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I. INTRODUCTION

The quantum principal chiral sigma model is completely integrable in one space and one time dimension [1], [2].
Its action is

N
§=55 /d%nMVI&.«aHU(x)TaUU(x), (I.1)
90
where U(z) € SU(N), pu,v = 0,1, and where n** is the Minkowski metric, n°° = 1,n'' = —1,7% = 510 = 0.

The action is invariant under the global transformation U(x) — VpoU(z)Vg, for Vi,Vr € SU(N). The model is
asymptotically free and has a mass gap m. There are two Noether currents,

T = S QU0 (@), @) = S U ()0l (1), (12)
295 295
where where a,b =1, ..., N., associated with the symmetries U — VLU and U — UVpR respectively.

In this paper, we calculate the two- and four-excitation form factors of the current operators using a large-N
expansion and the form-factor bootstrap method [3]. This approach has been used in Reference [4], to find the form
factors of the renormalized field operator. We also find the two-particle form factor for all N > 2.

In the next section, we review the exact S matrix for the chiral model. We calculate the two-particle form factors
in the planar limit in Section III, and for general IV in Section IV. In Section V we calculate the four-particle form
factor, and we discuss our results in the final section.

II. THE EXACT S-MATRIX AND MULTIPARTICLE STATES

The sigma model has elementary particles of mass m, which carry both left and right colors. These elementary
particles form bound states that obey a sine formula [5]
3 mr
mrzmsfn(if), r=1,..N—1, (IL1)
sin( %)
where m,. is the mass of a r-particle bound state. In the large- NV limit, the mass of a r-particle bound state is m,. = mr,
for finite . This means that there are no bound states of a finite number of elementary particles in the planar limit,
since the binding energy vanishes.

We introduce particle and antiparticle creation operators QlTP(G)ab and QlTA(G)ba, respectively, where 6 is the particle
rapidity, defined in terms of the momentum vector by pg = mcosh6, p; = msinh6, and a,b =1,..., N are left and
right color indices, respectively. A product of creation operators acting on the vacuum in order of increasing rapidity,
from left to right, gives the multiparticle state

|P, 91,&1,[)1;14,92,[)2,&2; -'->in = Ql}(@l)aleQlL(ﬁg)bzw . |0>, where 61 > 6 > ... . (112)
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The S matrix of two particles, with incoming rapidities 6; and 65, outgoing rapidities 8] and 6}, is

out (P, 0}, ¢1,d1; P60, o, da| P, 01, a1,b1; P60, a9, ba) ;. = Spp(0)2521 % 46 (6], — 6,)4nd(6 — 0a),

a1by;azbs

cada;c1dy

where § = 61 — 62. We follow convention and call the function Spp(6),2}: %,

the S matrix. It is given by
SPP(9)02d2;01d1 _ X(H)SCGN(H)CQ;Q SCGN(G)dz;dl (11'3)
ai1bi;azbs ay;az bi;ba?
where Scan(f) is the S matrix of two elementary excitations of the SU(N) chiral Gross-Neveu model [6], [7]:

wver  D(0/2m + DD(=i0/20 — 1N) [0 0 27 o) o,
Scan ()i, = T(i0/27 + 1 — 1/N)T'(—if/2n) 001003 ~ ygasdai |-

and x(0) is the CDD factor [8]:

S (0 mi
_ Sinh (g %) (I1.4)
sinh (5 + %)

The particle-antiparticle S matrix is related to the particle-particle S matrix by crossing, i.e. § — 6 = mi — 6. The
S matrix for a particle with incoming rapidity 6, and outgoing rapidity ¢, and an antiparticle with incoming rapidity
62 and outgoing rapidity 6 is
Sap(0)ei i = SO, N)
102,02a2
472
N2§2

x [5@ 5¢25¢1 5 — % (Baras 012052057 + 05205161, 6M% ) =

by “az2" a1 az”ay

5@@5010251,11,25611‘12}, (IL.5)

where

S6.N) sinh (§ — 2¢) {F(m/mw )(—if/27 — 1/1\1)}2 o (%) . (1L.6)

sinh (g + %) r6/2r+1—1/N)T'(—if/2m)

The creation operators satisfy the Zamolodchikov algebra:

Ao (01)arny Ap (02)ast, = SPP(0)757 00, Ap (02)cr0, Ap (01)

P\Y1)a161 < p\Y2 )azbs PP\Y)q1b1:a2b0 v P\Y2)cad2*t p\Y1)c1dy s

A (01)010 2 (02)20z = San(0)yipt ot 200 (02) azea20y (01

Wb (0) a0, W (02, = Sap(0),75 s As (02) e, W (1) ra, - (IL7)
The r-excitation form factor of an operator B(z) is defined as

01B(x)|I1,01,Ch5. . 1, 0,,Cp) = e " Zh=1 "PRFE o (01,...,6,),

where I}, = P if the k*® excitation is a particle, and I = A if the k' excitation is an antiparticle, C}, is the set of
indices ag, by, for I, = P or by, ay, for I, = A. The z-dependence of the form factor is trivial, due to Lorentz invariance.

The vacuum expectation value of two operators B(z) and €(y) can be expressed in terms of form factors, using
completeness of in states:

(01 () €(y)|0) = (0[B(x)|0){0]€(y)|0)
o~ [dOy...db,, doy ... d o , o
+ ;;/ (27T)T+t(’f'+t)! <O|%(x)|P791;a1;bla"'7P79T7aTabT7Aa¢ladlacla'"7Aa¢t;dtvct>
X <P7 917a17b1; e 7P7 97‘70/T7b7‘;A7¢17d1701; e ;A7¢t7dtuct|€(y)|0>' (118)

III. SMIRNOV’S AXIOMS AND THE TWO-PARTICLE FORM FACTORS

In this section we calculate the first nonvanishing form factor of the current operators at large N. We will discuss
only the left-handed current j ﬁ ()¢ in detail, since the same method yields the right-handed-current form factor.



