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In this paper, we first study spherically symmetric, stationary vacuum configurations in general
covariant theory (U(1) extension) of Hotava-Lifshitz gravity with the projectability condition and an
arbitrary value of the coupling constant A. We obtain all the solutions with the assumed symmetry in
closed forms. If the gauge field A and the Newtonian prepotential ¢ do not directly couple to matter
fields, the theory is inconsistent with solar system tests for A # 1, no matter how small |A—1] is. This
is shown to be true also with the most general ansatz of spherically symmetric (but not necessarily
stationary) configurations. Therefore, to be consistent with observations, one needs either to find a
mechanism to restrict A precisely to its relativistic value Agr = 1, or to consider A and/or ¢ as parts
of the 4-dimensional metric on which matter fields propagate. In the latter, requiring that the line
element be invariant not only under the foliation-preserving diffeomorphism but also under the local
U(1) transformations, we propose the replacements, N — N —v(A— A)/c® and N* — N4+ NV'ip,
where v is a dimensionless coupling constant to be constrained by observations, N and N' are,
respectively, the lapse function and shift vector, and A = —¢ + N'V,;p + N(V;p)?/2. With this
prescription, we show explicitly that the aforementioned solutions are consistent with solar system
tests for both A = 1 and A\ # 1, provided that |[v — 1] < 107°. From this result, the physical
and geometrical interpretations of the fields A and ¢ become clear. However, it still remains to be
understood how to obtain such a prescription from the action principle.

PACS numbers: 04.60.-m; 98.80.Cq; 98.80.-k; 98.80.Bp

I. INTRODUCTION

Einstein’s classical general theory of relativity (GR) is
consistent with all the experiments and observations car-
ried out so far [1]. However, it has been known for a long
time that GR is not (perturbatively) renormalizable [2],
and thus can be considered only as a low energy effec-
tive theory. Because of the universal coupling of gravity
to all forms of energy, it is expected that gravity too
should have a quantum mechanical description. Moti-
vated by this strong anticipation, quantization of gravi-
tational fields has been one of the main driving forces in
theoretical physics in the past decades in a wide range of
approaches [3].

Recently, Hotava [4] proposed a new theory of quantum
gravity in the framework of quantum field theory. One
of the essential ingredients of the theory is the inclusion
of higher-dimensional spatial (but not time) derivative
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operators, so that the ultraviolet (UV) behavior is dom-
inated by them and that they render the theory power-
counting renormalizable. In the infrared (IR) the lower
dimensional operators take over, presumably providing a
healthy low energy limit. The exclusion of higher time
derivative terms prevents ghost instability [5], but breaks
Lorentz symmetry, on the other hand. While the break-
ing of Lorentz symmetry in the matter sector is highly
restricted by experiments/observations, in the gravita-
tional sector the restrictions are much weaker [6] (See
also [7]). The Lorentz breaking and hence the power-
counting renormalizability are realized by invoking the
anisotropic scaling between time and space,

t—b*t, T—b 14

(1.1)

This is a reminiscent of Lifshitz scalars [8] in condensed
matter physics, hence the theory is often referred to as
the Hotava-Lifshitz (HL) gravity. For the theory to be
power-counting renormalizable, the critical exponent z
has to be z > 3 [4, 9]. Clearly, such a scaling breaks
explicitly the Lorentz symmetry and thus 4-dimensional
diffeomorphism invariance. Hofava assumed that it is
broken only down to, the invariance under

t—t(t), T—7(7), (1.2)



the so-called foliation-preserving diffeomorphism, de-
noted often by Diff(M, F). The basic quantities are
the lapse function N, the shift vector N?, and the 3-
dimensional spatial metric g;;, as introduced more than
50 years ago by Arnowitt, Deser and Misner [10], in order
to quantize gravity.

Once the general covariance is broken, it immediately
results in a proliferation of independent coupling con-
stants [4, 11-13], which could potentially limit the pre-
dictive power of the theory. To reduce the number of in-
dependent coupling constants, Hotava introduced two in-
dependent conditions, the projectability and the detailed
balance [4]. The former requires that the lapse function
N be a function of ¢ only,

N =N(), (1.3)

while the latter requires that the gravitational potential
should be obtained from a superpotential W, where W,
is given by an integral of the gravitational Chern-Simons
term over a 3-dimensional space, Wy ~ [ ws(I'). With
these two conditions, the general action contains only five
independent coupling constants. The detailed balance
condition has several remarkable features [4, 13, 14]. For
example, it is in the same spirit of the AdS/CFT corre-
spondence [15], where a string theory including gravity
defined on one space is equivalent to a quantum field the-
ory without gravity defined on the conformal boundary
of this space, which has one or more lower dimension(s).
Yet, in the non-equilibrium thermodynamics, the coun-
terpart of the superpotential W, plays the role of en-
tropy, while 6W,/dg;; represents the corresponding en-
tropic force [16]. This might shed further lights on the
nature of gravitational forces, as proposed recently by
Verlinde [17]. For details, we refer readers to Hofava’s
original paper [4], as well as his review article [18].

When applying the theory to cosmology, various re-
markable features were found. (See [19] for a review.) In
particular, the higher-order spatial curvature terms can
give rise to a bouncing universe [20], may ameliorate the
flatness problem [21] and lead to caustic avoidance [22];
the anisotropic scaling provides a solution to the horizon
problem and generation of scale-invariant perturbations
without inflation [23], a new mechanism for generation of
primordial magnetic seed field [24], and also a modifica-
tion of the spectrum of gravitational wave background via
a peculiar scaling of radiation energy density [25]; with
the projectability condition, the lack of a local Hamilto-
nian constraint leads to “dark matter as an integration
constant” [26]; the dark sector can also have its purely
geometric origins [27]; in the parity-violating version of
the theory, circularly polarized gravitational waves can
also be generated in the early universe [28]; and so on.

Despite of all the above remarkable features, it was
found that the projectability condition leads to several
undesirable properties, including infrared instability [4,

29] and strong coupling [30, 31] 1. All these properties
are closely related to the existence of a spin-0 graviton
[19, 34].

It should be noted, however, that the infrared insta-
bility does not show up under a certain condition [19]
and that the strong coupling is not necessarily a prob-
lem if nonlinear effects help recovering GR at low energy.
Of course, the strong coupling implies that the naive
perturbative expansion breaks down and that a proper
non-perturbative treatment is needed. In general, non-
perturbative analysis is not easy to perform in practice.
Nonetheless, in some simplified situations, fully nonlin-
ear analysises were already performed, showing that the
A — 1 limit of the theory is continuous and that GR is
recovered in a non-perturbative fashion. Such examples
include spherically symmetric, stationary, vacuum con-
figurations [19], a class of exact cosmological solutions
[31] and nonlinear superhorizon perturbations [35, 36].
The non-perturbative recovery of GR, explicitly shown
in those examples, may be considered as an analogue of
the Vainshtein effect [37].

Although the existence of spin-0 graviton after all may
not be a problem due to the analogue of the Vainshtein
effect, it is interesting and certainly important to seek
another possible way out. Motivated by this, Hotava
and Melby-Thompson (HMT) [38] extended the symme-
try (1.2) to include a local U(1),

U(1) x Diff(M, F). (1.4)
With this enlarged symmetry, the spin-0 graviton is elim-
inated [38, 39], and the theory has the same number of
propagating degrees of freedom as GR. This was initially
done in the special case with A\ = 1, and was soon gen-
eralized to the case with any A [40]. Even with A # 1,
the spin-0 graviton is still eliminated [40, 41]. When ap-
plying it to cosmology, various interesting results were
found [42]. In particular, the Friedmann-Robterson-
Walker (FRW) universe is necessarily flat in such a setup,
provided that the coupling of the U(1) field to a scalar
matter field is described by the recipe given in [40].

