizes, we can perform T-duality along this

direction. Furthermore, if the fibration involves the ψ direction, then the radius of ψ is nowhere

vanishing and the resulting T-dual solution can be completely regular. We will consider the case

in which only m1 is nonvanishing. Performing T-duality along the ψ direction and lifting to eleven

dimensions yields the solution

ds211 = h
1
3H− 2

3

[

− dt2 + dx21 + dx22 +H
(

f−1dr2 +
r2

3
(dΩ2

2 + dΩ̃2
2) + h−1(fdx23 + dy2 + dz2)

)]

,

F(4) =
m2H2

27r30h
(f − fH−1 − 1)Ω(2) ∧ Ω̃(2) −

m

r3
dt ∧ dx1 ∧ dx2 ∧

(

dH−1 +
3

r
dr

)

+ d
(m

r3
h−1

)

∧ dx3 ∧ dy ∧ dz, (2.51)

where

h = f +
m2

1

r30r
3
> 0. (2.52)

Since h > 0, this solution is free from curvature singularities. In order to avoid a conical singularity

at r = r0, the coordinate x3 has a period of 4πm1/(3r
2
0). Note that for m1 = r30, h = 1 and there is

a Ricci-flat subspace that is the direct product of the six-dimensional Schwarzschild instanton and

a 2-torus.

2.6 On generalized Taub-NUT/BOLT instantons

A six-dimensional generalization of the Taub-BOLT metric2 is given by [40]

ds26 = f−1dr2 + 4N2fdψ̃2 +R2(dΩ2
2 + dΩ̃2

2), (2.53)

where

f =
(r +N)(r − 3N)

3R2
, dψ̃ ≡ dψ + cos θdφ+ cos θ̃dφ̃, R ≡

√

r2 −N2, (2.54)

ψ has a period of 12π and r ≥ 3N . The geometry goes from R
2 × S2 × S2 at short distance to a

U(1) bundle over a cone over S2 × S2 at large distance. One could replace S2 × S2 by CP
2, for

which there is a regular Taub-NUT instanton as well, however we will focus on the S2 × S2 case.

Note that this Taub-BOLT instanton does not admit a spin structure since each S2 factor generates

an element of H2 of odd self-intersection [42], although it may still admit a SpinC structure.

2Solutions based on more general Kerr-Taub-Bolt instantons have been constructed in [41].
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Besides the Kahler form, this metric supports two harmonic 2-forms of the form (2.5) expressed

in the vielbein basis

e0 =
dr√
f
, e1 = Rdθ, e2 = R sin θdφ,

e3 = Rdθ̃, e4 = R sin θ̃dφ̃, e5 =
√

fdψ̃, (2.55)

with

u0 = − 4N

(r ±N)3
, u1 = u2 =

r ± 3N

(r ±N)3
, (2.56)

which we will associate with m±. Neither form is normalizable at large distance but they are

both square integrable at short distance. Thus, we can use these two forms to construct a regular

D3-brane wrapped on a 2-torus fibered over the Taub-BOLT instanton [9] with

H = 1− m2
1(11r

3 + 20Nr2 − 17N2r + 14N3)

16N(r +N)4
+

4m2
2

N(r +N)

+
m2

2(12r
2 − 3Nr + 11N2)

6N(r −N)3
+

96m2
2 − 11m2

1

32N2
log

(

r −N

r +N

)

. (2.57)

In order for the solution to be regular, the two 2-forms must be associated with different directions

on the worldvolume the D3-brane. The wrapped directions have the periods 3πm+/(2N) and

6πm−/N , where 2N must be integer-valued in order for the manifold to be regular.

An alternative six-dimensional generalization of the Taub-BOLT metric is given by3 [43]

ds26 = f−1dr2 + 4N2fdψ̃2 + (r2 −N2)dΩ2
2 + r2dΩ̃2

2, (2.58)

where

f =
(r +N)(r − 2N)

3r(r −N)
, dψ̃ = dψ + cos θdφ, (2.59)

ψ has a period of 4π and r ≥ 2N . The geometry goes from R
2×S2×S2 at short distance to a U(1)

bundle over a cone over S2 × S2 at large distance. Besides the Kahler form, this metric supports

three harmonic 2-forms of the form (2.5) expressed in the vielbein basis

e0 =
dr√
f
, e1 =

√

r2 −N2dθ, e2 =
√

r2 −N2 sin θdφ,

e3 = rdθ̃, e4 = r sin θ̃dφ̃, e5 = 2N
√

fdψ̃. (2.60)

The three harmonic 2-forms have

u0 =
3r2 −N2

r2(r2 −N2)2
, u1 =

2N

r(r2 −N2)2
, u2 = 0, (2.61)

u0 =
r

N(r2 −N2)2
, u1 =

3N2 − r2

2N2(r2 −N2)2
, u2 = 0, (2.62)

and

u0 = u1 = 0, u2 =
1

N2r2
, (2.63)

3We could also consider the multiple nut parameter extension that found in [44].
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which we will associate withm1 andm2 andm3, respectively. While the second and third forms have

non-trivial flux and are not normalizable at large distance, all three of them are square integrable

at short distance. Thus, we can use these three forms to construct a regular D3-brane wrapped on

a 3-torus fibered over the Taub-BOLT instanton with

H = 1 +
1

96N5

[

(4m2
1 +m2

2)(3N
3 + 31N2r + 29Nr2 + 9r3)

(r −N)(r +N)3
+

20m2
1 + 41m2

2 + 432m2
3

r +N

− 144(m2
1 +m2

3)

r
+

32(4m2
1 +m2

2 + 18m2
3)

N
log

(

r +N

r

)

]

. (2.64)

The wrapped directions have periods 4πm1/(3N
2), 2πm2/(3N

2) and 4πm3/(N
2). Note that one

can also use the superposition of 2-forms to construct a D3-brane solution with a single worldvolume

direction fibered over the transverse space. For example, for the metric (2.58), this yields

H = 1− 3(m2
1 +m2

3)

2N5r
+

3(2m1 +m2)
2

32N5(r −N)
+

(2m1 −m2)
2(r + 3N)

48N4(r +N)3

− (10m1 − 41m2)(2m1 −m2) + 432m2
3

96N5(r +N)
+

(2m1 −m2)
2 + 18m2

3

3N6
log

(

r +N

r

)

. (2.65)

Regularity then requires that the ratios of m1, m2 and m3 are all rational-valued.