Under a global SU(N) x SU(N) transformation, the current and the particle and antiparticle creation operators
transform as

JE(@) = Viih (@) V], 24L0) — viaho)v], 4l 0) — vl (0)Va.

Only form factors with equal number of particles and antiparticles are invariant under such global transformations.
The first nontrivial form factor is

<O|Jﬁ (I)aoco |A7 917 bla ay; P, 92, az, b2> = <O|j;€(x)aocoalTA(el)blalm;(92)¢12b2 |O>

. 1
= (m _pz)#efzz-(er;Dz)F(o) <5a0a25b1b25c0a1 — N5a0605b1b25a1a2) , (I11.1)

for 61 > 605, and

(0135 () ageo | Pr, 01, a1, b15 A, 02, b2, a) = (013 (%)ageo 2 (02)astr 2Ty (01),4, |0)
1

_ (p1 _p2)#67iz-(P1+P2)F/(9) (5aoa25b1b25coa1 — Néaoco5blb25ala2) , (HI.Q)

for 65 > 01, where, as before, § = #; — 05. The O (%) term in (II1.1) ensures the tracelessness the current operator.
Lorentz invariance requires that the function F'(6) depends only on the rapidity difference 8 [3].

We next apply the scattering axiom, also known as Watson’s theorem [3]. This axiom follows from the Zamolod-
chikov algebra (I1.7) on the creation operators of the in-state. This gives a relation between F(6) and F'(6):

<O|jﬁ (O)aOCOQlTP(6‘2)a2b2QlTA (91)171111 |0> = SAP(H)ZLZ(Z:;?Z? <O|jﬁ (O)GOCOQ[TA(el)dICI Q[JITD (92)02112 |0> (III?))
or
F'(0) = S(@,N) (1 - 2;”) F(6). (IIL.4)

In obtaining (111.4), some factors of 1/N in the S matrix were canceled by summing over group indices in (I111.3).
We next consider the Smirnov periodicity axiom [3], which follows from crossing symmetry. For the M-excitation
form factor of an operator 8(0), the periodicity axiom is

(O[B(O)AL (01)c, A} (02)c, - - AL (O1r)ca [0)
= (0[BO)A],, (Oar — 2mi) oy, AL (O1)c, - AL, (Orr—1) e, 10). (IL.5)

For more discussion of this axiom see References [4], [9].
Applying the periodicity axiom to our form factors (III.1), we find the two equivalent conditions:

<O|jﬁ (O)aocom; (92)a2b2mf4 (91)5101 |O> = <O|Jﬁ (O)aocomz (91 - 271—2‘)5161%[;3 (92)¢12b2 |O>
= F'(§) = F(0— 2mi), (IIL6)

and

<O|jﬁ (O)aocomi}(ol)blalalTP(QQ)twbz |O> = <O|jﬁ (O)aocom; (92 - 27Ti)azb2mjf4 (91)5101 |O>

= F(0) = F'(6+2ni). (IIL7)
Combining (IT1.4) with (IIL.6) gives
F(0—2mi) = 5(6,N) <z T 7”.) F(0), (IIL8)
— T

where we have defined the function S(6, N) = S(6, N).
For large N, we expand S(6,N) =1+ O (5) and F(0) = F°(0) + + F'(6) + 5= F2(0) + ..., so that

—

FO(6 — 2ri) — (z + ”) F(0). (ITL.9)



The general solution to (II1.9) is

9(9)
0+ i’

FOp) =

where ¢(0) satisfies the periodicity condition g(6 — 27i) = ¢g(#). The minimal choice is to take g(6) = g, a constant.
We do not present a proof that this is the right choice for the function g(6), but it is the simplest solution and is thus
likely to be the correct physical solution.

Next we determine the value of g. There is a conserved charge Q%
charge is

(IT1.10)

aocos associated with the current operator. This

aLoco = /d‘rljé/(‘r)aoco'

We fix the value of g by requiring that the charge generates the SU(N) Lie algebra:

La __ Lcy Lco cicoasz L c3
Qa =0, [Q ’Q } i a1a2¢:3Qa3 ) (11111)
where the structure coefficients are
cic2a3 Cc2 §a3 SC1 c1 a3 $C2
ajazcs =1 (5111 5(12 503 5a2 5(11 503) .

We cross the incoming particle from Equation (III.1) to an outgoing antiparticle, via 2 — 82 — 7i, to find

<A7 927 b27 CL2|jé‘ (I)G«OCO |A7 915 bla a1>
= m(cosh 6 + cosh ) exp{—im[z"(cosh #; — coshfy) — 2! (sinh f; — sinh 6)]}

1
xFy (9 + 7”;) (51101125171172500111 - N6a0005b1b26a1a2> :

The integral over z! gives the matrix element of the charge operator:

(A, 01,b3,a2|Q% . |A,01,b1,a1)

1
= (27)22([)1)05(91 - 92) <6aoazablb266001 - N5aoc05b1b25a1a2) F (7”)

The matrix element of the commutator of two charges is found by inserting a complete set of one-antiparticle inter-
mediate states:

<A 027b27a’2| [anco’ a4c4} |A 91,b1,d1>
do
_ / (A 2,52, 021 Q | A, B3, b 05) (A, B, by, 051 @, | 4,61, b1, )

do
_/ 3<A B, by, a2 QF . |A, 05, b3, as) (A, 0, bs, as|QE . |A, 01, by, ay). (IIL.12)

With the choice F(wi) =1, Equation (I11.12) becomes
<A7927b27a2|[QLC0 LC4] |A 917b17a1>

ap 7

=1 COC4a5<A 927b27a2|QLcs|A7917b17a/1>7

apa4Cs

which is equivalent to (IT1.11). This fixes the constant g = 2.
We have not yet discussed the annihilation-pole axiom [3]. This axiom relates the form factors of M particles to
the form factors of M — 2 particles. The general multiparticle form factor of the current operator is

(017(0)agee|A, 01,01, a5 .3 A, 01, by, ar; POigy, arr, bigas -5 PO, aoi, bars A, 01, b1, an—1; P, 0, @, by)

= [pl +-+p - (pl+1 + - +p21) + Pn—1 — pn]u]:o(elv ceey 9n)aocoa1...an;b1...bn- (11113>
Here we have factored out the vector-valued pre-factor in square brackets, consisting of a linear combination of the
particle momenta, chosen to make F©(fy,...,0,) a Lorentz scalar. We define a Lorentz-scalar-valued operator Oy,
by

<O|anco|A7 917 b17 a15...3 A7 9l7 bl7 Qg P7 9l+17 a/l-i-lubl-‘rl; e P7 92l7 asy, b2l; A7 917,—17 bn—17 Gn—1; Pu 977,7 Gn, bn>
— O
=F (917 oo 79n)aocoa1...an;b1...bn .



The form factor has a pole at 0,_1, = 0,-1 — 0, = —mi, corresponding to annihilation of the (n — 1)** and nth
excitations. We cross the n'" particle to an outgoing antiparticle, yielding

<A79n7bn7an|jﬁ(0)aoco|f47917b17a1; s -;A79l7bl7a/l;P7 9l+l7al+17bl+l; . 7P7 92[,0/2[,b2[;A,9n_1,bn_1,an_1>
= [p1+-+p— (Pt +pa) Pt +Pnl,
X<A79n7bn7an |Oa000| A7917b17a1; LY ;A79l7bl7al;P7 9l+l7al+17bl+1; . 7P7 92l7a/2l7b2l;A79n—17bn—luan—1>'

By the generalized crossing formula [9],

<Aa9715bnva’n|oaoco|A7915blaa1; s ;Avelablaal;Pa 9l+1aal+17bl+1; .- 7Pa 9217a’217bQI;Avenflvbnflaan*1>

<A, enu bnu anlAa 6‘17 b17 a1>]:0 (927 ) 6‘71—1)aocoag...an,l;bg...bn,l

+‘/—"O(9n - Z.7T,, 915 e ;97171)agcoana1.,.,an,1;bnb1...bn,l for 971 Z 91 > > 97171
or
= <A5 971; bn; an|A7 977,717 bnfla an71>‘70(91; M 921)(10(;00.1...agl;bl...bgl
FFOO1, 001,00 + 0T Vageoar...anbr..bu for 6y > -+ > 0,1 >0, (I11.14)
where the right-hand side contains the n- and the n — 2-particle form factors, and 7— = m — €. Near the annihilation
pole at 6,,_1, = —mi the form factors are of the form:
) . 1
F (9n —im_, 91, ceey enfl)agcoal...an;bl,.,bn m h(917 ceey en)aocgal...an;bl...bn;
n— n
and
. 1
‘/—"O(ola e 597171; 971 + Zﬁf)agcoal...an;bl...bn m h(017 ceey en)aomal...an;bl...bn;
n— n
where h(61,...,0n)a0coar...an:br...b, 1S an analytic function in 6,1 ,. We use the identity
1 1
=P im0 (6,1 — 6
Ot — 6y, £ ic {enl—en}j””(" 1= 0n),

where P {f(0,_1,60,)} is the principal value of f(6,-1,0,). We apply Watson’s theorem to Equation (III.14), and
find

<A7977.7bnaan|oaoco|A5917b17a’l; s ;Aaelvblva’l;Pa 9l+17a’l+labl+1; <. 7P7 9215a?lab?l;Aaenflabn*ha’n*1>

’ ’ A i
b, _1a,_q3bia; di—1ci—13bja;

= (A, 00,bn,an|A, 0,1, b%,l, a;171>SAA(91 nfl)dlcl;blal XX SAA(olnfl)dlcl;blcl

dlcl?a;+1b;+1
ci+1di415a141b141

1 .
+ (P {97} —imd(Op—1 — 0n)) h(01,- -, 0n)aocoar...amibr...bm

Y
C21—1d2l—1§a21b21 X ]_'O

><SAP(onfllJrl) X X SAP(enfl 2l>021d2l§a21b21 (917 ceey 92l)a060a/1...a/2l;b/l...bél

—1— 0,
= <A7 9’!7,7 bn7 a’n|A; 97171; b’n,717 a’n71>~7:0(917 ) 02[)(1060(11...agl;bl...bgl
1
+ (P {ﬁ} + Z'77-6(971—1 - en)) h(elu s 7en)aocoalman;blmbn' (11115)
n—1— Un