In this paper, we shall consider two important issues in
the general covariant theory of the HL gravity with the
projectability condition (1.3) and an arbitrary coupling
constant A [38, 40, 41]: (i) the solar system tests; and (ii)
the physical and geometrical interpretations of the gauge

1 Note that even without the projectability condition the theory is
still strongly coupled [12, 32], although instability can be avoided
by inclusion of the term a;a® [11], where a; = N;/N. On the
other hand, as mentioned above, abandoning the projectabil-
ity condition results in a proliferation of independent coupling
constants. To render this problem, Zhu, Wu, Wang, and Shu
recently introduced a local U(1) symmetry (See Eq.(1.4) given
below), in addition to the detailed balance condition [33]. In
order to have a healthy IR limit, however, they found that the
latter has to be broken softly by adding all the low dimensional
relevant terms. Even with these terms, the number of the inde-
pendently coupling constants is reduced to 15.



field A and Newtonian pre-potential . Specifically, after
giving a brief introduction to the theory in Sec. II, we
present all the spherically symmetric, stationary, vacuum
solutions of the theory in closed forms in Sec. III. In Sec.
IV, we consider the solar system tests by not taking A
and ¢ as parts of the low energy 4-dimensional metric on
which matter fields propagate, and find that theory is not
consistent with observations as long as A is not precisely
equal to one, however small |A — 1| is. In Sec. V, we
further study the limit A — 1 without assuming that the
configuration is stationary. We find that, although the
limit exists, it does not reduces to the Schwarzschild ge-
ometry. These resuts in Sec. IV and V strongly suggest
that, in order for the theory to be consistent with the so-
lar system tests, A and/or ¢ should enter the low-energy
4-dimensional metric. Thus, in Sec. VI, by requiring that
the line element ds? be gauge-invariant not only under
Diff(M, F), but also under the U(1) transformations, we
propose that it should take the form,

ds* = —N?cdt® + gij (da’ + N'dt) (da’ + N7 dt)
(1.5)

where

N

N - C%(A—A), Ni=Ni+ NVip,

A -+ N'Vp+ %N(VM)27 (1.6)
where v is a dimensionless coupling constant to be con-
strained by experiments/observations, and subjected to
radiative corrections. V; denotes the covariant derivative
with respect to the 3-metric g;;. With such replacements,
in this section we show explicitly that the resulted met-
rics are consistent with observations for both A = 1 and
A # 1. With these replacements, one also sees clearly the
physical and geometric meanings of A and ¢. Our main
results are summarized and discussed in Sec. VII.

Note that solar system tests were studied in other ver-
sions of the HL theory previously [43]. However, to our
best knowledge, in the current paper it is the first time to
consider the problem in the general covariant theory of
the HL gravity with the projectability condition and an
arbitrary coupling constant A\, while the case with A =1
was studied in [44].

In addition, all the high-order derivative terms of cur-
vatures are negligible in the IR. Then, test particles move
along geodesics, as shown explicitly in [45, 46] by using
optical geometric approximations. Therefore, to have
a consistent treatment, when we consider solar system
tests, we ignore all the corrections from these high-order
terms.

II. GENERAL COVARIANT HL THEORY

To realize the enlarged symmetry (1.4), HMT observed
that the linearized (minimal) HL theory has a global U(1)
symmetry for A = 1. This symmetry can be promoted

to a local one by introducing a gauge field A, with which
it was found that the scalar degree of freedom is elimi-
nated [38]. When they lifted it to a full nonlinear theory,
HMT found that the realization of the symmetry (1.4)
requires introduction of an auxiliary scalar field ¢, which
was referred to as the “Newtonian prepotential.” Under
the local U(1), both A and ¢ transform as,

baA=cd—N'Va, 0ap=—a, (2.1)

while the lapse function N, the shift vector N and the
3-metric g;; transform as,

5QN = O, 5QN1' = NVZ-oz, 5agij = O, (22)

where a denotes the U(1) generator, and & = da/0t.
Under the coordinate transformations (1.2), ¢ trans-

forms as a scalar, while A transforms as a vector under

the time reparametrizations ¢ — f(¢'), and as a scalar

—

under the spatial transformations & — (¢, '), namely,

6A = COA+ fA+ fA,
dp = [+ 0ip.

The metric components, N, N’ and gij, on the other
hand, transform as

SN = ("W N+ Nf+Nf,
ONi = NpViCF + C*VieN; + ginCF + Nif + Ni f,
095 = ViGj + VG + f9ij, (2.4)

under (1.2).

The HMT model was initially constructed in the case
A =1, and it was soon found that it can be generalized
to the case with an arbitrary A [40], in which the spin-0
gravitons are also eliminated [40, 41], so the gravitational
sector has the same degree of freedom as that in GR, i.e.,
only massless spin-2 gravitons exist.

For any given coupling constant A, the total action can
be written as [38-41],

(2.3)

S = Cz/dtdSIN\/g(ﬁK—£V+£@+LA+£)\

+( L), (2.5)
where g = det g;;, and
L = K K7 —\K?
Lo = 96 (2K + ViV59),
L4 = %(2/\9 —R),
Ly = (1=N[(7%)" +2K7%].  (26)

Here A4 is a coupling constant, and the Ricci and Rie-
mann terms all refer to the three-metric g;;, and

1 .
K;; = N (—gij + ViN; + VjNi),

1
Gij = Rij — §gin+Aggij. (2.7)



Ly is the matter Lagrangian density, which in gen-
eral is a function of all the dynamical variables, U(1)
gauge field, and the Newtonian prepotential, i.e., Ly; =
Ly (N, Ni, gij, @, A; X), where x denotes collectively
the matter fields. Ly is an arbitrary Diff(3)-invariant
local scalar functional built out of the spatial metric, its
Riemann tensor and spatial covariant derivatives, with-
out the use of time derivatives.

Note the difference between the notations used here
and the ones used in [38, 40] 2. In this paper, without
further explanations, we shall use directly the notations
and conventions defined in [47] and [39].

In [48], by assuming that the highest order derivatives
are six, the minimum in order to have the theory to be
power-counting renormalizable [4, 9], and that the theory
preserves the parity, the most general form of Ly was
constructed and is given by,

1 g
Ly = Cgo+gR+ 1 (92R* + gsRi; RY)

1 - o

1 L
+=|97(VR)* + g3 (ViR;i) (VZRJIC) , (2.8)

al

where the coupling constants gs (s = 0,1,2,...8) are all
dimensionless, and

1
A= 5@90, (2.9)

is the cosmological constant. The relativistic limit in the
IR requires

1
167G

Then, the corresponding field equations are given in
Appendix A.

g1 :_15 CQ

(2.10)

III. SPHERICAL VACUUM SOLUTIONS

Spherically symmetric static vacuum spacetimes with
projectability condition in the HMT setup were studied
systematically in [44-46, 49]. In particular, the ADM
quantities can be cast in the form [50, 51],

N=1, N9;=e"""0,,
gijdx'da? = e*dr® + r*d*Q, (3.1)
in the spherical coordinates z° = (r, 0, ¢), where d?§) =
df? + sin® 0dp?, and

(3.2)

2 In particular, we have K;; =

b <p -
—VHMTygij = @gMT, where quantities with the super-indice

“HMT” are those used in [38, 40].