Simply taking r → −r transforms the six-dimensional Taub-BOLT metric (2.58) into a Taub-

NUT metric, where now r ≥ N [43]. However, now there is only a single harmonic 2-form that

is square integrable at short distance, providing a regular D3-brane wrapped on a circle that is

fibered over the Taub-NUT instanton.

Since the ψ direction has a radius that stabilizes, we can T-dualize along this direction. As an

example, consider the T 2-wrapped D3-brane on the Taub-BOLT instanton with the metric (2.58)

and the 2-forms specified by (2.61) and (2.62). We will not consider the 2-form specified by (2.63)

since this one does not lie along the ψ direction and can easily be added back in once we perform

T-duality anyway. The 2-forms with (2.61) and (2.62) have the corresponding 1-form potentials

A1
(1) = A1dψ̃, A1 = − 2Nm1

r(r2 −N2)
,

A2
(1) = A2dψ̃, A2 =

(r2 − 3N2)m2

2N2(r2 −N2)
. (2.66)

We will associate A1
(1) and A

2
(1) with the x1 and x2 directions, respectively. After T-dualizing along

the ψ direction and lifting to eleven dimensions, we have

ds211 = h
1
3H− 2

3

[

− dt2 + gh−1
(

dx1 − g−1A1A2dx2
)2

+ dx23

+ H
(

f−1dr2 + (r2 −N2)dΩ2
2 + r2dΩ̃2

2 + 4N2fg−1dx22 + h−1(dy2 + dz2)
)

]

, (2.67)

F(4) = ∗
(

F̃(5) ∧ dy ∧ dz
)

+
[

d(h−1A1) ∧ dx1 + d(h−1A2) ∧ dx2 − Ω(2)

]

∧ dy ∧ dz
+ dt ∧ dx3 ∧ (2A1A2Ω(2) + dA1 ∧ dx2 + dA2 ∧ dx1)− 2NH ′f(r2 −N2)r2Ω(2) ∧ Ω̃(2),
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where

F̃(5) = 2h−1Ω(2) ∧
(

NH ′f(r2 −N2)r2Ω̃(2) −A1A2dt ∧ dx3
)

∧ (A1dx1 +A2dx2)

+ dt ∧ dx3 ∧ Ω(2) ∧ (A2dx1 +A1dx2) +
1

2h
(dA2

1 − dA2
2) ∧ d4x. (2.68)

and

g = 4N2Hf +A2
2 > 0, h = 4N2Hf +A2

1 +A2
2 > 0. (2.69)

For nonvanishing m1 and m2, a conical singularity at r = 2N is avoided provided that x2 has

a periodicity of 2πm2/(3N
2) and the connection on the fiber implies that x1 has a period of

4πm1/(3N
2). If m2 = 0, then the metric in (2.67) reduces to

ds211 = h1/3H−2/3
[

− dt2 + dx22 + dx23 +H
(

f−1dr2 + (r2 −N2)dΩ2
2 + r2dΩ̃2

2

+ 4N2fh−1dx21 + h−1(dy2 + dz2)
)]

. (2.70)

Now the x1 direction must have a period of 4πm1/(3N
2) in order to avoid a conical singularity at

r = 2N and the period of x2 is arbitrary. If instead m1 = 0 then the metric reduces to (2.70) with

m1 replaced by m2, x1 and x2 interchanged and the periods adjusted accordingly.

3 Toroidally-wrapped M2-branes

The toroidally-wrapped M2-brane solution with maximum fibrations has the form [8]

ds211 = H−2/3ηµνdx̃
µdx̃ν +H1/3ds28,

F(4) = d3x̃ ∧ dH−1 +
1

2
ǫµνρdx̃

µ ∧ dx̃ν ∧ dAρ
(1), (3.1)

where dx̃µ ≡ dxµ + Aµ
(1), dA

µ
(1) = mµLµ

(2) (µ not summed) are harmonic 2-forms in the transverse

space of the metric ds28, and µ, ν = 0, . . . 2. The equations of motion are satisfied if the function H

is given by

H = −1

2

2
∑

µ=0

(

mµLµ
(2)

)2
, (3.2)

where is the Laplacian on ds28.

Note that we can dimensionally reduce along the x2 direction to get a fundamental string in

type IIA theory given by

ds210 = H−3/4
(

−(dx̃0)2 + (dx̃1)2
)

+H1/4ds28,

F(4) = dx̃0 ∧ dx̃1 ∧ dA2
(1),

F(3) = dx̃0 ∧ dx̃1 ∧ dH−1 +mdx̃0 ∧ L1
(2) −mdx̃1 ∧ L0

(2),

F(2) = mL2
(2), (3.3)

e−2φ = H.

L0
(2) is associated with rotation, L1

(2) is associated with a wrapped direction that is fibered over the

transverse space, and L2
(2) is associated with flux.
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3.1 On a regular cone over S7/Z4

A regular cone over S7/Z4 is given by [19]

ds28 = f−1dr2 + r2
(1

9
fdψ̃2 + dσ2 +

1

4
cos2 σ sin2 σ (dβ − cos θ1dφ1 + cos θ2dφ2)

2 (3.4)

+
1

4
cos2 σ(dθ21 + sin2 θ1dφ

2
1) +

1

4
sin2 σ(dθ22 + sin2 θ2dφ

2
2)
)

,

where

f = 1− b8

r8
, dψ̃ ≡ dψ +

3

4
cos(2σ)dβ − 3

2
cos2 σ cos θ1dφ1 −

3

2
sin2 σ cos θ2dφ2, (3.5)

ψ has a period of 3π/2 and r ≥ b. A 2-form that preserves the isometry of (3.4) has the form

L(2) = u0e
0 ∧ e7 + u1e

1 ∧ e2 + u2e
3 ∧ e4 + u3e

5 ∧ e6. (3.6)

where we are using the vielbein

e0 =
dr√
f
, e1 =

r

2
cos σdθ1, e2 =

r

2
cos σ sin θ1dφ1,

e3 =
r

2
sinσdθ2, e4 =

r

2
sinσ sin θ2dφ2, e5 = rdσ,

e6 =
r

2
cos σ sinσ (dβ − cos θ1dφ1 + cos θ2dφ2) , e7 =

r

3

√

fdψ̃.