We will use the normalization (A, 0,,, by, an|A, 0pn—1,bpn-1,an-1) = 4704, _1a, 0, _1b,0(0n—1—0,). Comparing the terms
proportional to §(0,,—1 — 6,) in (II1.15), we recover the annihilation pole axiom [9]:

h(ola e aenfl B onfl)aocoal...an;bl,.,bn
_ O
= R‘es|07171 n:—ﬂ'i]: (6‘17 SR 9217 971—17 en)aocoal~~~a2lan71an§b1~~~b2lbn71bn
- ~O
21 F (917 ceey 92l)aoc0a/l.,.a'2[;b/l,..bél5a;l71an5b;71bn
by, _qay,_q3bial di_yci_13bja;
n—1%n—1} —1a-13b1a4
X (5a'1a1 o Oar am 1Oty Ot b,y — Saa(0in—1)4 0 pray X oo X Saa(Oin—1) g ey er

’ /
dlcl;al+1bl+1
cit1di+13a14+1b141

o sAp(en_lQl)cz“ldﬂfl;“élbél) . (I11.16)

X Sap (9"_”"‘1) c21dar;azibag



IV. TWO-PARTICLE FORM FACTORS AT FINITE N

In this section, we find the exact two-particle form factor of the current operator, for arbitrary N > 2. For N = 2,
the principal chiral model is equivalent to an O(4)-symmetric vector model. The form factors of currents of the O(4)
model were found in Reference [10].

Our result for the two-particle form factor, for general N, is

<O|jﬁ(0)aoco|Aa 017 blv a1; Pv 927 az, b2>

1
= (pl _p2)#F(9) (5aoa255152500a1 - _500605171525&1&2) ;

N

where F(0) satisfies equation (II1.8). We insert

F®) = 99—597)”’
into (IIL.8), finding
g(0 — 2mi) = S(0, N)g(h). (IV.1)

We solve Equation (IV.1) by a contour-integration method first used in Reference [10]. We define a contour C' to be
that from —oo to co and from oo + 27i to —oco + 2mi, bounding the strip in which the form factor is holomorphic.
Then

9 * dz -0 g(z)
1 2 coth 2 1 = 2 coth 2 1 .
ng( / ami ° ng(z) / i ° 2 g(z + 2mi)
We differentiate both sides with respect to 6, and use (IV.1) to write
8me

je[lng(@)] _ i,/jo LT YT Y (IV.2)

The solution to (IV.2) is

sin?[z(mi — 0)/2n]

0) = dz Az, N IV.
o0) = gexp [ da A, 3) LT, (v.3)
where the function A(z, N) is defined by
. o0 0
S(6,N) = exp / dz A(z, N) sinh <x—) (IV 4)
0 e

and g is a constant. Note that expanding the S matrix in powers of 1/N yields A(z, N) = 7 B(z) + O(35).

To express the function S(6, N), presented in (IL6), in the form (IV.4), we use the integral formula of the gamma
function [11], [12],

© 4 —xrz _ ,—T
I'(z) = exp/ & [i +(z — 1)6_1:| , forRez > 0.
0

T 1—e"
Then
I‘(;Z—i—l)l"(z—f—%) : ® dx 4e™° (ezx/N—l) 26
— = exp/ — [pp=r: sinh (—) , (IV.5)
(o) b el

for N > 2. We use the formula [9]

sin I (z + % dz sinha(1 —
mzexp2/ —stinh(xa), for 0 < z < 1,
0

sin % (z — a) x sinhz



to write the CDD factor as

inh (2 — zi o oo :
sinh (2 N) _sing (1-3)-4) _ exp/ dx —2sinh(22/N) sinh <x_9) (IV.6)
sinh (% + %) sin 5 ((1 - %) + %) 0o T sinh z i
for N > 2. Combining (IV.5) and (IV.6) gives
5 * dx | —2sinh(2z/N)  4e™® (e22/N —1) | z0
S,N) = — hl— ). Iv.7
@) eXp/o x [ sinh + 1—2-2 S T ( )
From (IV.1) and (IV.3), the form factor is
> dr | —2sinh (3%)  4e=® (e*/N —1) | sin®[z(mi — 0)/2
Py snh (3) | 4~ (/" ~ 1) sin{uri - 6)/2r] v
(0 + mi) 0 T sinh z 1—e 2 sinh z

The condition Fy(wi) = 1 implies g = 2.

V. FOUR-PARTICLE FORM FACTORS

Next we find the four-excitation form factor of the current operator, in the large-N limit. Only the form factor
with two particles and two antiparticles is non-zero, because of the global symmetry. The most general Lorentz- and
SU(N) x SU(N)-invariant four-particle form factor, respecting the tracelessness of the current operator is

<O|jﬁ(0)aoco |A7 917 blu ai; A7 927 b27 az; P7 937 as, b37 P7 947 G4, b4>
= <O|j£(0)aocomj4(6‘l)blalmTA(92)17211290;(93)a3b3mTP(94)114b4|0>
1 ﬂ _
= N[pl +p2 —p3 — p4]u F(elv 02,03, 6‘4) ) Da000a1a2a3a4;b1b2b3b47 (Vl)

for 01 > 05 > 05 > 6‘4,
(0155 (0)ageq | A, 01, b1, ar; P, 62, az, ba; A, 03, bs, as; P, 64, as, ba)

= <0|.7£ (O)GUCUQ[‘L (6‘1)171@1 Q[TP(93)¢13173Q[1L4(6‘2)172112Q[TP(94)U«4174 |0>

1

= N[pl +p2 - p3 - p4]p, 6(91) 02) 037 94) : ﬁaocoa1a2a3a4;b1b2b3b4; (VZ)

for 61 > 03 > 05 > 94,
(0135 (0)ageo | A, 01, b1, a1; P, 02, az,by; P, 03, az, bs; A, 04, bs, as)
= <O|jﬁ(0>aocom;r4(91)17101Q[L(93)a3b3m;3(94)a4b42q4(92)5202|O>

