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We compute the electroweak S and T parameters induced by SU(2)L triplet scalars

up to one-loop order. We consider the most general renormalizable potential for a

triplet and the Standard Model Higgs doublet. Our calculation is performed by

integrating out the triplet at the one-loop level and also includes the one-loop renor-

malization group running. Effective field theory framework allows us to work in the

phase with unbroken SU(2)L ×U(1)Y symmetry. Both S and T parameters exhibit

decoupling when all dimensionful parameters are large while keeping dimensionless

ratios fixed. We use bounds on S and T to constrain the triplet mass and couplings.

I. INTRODUCTION

While the Standard Model (SM) Higgs boson has not been observed at the Large Hadron

Collider with sufficient statistical significance, the allowed range of Higgs masses is rapidly

shrinking and there are preliminary hints of a Higgs boson with mass around 125 GeV [1].

The discovery of the Higgs boson will certainly provide indirect information about extensions

of the SM. Precision electroweak corrections favor a light Higgs, so a heavier Higgs would

indicate new contributions to the Peskin-Takeuchi S and T parameters [2], and a 125 GeV

Higgs means such contributions must be small.

Here, we examine contributions to the S and T parameters arising from scalars trans-

forming in the triplet representation of the SU(2)L. Triplet scalars are a common ingredient

of many extensions of the SM, such as GUTs, Little Higgs models, and seesaw models for

neutrino masses. In some instances, they also provide a cold dark matter candidate [3–5].

There are many other models that utilize triplet scalars.

We consider heavy triplets with masses in the TeV range, or higher. We discuss two cases:

triplets with either hypercharge 0 or 1. Such triplets can develop a vacuum expectation value

without breaking the electromagnetic U(1) and can have relevant couplings with the Higgs

doublet. We consider the most general renormalizable potential for a triplet and the Higgs

doublet.
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The SM with a heavy triplet exhibits a hierarchy of scales characterized by the small

parameter v2

M2 , where v is the electroweak scale and M is the triplet mass. This separation

of scales motivates the use of an effective field theory (EFT) approach to study the triplet’s

effect on electroweak parameters. Accordingly, we integrate out the triplet at one-loop level

and match to the SM with additional higher-dimensional operators Oi, with coefficients

suppressed by appropriate powers of M . The triplet’s contribution to the S and T param-

eters is encoded in the coefficients of two higher-dimensional operators. We calculate these

coefficients and also include their RG running from the matching scale, M , down to the

electroweak scale, v. The logarithmic enhancement can be numerically relevant, although

unlikely to be very important since large logarithms can only appear for very large triplet

masses, in which case the triplet contributions to the S and T parameters are small anyway.

Nevertheless, for completeness, we take RG evolution into account.

The triplet’s contribution to S and T can be expanded in terms of v2

M2 . We work to

leading order in this expansion, which allows for two important simplifications. First, only

dimension 6 operators contribute at this order, and second, the masses of all SM fields

can be set to zero. Since the S and T parameters are dimensionless, the higher-dimensional

operators Oi contribute to S and T proportionately to
(

v
M

)[Oi]−4
, where [Oi] is the dimension

of Oi. Therefore,
v2

M2 contributions come only from dimension 6 operators. Any contribution

to dimension-6 operators from nonzero SM particle masses, which are proportional to the

Higgs vev, starts at order 1
M2

v2

M2 . Such a contribution would yield order v4

M4 terms for S and

T , thus we neglect masses of SM fields.

Hence we perform all our calculations in the unbroken phase and avoid the complications

of re-expressing fields in terms of mass eigenstates. This is an important difference from pre-

vious studies on the electroweak phenomenology of triplet scalars [6–22]. The EFT approach

combined with the manifest SU(2)L×U(1)Y symmetry provides us with a transparent frame-

work to systematically calculate all one-loop corrections to the S and T parameters coming

from the triplet and obtain electroweak bounds on its mass and couplings. Our results can

be used for analyzing electroweak constraints on SM extensions with a scalar triplet.

There are several articles in the literature, starting with [14, 16, 17] and later corroborated

in [18, 20], where it was argued that one-loop corrections to the T parameter from triplet

scalars do not decouple. We find no such behavior. The results in [14–21] are obtained in

the broken phase of the theory. In the EFT approach it is difficult to understand how a
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non-decoupling contribution may arise. There are no dimensionless parameters which grow

with the triplet mass. There is a cubic scalar term, of mass dimension one, that is assumed

to grow proportionately to the triplet mass, but ratios of mass parameters are assumed not

to increase when the triplet mass increases. Further discussion of decoupling of triplets in

an EFT language is contained in an Appendix of Ref. [23].