Two harmonic 2-forms are specified by

u0 =
2

r6
, u1 = u2 = u3 =

1

r6
, (3.7)

and

u0 = 0, u1 = u2 = u3 =
1

r2
, (3.8)

which we associate with m1 and m2 respectively. These 2-forms can be used to construct a regular

M2-brane solution wrapped on a 2-torus which is fibered over the transverse space, for which

H = 1 +
7m2

1

8b8r2
+

3b8m2
2 − 7m2

1

8b10

[

arctan

(

1−
√
2r

b

)

+ arctan

(

1 +

√
2r

b

)]

. (3.9)

For r → ∞,

H ≈ 1 +
3m2

2

8r2
+

7m2
1 − 3m2

2

24b10r6
+ · · · (3.10)

In order for the solution to be regular, the two 2-forms must be associated with different directions

on the worldvolume the M2-brane. The geometry is generally a direct product of Mink3 and a cone

over S7/Z4 at large distance and Mink3 × R
2 × CP

3 at short distance. However, for m2 = 0 and

setting the integration constant inH to 0 instead of 1, the geometry is asymptotically AdS4×S7/Z4.

The UV limit of the dual theory has been conjectured to be a three-dimensional level 4 U(N)×U(N)

N = 6 superconformal Chern-Simons matter theory [14]. M2-branes (not wrapped) on the regular

cone over S7/Z4 have been considered in [45, 46], where it was shown from the linearized form of

the metric that the resolution of the cone corresponds to turning on a dimension-4 operator. For

the above wrapped M2-brane solution, the fibration corresponds to turning on a dimension-zero

vector operator whose expectation value goes as b10/m1.
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3.2 On a regular cone over Q1,1,1/Z2

The coset space Q1,1,1 possesses U(1)R × SU(2)3 symmetry [47]. The resolved cone over Q1,1,1/Z2

has the metric [5]

ds28 = h2dr2 +
r2

16h2
σ2 +

1

8

3
∑

i=1

a2i (dΩ
i
2)

2, (3.11)

where

(dΩi
2)

2 = dθ2i + sin2 θidφ
2
i , σ = dψ +

3
∑

i=1

cos θidφi, (3.12)

and

h2 =
3
∏

i a
2
i

3r6 + 4
∑

i ℓ
2
i r

4 + 6
∑

i<j ℓ
2
i ℓ

2
jr

2 + 12
∏

i ℓ
2
i

, a2i = r2 + ℓ2i . (3.13)

In order for the geometry to be R
2 × S2 × S2 × S2 at small distance as r → 0 for nonvanishing ℓi,

ψ must have a period of 2π and the principal orbit must be Q1,1,1/Z2.

While there are four harmonic 2-forms that live on this space, we will focus on the one that is

square integrable at short distance and normalizable at large distance [8], given by (3.6) with

e0 = h dr, e7 = cσ, e2j−1 = ajdθj, e2j = aj sin θjdφj , (3.14)

for j = 1, 2, 3 and the functions

u0 =
3r4 + 2

∑

i ℓ
2
i r

2 +
∑

i 6=j ℓ
2
i ℓ

2
j

∏

i a
4
i

, u1 =
1

a41a
2
2a

2
3

, u2 =
1

a21a
4
2a

2
3

, u3 =
1

a21a
2
2a

4
3

. (3.15)

For ℓi ≡ ℓ, a regular solution for H can be written in closed-form as

H =
m2

4ℓ8(r2 + ℓ2)3
, (3.16)

The geometry is AdS4 × Q1,1,1/Z2 at large distance and a product space of Mink2 and a U(1)

bundle over R2 × S2 × S2 × S2 at short distance.

We can use perturbative methods to find regular solutions based on the exact solution given by

(3.16). In particular, for ℓ1 = ℓ(1 + ǫ1), ℓ2 = ℓ(1 + ǫ2) and ℓ3 = ℓ with ǫ1, ǫ2 ≪ 1, we have

H ≈ m2

4ℓ8(r2 + ℓ2)3
− (ǫ1 + ǫ2)m

2(4r2 + 7ℓ2)

6ℓ8(r2 + ℓ2)4
(3.17)

+
(ǫ21 + ǫ22)m

2

36ℓ14

[

ℓ2(115ℓ8 + 95ℓ6r2 − 20ℓ4r4 − 48ℓ2r6 − 12r8)

(r2 + ℓ2)5
+ 12arctan

(

1 +
2ℓ2

r2

)]

+
ǫ1ǫ2m

2

9ℓ12

[

50ℓ8 + 64ℓ6r2 + 32ℓ4r4 + 12ℓ2r6 + 3r8

(r2 + ℓ2)5
− 3

ℓ2
arctan

(

1 +
2ℓ2

r2

)]

+O(ǫ3).

We can also study the general properties of H at short and large distance for arbitrary ℓi away

from the above perturbative regime. At large distance,

H ∼ 1

r6

(

1−
∑

i ℓ
2
i

r2
+ · · ·

)

, (3.18)
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which is asymptotically AdS4 ×Q1,1,1/Z2. At short distance,

H ≈ 1−
m2
∑

i 6=j 6=k ℓ
4
i ℓ

2
j(ℓ

2
j + 2ℓ2k)

16
∏

i ℓ
8
i

r2 + · · · , (3.19)

from which we see that all of the ℓi must be nonvanishing in order for the solution to be regular.