1 . .
= N[pl + P2 —pP3 — p4],u H(91; 027 93; 94) : Da060a1a2a3a4;b1b2b3b4; (V3)

for 61 > 03 > 04 > 05,
(0155 (0)ageq | P, 01, a1,b1; A, 02, b, az; P, 05, a3, bs; A, b4, ba, as)
= {05 (0)ageo 25 (03 )ags 2Ty (01 )01, 25 (04) 0100 2y (62)530 [0)
= %[pl +p2 —P3 — palu K (61,02,03,04) - Dageoarasasa:brbabsba (V.4)
for O3 > 01 > 04 > 05,
(0152 (0)ageq | P, 01, a1,b1; P, 02, a9, ba; A, 05, bs, as; A, b4, ba, as)
= (017, (0)anco 2 (03)aabs A p (0 )asts A4 (61),0s Ay (02)b20210)

1 . .
= N[pl +p2 —ps — p4]u L(elv 02, 03, 94) ) Da000a1a2a3a4;b1b2b3b47 (V5)



for O3 > 04 > 61 > 05,
(0152 (0)ageq | P, 01, a1,b15 A, 02, ba, az; A, 03, bs, as; P, 04, as, bs)
= (0152 (0)ageo 25 (03)azas ATy (01)byar 20y (02)50, 2 (04) s 10)
= %[pl +p2 — D3 — D4y Q(61,02,03,04) - Dageoar asasas:bbabsbss
for O3 > 01 > 05 > 0,4,
(017, (0)ageo | As 02, bs, az; A, 01,b1, a1; P, 03, as, bs; P, 04, aa, ba)
= <0|jf(0)a0c0912(92)b2a29@4(91)bml91}(93)1131)391}(94)@1)4|0>

1 . .
= N[pl +p2 —P3 — p4],u F(QQ; 017 937 94) . Daocoa1a2a3a4;b1b2b3b4;

for 05 > 01 > 93, > 94, and
<O|j£(O)GDCO|A7olablaal;A792ab25a2;Pa 94,0,4,1)4;P, 937a’37b3>

= <O|j£ (O)aocomz (91)171&12[2 (92)172&2%[;3 (94)a4b4m;(93)a3b3 |0>

1

= N[pl + p2 — p3 — palu F(61,02,04,03) - Dagcoarasasan:bibabsbas

for 61 > 05 > 64 > 03, where we define the eight-component vectors

5a0 as 5a1 co 5a2a4 5b1 bs 5b2 ba — % 5ao co 5a1 as 5a2a4 5171 b3 5172 ba
5a0 as 5a1 co 5a2a4 5b1 ba 5b2 by — % 5ao co 5a1 as 5a2a4 5171 ba 5172 b3
5(10 a4 5(11 co 5(12(13 5b1 bs 5b2 by — % 5110 co 5¢l1 aq 5¢l2¢l3 5171 b3 5172 ba

1
6(1() a4 6111 co 5(12(13 5b1 by 5b2 bs — N 6(1() co 6111 asq 5(12(13 5b1 by 5b2 bs

—

[Daocoa1a2a3a4;b1b2b3b4] = L
5(10(13 6(11(145(1200 5b1b4 5b2b3 - N(Saoco(sagag 5(11(14 5b1b4 5b2b3

1
6(1() as 6111 a4 6(1200 5b1 bs 5b2 by — N 6(1() co 5(12(13 6111 asq 5b1 bs 5b2 by

1
6(1() aq 6111 as 6(1200 5b1 b3 5b2 b4 - N 6(1() Cco 5(12(14 6111 as 5b1 b3 5b2 b4

1
6110114 5111 as 5112 ao 651 by 552 bs T N 511000 5112 as 5111 as 551 by 552 b3

F1(01,02,05,04)
F2(01792793594)
F3(01,02,05,04)
. F4(01792793594)
[F(01,02,03,04)] = ;
F5(01,02,05,04)
Fs(01,02,03,04)

F7(01,02,05,04)

F3(01,02,03,04)

and similarly for é, ﬁ, I?, L and C,j

(V.9)



Watson’s theorem relates the form factors with different ordering of rapidities, yielding

<O|¢7;€ (O)GOCO QlTA (91 )bl ai QlTP (93 )asbs QlTA (92)172 az Q[JITD (94)0«4 ba |0>
= Sar (923)Z§Z§:Zziz <0|jﬁ (O)aocomz (ol)blalaqé\ (92)(1262Q[TP(93)63(13Q[;3(04)¢1454 |O>

<O|jﬁ (O)GOCOQlTA(el )bl almTP(6‘3)a3b3 QULP(6‘4)¢14174QU:4 (92)172112 |0>
= Sar (924)222222322 <0|jﬁ (O)U«OCOQ[; (ol)blalalTP(03)asb32lTA (92)(12629[}(94)64(14 |0>

<O|jlll,/ (O)GOCO QlTP (93)03 bs QQ:X (91 )bl ax QlTP (6‘4)114174 Q[L (92)172 az |0>
= Sar (913)2221232? <0|jﬁ (O)U«OCOQ[L (ol)dlclmTP (93)C3d3Q[TP(94)041749[]:4(02)172&2 |0>