This article is organized as follows. In the next section, we present the Lagrangian and

sketch our approach. The main result of the paper are Eqs. (10)-(13) in Sec. III. Also in

Sec. III, we discuss electroweak constraints on the mass and couplings of the triplet. Details

of the calculations are presented in three appendices.

II. METHODS

A. Lagrangian for a Triplet Scalar

We consider the SM with an additional scalar field transforming as a triplet under the

SU(2)L. We restrict our attention to triplets with hypercharge of either 0 or ±1, because

with such choices the triplet can develop a vacuum expectation value (vev) without breaking

the electromagnetic U(1). This choice allows for relevant couplings between the triplet

and the Higgs doublet. At the electroweak scale, both the triplet and the Higgs doublet

develop vevs. We integrate out the triplet fields above the electroweak scale obtaining

higher-dimensional operators. As explained in the introduction, these operators are invariant

under SU(2)L × U(1)Y . The triplet dynamics, including its vev, are encoded in operators

consisting of the Higgs and gauge fields. The triplet vev must be small since it violates

custodial symmetry. In the effective theory, the triplet is absent, but violation of custodial

symmetry is represented by an operator, whose coefficient must be small enough to satisfy

experimental constraints.

We will refer to the real 0-hypercharge triplet as the neutral triplet and denote it by ϕa,

and refer to the (−1)-hypercharge triplet as the charged triplet and denote it by φa. The

index a is the SU(2)L index with a = 1, 2, 3. Since φ∗a has hypercharge +1 there is no

reason to consider the +1 hypercharge fields separately. The covariant derivatives of these
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fields are

Dµϕ
a = ∂µϕ

a + g2ǫ
abcAb

µϕ
c, (1)

Dµφ
a = ∂µφ

a + g2ǫ
abcAb

µφ
c + ig1Bµφ

a, (2)

where Ab
µ, b = 1, 2, 3 and Bµ are the SU(2)L × U(1)Y gauge fields, while g2 and g1 are the

respective gauge couplings.

We consider gauge-invariant renormalizable couplings of the SM fields to either the neutral

or to the charged triplets

L0 =
1

2
Dµϕ

aDµϕa −
M2

2
ϕaϕa + κH†σaHϕa − ηH†Hϕaϕa + LSM , (3)

L±1 = Dµφ
∗aDµφa −M2 |φa|2 +

κ

2

(

H̃†σaHφa + h.c.
)

−η1H
†Hφ∗aφa − iη2H

†σaHǫabcφ
∗bφc + LSM . (4)

In the equations above, the superscripts on L denote the triplet hypercharge, σa’s are the

Pauli matrices, H is the Higgs doublet, H̃ = iσ2H
∗, and LSM is the SM Lagrangian, whose

Higgs and Yukawa sectors are given by

LH+Y ukawa = DµH
†DµH −

λ

4

(

H†H
)2

−
[

yT Q̄LH̃TR + yB Q̄LHBR + h.c.
]

. (5)

QL is the SU(2)L quark doublet consisting of the left-handed top and bottom fields, TR and

BR are their right-handed counterparts, and yT,B are the Yukawa couplings. In Eq. (5), we

omit the light generations of quarks as well as the leptons since their Yukawa couplings are

small. The only renormalizable coupling between triplets and SM fermions is a Yukawa cou-

pling between a charged triplet and two left-handed lepton doublets. When the triplet gets a

vev, such a term gives rise to a Majorana mass for the neutrino, hence the Yukawa coupling

is small and, for our purposes, negligible. Finally, we omitted the possible triplet quartic

couplings, (ϕaϕa)
2 in Lϕ, (φ

a∗φa)2 and φa∗φa∗φbφb in Lφ, since these terms do not contribute

to any electroweak observables at one loop. At the one-loop level, the quartics only con-

tribute to the triplet mass renormalization, and these contributions are not observable. We

simply assume that M in Eqs. (3) and (4) is the physical triplet mass.

Two of the terms in the Lagrangians above violate custodial symmetry, the cubic terms

proportional to κ in Eqs. (3) and (4) and the quartic term proportional to η2 in Eq. (4),
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and therefore contribute to the T parameter. The terms proportional to κ contribute to T

starting at the tree level, while the term proportional to η2 contributes to T starting at the

one-loop level. The S parameter is generated at one loop and is generically small.

B. EFT Approach to Calculating S and T

Starting with the Lagrangian in Eq. (3) or Eq. (4), we integrate out the heavy triplet at

the scale µ = M and match to an effective Lagrangian of the form

Leff = LSM +
∑

i

ai(µ = M)Oi. (6)

Here, LSM is the SM Lagragian and {Oi} are SU(3) × SU(2)L × U(1)Y gauge-invariant

operators of dimension 6 composed only of SM fields. At dimension 5, there is only one

possible gauge-invariant operator—a term giving the left-handed neutrinos Majorana mass

terms after electroweak symmetry breaking, which violates lepton number conservation and

therefore must be very small. Moreover, this dimension-5 operator does not contribute to

S and T . As we mentioned previously, since we only calculate the contribution to S and

T to the leading order in v2/M2, we are only concerned with operators of dimension 6.