The UV limit of the dual field theory is a three-dimensional N = 2 superconformal field theory

[48]. More specifically, it has been conjectured that the dual field theory is a U(N)4 Chern-Simons

quiver gauge theory at level 2 [49] (see also [50,51]).

3.3 On a regular cone over the Stiefel manifold

The Stiefel manifold V5,2 is a homogeneous Sasaki-Einstein seven-manifold. The metric for a regular

cone over V5,2 was found in [52, 4]. Since it has a non-collapsing 4-cycle, it supports a harmonic

4-form which is square integrable at short distance. However, it does not have a non-collapsing

2-cycle and therefore does not support a square-integrable harmonic 2-form. Here we consider a

regular cone over V5,2/Z3 using the general construction of [20], which does have a non-collapsing

2-cycle. Since V5,2 is the coset manifold SO(5)/SO(3), it will be useful to consider the left-invariant

1-forms LAB on the group manifold SO(5), which satisfy

dLAB = LAC ∧ LCB , (3.20)

for A = 1, . . . , 5. We consider the SO(3) subgroup by splitting the index A = (1, 2, i). The 1-forms

in the coset SO(5)/SO(3) are

σi = L1i, σ̃i = L2i, ν = L12, (3.21)

which obey

dσi = ν ∧ σ̃i + Lij ∧ σj, dσ̃i = −νσσi + Lij ∧ σ̃j, dν = −σi ∧ σ̃i,
dLij = Lik ∧ Lkj − σi ∧ σj − σ̃i ∧ σ̃j , (3.22)

where the Lij are the left-invariant 1-forms for the SO(3) subgroup.

A regular cone over V5,2 is given by

ds28 = f−1dr2 +
9

16
r2fν2 +

3

8
r2(σ2i + σ̃2i ), (3.23)

where

f = 1− b8

r8
. (3.24)

This supports a harmonic 2-form that is square integrable at short distance and normalizable at

large distance, given by

L(2) =
6

r7
dr ∧ ν + 1

r6
σi ∧ σ̃i. (3.25)

A regular solution is given by

H =
m2

4b8r6
. (3.26)
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An expression for the metric on V5,2 in angular coordinates was found in [53]. From this, it can be

seen that regularity of the cone (3.23) requires that the period of the coordinate associated with

the U(1)R symmetry is reduced to one third of what it would otherwise be for the V5,2 space. Thus,

the asymptotic geometry is AdS4 × V5,2/Z3, whose dual field theory has been conjectured to be

a three-dimensional N = 2 Chern-Simons-quiver theory with gauge group U(N)3 × U(N)−3 [54].

Since the SO(5)×U(1)R isometry of V5,2 reduces to SU(2)×U(1)×U(1)R upon taking the quotient,

this has supplied the first example of a non-toric AdS4/CFT3 duality.

3.4 On a regular cone over M3,2

The coset space M3,2 (also known as M1,1,1) possesses U(1)R × SU(3)× SU(2) symmetry [55]. A

regular cone over M3,2 is given by

ds28 =
dr2

f
+
a21
16

(Σ2
1 +Σ2

2) +
r2f

16

(

Σ3 +
3
2 sin

2 µ σ3
)2

+
3a22
32

[

4dµ2 + sin2 µ
(

σ21 + σ22 + cos2 µσ23
)]

,

(3.27)

where

f =
r6 + 4

3(ℓ
2
1 + 2ℓ22)r

4 + 2ℓ22(ℓ
2
2 + 2ℓ21)r

2 + 4ℓ21ℓ
4
2

a21a
4
2

, a2i = r2 + ℓ2i . (3.28)

and σi and Σi are left-invariant 1-forms on SU(2)×SU(2). A 2-form which preserves the isometry

of (3.27) has the form given by (3.6), where we have chosen the vielbein basis as

e0 =
dr√
f
, e1 =

a1
4
Σ1, e2 =

a1
4
Σ2, e3 =

√

3
32a2 sinµσ1, e4 =

√

3
32a2 sinµσ2,

e5 =
√

3
8a2dµ, e6 =

√

3
32a2 sinµ cosµσ3, e7 =

r
√
f

4
(Σ3 +

3
2 sin

2 µσ3).

We will first consider the case of ℓi ≡ ℓ, for which there are solutions in closed form. It is

simpler to transform the metric to the form

ds28 =
dρ2

g
+
ρ2

16

(

Σ2
1 +Σ2

2 + g
(

Σ3 +
3
2 sin

2 µ σ3
)2

+ 6dµ2 + 3
2 sin

2 µ(σ21 + σ22 + cos2 µ σ23)
)

, (3.29)

where

g = 1− b8

ρ8
, (3.30)

and ρ ≥ b. Transforming the vielbein appropriately, one harmonic 2-form is given by

u0 = 0, u1 =
2

r2
, −u2 = u3 =

1

r2
. (3.31)

The corresponding regular solution for H is

H = 1 +
3m2

16b2

[

π

2
− arctan

(

r2

b2

)]

. (3.32)

Another harmonic 2-form is

u0 =
1 +

√
13

2r4+2
√
13
, u1 = u2 = −u3 =

1

r4+2
√
13
, (3.33)
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and the corresponding H is

H = c− (1 +
√
13)m2

64b6+4
√
13

(

2 arctan

[

1−
√
2r

b

]

+ 2arctan

[

1 +

√
2r

b

]

+ log

[

b2 − r2

b2 + r2

]

)

+
(1 +

√
13)m2

16(2
√
13− 1)b8r4

√
13−2

2F1

[

1,
1

4
−

√
13

2
,
5

4
−

√
13

2
,
r8

b8

]

, (3.34)

where 2F1 is the hypergeometric function and c is an integration constant. It can be verified that H

is completely regular, going to a constant at small and large distance. For each case, the geometry

is a direct product of Minowski3 and a cone over M3,2 at large distance and a product space of

Minkowski2 and a U(1) bundle over R2×S2×CP
2 at short distance. A third harmonic 2-form has

ui ∼ r2
√
13−4 which does not correspond to any regular solutions.

