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1 Introduction

Introducing central charges in superalgebras leads to the possibility of having massive

multiplets as ‘short’ as the massless ones. The central charges in 4D, N=2 superspace have

been dealt directly in both Projective[1, 2] & Harmonic[3, 4] hyperspaces.

The projective hyperspace has recently been formulated in coset space language in [5],

which has been used to simplify derivation of earlier results and perform new calculations

involving massless scalar and vector hypermultiplets in [6]. For the sake of completeness, in

this note we extend such an analysis to the massive case.

In the next section, we review the projective hyperspace with central charges. Then we

discuss the massive scalar hypermultiplet in detail from the 4D perspective. Next, we show

that the dimensional reduction of a massless hypermultiplet from 6D reproduces all the 4D

results rather trivially. Finally, we present a simple 1-hoop calculation using Feynman rules

similar to the massless case.

2 Projective Hyperspace with Central Charges

We use the conventions of [6] for the superspace coordinates and derivatives. The centrally

extended algebra of covariant derivatives then reads1:

{dθ,α, d̄ϑ,β̇} = ∂αβ̇ (2.1)

{dθ,α, dϑ,β} = m̄Cαβ (2.2)

{d̄θ,α̇, d̄ϑ,β̇} = −mCα̇β̇ (2.3)

[dϑ,α, dy] = −dθ,α (2.4)

[d̄ϑ,α̇, dy] = −d̄θ,α̇ (2.5)

Such an algebra can be incorporated in the superspace by introducing additional bosonic

coordinates corresponding to the central charges. Then, requiring a trivial dependence of

the hyperfields on these coordinates leads to a volume element same as the one when m = 0.

However, this generates explicit appearances of θ’s in the Lagrangian (for example, last

reference in [3]).

There are two alternative manifestly covariant approaches to deal with non-zero m. One

(simplest) approach is the dimensional reduction of 6D, N=1 massless multiplets to 4D, N=2

massive ones. Since projective superspace in 6D exists[7] and is similar to the projective

hyperspace in 4D, the main results can be written down just by inspection. We will show

that this is the case in section 4, where we will compare the results derived via another

approach.

1m is in general complex but for our purposes, its imaginary part plays no role.
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In this second approach, we stay in 4D and turn d’s into covariant derivatives: D = d+A,

where A is an Abelian connection that has acquired a vev, i.e. A ∝ m. This avoids the explicit

θ’s in the Lagrangian that are now hidden inside the connections[2, 4]. So, the starting point

for the simplest example of a massive hypermultiplet is a massless scalar hypermultiplet (SH)

coupled to a U(1) vector hypermultiplet (VH).

Let us now briefly review the massless hypermultiplets living in projective hyperspace.

The following discussion is valid in both 4D & 6D with a few obvious changes, some of which

will be pointed out later. A massless SH is represented by a complex ‘arctic’ projective

hyperfield (Υ)2:

dϑ(d̄ϑ)Υ
[
0↑
]

= 0⇒ dϑ(d̄ϑ)Ῡ [1↓] = 0. (2.6)

Its on-shell expansion containing complex scalars A&B and Weyl spinors χ& χ̃ is:

Υ = (A+ yB) +
(
θχ+ θ̄ ¯̃χ

)
+ θ∂Bθ̄ (2.7)

and their corresponding equations of motion follow from d2
yῩ(Υ) = 0, which in turn follow

from the action:

SΥ = −
∫
dxd4θdyῩΥ. (2.8)

A VH is represented by a real ‘tropical’ projective hyperfield (V ):

dϑ(d̄ϑ)V
[
0↑↓

]
= 0. (2.9)

Since we are mainly interested in the vevs of Abelian connections, we give below the vev

structure of V (read from the full expression for V in Wess-Zumino gauge[6]) to which the

connections will eventually get related:

V =
1

y

(
θ2m̄− θ̄2m

)
. (2.10)

Finally, the Lagrangian of a massless SH coupled to VH is simply given by:

SΥ−V = −
∫
dxd4θdyῩeV Υ. (2.11)

These are all the massless ingredients we need to construct the massive SH in projective

hyperspace.

