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In this paper we give a simple proof that when the particle number is conserved, the Lagrangian of
a barotropic perfect fluid is £, = —p [02 + [ P(p)/pzdp]7 where p is the rest mass density and P(p)
is the pressure. To prove this result nor additional fields neither Lagrange multipliers are needed.
Besides, the result is applicable to a wide range of theories of gravitation. The only assumptions
used in the derivation are: 1) the matter part of the Lagrangian does not depend on the derivatives
of the metric, and 2) the particle number of the fluid is conserved (Vs (pu?) = 0).
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I. INTRODUCTION

In order to obtain solvable equations of motion, re-
cently developed alternative theories of gravitation use
some specific forms of the perfect fluid Lagrangian [1-5].
Most of these approaches start from the work of Brown
[6], where the on-shell perfect fluid Lagrangian £,,,, with-
out elastic energy, is shown to reduce in General Relativ-
ity (GR) to L,, = —p , where p is the energy density of
the fluid. This result is obtained by introducing various
additional fields, as well as Lagrange multipliers in order
to effectively be able to reconstruct a perfect fluid stress-
energy tensor concordant with the laws of thermodynam-
ics — such as the matter current conservation. However,
because of the additional fields, it turns out that the on-
shell Lagrangian can also be £,, = P, where P is the
pressure of the fluid. This degeneracy of the Lagrangian
has no consequences in GR, since both Lagrangians lead
to the same equations of motion. In [7] was proposed an
alternative perfect fluid Lagrangian which is function of
the hydrodynamic variables u®, p, and T, where u® is
the fluid four-velocity, and T the rest temperature of the
fluid, and of the gravitational field variables g,,. Also,
the equations of hydrodynamics for a perfect fluid in gen-
eral relativity have been cast in Eulerian form, with the
four-velocity being expressed in terms of six velocity po-
tentials in [8]. The velocity-potential description leads
to a variational principle whose Lagrangian density for
the perfect fluid is the pressure P. Let us also note
that a matter Lagrangian of the form £,, = —p (1 +¢),
where € is the elastic potential (or the internal energy)
was considered in [9] to derive the equations of motion of
the perfect fluid from a variational principle. Otherwise,
variational principles for perfect and imperfect general
relativistic fluids were considered in [10].

However, it turns out that in some alternative theories
of gravity, the matter Lagrangian appears explicitly in
the field equations. Therefore, the field equations of those
theories seem to be different whether one considers £,,, =

—p or L,, = P. Hence, in these models the Physics
seem to be different depending on this choice — which
is not satisfactory with respect to the monistic view of
modern Physics, which requires a unique mathematical
description of the natural phenomena.

The first obvious thing one can claim about this sit-
uation is that there is absolutely no reason why the re-
sults obtained in GR by Brown [6] should be applicable
in the theories where the matter Lagrangian enters di-
rectly in the field equations. Even more than that, the
simple fact that the laws of Physics depend on the con-
sidered Lagrangian should be viewed as a proof of the
non-applicability of Brown’s results in theories where the
degeneracy of the matter Lagrangian leads to a variety
of different field equations. Therefore, all works [2-5, 11]
considering that one can write £,, = P for their on-shell
perfect fluid Lagrangian — or any linear combination of
—p and P — may be incorrect as long as they deal with
theories where the matter Lagrangian enters directly in
the field equations (unless one can prove the opposite in
some specific situation).

To be more specific, two main theories have been con-
sidered where L,, enters directly in the field equations:
f(R) theories with some non-minimal matter/curvature
coupling [1-4, 12]; or Brans-Dicke-like scalar-tensor the-
ories with some non-minimal matter/scalar coupling
[5, 11].

In a recent work [12], instead of using the results of
Brown [6] and of trying to apply them to the theory un-
der consideration, the Lagrangian for a barotropic perfect
fluid was derived from the equations of motion induced
by the adopted action. In addition, the conditions of the
conservation of the matter fluid current (V,(pu?) = 0,
where u® is the 4-velocity of the fluid, and p is the rest
mass energy density), as well as of the non-dependency
of the matter Lagrangian with respect to the derivatives
of the metric were also imposed. By using these assump-
tions one can show that for the considered modified grav-
ity model one has L,,, = —p [1+ [ P(p)/p*dp].