Now we will consider the large and small-distance behavior of a regular solution for arbitrary

ℓ1 and ℓ2. At large distance,

u0 ≈
1 +

√
13

2r4+2
√
13

+ · · · , u1 ≈ u2 ≈ −u3 ≈
1

r4+2
√
13

+ · · · , (3.35)

and

H ≈ 1− 0.03m2

r6+4
√
13

+ · · · . (3.36)

Thus, there are no values of the parameters ℓi for which the geometry is asymptotically AdS. At

short distance, ui goes to a finite constant provided that both ℓi vanish and

H ∼ 1−m2r2 + · · · (3.37)

where the precise coefficients depend on ℓi as well as the boundary conditions.

3.5 On cones over Sasaki-Einstein spaces

As we briefly outline here, one can consider eight-dimensional cones over the countably-infinite

classes of Sasaki-Einstein spaces constructed in [56,32,57,58] which have a metric of the form

ds28 = K(r)−1 dr2 +K(r) r2
(

dψ +A(1)

)2
+ r2 ds26, (3.38)

where

K(r) = 1− b8

r8
, (3.39)

and the radial coordinate r ≥ b. The Sasaki-Einstein spaces can be locally expressed in canonical

form as a U(1) bundle over an Einstein-Kähler base metric ds26, where dA(1) is proportional to

the associated Kähler form. While there is no curvature singularity for nonvanishing b, there are

generally conifold or, in special cases, orbifold fixed points at the apex of the cone.

Cones of this form support a harmonic 2-form L(2) for which L
2
(2) ∼ 1/r16, which implies that it

is square-integrable at short distance and normalizable at large distance. There is a corresponding

solution for the function H ∼ 1/r6, so that the geometry smoothly interpolates from a product
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space of Mink2 and a U(1) bundle over the cone at short distance to the direct product of AdS4

and the Sasaki-Einstein space at large distance. In the UV limit, the dual field theories have

been proposed to be three-dimensional supersymmetric Chern-Simons matter theories. Many such

examples can be found, for instance, in [59–61].

3.6 On Schwarzschild instantons

We will now consider wrapped M2-branes on Schwarzschild instantons. Note that a more general

solution that has three types of M2-brane charges dissolved in the fluxes on the Schwarzschild

instanton, as well as angular momentum, has been constructed in [41].

An eight-dimensional version of the Schwarzschild instanton [39] has the metric

ds28 = f−1dr2 + fdψ2 +
r2

5

3
∑

i=1

(dΩi
2)

2, (3.40)

where

f = 1− r50
r5
, (3.41)

the coordinate ψ has a period of 4πr0/5 and r ≥ r0. There are four harmonic 2-forms given by

L1
(2) = − 5

r6
dr ∧ dψ, L2

(2) = Ω1
(2), L3

(2) = Ω2
(2), L4

(2) = Ω3
(2). (3.42)

These can be used to construct an M2-brane wrapped on one or two directions which are fibered

over the Schwarzschild instanton, for which

H = 1 +
m2

1

r50r
5
+
m2

2 +m2
3 +m2

4

60r20

[

√

8(5 +
√
5) arctan

(

4r + (1 +
√
5)r0

r0
√

10 − 2
√
5

)

−
√

8(5 −
√
5) arctan

(

4r + (1−
√
5)r0

r0
√

10 + 2
√
5

)

+ log

(

(r4 + r0r
3 + r20r

2 + r30r + r40)
4(r2 + 1

2(1−
√
5)r0r + r20)

1+
√
5

r20(r2 + 1
2 (1 +

√
5)r0r + r20)

√
5−1

)]

. (3.43)

We can reduce along the x2 direction to get a fundamental string in type IIA theory given by

(3.3). Since the ψ direction has a radius that stabilizes, we can T-dualize along this direction.

Furthermore, if the fundamental string solution has a fibration involving the ψ direction, then the

radius of ψ is nowhere vanishing. This implies that the T-dual solution in type IIB theory is regular.

As an example, consider an M2-brane wrapped on the x1 direction using the harmonic 2-form L1
(2),

whose corresponding 1-form is

A(1) =
m1

r5
dψ. (3.44)

Reducing to type IIA theory along x2 and then T-dualizing along ψ yields a type IIB pp-wave
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solution given by

ds210 = h1/4

[

−H−1dt2 + f−1dr2 +
r2

5

3
∑

i=1

(dΩi
2)

2 + h−1
(

fdx21 +H(dy +B(1))
2
)

]

,

FNS
(3) = h−1dt ∧ dx1 ∧

(

H−1fdH +
5m2

1

r11
dr

)

,

e−2φ = h,

where

h = f +
m2

1

r50r
5
> 0,

B(1) =

(

m3
1

r50r
10H

+
r50
m1

logH

)

dt. (3.45)

A conical singularity at r = r0 is avoided provided that x1 has a periodicity of 4πm1/(5r
4
0). For

m1 = r50, h = 1 and the pp-wave propagates on a Schwarzschild instanton.

We can also consider a wrapped M2-brane on the direct product of two four-dimensional grav-

itational instantons. As an example, we consider the case involving two Schwarzschild instantons

for which the metric of the transverse space is

ds28 = f−1dr2 + fdψ2 + r2dΩ2
2 + f̃−1dr̃2 + f̃ dψ̃2 + r̃2dΩ̃2

2, (3.46)

where

f = 1− r0
r
, f̃ = 1− r̃0

r̃
, (3.47)

the coordinates ψ and ψ̃ have periods 4πr0 and 4πr̃0, r ≥ r0 and r̃ ≥ r̃0. We will consider fibrations

involving the 1-forms

A(1) =
m

r
dψ, Ã(1) =

m̃

r̃
dψ̃, (3.48)

which we will associate with the x1 and x2 directions, respectively. There is a regular solution with

H = 1 +
m2

r0r
+
m̃2

r̃0r̃
. (3.49)