2We use the arrow notation Ψ
[
n↑(↓)

]
to denote that the hyperfield Ψ contains ym with m ≥ (≤)n only.
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3 4D Approach

3.1 Action

We have already argued that a massive SH is equivalent to a massless SH coupled to an

Abelian VH with a vev. This means that we should be able to represent a massive SH by a

complex projective hyperfield Υ̂. We start by writing a quadratic action for it that should

be equivalent to eq. 2.11:

SΥ̂ = −
∫
dxd4θdy

¯̂
ΥΥ̂ = −

∫
dxd4θdyῩeV Υ. (3.1)

The equations of motion for Υ̂ & Υ can be derived in a way similar to the massless case and

they read:

d2
y

¯̂
Υ = D2

yῩ =

∫
dy2

y12

Ῡ2e
V2 = 0. (3.2)

We know the massive equations of motion (Klein-Gordon & Dirac equations) for the

component fields and the expression for vev of V (eq. 2.10), so it is a simple algebraic

exercise to get the (new) on-shell form of Υ:

Υ = (A+ yB) +
(
θχ+ θ̄ ¯̃χ

)
+
(
θ2m− θ̄2m̄

)
B + θ∂Bθ̄. (3.3)

This form (obviously) gives the correct massless limit (eq. 2.7) when m = 0. Plugging this

expression in the action gives the usual kinetic terms for the component fields and the mass

terms have an expected appearance:

∼
∫
dx (mχχ+ m̄ ¯̃χ ¯̃χ) +mm̄

(
ĀA+ B̄B

)
.

It is important to note that if we had näıvely used the eq. 2.7 in above calculation, we would

have gotten a wrong sign for B’s mass term! This small calculation makes it clear that we

now have a correct representation for the massive SH. Thus, we can assign3 Υ̂ = eV+Υ and
¯̂
Υ = ῩeV− such that their on-shell y−dependence remains the same as that of the massless

hyperfields i.e.
[
0↑
]

& [1↓], respectively.

Moreover, in this case we can also figure out what D’s look like explicitly. Comparing the

two forms of equations in 3.2 (with Ῡ), we get:

D2
yῩ = ∂2

yῩ−
2
(
θ2m̄− θ̄2m

)
y2

(
∂yῩ−

Ῡ

y

)
− 2 θ2θ̄2mm̄

y4
Ῡ (3.4)

⇒ Dy = ∂y + Ay = ∂y −
(
θ2m̄− θ̄2m

)
y2

(3.5)

⇒ Ay = dy

∫
dy′

V ′

(y − y′)
. (3.6)

3V = V+[0↑] + V−[0↓].
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We can also find the expressions for other connections using equations 2.4 & 2.5 in the gauge

Aϑ = Āϑ = 0:

Aθ = −dϑAy =
m̄θ

y
& Āθ = −d̄ϑAy =

−mθ̄
y

. (3.7)

These obviously satisfy the equations 2.2 & 2.3 as can be easily checked4. This completes

the basic construction of a massive scalar hyperfield.

The coupling of this massive hypermultiplet to a non-Abelian VH5 is a straightforward

generalization similar to the case of massless SH:

SΥ̂−V̂ = −
∫
dxd4θdy

¯̂
ΥeV̂ Υ̂. (3.8)

3.2 Propagator

The quantization of massive SH action is almost identical to that of the massless SH.

First, we need to rewrite the massive scalar hyperfield in terms of a generic unconstrained

hyperfield:

Υ̂(y2)
[
0↑
]

= d4
2ϑ

∫
dy1

1

y12

Φ(y1)
[
0↑↓

]
and,

¯̂
Υ(y2) [1↓] = d4

2ϑd
2
y2

∫
dy1

1

y21

Φ̄(y1)
[
0↑↓

]
.