All dimension 6 gauge-invariant and lepton- and baryon-number conserving operators that

can appear on the RHS of Eq. (6) have been cataloged in [24]. Of the 80 independent

dimension-6 operators, we are interested in just two:

OS = H†σaHAa
µνB

µν , (7)

OT =
∣

∣H†DµH
∣

∣

2
, (8)

which are related to the S and T parameters. Letting aS,T denote the coefficients of OS,T

in Leff , respectively, the measured values of the S and T parameters can be expressed in

terms of these coefficients by [2, 25]

S =
4v2sin θwcos θw

α
aS(µ = v) +

1

6π
ln

Mh

Mh,ref

,

T = −
v2

2α
aT (µ = v)−

3

8π cos2 θW
ln

Mh

Mh,ref
, (9)

where v is the Higgs vev with 〈H〉 =





0

v√
2



, Mh is the Higgs mass, θw is the weak mixing

angle, α is the fine structure constant, and v is the electroweak scale. The logarithmic terms

encode the usual Higgs mass dependence of S and T in the SM.
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We follow the standard EFT approach to obtain the low-energy values of the coefficients

of effective operators. We integrate out the triplets at tree level and then at one loop and

match to the effective Lagrangian at the scale µ = M . We then find the RG equations

and evolve the couplings from µ = M down to µ = v. More details of the calculations are

presented in Appendices A and B, while an illustrative subset of the calculations is presented

in Appendix C.

III. RESULTS

Matching and Running

Carrying out the procedure discussed in the previous section, we obtain the following

coefficients aS,T of OS,T at the scale v:

a0T (v) =
κ2

M4

[

−2 +
1

(4π)2

(

−
3

2
λ+ 16η −

37

4
g22 + 5

κ2

M2

)

−2
1

(4π)2

(

3λ− 3g21 +
9

2
g22 + 24y2B + 24y2T

)

ln
( v

M

)

]

, (10)

a±1
T (v) =

κ2

M4

[

1 +
1

(4π)2

(

3

4
λ+

11

8
g21 +

37

8
g22 −

17

3

κ2

M2
−

22

3
η2 − 4η1

)

+
1

(4π)2

(

3λ+
3

2
g21 +

9

2
g22 + 24y2B + 24y2T

)

ln
( v

M

)

]

−
2

3

1

(4π)2
η22
M2

, (11)

a0S(v) =
1

(4π)2
g1g2
M2

[

−
1

120
g22 −

5

24

κ2

M2
−

1

6

κ2

M2
ln
( v

M

)

]

, (12)

a±1
S (v) =

1

(4π)2
g1g2
M2

[

1

3
η2 −

1

40
g21 −

1

60
g22 +

1

8

κ2

M2
+

1

3

κ2

M2
ln
( v

M

)

]

, (13)

where the superscripts on the coefficients aS,T indicate the triplet hypercharge.

Exclusion Plots

We now turn to the experimental bounds and illustrate the allowed regions of parameters

for triplets. The results in Eqs. (10)-(13) are converted into the corresponding values of the

S and T parameters according to Eq. (9). We use the 95% confidence level limits on S and
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T obtained by the Gfitter group in Ref. [26], taking the top mass to be 173 GeV and the

Higgs mass to be 125 GeV, to constrain the masses and couplings of the triplet scalars.

FIG. 1: The η2-dependent contributions to S and T from the charged triplet. The dark gray

region shows the triplet’s contribution when the triplet mass M and coupling constant η2 are

scanned over the region 400 GeV ≤ M ≤ 1500 GeV and −2 ≤ η2 ≤ 2 after setting κ = 0, η1 = 0,

and Mh = 125 GeV. The light gray region illustrates the 95% confidence region of allowed values

for the S and T parameters [26].

For both the neutral and the charged triplet, contributions to T arise already at tree

level while contributions to S arise at loop level, thus the S parameter will generically be

much smaller than the T parameter. For the neutral triplet, the tree-level contribution to

T is positive. Such positive contributions can accommodate larger Higgs masses in the fit

to electroweak data, for example if the recent hints of the Higgs boson around 125 GeV [1]

turn out to be false.