Note that ψ and ψ̃ both have radii which stabilize and are nowhere vanishing. Thus, we can reduce

along ψ and T-dualize along ψ̃ to obtain the type IIB solution

ds210 = (hh̃)1/4

[

−dt
H

2

+
dr2

f
+
f

h
dx21 + r2dΩ2

2 +
dr̃2

f̃
+
f̃

h̃
dx22 + r̃2dΩ̃2

2 +
H

hh̃
(dy +B(1))

2

]

,

F(5) =
1

hh̃
dt ∧ dx1 ∧ dx2 ∧

(

m2f̃

r0r2
dr +

m̃2f

r̃0r̃2
dr̃

)

∧ (dy +B(1)) + dual,

FRR
(3) = d

(m

rh

)

∧ dx1 ∧ (dy +B(1)) +
m̃

r̃h
dt ∧ dx1 ∧

[

Hf

(

dH−1 +
dr̃

r̃

)

− m2

r3
dr

]

, (3.50)

FNS
(3) = d

(

m̃

r̃h̃

)

∧ dx2 ∧ (dy +B(1)) +
m

rh̃
dt ∧ dx2 ∧

[

Hf̃

(

dH−1 +
dr

r

)

− m̃2

r̃3
dr̃

]

,

e2φ = hh̃−1,
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where

h = Hf +
m2

r2
> 0, h̃ = Hf̃ +

m̃2

r̃2
> 0, (3.51)

and

dB(1) =
mm̃

rr̃

(

dH−1 +
dr

r
+
dr̃

r̃

)

∧ dt. (3.52)

Conical singularities at r = r0 and r̃ = r̃0 are avoided provided that x1 and x2 have periods 4πm

and 4πm̃, respectively.

Note that if we instead reduce along ψ̃ and T-dualize along ψ then we obtain the S-dual of

the solution (3.50). While one can also construct a regular solution with a single fibration from

the 1-forms (3.48), performing dimensional reduction and T-duality would then lead to a singular

solution.

4 Other brane solutions

4.1 Toroidally-wrapped D5-branes

If the transverse space has a 2-cycle L(2), then we can construct a regular toroidally-wrapped D5-

brane, in which the circular directions are fibered over the transverse space [6]. The solution is

given by

ds210 = H−1/4ηµνdx̃
µdx̃ν +H3/4ds24,

FRR
(3) = ∗4dH −

5
∑

µ=0

dAµ
(1) ∧ dx̃µ,

e−2φ = H, (4.1)

where dx̃µ = dxµ + Aµ
(1), dA

µ
(1) = mµLµ

(2) (µ not summed) are harmonic 2-forms in the transverse

space of the metric ds24 and ∗4 is the Hodge dual with respect to ds24. The equations of motion are

satisfied, provided that

H = −1

2

5
∑

µ=0

(

mµLµ
(2)

)2
, (4.2)

where is the Laplacian on ds24.

4.1.1 On an Eguchi-Hanson instanton

The metric for the Eguchi-Hanson is [62]

ds24 = f−1dr2 +
1

4
r2fσ23 +

1

4
r2(σ21 + σ22), (4.3)

where

f = 1− a4

r4
, (4.4)
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and σi are left-invariant 1-forms on SU(2). The radial coordinate r ≥ a and the period of ψ is 2π

so that the principal orbit is S3/Z2 in order to ensure regularity at r = a. The metric admits a

harmonic 2-form that is square integrable at short distance, given by

L(2) =
1

r3
dr ∧ σ3 +

1

2r2
σ1 ∧ σ2. (4.5)

We can use this to construct a regular D5-brane on a circle which is fibered over the Eguchi-Hanson

instanton, for which

H = 1 +
m2

a4r2
. (4.6)

The connection on the fiber implies that the wrapped direction has a period of πm/a2. The

geometry is asymptotically Mink6 × R
4/Z2 and a product space of Mink5 and a U(1) bundle over

R
2 × S2 at short distance

4.1.2 On a Schwarzschild instanton

The metric for the Schwarzschild instanton is [39]

ds24 = f−1dr2 + fdψ2 + r2dΩ2
2, (4.7)

where

f = 1− r0
r
, (4.8)

and r ≥ r0. In order to avoid a conical singularity at r = r0, the coordinate ψ has a periodicity of

4πr0. This supports two harmonic 2-forms given by

L1
(2) = − 1

r2
dr ∧ dψ, L2

(2) = Ω(2). (4.9)

These can be used to construct a D5-brane wrapped on one or two fibered directions with

H = 1 +
m2

1 +m2
2

r0r
. (4.10)

For the case of two fibered directions, the connections on the fibers associated with L1
(2) and L

2
(2)

imply that the directions have periods 4πm1 and 4πm2, respectively. For the case in which both

connections are used for a single fibered direction, the resulting manifold will be simply connected

if m1 = m2. We can also have non-simply-connected smooth manifolds if the ratio m1/m2 is

rational-valued.

Since the circular ψ direction has a radius that stabilizes, we can perform T-duality along this

direction. Furthermore, if the fibration involves the ψ direction, then the radius of ψ is nowhere

vanishing and the resulting type IIA solution can be completely regular. Consider an S1-wrapped

D5-brane for which only L1
(2) is turned on, which corresponds to the 1-form

A(1) =
m

r
dψ. (4.11)
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Upon T-dualizing along the ψ direction and performing dimensional oxidation, we obtain a regular

solution in eleven dimensions given by

ds211 = h1/3H−1/3
[

− dt2 + dx21 + · · · dx24 + h−1 (dz +B(1))
2

+ H(f−1dr2 + r2dΩ2
2 + fh−1dx25 + h−1dy2)

]

, (4.12)

F(4) =
m3f

hr0r
Ω(2) ∧ dx5 ∧ dy + d

(m

hr

)

∧ dx5 ∧ dy ∧ (dz +B(1)) ,

where

h = f +
m2

r0r
> 0, B(1) =

m2f

r0
cos θdφ+

m

r
dx5. (4.13)

This is an S1-wrapped M5-brane solution, for which x5 is a coordinate on the transverse space

while z is a worldvolume coordinate fibered over the transverse space. Since h > 0, this solution is

free from curvature singularities. A conical singularity at r = r0 is avoided provided that x5 has

a periodicity of 4πm. Then the connection on the fiber implies that z has a period of 4πm2/r0.