In the following, we extend the result of [12] to any



gravitational theory that satisfies the conditions of the
conservation of the matter fluid current as well as the
non-dependency of the matter Lagrangian with respect to
the derivatives of the metric. Besides, the present demon-
stration is actually much simpler than in [12]. Also, in
the Appendix we show that in the case of scalar-tensor
theories with scalar field/matter coupling the result is
compatible with a Brown-like way of deriving the La-
grangian .

In the present paper we use the Misner-Thorne-
Wheeler (MTW) conventions [13]. Also, while ¢ = 1 has
been used in the Introduction Section in order to match
previous studies’ notation, we will explicitly keep c in the
rest of the paper.

II. THE LAGRANGIAN OF A BAROTROPIC
PERFECT FLUID

We start with the usual definition of the stress-energy
tensor T),,, given by

T2 v=9Lm) (1)
g N
Considering the usual assumption that the matter part

of the Lagrangian £,,, does not depend on the derivatives
of the metric, we obtain

2 0(V=9Lwm)
V=g  9g

Now, by considering a fluid with a barotropic equa-
tion of state P(p), we can assume that £,, depends on
p only. If one considers that the matter current is con-
served (Vs (pu”) = 0), then one can prove that [12, 14]:

oLy,
dghv’
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where u® is the 4-velocity of the fluid, defined in a system
of coordinates z7 as u® = dz®/ds, where ds is such that
ds? = —c%dr?, with 7 the proper time of the fluid par-
ticles, and with pc? the rest mass energy density. Using
Egs. (2) and (3) we obtain [12]

op =

dL, dLy,
T = pdiu“u” + (Em — pdip) gt (4)

p

Now, since we want to obtain the Lagrangian of a
barotropic perfect fluid, we have to equate this equa-
tion with the usual stress-energy tensor of a barotropic
perfect fluid,

™ = —e(p) + P(p)] u'u” + P(p)g"”, (5)

where €(p) is the total energy density of the fluid. There-
fore we obtain the following two equations,

Ly = —e(p), (6)
dlm _ €(p) +P(p)

W - g

Using Eqgs. (6) and (7), we obtain the following first order
linear differential equation for the energy density of the
fluid,

de(p) _ €(p) + P(p)
b P (8)

The general solution of this equation is

e(p) = Cp+p/ Pp(gp) dp, 9)

where C' is an arbitrary integration constant. Therefore,
we have shown that the Lagrangian

P(p
Ln=—Co-p [ p(z) ap, (10)
leads to an energy-momentum tensor of the form

™ = —{p[C+T(p)] + P(p)} u'u” + P(p)g"”, (11)

where

) = [Dap- [L-L0

p? PP
is the elastic compression potential energy per unit mass
of the fluid [14]. The integration constant is given by
C = 2. A simple way to figure it out is to take the point
particle limit of the considered action, and to equate it
with the usual point particle action (S,, = mc? [ ds,
where m is the rest mass of the point particle). There-
fore, the Lagrangian of a barotropic perfect fluid is given

by
Lo =—p (02 + / %ﬁdp) . (13)
The corresponding stress-energy tensor can be written as
T = —{p[c® +1(p)] + P(p)} u'u” + P(p)g"”, (14)
or, equivalently,
T = {p [+ (p)] + P(p)} U'U” + P(p)g"”, (15)

where U® = ¢ tdx®/dr is the four-velocity of the fluid
divided by the speed of light . One can verify that this
stress-energy tensor is indeed of the form assumed, for
instance, in celestial relativistic mechanics [16-20].

Also, from the conservation of the rest mass density
(Vs(pu?) = 0) and using equations (9) and (12), one
derives the usual non-conservation equation for the total
energy density:

Vo(eu?) = =P V,(u?). (16)

1 It also has to be pointed out that, conversely to other works, a
correct Lagrangian is used in [15].



Let us note that, for a fluid satisfying a linear
barotropic equation of state P = (y — 1) pc? with v =
constant, one has:

Ly, = —pc? [1 +(y—-1)In ﬁ} ) (17)
Po
where po is an arbitrary constant of integration. The
specific example with the stiff fluid equation of state v =
2 gives L,, = —pc? [1 +In p%]'
Otherwise, for a fluid satisfying a polytropic equation
of state P = K p't1/" where both K and n are constant,
one gets:

Ly =—p {cz—i—Kpl/"—i—C} , (18)

where C' is an integration constant.