The charged scalar exhibits a new feature which is absent in the neutral case. In the

charged-scalar Lagrangian, Eq. (4), in addition to the cubic interaction proportional to κ,

the interaction proportional to η2 also violates custodial symmetry. An analogue of this η2

interaction is absent in the neutral-scalar Lagrangian. The interaction term proportional to

η2 generates a one-loop contribution to T that is positive, proportional to η22, and indepen-
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FIG. 2: The 95% exclusion regions in the η2-κ plane for different masses of the charged triplet

assuming Mh = 125 GeV. The allowed ranges lie between the curves corresponding to a given

triplet mass. For certain ratios of η2 to
κ
M , relatively large values of these parameters are consistent

with experimental constraints. This is because these two contributions nearly cancel each other at

such ratios.

dent of κ. Fig. 1 illustrates the η22 contribution.

The presence of this η22 contribution has a number of consequences. First, the positive

1-loop, η22 contribution to T can compete with the negative, tree-level κ2 contribution,

especially for small values of κ
M
. This is shown in Fig. 2. Second, the allowed M versus

κ
M

parameter space is modified by the η22 contribution compared to the neutral case. The

importance of the η2 contribution is largest for small values of M and κ
M
, as illustrated in

Fig. 3. Finally, even for fixed but small κ
M
, the η22 contribution leads to a nontrivial η1 versus

η2 allowed parameter space. This is shown in Fig. 4.

IV. CONCLUSIONS

We calculated the corrections to the S and T parameters induced by electroweak triplet

scalars up to one-loop order. We considered the most general renormalizable Lagrangian for

a triplet scalar coupled to the SM Higgs doublet. We computed the S and T parameters in
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FIG. 3: The 95% exclusion regions of κ
M and M for different values of η2 in the charged triplet

case. We set η1 = 0 and Mh = 125 GeV. The η2 value for each curve is labelled at the bottom.

The allowed regions are to the right of each curve.

an effective theory in which the triplets are integrated out by considering the corresponding

operators of dimension 6, that is we worked to the leading order in v2/M2. Our results are

contained in Eqs. (10) through (13).

There are two reasons for performing this calculation. First, it is useful for constraining

the parameter space of the triplets. In most cases, the tree-level contribution to T dominates

the corrections to the oblique parameters. This dominant correction is proportional to the

cubic coupling of the triplet to Higgs doublets in Eqs. (3) and (4). When the cubic coupling

is small the loop effects can be significant. There are 1-loop contributions to S that are

independent of the cubic coupling, and for the charged triplet there is also a quartic coupling

that contributes to T independently of the cubic coupling.

The second reason is that there are several results in the literature in Refs. [14–17],

[18, 19], and [20] that find that the corrections from the triplets do not decouple in the limit

of large triplet masses at the one-loop level. If true, this is of important consequence for

triplet phenomenology. However, we find no such behavior and the S and T parameters

approach zero for large triplet mass. The cubic coupling, κ, between the triplet and the
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FIG. 4: The 95% exclusion regions of η1 and η2 for different charged triplet masses, M, where we

have fixed κ
M = 0.1 and Mh = 125 GeV. The allowed region lies between the top- and bottom-

most lines corresponding to a given triplet mass and to the right of the corresponding curve in the

middle.

Higgs doublet involves a dimensionful constant. As in the references above, we assume that

the dimensionless ratio κ
M

does not increase with M , that is in the large M limit κ does not

grow faster than M .

The calculations in Refs. [14–20] were performed in the broken phase, in which the triplet

and the doublet acquire vevs. We work in the unbroken phase of the theory. It is not clear to

us why these two approaches would give different answers. Decoupling is not at all surprising

in the effective theory. The S and T parameters correspond to dimension-6 operators and

are thus inversely proportional to the triplet mass squared. Dimensionful couplings, like κ,

can only enter in the ratio κ
M
, and cannot appear in ratios with a light scale, for example as

κ
v
. This statement is independent of the loop order.

One might be leery of a result obtained in the unbroken phase. Of course, this should not

be an issue as symmetry breaking is a low-energy effect. A properly constructed effective

theory matches the infrared behavior of the full theory. A partial result for the T parameter

was presented in Ref. [23], where it was explicitly shown how the infrared divergencies match
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between the full and effective theories when the triplet is decoupled at one loop. In other

words, the coefficients of effective operators are independent of the Higgs vev and therefore

can be computed assuming a vanishing vev.

The unbroken phase calculation offers one advantage—it is less complicated. There is

no need to find mass eigenstates and no need to re-express interactions in terms of mass

eigenstates. This is obviously a computational issue that cannot be responsible for the

discrepancy of the results. Some speculations as to why apparently non-decoupling behavior

occurs in the broken-phase calculations were presented in Ref. [23]. At the moment, we have

no further insights into the underlying cause of the discrepancy.
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Appendix A: Matching

In this appendix, we describe the procedure for integrating out the heavy triplet. In order

to match the effective Lagrangian, Eq. (6), to the full Lagrangian, either in Eq. (3) or in