<O|jlll,/ (O)GOCOQ[TP(93)GSI73 Q[L (94)041749[1[4 (el)bl ax Qljrax (92)172111 |0>
= Sar (914)24112411;;2?2? <0|-7£ (O)GOCOQ[TP (93)031739[]:1 (el)dlcl Q[J]g (94)C4d4Q[TA(92)b20«2 |0>

<O|]£ (O)GOCOmTP(el%)asbs mi& (ol)blalaqé\ (92)172(12 Q[L (94)a4b4 |O>
= Sar (913)Z;gélgi’ii <0|-7;5/ (O)GOCOQ[L (el)dlcl QLJ]rD (93)03d3Q[TA (92)1721129[;3(94)114174 |0>

(055 (0)ageo T4 (013 0 AT4 (02) 5,052 (03 ) a5 2 p (04 ) gty |0)
= Saa(012);22 51 (0155 (0)ageo 2Ty (02) s 2y (01) s 02 A (03) by A (04) a1, 10)

<O|j;€ (O)aocomg (91)51019@4(92)bza2Q[TP(93)a3b3mp(04)a4b4 |O>
= Spp (934)Ztgzzzzdbi <O|j£ (O)QOCUQlL (91)171 ai QQ:X (92)172@29[}; (94)C4d4mTP(93)03d3 |0>

These imply, respectively,

—

G(917 92; 93 ) 94)

X F(61,05,05,0,) + O (i)

1 0 0 0 0 0
—2mi 21
e ( é%) 0 0 0 0
—2ms _ 27 —2ms
NO23 0 (1 023 ) ) 0 ) 0 0 Nbas
=1 (27 4 —1 (273 4r 47 4 —1
o F+g) FEE)(-E-g) o 0 0 F
_omi\ —2mi
0 0 0 0 (1 é%) 2o
0 0 0 0 0 0
0 0 0 0 0 1
—2ms
0 0 0 0 0 Nors

N2

o 1
ﬁ1(92793)F(9192,93,94) + 0 (m> ,

3

3

3

)

)

)

(V.10)
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H(6:,0,05,04)

_4mi _ 4x®) =1 (2mi 4 4n®) —1 (2mi 4 4x? =1 (2mi _ 4x?
(o) R(Erg) #02vE) o 0 F(E-E) o 0
271 —27i  —27
0 e 0 o 0 0 0
_ 2mi —2mi
0 0 924) 2 0 0 0
_ 0 0 0 1 0 0 0 0
0 0 0 0o 1 0 0 0
—2mi _ omi
0 0 0 0 = (1 9) 0 0
_ 2w —2ms
0 0 0 0 0 0 ( 924) o
0 0 0 0 0 0 1
. 1
XG(91, 6‘2, 93, 94) + O (m)
. 1
= M2 (02,0.)G(01,05,05,05) + O (W) (V.11)
K(01792503594)
omi) —2mi
(1 9) a 0 0 0 0 0 0
0 1 0 0 0 0 0 0
omi\ —2mi
0 0 ( 9) S 0 0 0
0 0 0 10 0 0 0
= 0 0 0 0 1 0 0 0
—2ms _ 27
0 0 0 0 2= ( 2n ) 2 0 2 0 2
—1 (2mi , 4x? _dmi _an®\ -1 (2mi ax®
0 0 0 0 0 = (913 * 02, ) (1 013 63, ) N (913 02, )
—27i  —2mi 2w
0 0 0 s 0 0 (1 =
. 1
XH(@l, 92, 6‘3, 94) + O (m)
. 1
= M 3(0:,05) (61,02, 05,0,) + O <m) ; (V.12)
E(91,92,93,94)
1 0 0 0 0 0 0 0
—273 _ 2w
S (1 9) 0 0 0 0 0 0
0 0 1 0 0 0 0 0
—2ms 21
0 0 o (1 914) 0 0 2 0 0
- _dmi_ 4n?) -1 (2mi 4n? —1 (2ni  4n
0 0 0 0 1 é14 074 ) N (él4 éi ) 0 N (é14 éi )
—273 _ 2w —2ms
N4 0 0 0 0 1 914) N4 0
0 0 0 0 0 1 0
—2ms 21
0 0 0 0 0 0 e (1 9)
. 1
XK(olv 92; 037 94) + O (m)
B 1
= M4(01,0)R (01,0,05,05) + O (W) , (V.13)

, , 1
Q(01,02,05,04) = ﬁ3(91,93)G(91792,93794) +0 (m) , (V.14)
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DT 0 e g g
N6O12 . N2 .
MR R 1
F(01,09,05,0,) = _21 | ;[297:21‘ NS” 0 _S | ;[297;' 0 NS” F(02,61,05,04) + O (m)
m 8 S0 o0 0 0
0 0 xp% 1 0 0 0 T
0 0 1 x5 0 0 Fg O
— - 1
= I 1(91,92)F(92,91,93,94)+O <m) 5 (V15)
I L F
SEO, g S oo g o o
} M oemoam 0" 0 9 0 o | 1
F(91,92,93,94) = 0 N834 N834 0 0 —omi 1 _omi F(91,92,94,93) + 0O (m)
0 0 o0 o =2m 0f =2mi 7"
0 0 0 o 1 gm gt
0 o0 o0 o =2m 1t om 0"
N3y NOsy
> - 1
= I 2(93,6‘4)F(91,92,94,93) +O (m) . (V16)

Next we apply the Smirnov periodicity axiom (I11.5):

<O|jlll,/ (O)aoco Q[L (91 - 27Ti)b1 a1 QQ:X (92)172 az QLJ1r3 (93)03 bs QLJ1r3 (94)114174 |0>
= <O|jﬁ (O)aoc()g[]:‘ (92)5202 QlTP(HB’)asbs qu (94)04174%@4 (91)51 ay |O>a