HMT — QHMT
—KHMT Ay = Q

The corresponding timelike Killing vector is £ = 0;. In
the diagonal case, we have y = —oo. With the gauge
freedom of the local U(1) symmetry, without loss of the
generality, we can always fix the gauge by setting

p=0. (3.3)
Then, we find that
F;J = O7 F; = 0, E@ = E)\ = 07 (34‘)
and
K — ,LLJru( 15T ST *QVQ..)
ij — € H0;0;5 tre )
21// rer —2u v
Rij = ——0i8j +e” {T’/_ (1-¢ )]Qij’
wtv ,
+ret TV [2X = 1+ Arp' | Q;
e2(n—v) /9 "2
L = — g [4X =2+ 4/ + 72 (A= 1)(1)?]
2A
LA = 7‘_2 |:672V (1 — 27"1//) + (AgT2 - 1) :|7 (35)

2
sion for Ly is very complicated and shall not be given

explicitly here.
In the vacuum case, we have

J'=Jys=J,=0, J;=0, 7,=0. (3.6)

Then, the Hamiltonian and momentum constraints (A.1)
and (A.2) reduce, respectively, to

where ;; = 5(-’5je-+sin2 05?6? and A = A(r). The expres-

/r%” (Lx + Ly)dr =0, (3.7)

a(r)h" +b(r)h' + c(r)h =0, (3.8)

alr) = (1=
SL=Nrfaf — ),

olr) = —5 (=N [ (£~ 17) 4457 = rir', (39)
with

fry=e2, h(r)=e"", (3.10)

Equation (A.4) reads,

(1 =N (rh"" +4h") + d(r)h +e(r)h =0, (3.11)
where
Ar) = o {407 430 - N2 ()

C drf?
+4f[Ayr? 1= (1= N2

) = {30 = DR+ 1120 - A)

+ (1= Nr@f +5rf")] +2f2[2A-1)f
+arA, — (1= Nr2f" +rf")] } (3.12)



Equation (A.5), on the other hand, yields,

(rf) = (1= Agr®) =0, (3.13)
while the dynamical equations (A.7) read
AN | G
(m) + 5 =0 (3.14)

202 fA" +r(2f +rf YA +r (f +20,7) A+ H(r) =0,
(3.15)

where G(r) and H(r) are defined in Eq.(B.1).

It should be noted that not all of the above equa-
tions are independent. In fact, Eq.(3.11) can be obtained
from Eqs.(3.8) and (3.13), while Eq.(3.15) can be ob-
tained from Egs.(3.14), (3.8) and (3.13). Therefore, in
the present case there are only three independent differen-
tial equations, (3.8), (3.13), and Eqs.(8.14), for the three
unknowns, (f, h, A) 3. In particular, from Eq.(3.13), we
find that the general solution for f is given by

2B 1
fry=1- — - gAgTQ, (3.16)
where B is an integration constant.

Note that the momentum constraint (3.8) is a linear
second-order ordinary differential equation for h(r), and
in principle one can integrate it to find h(r) for the gen-
eral solution f(r) given above. Once h(r) is found, one

can integrate Eq.(3.14) to obtain A,

G(r)dr
)

where Ay is an integration constant, and G(r) is given
by Eq.(B.1).

On the other hand, for the general solution (3.16), the
potential Ly defined by Eq.(2.8) is given by [45],

1

AW =12 (40— 3 [ (3.17)

1
Ly =20+ —— (ao +aqr + aor® + 0437“9) , (3.18)

3679¢4
where
ap = —216B3 (g6 + 30gs) ,
a1 = 3240B%gs,
oy = 21682 [ (295 + 296 — 5g8) Ay + gscﬂ,
as = 8A, [4 (994 + 395 + g6) A2 + 6¢2 (392 + g3) A,

_ 9(4] (3.19)

All the solutions with A = 1 were found in [44, 49], and
their global structures were systematically studied in [45].

3 Certainly, such obtained solutions must satisfy the global con-
straint (3.7).

Therefore, in the rest of this section, we consider only the
case where A # 1. The case A # 1 was also studied in
[52], but only approximate solutions were found.

When X # 1, a particular solution of Eq.(3.8) is h(r) =
0. Then, from Eqgs.(B.1) and (3.16) we can see that A(r)
now is independent of A\, and the corresponding solutions
will be the same as those given in the case A = 1,h =
0, f # 0 [44, 49]. Therefore, in the following, we consider
only the case where h(r) # 0. Tt is found convenient to
consider the four cases, A; = 0 = B; A; =0, B #
0; Ay #0, B =0; and BA, # 0, separately.

1. Ay=0=B

In this case, the momentum constraint (3.8) reduces to

r2h" + 2rh/ — 2h =0, (3.20)
which has the general solution,
C
h(r) = Cir + 722 (3.21)

where C] and Cy are two integration constants. Inserting
it into Eq.(3.17), we find that
3¢2 1

+ = [3(1 = 3X)CF + 2A] r*.

A(T):AO—W 3

(3.22)

2. Ay=0,B#£0

When A, = 0 and B # 0, the momentum constraint
(3.8) reduces to

r(r—2B)h" + (2r —=5B) R
2 (ﬂ — 5Br +5B?

r r—2B

- Bw> h=0, (3.23)

where w = 1/(A —1). Note that when A = 1, we must
have B = 0, and Eq.(3.23) is identically satisfied for any
h(r), as noticed previously. When X\ # 1, setting x =
r/(2B), h(z) = ho(r)hi(x), Eq.(3.23) takes the form,

d*hy dhy

z(1— x)W +p(:c)E —gq(x)hy =0, (3.24)
where
p(z) = 2a(1 _I)Z_g N 5—243;7
(o) = oo -1+ 2000
2 _
% + % (3.25)

Assuming that Eq.(3.24) takes the form of the hyperge-
ometric differential equation,

d*hy
z(1l—x) T2

dh
+ [e— (a—i—b—i—l)x}d—; —abhy =0,
(3.26)



where a, b and ¢ are constants, from Eq.(3.25) we find

hy 5—4
22(1 — )2 + oo (a+b+1)x, (3.27)
ho 2
hy 4x—5hy 42 —-10r+5 w
-1 — — = —ab.
2@ )ho + 2 ho 2x(1 — x) + x “
(3.28)
Eq.(3.27) has the solution,
ho(m) — (.’L' _ 1)%(3+2a+2b—2c)x%(20—5), (329)
for which Eq.(3.28) is satisfied identically, provided that
(a—0)*-9 =0, (3.30)
2ab—cla+b+1)+2+w) = 0, (3.31)
4¢®* —8c—45—-16w = 0.  (3.32)
A solution of the above equations is given by
= L, v=t00 -5
a = 4 0/ - 4 0 )
1
c = 5(2 +Xo); Ao =+V49+ 16w. (3.33)

Thus, the general solution of h(r) takes the form,

h(r) = ho(r)|a1 F(a,b;c;x)

+as CL'_%MF (

T—X —5-X 2-Xo
4 ) 4 ) 2 7x )

(3.34)

where a; and as are two integration (possibly complex)
constants, and F'(a,b;c;z) is the hypergeometric func-
tion [53] with F(a,b;¢;0) = 1. Inserting Eq.(3.33) into
Eq.(3.29), we find that

L r 12 op o\
o0 = (55-1) (35)
On the other hand, for A; = 0 Eq.(3.17) becomes,

A(r)zy/l—? Ao—/%dr , (3.36)

where

(3.35)

1
42B —r)3

+4Br(5) — 2)| h?

P(r) = { [(9 — 250)B* +2(1 — 2\)r?