Eq. (4), we need to determine the coefficients ai in the effective theory such that Green’s

functions in the full and effective theories are identical to the desired accuracy. For any

scattering amplitude G in which triplets do not appear in the external states, the matching

condition is

Gfull = Geff (ai) , (A1)

where the subscripts full and eff denote the amplitudes calculated in either the full or the

effective theory, respectively. Both sides of Eq. (A1) can be expanded in loop orders. Let

ai = atreei +a1−loop
i + . . ., and similarly for G. Up to 1-loop order, the condition (A1) becomes

Gtree
full = Gtree

eff (a
tree
i ), (A2)

G1−loop
full = Gtree

eff (a
1−loop
i ) +G1−loop

eff (atreei ). (A3)

In the following, we will use Eqs. (A2) and (A3) to determine atreeS,T and a1−loop
S,T at the matching

scale µ = M .
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(a) (b) (c)

(d) (e)

FIG. 5: Tree-level diagrams of the full theory contributing to oblique operators in the effective

theory (neutral triplet case). The longer dashed lines represent Higgs fields, while the shorter

dashed lines represent the heavy triplet.

Tree Level

Because the triplets have significant couplings only to the gauge bosons and the Higgs

we are interested in oblique corrections in Leff , that is in operators without fermions. At

tree-level, all full-theory topologies involving the triplet and either Higgs or gauge-boson

external lines are shown in Fig. 5. Integrating out the triplet from these diagrams induces

the following effective operators, up to dimension six:

O1 ≡
1

2

(

D2H†HH†H + h.c.
)

, O2 ≡ DµH
†DµHH†H,

OT =
∣

∣H†DµH
∣

∣

2
,

(

H†H
)2

,
(

H†H
)3

. (A4)

We can ignore
(

H†H
)2

and
(

H†H
)3
. Contributions to

(

H†H
)2

simply renormalize an

existing term in Eq. (5), while the
(

H†H
)3

operator can be ignored because it contributes

neither to the matching nor to the one-loop RG running of aS,T . This leaves us with Oi,

i = 1, 2, T , so that the effective Lagrangian takes the form

Leff = LSM + aiOi. (A5)

To determine the matching coefficients, it suffices to consider only the diagram in

Fig. 5(a). We can ignore Fig. 5(e), because it only contributes to the operator
(

H†H
)3
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Gs1,s2,s3,s4
(p1, p2, p3, p4) =

Hs1
, p1

Hs2
, p2

Hs3
, p3

Hs4
, p4

FIG. 6: The extraction of the coefficient aT uses amplitude G as defined in this figure.

(and to other operators with dimensions larger than six). We can ignore Fig. 5(b)-

(d), because they are related by gauge invariance to Fig. 5(a). For example, consider

O1 = 1
2

(

∂2H†HH†H + h.c.
)

+ gauge interactions. The form of vertices with gauge bosons

is fixed by gauge invariance and follows from making the derivatives covariant. To match

the full theory to O1, it suffices to find the contribution to 1
2

(

∂2H†HH†H + h.c.
)

, for which

only Fig. 5(a) is pertinent. (Conversely, one could use Fig. 5(b)-(d) to match to the gauge

interaction parts of O1. This equivalent matching procedure is discussed in [23].) This is

possible because we take advantage of the full electroweak gauge symmetry.

When the triplet is integrated out, all three Oi in Eq. (A5) receive nonzero contributions.

We can determine the contribution to each operator using three different configurations of

external momenta and components of the Higgs doublets on the external lines in Fig. 5(a).

Specifically, as shown in Fig. 6, we define Gs1s2s3s4 (p1, p2, p3, p4) to be the 2-Higgs to 2-

Higgs scattering amplitude where the two incoming Higgs fields have momenta {p1, p2} and

components {s1, s2}, while the outgoing Higgses have {p3, p4} and {s3, s4}. In our notation,

sj = 1 means the upper component of the Higgs doublet on the j-th line, while sj = 2 means

the lower component. Different operators Oi have different dependence on the momenta and

different contractions of the Higgs fields, so choosing different configurations allows us to

extract the coefficients of independent operators from the same diagram.

We choose the three different configurations of {pj , sj} to be:

G1 ≡ G1212 (p, 0, p, 0) , G2 ≡ G1212 (p, 0, 0, p) , G3 ≡ G1212 (p,−p, 0, 0) . (A6)
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At the matching scale, the tree-level values of the EFT coefficients ai are determined by:

Gtree
1,full −Gtree

3,full = Gtree
1,eff

(

atreei

)

−Gtree
3,eff

(

atreei

)

= . . .+ ip2atree2 + . . . , (A7)

Gtree
2,full −Gtree

3,full = Gtree
2,eff

(

atreei

)

−Gtree
3,eff

(

atreei

)

= . . .+ ip2atreeT + . . . , (A8)

Gtree
3,full = Gtree

3,eff

(

atreei

)

= . . .− ip2atree1 + . . . . (A9)

The first equality in Eqs. (A7)-(A9) is the matching condition, while the second equality,

which follows from calculating matrix elements of {Oi}, relates the three different amplitudes

{Gi,eff} to the coefficients of the three different operators {Oi} in the effective theory. The

ellipses on the RHS denote any non-quadratic dependence on the external momentum p,

which correspond to operators with dimensions other than 6.