III. CONCLUSIONS AND FINAL REMARKS

In this note, we have shown that as long as one con-
siders (generic) cases where both equations (2) and (3)
are valid, in the MTW signature the Lagrangian of a
barotropic perfect fluid is

Lo = —p {02+/Pp(§)dp] : (19)

regardless of the nature of the theory considered other-
wise.

However, it has to be emphasized that even if the con-
servation of the matter current is a legitimate assump-
tion, a non-conservation is conceivable as well. Indeed,

the theories considered for our purpose all lead to a non-
conservation of the stress-energy tensor. In the case of
the scalar-field theories with scalar field/matter coupling
for instance, it means that there is an energy transfer be-
tween the scalar and the matter fields. The energy trans-
fer has two implications: either it modifies the geodesic
equation of motion of the free particles, or it induces a
non-conservation of the particle number (or both at the
same time). Therefore, it would be interesting to relax
the condition on the conservation of the matter current
in order to obtain a more general result.

Otherwise, in this paper we prove that the works [2—
5, 11] that use £,, = P, or any of the specific linear
combination of —p and P for the Lagrangian, are incom-
patible with the matter current conservation. Also, let
us remark that it seems very unlikely that in the most
general case — where the matter current conservation con-
straint is relaxed — the Lagrangian would reduce precisely
to either £, = P or any of the specific linear combina-
tion of —p and P that is used in many works. Therefore,
we finally argue that one should be very cautious be-
fore considering any of the results of the works that used
the results of Brown [6] in alternative theories of gravity
without questioning the validity of its extrapolation to
this type of models, as, for instance, in [2-5, 11].
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Appendix A: On the extension of the work of Brown
to scalar-tensor theories with scalar/matter coupling

The action describing Brans-Dicke theory with a uni-
versal spin-0/matter coupling can be written as follows
[15],

S = /d4xs/—_g (fI)R - % (0,8)* — V(@) + 2f(<1>)£m) ,
(A1)
where ¢ is the metric determinant, R is the Ricci scalar
constructed from the metric g,,, and £,, the matter La-
grangian. One possible Lagrangian that describes a per-
fect fluid without elastic energy in GR is given by [6]:

L = —€(|J]/V=g.5)+

J(T

—— ao”(/] + Saae + ﬁAaaaA )
| |
where J® is the particle flux (|J| = \/—gp0J?J7), s is
the entropy per particle, a? is the 3 Lagrangian coordi-
nates, and v, § and 84 are 6 spacetime scalars. Now,

if one directly inserts this Lagrangian into Eq. (A1), one
obtains the following density,

L = V=9f(®){ ~€(1J1/v~3.5) (A3)
+(=g)" 27 [051) + 30,0 + Badsa®] }.

(A2)

However, it is easy to figure out that this density does
not lead to the required thermodynamic constraints, such
as the particle number conservation, (9,.JJ7 = 0) and the
absence of entropy exchange between neighboring flow
line (9,(sJ?) = 0). Hence, the Lagrangian density (A3)
is not suitable to describe a perfect fluid in the class
of models considered in this paper. On the contrary,
the following Lagrangian density, not only leads to the
perfect fluid stress-energy tensor, but also does satisfy the
two previously mentioned thermodynamic constraints,

L = —V=gf(®)e(|J]/V~g,s) (A4)

+J° [0t + 5050 + Ba0ra] .

Therefore, it seems that such a Lagrangian density is
valid in order to model a perfect fluid Lagrangian — as
long as one wants to impose the matter current conserva-
tion V4 (pu?) = 0 as in the main part of this paper. But
then one has to notice that the second term in the right
hand side of equation (A4) does not couple neither with
the metric, nor with the scalar field. Hence, only the first
term in the right hand side of equation (A4) will enter in
the field equations. Therefore, the on-shell perfect fluid
is simply £,, = —e¢, which is in concordance with the
main result of this paper.