—2r(2B—r)[(bA—-1)B
—2rAlhh' — (r — 213)2 [43 + 127?43

(7295 + 81gs — 63gs)

(2295

2
2595 — 2095) ~ S
252

_93r4§2 —2A7% — 2 (1 = N)(K)? } }
(3.37)

The Hamiltonian constraint (3.7) now reads,

2
/—r Ly L)dr _ (3.38)
1-— 2B
where Ly is given by Eq.(3.18) with A, = 0, and
2 B? 2Bhh
Ly = |5+ ——— | PP+ ———
K <r2 + (r— 2B)2r2> + 2Br — r?
5B-2r \°
)% — W+—"_h| . .
(R A( s ) (3.39)

3. B=0, Ag#0

When B =0, A, # 0, the momentum constraint (3.8)
reduces to

;(1 )
18(A — 1) = 3(5A — T)Ayr2 + (A —

_ 9 —
(A =1)r2(Agr? — 3)2 h=0

(3.40)

Note that when A = 1 we have Agh = 0. For A # 1,
Eq.(3.40) has the general solution,

b1 A 1

3—XA 3+A\ 5
+b2’f‘F( 2 ) 2 7272) }7
(3.41)
where by and by are constants, and
1 A—3
zZ = gAg’l"Q, )\1 = m (342)

Then, Eq.(3.17) becomes,

Ar) = f3— Ar2<AO—/\/m ) (3.43)

where

F(Agr? — 4)Ag7’2H h? 4+ 18(3 — Agﬁ)r[m

—(\+ 1)Agr2} hh' + (3 — Agr?)?r? [6/&,,

4A2
+ —2(392 + 93)

:

—18A + 9(\ — 1)()?

3
C4 % (994 + 395 + g6)

(3.44)



The Hamiltonian constraint (3.7), on the other hand,
takes the form,

:O,

/ (Cy + L) dr (3.45)

Ar2

where Lk takes the same form of Eq.(3.39) but now with
h(r) given by Eq.(3.41) and Ly given by,

Ly =2+ (3.46)

36(4’

as can be seen from Eqs.(3.18) and (3.19).

4. B#0, Ay #0
In this case, Eqs.(3.8) becomes,

r (6B —3r + Agr®) B + (15B — 67 + Agr®) W/

6B — 2A,r3  18(5B% — 5Br +12)
r(A—1) (6B — 3r + Agr?3)
30, (16B — 57) + A2y
r(6B — 3r + Agr3) h=0. (347)
Setting
4o
r=2Br, Ao=<B%A, (3.48)
and h(r) = ho(z)h1(z), where

2c—5—2x[a+b—1+ (Ao — e)z?]
hl(ac)—exp/ e —z 1) dx,
(3.49)
we find that Eq.(3.47) reduces to

(1 —z+ M2 )b + [c — (a+ b+ 1)z + ez®] b))

— (ab + kx?*)hy = 0, (3.50)
but now with
0 = Ao+ 7 b_/\0—5
4 T4
Ao +2 A
¢ = Oé* ;=2 +5),
3A
k::_7§Q0+7+sw) (3.51)

When ¢ is not an integral, expanding ho(z) in the form,

0 o'}
ho = Al Z aixi + AQ Z bixiJrlic,
=1 i=1

where A; and As are two constants, we find that in terms
of the two arbitrary constants ag and by, the coefficients

(3.52)

a; and b; (i # 0) are given by,

ab
ay = —aop,

c
_abla+b+ab+1)
@ = 2¢(c+1) a0,

k
a3 = |=—0——
T [3(c+2)

abla+b+ab+1)(2a+ 2b+ ab+4)
6c(c+1)(c+2) 0

w = [(k—e)ab (a+b+ab+1)(2a+2b+ab+4)
Y7 4e(c+3) 24c(c+ 1)(c+ 2)(c + 3)
k(3a + 3b+ ab+9)
X(3a+ 3b+ ab+ 9)ab + 2(c+2) et 3) }ao,
ab+(1—-c)la+b—c+1)
b, = bo
2—c ’
b — ab+(1—c)la+b—c+1)
T 22— ¢)(3—¢)
x[ab+ (2—c¢)(a+b—c+2)] b, (3.53)
and
L ab+(-Dla+btj-1)
’ iG-1+0) !
j — iAo — 4A —k
U @Q’o 0+e) s 55
JG—=14+c¢)
=2-09[(—3—c)hote]—Fk
bj = — — bj,3
iG=3+¢)
ab+ (j—c)la+b+j—c) :
b1, >3
+ j(]_3+c) j—1 J =
(3.54)

Note that one can always set A1 = Ay = 1, by redefining
the two arbitrary constants ag and by.

On the other hand, when ¢ = 1 + m (where m is
an integral), we can use the Frobenius method to solve
Eq.(3.50). Let us first write ho(x) in the form,

oo o0
Inz g a;x" + g bz,
i=m =0

h,o = Al Z aixi + AQIim

i=0
(3.55)
where
c—(a+b+ 1)z +ex?
1—x 4+ Agx? _ch ’
—abr — ka3 i
et At zzgégcua;, (3.56)

then, we can obtain the coefficients a;, @; and b; in terms
of the two arbitrary constants ¢y and dy, which are given
by

2? elew(i — k) + dy]

(l—l—l—CO)-i-do ’

a; = —



S s wlenli — k —m) + di]
_ k=1

i—m)(i—m—14co)+dp’
ai(co — 1 —2m + 21)
(t—m)(t—m—1+co)+do

3 {aicken + bisleni — k= m) + di])
(i—m)(i—m

-1+ Co) + do
(3.57)

IV. FAILURE IN SOLAR SYSTEM TESTS

The solar system tests are usually written in terms
of the Eddington parameters, by following the so-called
“parameterized post-Newtonian” (PPN) approach, intro-
duced initially by Eddington [54]. These parameters are
often written in terms of the line element in its diagonal
form,

ds? = —e?¥ (M dr? 4+ 2 gr? 4 p2402. (4.1)
Then, the gravitational field, produced by a point-like
and motion-less particle with mass M, is given by

G GM\?
2V = 1—2(%>+2(ﬁ—7)(02]\4> + ..,

r

GM

2 = 142y <T) + ..y (4.2)
c?r

where [ and  are the Eddington parameters. For the

solar system, we have r, = GM@/C2 ~ 1.5 km, and its
radius is 7 ~ 1.392 x 10° km. So, within the solar sys-
tem the dimensionless quantity x[= GM/(rc?)] in most
cases is much less than one, y < r,/ro < 1075, The
Shapiro delay of the Cassml probe [55], and the solar
system ephemerides [56] yield, respectively, the bounds
[57],

-1 = (214£23)x1077,
B—1 = (—41+7.8)x107°. (4.3)
GR predicts § = 1 = « precisely. To study the solar
system tests in the HL theory, we may first transform
the above experimental results in terms of the ADM line
element with the projectability condition,

ds® = —dt> + 22 (dr + " dt) +%dQ2, (4.4)
for which it can be shown that [44],
1 [ rem GM
r = 51n{2c (W) (B - ~y)< T) + ... }
GM

In the case A = 1, two different identifications were
prescribed. One was to consider A as part of the metric
via the replacement [38],

1
N — N — c—2A. (4.6)

With such an identification, the diagonal solution [38, 44,
49],

N:17 Nl:07 f: _2_m7
r
2m
A=1-An/1-22 =0, (A=1), (A7)

produces exactly the Schwarzschild solution in the form
(4.1) with ¥ = —® = 1In(f). Note that in writing
Eq.(4.7), the speed of light appearing in Eq.(4.6) had
been set to one. As a result, the theory is consistent
with observations [38].