Then, we add source terms to the action and convert the d4θ integral to d8θ integral by

rewriting Υ̂ using above relations:

SΥ̂−Ĵ = −
∫
dx d8θ

∫
dy1

[
d2
y1

∫
dy3

¯̂
Υ3

y13

d4
1ϑ

∫
dy2

Υ̂2

y21

+
¯̂
J1

∫
dy2

Υ̂2

y21

+ d2
y1

∫
dy3

¯̂
Υ3

y13

Ĵ

]
(3.9)

where the sources Ĵ &
¯̂
J are generic projective hyperfields. The equation of motion for Υ̂

with the source reads: ∫
dy1

d4
1ϑd

2
y1

Υ̂1

y13

= −
∫
dy1d

4
1ϑd

2
y1

(
1

y13

)
Ĵ1. (3.10)

The difference with respect to the massless case arises at this stage due to the presence of

central charges in the superalgebra, which gives the following modified identity:

d4
ϑd

2
yd

4
ϑ = (�− 2mm̄) d4

ϑ.

4For example, dϑ = ∂ϑ + y∂θ + θ̄∂x and d̄ϑ = ∂̄ϑ + y∂̄θ + ∂xθ in reflective representation.
5Having a central charge in the superalgebra does not make the vector hypermultiplet massive! This is

because
∫
d2θd2ϑW 2 m6=0−−−→

∫
d2θd2ϑ(W +m)2 =

∫
d2θd2ϑW 2. The equality holds because

∫
d2θd2ϑW is a

total spacetime derivative due to the Bianchi identity d2θW = d̄2θW̄ .
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Using this identity in eq. 3.10 leads us to the following equations:

(�− 2mm̄) Υ̂3 =− d4
3ϑ

∫
dy1

2Ĵ1

y3
13

(3.11)

Similarly, (�− 2mm̄)
¯̂
Υ2 =− d4

2ϑ

∫
dy1

2
¯̂
J1

y3
21

. (3.12)

Plugging these equations back in action 3.9, we get:

SΥ̂−Ĵ =

∫
dx d8θ dy1 dy2

[
¯̂
J1

1

y3
21

1
1
2

(�− 2mm̄)
Ĵ2

]
. (3.13)

This leads to the expected change in the massless propagator to give us the massive SH

propagator: 〈
Υ̂(1)

¯̂
Υ(2)

〉
= −d

4
1ϑd

4
2ϑδ

8(θ12)

y3
12

δ(x12)
1
2
�−mm̄

. (3.14)

3.3 Vertices

As in the massless case, there are no self-interacting renormalizable vertices for massive

SH. The interactions appear purely with the coupling to a VH as seen in action 3.8. That

means the vertices look similar to the massless case:

¯̂
ΥiV̂ j1 ...V̂ jnΥ̂k →

∫
d4θ

∫
dy

(
i

j1

...
jn

k

)
where, the group theory factor shown in parentheses is for adjoint representation.

4 6D Approach

We now explain the simpler method for obtaining a 4D massive scalar hypermultiplet:

Dimensional Reduction of a 6D massless SH[7]. First of all, we dimensionally reduce the

bosonic coordinates from 6D
(
XM=0...5

)
to 4D (xµ=0...3) by defining a complex coordinate:

z(z̄) =
1√
2

[
X4 + (−)ι̇X5

]
⇒ ∂(∂̄) ≡ ∂z(∂z̄) =

1√
2

[∂4 − (+)ι̇∂5] (4.1)

and demanding that the corresponding momenta equal the 4D central charges:

p = −ι̇∂ = m & p̄ = −ι̇∂̄ = m̄.

The 6D d’Alambertian then reduces to:

�6 = ∂M∂M = ∂µ∂µ + 2∂∂̄ = �4 − 2mm̄. (4.2)
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Secondly, we reduce the fermionic coordinates in 6D, which are represented by Weyl spinors

of SU*(4) to 4D coordinates, which are represented by dotted & undotted Weyl spinors of

SL(2,C):

Θα̃ =

(
θα

θ̄α̇

)
(4.3)

with similar relation holding true for ϑ’s. The charge conjugation in 6D works as follows:

Θ̄α̃ ≡ C α̃
˙̃
β
Θ̄

˙̃
β =

(
θα

−θ̄α̇

)
. (4.4)

The 6D, N=(1,0) algebra of supercovariant derivatives is equivalent to the 4D, N=2 algebra

in equations 2.1-2.3, after the dimensional reduction. Furthermore, we can express a vector

using just spinorial indices in 6D too:

Vα̃β̃ =
1

2

(
v̄ Cαβ vαβ̇
vα̇β v Cα̇β̇

)
(4.5)

where v (v̄) ∼ −ι̇ [V4 + (−)ι̇V5].