We calculate the full theory amplitudes on the LHS of Eqs. (A7)-(A9), then extract its

quadratic dependence on p to obtain atreei . The result is:

L0,tree
eff = LSM −

2κ2

M4

(

OT +
1

2
O1 −

1

2
O2

)

+ . . . , (A10)

L±1,tree
eff = LSM +

κ2

M4
(OT +O2) + . . . , (A11)

where the ellipses denote higher-dimensional operators and operators that are not relevant

for our calculation. Thus, for the neutral triplet

a0,treeT (µ = M) = −
2κ2

M4
, a0,treeS (µ = M) = 0. (A12)

For the charged triplet,

a±1,tree
T (µ = M) =

κ2

M4
, a±1,tree

S (µ = M) = 0. (A13)

1-Loop

Having determined atreeS,T , we proceed to calculate a1−loop
S,T using Eq. (A3). We use the same

choices for external momenta and Higgs doublet components as in the tree-level calculation.

The 1-loop analogs of Eqs. (A7)-(A9) are

[

G1−loop
1full −G1−loop

3full

]

−
[

G1−loop
1eff (atreei )−G1−loop

3eff (atreei )
]

= . . .+ ip2a1−loop
2 + . . . , (A14)

[

G1−loop
2full −G1−loop

3full

]

−
[

G1−loop
2eff (atreei )−G1−loop

3eff (atreei )
]

= . . .+ ip2a1−loop
T + . . . , (A15)

G1−loop
3full −G1−loop

3eff (atreei ) = . . .− ip2a1−loop
1 + . . . . (A16)
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To obtain a1−loop
T , we calculate the amplitudes on the LHS of Eqs. (A14)-(A16) and ex-

tract the quadratic dependence on external momentum. Any non-local contributions in the

equations above vanish when the difference between the full and effective theory amplitudes

is computed, because these theories have identical behavior in the infrared. Note that by

considering all one-loop diagrams in the full theory, for a given process and external state

configuration, we automatically take into account contributions to a1−loop
i that come from

all possible wavefunction and vertex renormalizations due to the triplet. We use dimen-

sional regularization and the MS prescription in the full and effective theories to regulate

UV divergences. All such divergences are cancelled by appropriate counterterms and do not

appear in the result for a1−loop
i .

In practice, the G1−loop
eff (atreei ) terms in Eqs. (A14)-(A16) do not need to be calculated in

dimensional regularization further simplifying our approach. This is because we are working

in the limit where all SM fields are massless. With massless propagators, the amplitudes

G1−loop
eff depend on the external momenta only in a non-analytic way. Their only effect in

the matching calculation in Eqs. (A14)-(A16) is to cancel all non-analytic terms of G1−loop
full .

We thus do not compute effective theory diagrams.

Extracting the coefficient a1−loop
S is considerably simpler, because OS is the only CP-

conserving dimension-6 operator composed of two Higgs fields, one SU(2) gauge boson, and

one U(1) gauge boson. Let Dµν (p) denote the amplitude for the scattering process

H1A
3
µBν −→ H1, (A17)

where both Higgs lines have zero momentum, and A3
µ and Bµ have momenta p and −p,

respectively. Another straightforward calculation gives

1

2(d− 1)

[

(

Dµ
µ

)1−loop

full
(p)−

(

Dµ
µ

)1−loop

eff

(

p, atreei

)

]

= . . .+ ip2a1−loop
S + . . . (A18)

where d is the dimension of spacetime. To obtain a1−loop
S , we follow the same steps used for

computing a1−loop
T : we calculate the 1-loop amplitude on the LHS of Eq. (A18) and extract

the quadratic term in p.
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Carrying out these steps, we get the 1-loop corrections to aS,T :

a0,1−loop
T (µ = M) =

1

(4π)2
κ2

M4

(

−
3

2
λ+ 16η −

37

4
g22 + 5

κ2

M2

)

, (A19)

a±1,1−loop
T (µ = M) =

1

(4π)2
κ2

M4

(

3

4
λ+

11

8
g21 +

37

8
g22 −

17

3

κ2

M2
−

22

3
η2 − 4η1

)

−
2

3

1

(4π)2
η22
M2

, (A20)

a0,1−loop
S (µ = M) = −

1

(4π)2
g1g2
M2

(

1

120
g22 +

5

24

κ2

M2

)