However, the solution (4.7) is not unique, and there
exists a larger class of non-diagonal solutions given by

[44],
I' = Inh(r)
:%1 (E—klA?—zA /A )
Q=0 ¢=0 A=1), (4.8)

where the gauge field A(r) is undetermined. If one does
not consider the gauge field A as a part of metric [44], but
simply considers it as representing a degree of freedom of
the gravitational field, as the Brans-Dicke scalar field in
the Brans-Dicke theory [58], one finds that the above
solutions are consistent with all the solar system tests,

provided that [44],
GM\?
c2r '

In the rest of this section we shall follow the second pre-
scription, i.e., setting directly,

A(r) =0 (4.9)

(I, Q) = (u,v), (4.10)
and verify whether this prescription can be generalized
to the case A # 1. As to be shown below, the answer is
unfortunately negative.

To this goal, we first note that the cosmological con-
stant A has negligible effects within the solar system. In
addition, the spatial curvature of the solar system is neg-
ligible. In fact, for the metric (4.4), it takes the form,

2
R == {1 —e (1 2TQ’)}
8(y—1)2 [GM\®
g
for r >> r, = GM/c*. Note that in writing the last

step of the above equation, we had used Eq.(4.5). Thus,



in the solar system we have A, = R/2 < 1072% km™ >
Therefore, without loss of generality, we set

A=A;=g:=0, (s>2). (4.12)

Then, the solutions are those given by Egs.(3.16) and
(3.34), from which we find that

1 2B
Vv = —5111 (1—7)
GM\ , (GM\?
~ € + €
c2r cr
GM\*®
c3r

Comparing the above with

+O , (4.13)

where ¢ = Bc?/(GM).
Eq.(4.5), we find that

B2

—l=e= <107* 4.14
gl €= a7 S107 (4.14)
for M = M. As a result, we have
r 1 GM\ !
S 1. 4.15
"T9B T 2(v-1) (c%) > (4.15)
From the relations,
—b X
F(a,b;d;z) = (1—xz)°F b,d—a;d;—1 ,
T —
I'(d)T(d—a—1b)
F(a,b;d;1) = 4.16
(@541 = Fa T a=) (4.16)
where the last expression holds only for d #

0,—-1,—-2,....,Re(d — a — b) > 0, we find from Eq.(3.34)
that h(r) has the asymptotical form,

h(r) = Dir, (x> 1), (4.17)
with
1 b
D, = 5B a1(—=1)°F(b,c —a;c; 1)
+ag(~1)"F(bé—a;é1)|,
. 7T—Xo 54+ X . 2— Ao
a= 122 20 e 220 ()

Note that Eq.(4.17) can be also obtained directly from
Eq.(3.26), which reads

22h + (a+ b+ 1)zh) + abhy = 0, (4.19)
for x > 1. Eq.(4.19) has the general solution,
hy(z) = dyx®=20)/4 4 dog=(THr0)/4, (4.20)

where d; and dy are two integration constants. On the
other hand, from Eq.(3.29) we find that

ho(x) o~ x(Po=D/4, (4.21)

Then, we obtain

d
h(z) = ho(x)hi(z) ~ dyx + x—; ~ dyz, (4.22)

which is precisely the solution given by Eq.(4.17) with
Dy = d;/(2B). Hence, we obtain

(f)
n{ () [ o) (S2)
RS

+1n <ch§ ) .
c

This is quite different from that given by Eq.(4.5) with
any choice of a1, a2, B, as long as A is not exactly equal
to one. Therefore, the static vacuum solutions given by
Eqs.(3.16) and (3.34) with the condition (4.12) is incon-
sistent with the solar system tests, when the prescription
(4.10) is used.

I(r) =

1
2
1
2

(4.23)

V. MOST GENERAL ANSATZ WITH
SPHERICAL SYMMETRY

In the previous section, based on the stationary ansatz
(3.1), we have seen that the prescription (4.10) leads to
failure in solar system tests for A # 1, however small
A — 1| is. Hence, in the next section we shall consider
another prescription. Before that, however, in this sec-
tion let us consider the most general ansatz with spheri-
cal symmetry and show that the prescription (4.10) never
recovers the Schwarzschild geometry in the A — 1 limit
with Ay = 0. This confirms that a prescription beyond
(4.10) is absolutely necessary.

In order to find the most general ansatz, note that one
can always choose time and spatial coordinates so that
N =1 and N? = 0 at least locally. One can also set
© =0 by the U(1) gauge freedom. With

N=1, N‘=0, ¢=0, (5.1)

it is obvious that the most general ansatz with spherical
symmetry is 4,

gijdrida? = 2B dz? 4 20D G02 A = AL, x).
(5.2)

Independent equations are the equation of motion for the

gauge field A, the z-component of the momentum con-

straint and the xz-component of the dynamical equation.

4 One must not confuse with the function B(t, z) used in this sec-
tion and the constant B used in the expression of f(r) in the
previous and next sections.



The equation of motion for the gauge field A is written
as

N [6—23”0@0)2 + %Agew - ec] =0, (5.3)

leading to the general solution

(0:C)?
F(t) +e¢ — (Ag/3)e30] ’ (54)

B = gC + % In [
where F(t) is an arbitrary function of time. The momen-
tum constraint is

0,0:C + 0,C0,C — 0,CO, B
+ 1) {azatc + %(%(%B] ~0. (5.5)
By using the solution (5.4), this equation is reduced to

an equation for C:

O [Agezc - 3Fefc]

ool 020,C  (0:0,C)(02C)
@02 (8.0P
9,0,C
+Co B tO + c30;C + 04} , (5.6)
where
T % 3F%7Y +2(3 — Aye*)F
1 —-C 3C C\2
—I—ge (Age’™ —3e¥)?|,
— GLA {63F2e—0 +3(39 — 11A,e*°)F
+2(2426°C — 154,63 + 27ec)] ,
c3 = i [3(3Age2c -1)F + 4Age3c},
3
cy = E(l — A e?9)OF,
A = F+e%—(A,/3)eC. (5.7)

Finally, the dynamical equation can be considered as an
equation determining the gauge field A. With the pre-
scription (4.10) where A does not participate in the ge-
ometry nor in solar system tests, the dynamical equation
is not of our interest.

Now let us expand C by (A —1) as

Ct,x) =Y _ Cu(t,z)(A—1)™. (5.8)

We shall see below that the momentum constraint equa-
tion (5.6) can be solved iteratively order by order in the
(A — 1) expansion, under the condition (5.12) below.
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First, the zeroth order solution Cj is obtained as a
solution to the following algebraic equation

AgBQCO(t,z) _ 3F(t)e*00(t=z) — C}(x)7 (59)

where G(z) is an arbitrary function of z. Next, let us
show by induction that the n-th order solution C, (¢, z)
can be obtained by solving (5.6) order by order. For this
purpose, let us expand the expression inside the squared
bracket on the left hand side of (5.6) by (A —1) as

Age?? —3F(t)e @ = i Gn(t,z)(A —1)",  (5.10)
n=0

according to the expansion (5.8). It is easy to understand
that G,, has the form
Gn = (2047 + 3F(t)e=%) C,, + G, (5.11)

where G,, depends only on C; (i =1,2,---,n—1). Thus,
provided that

20 ,e20 4 3F(t)e™ £ 0,

F 4 e — (A,/3)e3C #£0,
9:,Co # 0, (5.12)
we obtain
Co(t,z) = _Ail [Qn[cl,...,cn_l;t,x)
_/tdt’sn[cl,-~-,0n1;t’,x) :
to
Ap = 2A,e*0 - 3F(t)e™ 0, (5.13)

where S, is the n-th order part of the right hand side of
(5.6), which also depends only on C; (i =1,2,---,n—1),
and tp is an initial time. Note that the initial value of
C,, at t =ty has been set to zero by redefinition of G(z)
and that the change due to the shift of the initial time
to corresponds to redefinition of G(z). From this result,
it is obvious by induction that the solution of the form
(5.8) can be obtained up to any order of the expansion.