The transverse space is not generally Ricci-flat due to the presence of the h function. However,

for m = r0, h = 1 and the transverse space reduces to the direct product of the Schwarzschild

instanton and a circle.

4.1.3 On Taub-NUT and Taub-BOLT instantons

The Taub-NUT/BOLT instanton [63] has the metric

ds24 = f−1dr2 + 4N2f(dψ − cos θdφ)2 + (r2 −N2)dΩ2
2, (4.14)

where

f =
r2 − 2Mr +N2

r2 −N2
, dΩ2

2 = dθ2 + sin2 θdφ2. (4.15)

For the Taub-NUT instanton M = N and r ≥ N , while for the Taub-BOLT instanton M = 5
4N

and r ≥ 2N . In both cases, in order to avoid a conical singularity and for the principal orbits to

be regular, ψ must have a period of 4π.

Harmonic 2-forms supported by this metric are given by

L±
(2) =

1

(r ±N)2
[

2Ndr ∧ (dψ − cos θdφ)± (r2 −N2)Ω(2)

]

, (4.16)

where Ω(2) is the volume-form corresponding to dΩ2
2. The 1-form potentials are

A±
(1) = ±A±(dψ − cos θdφ), A± = m±

(

r ∓N

r ±N

)

. (4.17)

For the Taub-NUT instanton, only L+
(2) yields a regular solution with a single fibration, for which

H = 1 +
m2

+

4N(r +N)
. (4.18)
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For the Taub-BOLT instanton, both L+
(2) and L−

(2) are square integrable for r → 2N . Therefore,

these 2-forms can be used to construct a regular D5-brane solution wrapped on a 2-torus which is

fibered over the transverse space, for which H is given by

H = 1 +
4m2

+

9N(r +N)
− 4m2

−
N(r −N)

. (4.19)

The connections A+
(1) and A

−
(1) on the fibers imply that the wrapped directions have periods 4πm+/3

and 12πm−, respectively. Alternatively, we can superimpose the 2-forms to construct a solution

with a single worldvolume direction fibered over the transverse space, for which H is again given by

(4.19). Then the resulting manifold is simply connected if m+ = 9m− and non-simply connected

though still smooth if the ratio m+/m− is rational-valued.

Since the circular ψ direction has a radius that stabilizes, we can perform T-duality along this

direction. We will consider the case in which the D5-brane is wrapped on a 2-torus which is fibered

over the Taub-BOLT space, for which A+
(1) and A

−
(1) are associated with the x4 and x5 directions,

respectively. Upon T-dualizing along the ψ direction and lifting to eleven dimensions, we get the

solution

ds211 = h1/3H−1/3
[

− dt2 + dx21 + dx22 + dx23 + gh−1
(

dx4 +m+m−g
−1dx5

)2
+ h−1(dz +B(1))

2

+ H
(

f−1dr2 + (r2 −N2)dΩ2
2 + 4N2fg−1dx25 + h−1dy2

)

]

,

F(4) =
[

1 + h−1
(

2N(r2 −N2)H ′f −A2
+ −A2

−
)]

(A−dx5 −A+dx4) ∧Ω(2) ∧ dy
+

[

Ω(2) + d
(

h−1A+

)

∧ dx4 − d
(

h−1A−
)

∧ dx5
]

∧ dy ∧ (dz +B(1))

+
2Nm+m−
h(r2 −N2)

dr ∧ dx4 ∧ dx5 ∧ dy,

where

g = 4N2Hf +A2
− > 0, h = 4N2Hf +A2

+ +A2
− > 0, (4.20)

and

dB(1) =
[

2N(r2 −N2)fH ′ −A2
+ −A2

−
]

Ω(2) + 2Ndr ∧
(

m+

(r +N)2
dx4 +

m−
(r −N)2

dx5

)

. (4.21)

This solution describes two T 2-wrapped overlapping M5-branes. Since g > 0 and h > 0, this

solution is free from curvature singularities.

For nonvanishing m±, a conical singularity at r = 2N is avoided provided that x5 has a period-

icity of 12πm−. Furthermore, the connections on the fibers imply that x4 has a period of 4πm+/3

and that the period of z is given by

∆z =
4π(m2

+ + 81m2
−)

9n1
=

4πm2
+

3n2
=

24πm2
−

n3
, (4.22)

where n1, n2 and n3 are integers. An example of a non-simply connected manifold is provided by

n1 = 4, n2 = 3 and n3 = 2.
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If m− = 0, then the metric in (4.20) reduces to

ds211 = h1/3H−1/3
[

− dt2 + dx21 + dx22 + dx23 + dx25 + h−1(dz +B(1))
2

+ H
(

f−1dr2 + (r2 −N2)dΩ2
2 + 4N2fh−1dx24 + h−1dy2

]

. (4.23)

Now the x4 direction must have a period of 4πm+/3 in order to avoid a conical singularity at

r = 2N and the period of x5 is arbitrary. The connection on the fiber implies that z can have

a period of 4πm2
+/9. On the other hand, if m+ = 0 then the metric reduces to (4.23) with m−

replaced by m+, x4 and x5 interchanged and the periods adjusted accordingly.