, (A21)

a±1,1−loop
S (µ = M) =

1

(4π)2
g1g2
M2

(

1

3
η2 −

1

40
g21 −

1

60
g22 +

1

8

κ2

M2

)

. (A22)

Appendix B: Running

In Appendix A, we described the matching procedure for determining the EFT coefficients

aS,T (µ = M). In this appendix, we briefly review the procedure for calculating the RG

running of these coefficients down to v. Since we are interested in one-loop accuracy, only

the running of the tree-level part of ai(µ = M) is needed. To leading order in log
(

v
M

)

, the

final answer for ai takes the form

ai(µ = v) = atreei (µ = M) + a1−loop
i (µ = M) + βi log

( v

M

)

, (B1)

where βi is the 1-loop beta function.

Under the RG running, different dimension-6 operators mix, so operators that did not

appear at the matching scale can be radiatively generated from the ones that are present

there. As we did previously, radiative corrections to OS,T can be extracted using the methods

described in Appendix A. Let the superscript RG denote the UV divergent part in the MS

scheme in dimensional regularization of a 1-loop vertex renormalization diagram in the

effective theory. Then, again using the notation G1,2,3 from Eq. (A6) and Dµν defined above

Eq. (A17), we have

GRG
2 −GRG

3 = . . .− ip2aT (ZTZ
2
H − 1) + . . . , (B2)

1

2(d− 1)

(

DRG
)µ

µ
= . . .− ip2aS(ZSZHZ

1/2
A Z

1/2
B − 1) + . . . . (B3)

Here, ZH,A,B are the Z-factors for the wavefunction renormalization ofH , Aa
µ, and Bµ, which

are straightforward to calculate, while ZS,T are the Z-factors associated with renormalization
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of OS,T and are defined by Eqs. (B2)-(B3). These equations are just the statement that ZS,T

cancel the divergences of 1-loop diagrams that renormalize OS,T . As before, the ellipses

denote non-quadratic powers of p.

The beta functions, βS,T , for aS,T are related to the Z-factors by

βξ = −aξ
1

Zξ

d

d logµ
Zξ, ξ = S, T. (B4)

Calculating ZS,T using Eqs. (B2)-(B3), we find the following beta functions for the neutral

and charged triplet cases:

β0
T = −

2

(4π)2

(

3λ− 3g21 +
9

2
g22 + 24y2B + 24y2T

)

κ2

M4
, (B5)

β±1
T =

1

(4π)2

(

3λ+
3

2
g21 +

9

2
g22 + 24y2B + 24y2T

)

κ2

M4
, (B6)

β0
S = −

1

6

g1g2
(4π)2

κ2

M4
, (B7)

β±1
S =

1

3

g1g2
(4π)2

κ2

M4
. (B8)

Note that βS ∝ aT , as a consequence of operator mixing. Combining these results with the

results of matching gives the final answers in Eqs. (10)-(13). Note that the expressions in

the neutral and charged cases are different because the tree-level matching coefficients of

the operators Oi, i = 1, 2, T , differ in these two cases.

Appendix C: Explicit Examples

Example of matching: η22 contribution to a±1
T .

In this example, we consider the case of the charged triplet and calculate the contribution

to a±1
T proportional to η22 in Eq. (11). This contribution is important, because it is the only

κ-independent contribution to a±1
T , the implications of which are discussed in Section III.

The full-theory topology giving rise to the η22 contribution is shown in Fig. 7. Labeling

the momenta and components of the external Higgses in the same way as in Fig. 6, and

noting that there are two possible permutations of the external lines in Fig. 7, the integral

expression for the diagram is

Gs1,s2,s3,s4(p1, p2, p3, p4) = 2 (2δs1s4δs2s3 − δs1s3δs2s4) η
2
2

∫

ddℓ

(2π)d
1

ℓ2 −M2

1

(ℓ+ p1 − p3)2 −M2

+ (p3, s3 ↔ p4, s4) , (C1)
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η2 η2

FIG. 7: The 1-loop process giving rise to the κ-independent term in a±1
T . Long dashed lines

represent the Higgs doublets, while the short dashed lines represent the heavy triplet.
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where d = 4− 2ǫ is the dimension of spacetime.

With this expression in hand, we can now use Eqs. (A6) and (A15) to solve for the

contribution to a±1
T . This requires extracting the p2 term on the LHS of Eq. (A15). A useful

intermediate result for expanding loop integrands in powers of p2 is

1

(ℓ+ p)2 −M2
=

1

ℓ2 −M2
+

dM2 + (4− d)ℓ2

d(ℓ2 −M2)3
p2

+
d(d+ 2)M4 + 2(6− d)(d+ 2)M2ℓ2 + (6− d)(4− d)(ℓ2)2

d(d+ 2)(ℓ2 −M2)5
(p2)2 + . . . .(C2)

Once an integrand is expanded in powers of p2, all loop integrals are easily evaluated via

Feynman parameters.