Let us consider the zero-th order solution (5.9) with
Ay = 0. In order for the expansion w.r.t. (A — 1) to
make sense, the condition (5.12) must be satisfied. In
particular, F'(t) should be non-vanishing. Otherwise, the
denominator on the r.h.s. of (5.13) would vanish. We
thus assume that F'(t) # 0.

We would like to see if the Schwarzschild geometry is
recovered in the limit A — 1 with A; = 0 or not. One
of the simplest ways is to calculate the 4-dimensional
Einstein tensor for the 4-dimensional metric

dsi = —dt* + e?P0")da? 4 2000 d0% (5.14)
where
1. [27F(t)%(0.G(x))? —3F(t)
By = -1 =1
"= Gwie-cw) T " 6w



Non-vanishing components of the 4-dimensional Einstein
tensor are

@t __3(0F)?
¢t = -2
1 G3
Nz __ 2 2
GW=r — ~ 3 {(&F) +2F8tF+ﬁ],
3
GYWr = —% [(am)%waﬁ-%]. (5.16)

In order to recover the Schwarzschild metric, all of these
components must vanish, leading to 0;F = G = 0. How-
ever, in this case the regularity of Cy implies that F' = 0,
contradicting with the assumption F' # 0. Note that
F # 0 is a necessary condition for the continuity of the
A — 1 limit.

If we set F' = 0 then the A — 1 limit is singular. Thus,
the zero-th order solution is not obtained as the A — 1
limit of a solution with A # 1. Instead, it represents
a solution with exactly A = 1. In this case, (5.9) with
Ay = 0 implies that G = 0 and leaves Cj unspecified.
There is a choice of Cy giving rise to the Schwarzschild
metric.

Just for completeness, let us consider the case with
F =0 and Ay # 0. In this case the A — 1 limit is
continuous. However, the zeroth order solution is

1 3(0.G)? 1, G
BQ—anm, CO—§1DA—Q, (517)
resulting in
@ o_ 1
G =—p,, GWr =g = —gh (518)

Hence, the Schwarzschild metric is not recovered in this
case unless the limit Ay — 0 is taken. If we take this limit
then the A — 1 limit becomes singular. Thus, again, the
Schwarzschild solution is not obtained as the A — 1 limit
of a solution with A # 1. Instead, it represents a solution
with exactly A = 1.

In summary, if A = 1 and A; = 0 exactly then the
Schwarzschild metric is one of solutions. However, if we
consider A # 1 and A, = 0, then the Schwarzschild metric
is never recovered in the limit A — 1. This conclusion is
based on the prescription (4.10) and thus implies that a
prescription beyond (4.10) is absolutely necessary.

VI. PHYSICAL INTERPRETATION OF A AND
12

In this section, we shall show that a proper general-
ization of the prescription of (4.6) can lead to solutions
that are consistent with solar system tests even for A = 1.
From such a generalization, the physical and geometri-
cal interpretations of the gauge field A and Newtonian
prepotential ¢ also become clear.

11
A. General Coupling of A and ¢ to Metric

To the above claim, we first note that under the U(1)
transformations, the ADM quantities transform as [38,
1],

5QN = O, 5QN1' = NVioz,
baA = &— N'V,a,

5agij = O,

dalp = —a, (6.1)

where 0, F = F — F, a|= a(t, z)] is the generator of the
local U(1) gauge symmetry. From the above we find that

b A = &= N'V,q,

b0 = 0, 0, N =0, (6.2)
where A is defined in Eq.(1.6), and
c=A-A N'=N'+NVip. (6.3)

If we require that the line element ds® be gauge-
invariant not only under Diff(M, F) (1.2), but also under
the enlarged symmetry (1.4), then ds? defined by,

ds* = —N?dt® + gi; (da’ + N'dt) (da? + N7 dt)

(6.4)

has the desired properties, where

v

NEN—C—Q(A—A), (6.5)
where v is a dimensionless coupling constant subjected
possibly to radiative corrections. Similar to N, such de-
fined NV is also dimensionless, [N] = 0. With this pre-
scription, one can see that the Newtonian prepotential ¢
is tightly related to the shift vector A%, while the geo-

metrical lapse function N is related to both A and . In
addition, since

[dx] = =1, [dt]=—2z, |[= % z—1,
[N] =0, [N]=2-1, [g5]=0,
[Al = [A=2(z—-1), [¢]=2-2,
[a] = z—2, (6.6)
we find that
[ds] = -1, (6.7)

i.e., it has the dimension of length. Moreover, with the
gauge choice p = 0 and setting v = 1, Eq.(6.5) reduces
to Eq.(4.6).

In the Newtonian limit, we have [38, 59]

2¢

goo = — (1 + ? + O(E)) y 9oi = 0(6), (68)

in the coordinates z# = (ct, "), where € = |v/c| < 1, and
v denotes the typical velocity of the system concerned.



Comparing it with the metric given by Eqs.(6.3)-(6.5),
we find that the Newtonian potential ¢ is given by

1 .
¢=-v(A+¢) - §N1Ni
o1
+(v-1) (Nl + §VZ<P> Vi, (6.9)
with

1
N =1, —|2N;+ Vip| = 0O(e). (6.10)
c
To study further the meaning of the above prescription
and the physical interpretations of the gauge field A and
Newtonian prepotential ¢, let us turn to the solar system
tests again.

B. Solutions with the Gauge A =0

For the ADM decomposition (3.1) without fixing the
U(1) gauge, there are three independent equations, given
by Egs.(D.1) - (D.3). To solve these equations, let us
first note that the prescriptions of Eqs.(6.3) - (6.5) do
not change the spatial metric g;;. As a result, the con-
straint on the spatial curvature R takes the same form
of Eq.(4.11). Therefore, in the present case the condition
(4.12) can be still imposed safely. In particular, with the
gauge A = 0 [cf. Appendix C for different gauge choices.],
Egs.(D.1) and (D.2) for A = 1 have the solutions,

2B

where ¢ must satisfy the dynamical equation Egs.(D.3),
which now reads,

(1 - §>2 ()] + (1 - ﬁ) Py + =0

r r

The general solutions are given by,

2r [ r 1/2
<P(T)—<P0i/<r_23+<ﬂ1 m) dr, (6.13)

where ¢g and ¢; are integrations constants. Substituting
the above into Eq.(6.3) we find that N* = 0. Then,
Eq.(6.4) reduces to,

2 2 1,2 dr? 2 12
ds® = —N=dt —l—m—i-r d=Q, (6.14)
where
s 1 pr(ex —1)\1°
O
F=1-28 =21 4-0) (6.15)
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When x <« 1, we have

Ciue C1(v — 1)ve?
2 _ 2[4 _©1 _ 4 2 3
N —T(l 57 X T2 X—i—(’)(x)),
1
7 = l+ex+E7+0 (%), (6.16)

where T = v(1 4+ ¢1/2) — 1. The factor T appearing in
the expression of N can be dropped by rescaling t — Yt.
Then, comparing Eq.(6.16) with Eq.(4.2) we find that

GM 1

2
v o= T Do (6.17)

For ¢; ~ O(1), we obtain the constraint |[v — 1] <
O (1075) from (4.3). For extremely large value of ¢y,
say o1 ~ O (10°), [v — 1] ~ O (1) is also allowed. How-
ever, we consider this large value of ¢ unrealistic and
consider the case with ¢; = O (1) only. Note that the

Schwarzschild solution corresponds to B = GM /c?, v =
1.