<O|jlll,/ (O)aoco Q[L (92 - 27Ti)b2112 QLJ1r3 (93)0«3 bs QLJ1r3 (94)0«4 ba Q[L (91 )bl ax |0>
= <0|.7£ (O)aocomTP (93)113173 Q[JITD (94)114174 Ql]:i (91 )bl ax Ql]:i (6‘2)172@2 |O>7

<O|jlll,/ (O)aOCOQlTP(6‘3 - 27Ti)a3b3QlTP(6‘4)a4b4Qq4 (el)blalmL (92)172@2 |0>
= <0|.7£ (O)aocomTP (94)11417491]:1 (91)b1a1 Ql]:i (6‘2)52a2QlTP(93)a3b3 |O>7

<O|jlll,/ (O)QOCOQ[TP(94 - 27Ti)a4b4QQ4 (91)171111 QQ:X (92)172@29[}; (93)113173 |0>
= <O|jﬁ(O)aocomjél(el)blalQ[TA(6‘2)bzazmTP(6‘3)asbSQlTP(6‘4)a4b4|0>7

which imply, respectively,

F(0y — 2mi, 02,03,04) = H(0,01,0s,0y), (V.17)
H(0y — 2mi,01,03,04) = L(61,05,05,04), (V.18)
L(01, 05,05 — 2i, 04) = Q(61,02,04,03), (V.19)
Q(61,02,04 — 27i,03) = F(61,05,05,0,). (V.20)
We combine Watson’s theorem with the periodicity axiom, to express Equations (V.17), (V.18), (V.19) and (V.20)

in terms of only F(6;,05,03,0,). We combine (V.17) with (V.13), (V.12) and (V.15), and find

- . — -1 5

F(6, — 2mi,02,03,04) = ﬁ4(91794)ﬁa(91793) [ I 1(91792)} F(01,02,03,04). (V.21)
Combining (V.18) with (V.11), (V.10) and (V.15) gives

— N . =
[ I1(01,0; — 27”)} F(01,00 —2mi,03,04) = Wz(%, 94)W1(92, 04)F (01, 02,03,04). (V.22)
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Combining (V.19) with (V.12), (V.10) and (V.16) gives
it it )F Taos,00] ' F
3(91,6‘3 —27TZ) 1(92,93—27TZ)F(6‘1,92,6‘3,94) = [ I 2(6‘3,6‘4)} F(91,92,6‘3,94). (V23)
Finally, we combine (V.20) with (V.13), (V.11) and (V.16) to find
— -1 _
ﬁ4(91,94—27Ti)ﬁ2(92,94—2ﬂ'i) [12(93,94—271'7;)} F(91,92,93,94—27Ti):F(91,92,93,94). (V24)

The set of §uations (V.21), (V.22), (V.23) and (V.24) are difficult to solve, for finite N. In the large-N limit,

the matrices 1,2,3,4 become diagonal and mutually commute, and the matrices I 12 become their own inverses.
This greatly simplifies the problem, allowing us to find the form factors. We expand the form factors in powers
of 1/N as F(61,02,05,04) = F°(61,04,05,0,) + %F1(01,02,93,94) + ..., simplifying the periodicity conditions for
FO(6y,05,05,04). We combine (V.21) and (V.22) to get

FO(0, — 2ri, 0y — 2113, 03, 04) = M 4(601,04) M 5(81,05) Mo (82, 04) M 1 (62, 63) F0 (61, 62, 63, 602), (V.25)

or explicitly, in terms of the components of FO (01,02,03,04),

FO(0) — 2ri, 0y — 271i, 0, 04) — (ZE“_LZ) (ngg) FO(01, 69,04, 0,),
FO(0, — 2ri, 0 — 2mi, 03, 04) = (Zi;‘jz) (Zigj;ﬁ) <ZZJ_FZZ> FO(61, 0,05, 6,),
FO(0, — 2mi, 0y — 2mi, 03,60,) = (zzfz) (Zif:ﬁ) (Zjij:) FO(61,65,05,0),
FO(0y — 2mi, 0y — 2mi, 03, 0,) = (ZE“:Z) (gzzfg) 001,02, 605.0,),
FO(0, — 2mi, 0y — 2mi, 03,0,) = (ZE“:Z) <222J—FZZ> FO(6,,60,,05.0,),
FO(0y — 2mi, 0y — 2mi, 03, 05) = (ZE“_LZ) (&zfg) <zzifzz> FO(61,605,05.0),
FO(6) — 2mi, 0y — 2mi, 03, 04) = (Zizfz) <zz;“_r:z> F2(61, 02,05, 04),
FO(0y — 2mi, 0y — 2mi, 03, 0,) = (ZE“:Z) (ZE“_LZD <zzzfzz> FO(61,05,05,0,).