We are now ready to deal with the 6D, N=1 massless hypermultiplets. Like 4D, SH is

represented by a projective arctic hyperfield Υ6. Using the (bi)spinor matrices defined above,

we can reduce the Υ6 (eq. 2.7) to 4D ‘massive’ SH:

Υ6 = (A+ yB) + ΘΞ + Θ̄α̃∂α̃β̃BΘβ̃ (4.6)

⇒ Υ4 = (A+ yB) +
(
θχ+ θ̄ ¯̃χ

)
+
(
θ̄α̇∂αα̇Bθ

α + θ2mB − θ̄2m̄B
)
,

which is the same as in eq. 3.3. A VH in 6D is again represented by a projective tropical

hyperfield V6 and its lowest Θ−component (in Wess-Zumino gauge) looks like:

V6 =
Θ̄α̃Aα̃β̃Θβ̃

y
⇒ V4 =

1

y

(
θ̄α̇Aαα̇θ

α + θ2φ̄− θ̄2φ
)
. (4.7)

If the scalar field φ develops a vev, then the above equation is identical to 2.10. Moreover,

the action of Υ6 coupled to V6 is given by eq. 2.11 so the 6D hyperfields’ reduction to 4D

reproduces the same massive SH action derived in section 3.1.

Now the propagator for Υ6 is similar to that of the massless SH in 4D and the reduction

to massive case is straightforward owing to eq. 4.2:

〈
Υ6(1)Ῡ6(2)

〉
= −d

4
1ϑd

4
2ϑδ

8(Θ12)

y3
12

δ(X12)
1
2
�6

(4.8)

⇒
〈
Υ4(1)Ῡ4(2)

〉
≡
〈
Υ̂(1)

¯̂
Υ(2)

〉
= −d

4
1ϑd

4
2ϑδ

8(θ12)

y3
12

δ(x12)
1
2
�4 −mm̄

,

which is equivalent to eq. 3.14 derived from the 4D perspective.
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5 Feynman Rules

These are almost the same as those given in reference [6]. The only difference is the

following modified identity:

d4
1ϑd

4
2ϑd

4
1ϑ = y2

12

[(
1

2
�−mm̄

)
+ y21

(
d̄2θdxd2θ +md2

2θ − m̄d̄2
2θ

)
+ y2

12d
4
2θ

]
d4

1ϑ (5.1)

The non-renormalization theorem for massless scalar hypermultiplet holds for the massive

case also for straightforward reasons.

d1ϑ
4

d2ϑ
4

Figure 1: One-hoop massive SH example with d−algebra & y−calculus shown. [A blue

(thick) line with a cut represents a δ8(θ12).]

One-hoop correction to VH 2-point function (Figure 1) due to the coupling to a massive

SH is simple to calculate and looks same (modulo the momentum integral) as the massless

SH contribution:

− Â2(p;m)× cR g2

∫
d8θ

∫
dy1,2

V̂1V̂2

y12 y21

. (5.2)

The momentum integral is a standard integral and evaluates to (with D = 4− 2ε):

Â2 =

∫
dDk

(2π)D
1(

1
2
k2 −mm̄

) (
1
2
(k + p)2 −mm̄

)
=

1

4π2

[
1

ε
− γE + 2− ln

(
2mm̄

µ2

)
−
√

1 +
8mm̄

p2
ln

(
1 + p/

√
p2 + 8mm̄

1− p/
√
p2 + 8mm̄

)]
.

6 Conclusion

We presented a reformulation of the massive scalar hypermultiplet that allows derivation of

the known results in a compact manner. Our analysis makes a massive scalar hypermultiplet

more transparent at the component level. The diagrammatic Feynman rules are similar to

the massless case and hence no extra effort is needed to evaluate diagrams with massive SH

lines. We also presented an explicit 1-hoop calculation showing that the hypergraph rules

allow computation as ‘fast’ as the N=1 supergraph rules.
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[1] U. Lindström and M. Roček, Commun. Phys. Math. 115 (1988) 21;
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