C. Solutions with the Gauge ¢- A #0

On the other hand, in the case A # 1 let us consider
the gauge h = 0. Then, Egs.(D.1) and (D.2) yield,

fry = 1-22,

r

o) = [r

Ao <3+)\0 9+)\0 2+/\0 )]
; sx | |dr

4 7 4 7 27

b1F<9_)\0'_3_)\0'2_)\0'x>

bor2 F
+bg 72 4 ) 4 ) 2 )
+¢o, (6.18)

where by 2 are constants, and Ao is given by Eq.(3.33).
Substituting the above into Eq.(D.3), we find that

A(T):\/l—? Ao—/%ch" , (6.19)

A m{ (21— 330) B2 + 23 — 4\)r?

+2Br(16) — 11)} ()% — ABr

—r2(r — 2B)*(\ - 1><<p”>2}

A—1
+——¢' [(2B —r)r¢™ —2By"].

o (6.20)



When b; = by = 0, the above solutions reduce to

2B
o(r) = po, Azl—Am/l—T.

Substituting it into the metric (6.4), and considering the
gauge choice h = 0, we find that it takes exactly the
form of Eq.(6.14) with the metric coefficients given by
Eq.(6.15) and with the replacement ¢; — —2Aj. Thus,
the PPN parameters 8 and v are given by (6.17) with ¢,
replaced by —2A. For Ay ~ O(1), we obtain the con-
straint [v — 1] < O (107°) again from (4.3). Therefore,
the prescription (6.4) leads to consistent results with so-
lar system tests even for \ # 1.

(6.21)

VII. CONCLUSIONS

In this paper, we have studied spherically symmetric,
stationary vacuum configurations in the general covari-
ant theory of the Hofava-Lifshitz gravity with the pro-
jectability condition N = N(t), and an arbitrary value
of the coupling constant A [38—41]. In particular, in Sec.
IIT we have obtained all the solutions with the assumed
symmetry in closed forms.

When applying these solutions to the solar system tests
(Sec. IV), we have shown explicitly that the ADM-type
identification (4.10) between the metric coefficients and
the basic quantities N, N* and g;; do not render the X # 1
solutions consistent with solar system tests, no matter
how small |A — 1| is. (On the other hand, when A = 1
exactly, there is a spherically-symmetric, stationary vac-
uum solution which is consistent with the solar system
tests [44].)

To show that this is indeed the case in more general
situations, we have devoted Sec. V to consider the most
general ansatz (5.1) and (5.2) with spherical symmetry
and shown that the prescription (4.10) never recovers the
Schwarzschild geometry in the A — 1 limit with A; = 0.
Thus, one needs either to invent a mechanism to restrict
A precisely to its relativistic value Agr = 1, or to consider
the gauge field A and/or the Newtonian prepotential ¢ as
parts of the 4-dimensional metric on which matter fields
propagate.

In the case A = 1, HMT proposed the identification
(4.6) [38] but clearly it is not gauge-invariant. Requir-
ing the line element be gauge-invariant not only under
Diff(M, F) (1.2), but also under the enlarged symmetry
(1.4), in Sec. VI we have proposed the identification
(6.4), where v is a dimensionless constant to be con-
strained by observations/experiments. When v = 1, it
reduces to (4.6) in the gauge ¢ = 0. Applying such a pre-
scription to the cases both with A = 1 and with A\ # 1, we
have shown that the resulted metric is indeed consistent
with the solar system tests, provided that [v—1| < 1075.
With such identifications, one can also see the physical
and geometrical roles that A and ¢ play. In particular,
the Newtonian prepotential ¢ is tightly related to the
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shift vector, while the geometrical lapse function N is
related to both A and ¢.

Finally, we note that it still remains to be understood
how to obtain the prescription (6.4) (with v ~ 1) from
the action principle °. Actually, in the UV, N and A— A
have different scaling dimensions and thus, it is not easy
to imagine how their linear combination can universally
enter the UV action of matter fields. On the other hand,
in the IR, N and A — A have the same scaling dimensions
(they are actually dimensionless) and thus, the prescrip-
tion (6.4) is not forbidden a priori. It is therefore im-
portant to investigate whether the prescription (6.4) can
emerge in the IR and, if it does, how.
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Appendix A: Field Equations

Corresponding to the actions (2.5), the Hamiltonian
and momentum constraints are given respectively by,

/d%\/g [,CK + Ly — GV V0 — (1)) (v%p)z]

= 877G/d3x\/§Jt,

Vj |:7T1'j — gagij — (1 — /\)gijvzw] = 87TGJ1',

(A.1)
(A.2)

where

_ S (VL)
o SN
—Kij + )\Kgij,
_ 5L
NN

i)
|

3
<.
Il

(A.3)

Variation of the action (2.5) with respect to ¢ and A
yield, respectively,

G (Kij + ViVy) + (1= V) V(K + V)
=8rGJ,, (A4)
R—2A, = 87G.J4, (A.5)

5 In [60] the coupling of the HL covariant theory with matter was
considered from the action principle. It was shown that Newto-
nian gravity cannot be recovered in the weak gravitational field
approximation, based on several assumptions, including the one
that the coupling among matter, the gauge field A and the New-
tonian prepotential ¢ be described by the recipe provided in [40].



where

J@E_M_M,

§(NLr)
%) '

Ja=2 A

(A.6)

On the other hand, the dynamical equations now read,

= -2 (K%)" 4 2AK K"

,t

+ %Vk [Nkﬂ'ij — 2ﬂ'k(iNj)}
—2(1= V)| (K + V2) V'Vip + K992%]
+ (1= 3)[29CF - g9V, F]

+%(£K+£¢+£A+LA)9U

+FY 4+ F9 + FY + 8nG7, (A7)
where (K2)" = KUK}, fui) = (fi + 1) /2, and
y 1 0(—v9Lv : n ij
po = LIEVIEY) 5 oy,
\/g 59” s=0
3
ij ij
F</7J - ZlF(%n)’
T 2 ) o2
Fl = (K+v <p)V<p+ V0,
) 1 N
iy ij ix7J _ I\ 72
FY = N[AR (Vv - g7v%) 4],
(A.8)

with ns = (2,0,-2,-2,-4, -4, -4, -4, —4). The stress
3-tensor 7% is defined as

2 6(y9L
pii _ 2 9 (V5Lu) (A.9)
V9 99i
and the geometric 3-tensors (F%),; and F(ZZ) n) 8r€ given

in [42].
The matter components (J*, J?, J,, Ja, 77) satisfy
the conservation laws,

[ i - % (V) + s (V30
—2¢J, — f (VgJa) ;| =0, (A.10)
VEr, — NL\@ (VgJi) W (ViN; — ViNg)
—%vkﬁ + J,Vip — ;—;\‘[ViA =0. (A.11)
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Appendix B: G and H defined in Eqgs.(3.14) and
(3.15)

The functions G and H defined in Egs.(3.14) and (3.15)
are given by

G(r) = rh[2h' —r(A=1)R"] + %ﬁ(x —1)h”?

+% [r()\ Ny

37.2]0/2
~57

1
——— {8(46 17 7 28 9gg) 2
4<4T4{ (4694 + 17g5 + 7g6 + 2897 + 99s8) f

20\ + 1)f’} h?

(A —1)h% + (4) — 3)A?