The solution that satisfies (V.25), (V.15) and (V.16) is

g1(01,02,03,0,)
(013 + i) (02q + mi)2’
92(91, 02, 03, 94)
(614 + 7Ti)(923 + 7Ti)(924 + 7T7;)7
g2(01,02,04,03)
(613 + 7Ti)(923 + 7Ti)(924 + 7T7;)7
g1(01,02,04,03)
(914 + 7Ti)(923 + 7Ti)2 ’
91(92, 01,03, 94)
(614 + 7Ti)2(6‘23 + i) ’
92(92, 01,03, 94)
(614 + 7Ti)(913 + 7Ti)(924 + 7T7;)7
g1(02,01,04,03)
(013 + mi)2 (024 + i)’
g2(02,01,04,03)

0 —
Fg(01,02,03,04) = (Ors + 70) (Ors + 1) (03 + 71) (V.26)

F(01,02,05,0,) =

F20(91702;03794) -

F30(91702;03794) -

FD(01,02,05,0,) =

FD(01,02,05,0,) =

F60(91702;03794) -

F2(01,02,05,0,) =




13

where the functions g1 (01, 62, 03,04) and g2(61, 02,03, 04) are periodic under 6 o — 61 2 — 2mi.
Instead of the analyis of the previous paragraph, we could have combined (V.23) and (V.24) to obtain

W4(91,94 - 27T7;)W3(91,6‘3 - 27Ti)ﬁ2(92,94 - 27T’L.)W1(6‘2,93 - 2Wi)ﬁ0(91,92,6‘3 - 27Ti,6‘4 - 27Ti)
= FO(6y,0,,0s,0,). (V.27)

The condition (V.27) is equivalent to (V.25). The solution of (V.27) is (V.26)

The minimal choice for the functions ¢1,2(61,62,03,64) is to set them equal to constants, g1(61,02,605,04) =
91, g2(01,02,03,04) = go. These constants are fixed using the annihilation-pole axiom. There is an annihilation
pole at 634 = —mi. The annihilation-pole axiom (Equation (III.16)) implies

Res|924:*ﬂ'i<0|oaocomf4(91)5101m2(93)asb3m2(02)b2azmTP(94)a4b4|O>
= 2 {<O|C)aocogl]:4(91)blalgl]L (93)113173'0)5112@45172174
dycy;albl,
—(01Oueo 2Ty (61)1; a1 2 (03)as 5,10} Gagas O, b4SAA(912)dlcf blalsAP(923)a;b;bja§}. (V.28)
We substitute (I11.10) into the right-hand side of (V.28) to find

<O|ancomj4( )blalmT (93)a3b3|0> 02045172174

—(010uyes 24 (01) 10 2P (03) a5, 10) S Sy, S aa (B12) 2220 41 S p (B )25 sl
- ; 91327; — {;g; (66 Sen B — Do darasBaza it 5b2b4>
n 1 (—2m' n 271 472
N 923 012 912é23
— 271
No1a

1
) (6(10@3 6(12 as 6(11 co 5b2 b3 5171 by — N 511000 6111 as 6(12 a4 61)2 b3 61)1 by )

1
(60003 601045a2605b1b3 5b2b4 - N(Saocoaazas 60104651173 55254) } :

Equation (V.28) yields for the constants go = 87%i, g = 0. It is worth mentioning that the constants g; and
g2 are determined in terms of the normalization constant g of the two-particle form factor. If we chose g(6) from
Equation (ITI1.10) to be a more general periodic function, and not a constant, then it would be inconsistent with the
annihilation pole axiom to make g1 2(01, 2,03, 04) constants. In this way, the choice of the functions g1 2(61, 62,03, 04)
(and probably the arbitrary periodic functions that emerge from form factors with more particles) is at least partially
fixed by the choice of solution for the two-particle form factor. We notice that the double poles present in (V.26)
vanish, because g1 = 0. The first term on the right-hand side of (V.28) is of order 1/N. This is the reason we
introduced a factor of 1/N in Equations (V.1) through (V.8).
The minimal four-particle form factor satisfying all of Smirnov’s axioms for large N is

<0|jﬁ(0)aocolA7elublual;A7927b27a2;Pu 93,@3,b3;P, 947a47b4>

= [p1+p2—ps3 —p4]# 8%%

. {(914 + m)(923 - 70) (021 1 70) ( aoasOay coOazas Oby by Obsbs — %5(10605a1a35a2a45b1b45b2b3>
(913 + i) (623 :—m Oa - 70) (5aoa4 a1¢00azas0b1b3Obsby — %5a0605a1a46a2a36b1b35b2b4)
(914 (015 i—m o £ 71) (6(10(13 a1a40a3c00b;b30bsby — %5a0006a2a36a1a46b1b36b2b4)

1 1

6aa aia, u,c(S 5 __51106(1116(1@6 6 9 V29
(914—|—7T’L)(913+7T’L 923+7TZ ( oasYar1a3z%azc00b1b49b2b3 N CaocoCazasCaras b1byg bzbs)} ( )

which is the main result of this section.

VI. CONCLUSIONS

We found the two-particle form factor of the principal-chiral-model current operator, for general N. We were only
able to find the four-particle form factor for large N, because the S matrix is much simpler in this limit.
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Form factors of more excitations can be calculated at large N, using this method. As we add particles, the number
of functions to determine grows very fast. This will be tedious, but perhaps not impossible. We hope it is possible
to calculate all the form factors in the planar limit. With knowledge of all the form factors, we can write down an
expression for the Wightman function that should be valid at all energy scales. Since the theory is asymptotically
free, the high energy (short distances) limit of this Wightman function should correspond to the perturbative, weakly
coupled regime. In principle, we should find Wightman and Green functions that contain the results from perturbation
theory in the high energy limit. This problem is under investigation.

We are interested in applying the form factors found here to (2+1)-dimensional anisotropic Yang-Mills theory.
This is a theory were the coupling constants are weak, but different in different directions. The form factors of the
O(4)-symmetric sigma model were used to calculate the string tension [13], and the glueball masses [14] of the SU(2)
gauge theory. We can apply our results to extend this treatment beyond the SU(2) gauge group.
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