4.2 More branes on Schwarzschild instantons

We consider the n-dimensional version of the Schwarzschild instanton [39] with the metric

ds2n = f−1dr2 + fdψ2 + r2dΩ2
n−2, (4.24)

where

f = 1− rn−3
0

rn−3
, (4.25)

the coordinate ψ has a period of 4πr0/(n − 3) and r ≥ r0. This supports the harmonic 2-form

L(2) = −n− 3

rn−2
dr ∧ dψ, A(1) =

m

rn−3
dψ, (4.26)

This yields a regular solution to

H = −1

2
m2L2

(2), (4.27)

given by

H = 1 +
m2

(r0r)n−3
. (4.28)

4.2.1 S1-wrapped M5-brane

An S1-wrapped M5-brane on a five-dimensional Schwarzschild instanton is given by

ds211 = H−1/3
(

−dt2 + dx21 + · · ·+ dx24 + (dx5 +A(1))
2
)

+H2/3ds25,

F(4) = ∗5dH −m (∗5L(2)) ∧ (dx5 +A(1)), (4.29)

where the Schwarzschild instanton metric is given by (4.24) with n = 5, H satisfies (4.27), and

dA(1) = mL2. A regular solution has the function H given by (4.28) with n = 5. The wrapped

direction x5 has the period 2πm/r0.

Performing dimensional reduction along the x5 direction yields a D4-brane in type IIA theory

whose resolution is associated with flux [3]

ds210 = H−3/8(−dt2 + dx21 + · · · + dx24) +H5/8ds25,

F(4) = ∗5dH, F(3) = m ∗5 L(2), F(2) = mL(2), (4.30)

e−4φ = H.
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Alternatively, if x4 is the fibered direction then reducing along x5 yields an S1-wrapped D4-brane.

T-dualizing along ψ yields a type IIB solution given by

ds210 = h1/4
[

H−1/2(−dt2 + dx21 + dx22 + dx23) +H1/2(f−1dr2 + r2dΩ2
3 + fh−1dx24 + h−1dy2)

]

,

F(5) = 2mfh−1Ω(3) ∧ dx4 ∧ dy +
r20
m
dt ∧ dx1 ∧ dx2 ∧ dx3 ∧ dH−1,

FRR
(3) =

2m2

r20
Ω(3), FNS

(3) = d
( m

r2h

)

∧ dx4 ∧ dy, (4.31)

e−2φ = h.

where

h = f +
m2

r20r
2
> 0. (4.32)

This describes a D3-brane wrapped on a circle. For m = r20, h = 1 and the transverse space reduces

to a direct product of a five-dimensional Schwarzschild instanton and a circle. In order to avoid a

conical singularity at r = r0, x4 has the period 2πm/r0.

4.2.2 S1-wrapped D2-brane

An S1-wrapped D2-brane on a seven-dimensional Schwarzschild instanton in type IIA theory is

given by

ds210 = H−5/8
(

−dt2 + dx21 + (dx2 +A(1))
2
)

+H3/8ds27,

F(4) = dt ∧ dx1 ∧ (dx2 +A(1)) ∧ dH−1 +m dt ∧ dx1 ∧ L(2),

e4φ = H, (4.33)

where the Schwarzschild instanton metric is given by (4.24) with n = 7, H satisfies (4.27), and

dA(1) = mL2. A regular solution has the function H given by (4.28) with n = 7. The wrapped

direction x2 has the period πm/r30.

T-dualizing along ψ yields the type IIB solution

ds210 = h1/4
[

H−3/4(−dt2 + dx21) +H1/4(f−1dr2 + r2dΩ2
5 + fh−1dx22 + h−1dy2)

]

,

F(5) =
4m2

r40r
4
(r40H − r4f)

(

1

r4Hh
dt ∧ dx1 ∧ dx2 ∧ dy ∧ dr +Ω(5)

)

,

FRR
(3) =

r40
m

(1−H −H2)dt ∧ dx1 ∧ dH−1, FNS
(3) = d

( m

r4h

)

∧ dx2 ∧ dy, (4.34)

e2φ = Hh−1,

where

h = f +
m2

r40r
4
> 0. (4.35)

This describes a D1-brane wrapped on a circle. For m = r40, h = 1 and the transverse space reduces

to the direct product of a seven-dimensional Schwarzschild instanton and a circle. In order to avoid

a conical singularity at r = r0, x2 has the period πm/r30 .
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4.2.3 S1-wrapped D1-brane

An S1-wrapped D1-brane on an eight-dimensional Schwarzschild instanton in type IIB theory is

given by

ds210 = H−3/4
(

−dt2 + (dx+A(1))
2
)

+H1/4ds28,

FRR
(3) = dt ∧ (dx1 +A(1)) ∧ dH−1 +m dt ∧ L(2),

e2φ = H, (4.36)

where the Schwarzschild instanton metric is given by (4.24) with n = 8, H satisfies (4.27), and

dA(1) = mL2. A regular solution has the function H given by (4.28) with n = 8. The wrapped

direction x has the period 4πm/(5r40).

T-dualizing along ψ and lifting to eleven dimensions yields the pp-wave solution

ds211 = h1/3
[

−H−1dt2 + f−1dr2 + r2dΩ2
6 + h−1

(

fdx2 + dy2 +H(dz −B(1))
2
)]

,

F(4) = h−1(fH−1 + f − 1)dt ∧ dx ∧ dy ∧ dH + d
( m

r5h

)

∧ dx ∧ dy ∧ dz, (4.37)

where

h = f +
m2

r50r
5
> 0, dB(1) =

m

r5
dt ∧ dH−1 +

r50
m
dt ∧ dH. (4.38)

In order to avoid a conical singularity at r = r0, x has the period 4πm/(5r40). For m = r50, h = 1

and the pp-wave propagates on a Schwarzschild instanton.

One can also consider a wrapped D1-brane on the direct product of two four-dimensional

Schwarzschild instantons. However, in this case, the T-dual solution is not regular.

4.2.4 Rotating D0-brane

A rotating D0-brane on a nine-dimensional Schwarzschild instanton in type IIA theory is given by

ds210 = −H−7/8(dt+A(1))
2 +H1/8ds29,

F(2) = (dt+A(1)) ∧ dH−1 +mL(2),

e
4
3
φ = H, (4.39)

where the Schwarzschild instanton metric is given by (4.24) with n = 9, H satisfies (4.27), and

dA(1) = mL2. A regular solution has the function H given by (4.28) with n = 9. Although the ψ

direction has a radius that stabilizes, it also vanishes for a certain value of r. If one T-dualizes over

ψ, then this would lead to a singular solution.
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