—4[8grf Wt +3gs Ut + 14g2C*r* + 595
+(48g4 + 1495 + 3g6 — 48g7 — 16gs) f'r?
—2(48g4 + 1495 + 3g6 — 4897 — 16gg) f'r + 18094
+66g5 + 2796 + 48g7 + 12gs] 2+ [ —3(897
+3g8)(f")?r* + (4894 + 2295 + 1296 + 48g7
+13g8)(f')%r? + 4(8gor®¢? + 3g3r?¢? + 48¢4
+14g5 + 396 — 16g7 — 4gs) f"'r* — 2f'[3(3294
+12g5 + 5g6 — g8) /"% + 2((897 + 3gs) f"'7°
+96g4 + 2895 + 696 — 3297 — 8gs) |7 + 4[r*¢*
+12g2r%C% + 4g3r°(® + 8494 + 30g5 + 1296 — 897
—6gs]] f + (3294 + 1295 + 596 — gs)r° (f')°
FA[CHAF® — ¢t 4 2950317 + g3CPr® + dga
+2g5 + g6] + 2 (f')?] — 892C%1% — 3g5(*r?
+(8g7 + 3gs) f"1* — 48g4 — 14g5

—3g6 + 16g7 + 4gs] },

H(r) = 2X22hh" + (A+1)r2 ())* + 4 (2A — 1) rhi!
2\ + 1)r2 f!
e
2
+4—f2(5/\ +1)(f")2h?

hh' — % [Arf” + (2N — 1)f'} B2

"1‘4 1<4 {32(4694 + 1795 4+ 796 + 2897 + 9gg)f
+4[8g7f P10 + 39 fOr® + 48guf " 1°
+14g5f”/r3 + 3gﬁf///'f'3 - 4Sg7fm7°3

—16gsf" 1® — 28g2C%r? — 10g3¢3r? — 4(48g4
+14gs + 3g6 — 4897 — 16gs) f"1° + 6(294 — 395
—4g6 — T6g7 — 25g8) f'r — 720g4 — 264g;

—108g6 — 19297 — 48gs] f2 + 2] — 16922 f " 1
—6g3C2f”/r5 + 3(3294 + 1295 + 596 — gs)(f")*r?
—96g4f 1> — 28¢5 f 1> —6gsf 1° + 3297 f 1°



+8gsf 17 + 48g2Cr? + 16g5C3r® — 3(112¢4
+30g5 + 4gs — 14497 — 47gs)(f')°r* + £ (5(897
+3g8)f 1 + 8(48g4 + 1495 + 396 — 1697

1"

—4gs))r* + f <3(3294 +12g5 + 596 — gs)f T

+(4894 — 2g5 — 15g6 — 240g7 — T4gs) f"r?
+2(3(8g7 + 3gs) f W' + 2(1492r°C* + 5gar*¢?

+3694 + 24g5 + 1896 + 9697 + 2498))>7° +672g,4

+240gs5 + 9696 — 6497 — 4898] f— (16g4 + 10gs

+7g6 + 48g7 + 14gs)r* (f)® + 8(—C*Ar® + 2g2¢%r?

+93C*r? + 894 + 4g5 + 2g6) — rf'[ — (897
+3g5)(f")°r* + 2(8g2r°C + 3g3r®(® + 4894
+14g5 + 3gs — 16g7 — 4gs) fr* + 4(r*¢*
+12g9r%¢? + 4g3r*C? + 8494 + 30g5 + 1296
—8g7 — 6gs)] + 372 () [(8g7 + 3gs)f 1
+(3294 + 1295 + 5gs — gs) f'1° + 9694 + 28¢5

+696 — 3297 — 8gs] },

where f(") = d"f/dr".

Appendix C: The U(1) Gauge Transformations and
Gauge Choices

Under the U(l) gauge
in the spherically symmetric case,
(N,N*, gi;, A, ) transform as,

transformations  (6.1),
the variables

0N =
0 A =

0, 6N =06'fa!, 0agi; =0,

& —had', Sap=—a, (C.1)

where o = a(t,r). From these expressions, one can see
that various gauges can be chosen.

A. =0
In this gauge, we have
a = o(t,r), (C.2)

which is unique, and is the gauge used in Section III.

In this gauge, we have

& —ha = —A.
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When h = 0, we have

alt,r) = —/ At r)dt" + ao(r), (C4)

where ag(r) is an arbitrary function of its indicated ar-
gument. Thus, in this case the gauge is fixed only up to
an arbitrary function of r.

When h # 0, we introduce two new variables v and v
via the relations,

dt =
dr

Gdv + Fdu,
h(Gdv — Fdu),

(C.5)

where F' and G are functions of u and v only, and satisfy
the integrability conditions,

Ev - G,u = 07 (CG)
(Fh)y+ (Gh), = 0. (C.7)
Note that one should not consider Eq.(C.5) as coor-

dinate transformations, because they are forbidden by
Diff(M, F), but rather a technique to solve Eq.(C.3).

(B.1) Then, in terms of u and v, Eq.(C.3) takes the form,

o, = —F A, which has the solution,
a(t,r) = —/ F/',v)A( ,v)du' + a1 (v),  (C.8)

where o7 is an arbitrary function of v only, and u =
u(t,r) and v = v(t,r), given through Egs.(C.5)-(C.7).
Therefore, in the present case the gauge is fixed up to an
arbitrary function of v.

In this gauge, we have

h
o =—=, C.9
7 (C.9)
which has the solution,
" h(t,r")dr’
Oé(t,’l”) = —/ W + O[Q(t), (ClO)

where as(t) is an arbitrary function of ¢ only.

Appendix D: Field Equations without Specifying the
U(1) Gauge

It can be shown that in the spherically symmetric case,
there are only three independent field equations: the con-
straint obtained from the variation of the gauge field A
given by Eq.(A.4), the momentum constraint (A.2), and
the rr-componet of the dynamical equations (A.7). For



the ADM decomposition given by Eq.(3.1), they read,
respectively,

(rf) — (1= Ayr®) =0, (D.1)
(1 _ )\){TQth// _ %(T‘f/ _4f)h/ _ |:2f2

T2 ! 72 1" f2 / ’
— S+ S = |4t — arf
_TQf// _ (47‘f + 37‘2]”)90” _ 2T‘f§0/”} }
—rff R+ fA(f =1+ M%) =0, (D.2)
16, 8
7A + W(f —1+7%A,)A
+;iz(3f —1+77Ag)@' (9" + h) + 1i];h

h2

+fg?(f —2rf') - % 8(4694 + 17g5 + Tgs

—2897 + 9gg)f3 — 4( — (897 — 3gg)f(4)T4 + (1492

+593)¢*r” + (4894 + 1495 + 396 + 487
—16gs)(rf" — 2f")r + 18094 + 6695 + 27gs

+12(gs — 497))f2 + (4(r4<4 + 4(3g2 + g3)r2C2
+84g4 + 3095 + 1296 + 897 — 6gs) + 7((4894

16

+22g5 + 1296 — 4897 + 13gs)r(f')* — 2(2(3gs
—8g7) f"'r® 4 3(3294 + 1295 + 5g6 — gs) f'r?
+4(48¢g4 + 1495 + 3g6 + 1697 — 4g8))fl
+rf"(3(8g7 — 3gs) 1% + 4((8¢g2 + 3g3)r*(* + 48g4

+14g5 + 396 + 1697 — 498))))f i 4(T2 (P2(r2A - 1)¢2
+292 + 93) ¢ + 494 + 295 + ge) —r2(f")?((8g2

+393)r?¢* + 48g4 + 1495 + 396 + 1697 — 4gs

+r((—3294 — 1295 — 596 + gs8) f' + (897 — 3gs)rf”))]

" f/2 8f/ 32f 1o
+(1—A){[4f —%+7—r—2]w2+8fsﬁ<ﬂ
h? 20 £1\2 2 " /
+r2f3 [37‘ (f) =32f*—drf(rf —2f)]
8 ., (16f 64 6(f)%\ ,
P (T ) e
+%(2(p”h—(plh/)+8(plh”—%(h/-i-fs@”y
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