For the diagram in Fig. 7, Eq. (A15) gives

δ
[

ip2a±1,1−loop
T

]

Fig. 7
= [G2 −G3]p2 part = −

2

3
η22

ip2

(4π)2M2
, (C3)

where we have used dimensional regularization in the MS scheme. Consequently,

δ
[

a±1,1−loop
T

]

Fig. 7
= −

2

3

η22
(4π)2M2

. (C4)

This corresponds to the last term in Eq. (11) and makes a positive contribution to T , as

discussed in Section III.

Example of running: RG-running of a±1
S

In this example, we consider the case of the charged triplet and calculate the RG-running

of a±1
S . We compute the beta function, βS, appearing in Eq. (B1) for a±1

S . This example

illustrates the procedure for RG-running and for extracting contributions to the S parameter.

Recall that after integrating out the charged triplet at tree-level, we are left with the

effective Lagrangian in Eq. (A11). Thus, the Feynman rules in the effective theory are those

of the SM plus new vertices due to the tree-level presence of OT and O2. These additional

vertices are comprised of four Higgses and either zero, one, or two gauge bosons. For our

example, we will need the new four-Higgs vertex, which we call Vs1,s2,s3,s4(p1, p2, p3, p4), where

{pj, sj}, j = 1, 2, denote the incoming Higgs momenta and its components, while {pj, sj},

j = 3, 4, denote the outgoing ones, in analogy with Fig. 6. The amplitude for this vertex is

Vs1,s2,s3,s4(p1, p2, p3, p4) = (δs1s3δs2s4 + δs1s4δs2s3)
iκ2

M4
(p1 + p2)

2 . (C5)
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Although OS does not appear at tree-level in Eq. (B1), the new effective vertices generate

OS in RG-running. In particular, Fig. 8 shows the 1-loop topologies that contribute to the

process Dµν(p) (Eq. (A17)) and thus correct a±1,tree
S = 0. Note the 4-Higgs and 4-Higgs-1-

gauge-boson vertices in these diagrams.

(a) (b) (c)

FIG. 8: All effective-theory 1-loop topologies contributing to the renormalization of OS . Dashed

lines represent the Higgs doublet.

We consider the contribution of Fig. 8(a). In accordance with Eq. (A17), the amplitude

involves upper components of external Higgses with zero momentum and external gauge

bosons A3
µ, Bν with momenta ±p. There are two ways of attaching the gauge bosons.

Summing both possibilities gives the following contribution to Dµν(p):

δ [Dµν(p)]Fig. 8(a) =
ig1g2
4

∫

ddℓ

(2π)d
V1,s,s′,1(0, ℓ, ℓ, 0) σ

3
s,s′

1

(ℓ2)2
1

(ℓ+ p)2
(2ℓ+ p)µ (2ℓ+ p)ν

+ (p → −p) . (C6)

We now contract Lorentz indices and expand in p to find the p2 term. We only need the UV

divergent part for the β function:

δ

[

1

2(d− 1)
Dµ

µ(p)

]

Fig. 8(a)

=
(

ip2
) ig1g2κ

2

M4

(2− 3
4
d)

d(d− 1)

∫

ddℓ

(2π)d
1

(ℓ2)2
+ . . .

UV
−→

(

ip2
)

(

1

12

g1g2κ
2

(4π)2M4

1

ǭ

)

+ . . . , (C7)

where 1
ǭ
= 1

ǫ
− γ + log4π, and the ellipses denote non-quadratic powers of p.

In a similar manner, one needs to find the contributions from the remaining two topologies

in Fig. 8. We simply state the result:

δ

[

1

2(d− 1)
(DRG)µµ

]

Fig. 8(b)

= 0 + . . . , (C8)

δ

[

1

2(d− 1)
(DRG)µµ

]

Fig. 8(c)

= −ip2
1

4

g1g2κ
2

(4π)2M4

1

ǭ
+ . . . . (C9)
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Summing Eqs. (C7)-(C9) gives the full contribution to the LHS of Eq. (B3). On the RHS,

ZH,A,B are the standard wavefunction renormalization Z-factors, which in our conventions

are given by

ZH = 1 +
1

(4π)2

[

1

2
g21 +

3

2
g22 − 6

(

y2T + y2B
)

]

1

ǭ
, (C10)

ZA = 1−
29

6

g22
(4π)2

1

ǭ
, (C11)

ZB = 1−
27

2

g21
(4π)2

1

ǭ
. (C12)

In this example, since a±1,tree
S = 0, it suffices to take ZH,A,B = 1, but we stated the full

1-loop answers for completeness. Now, using Eqs. (B3)-(B4) one can solve for ZS and βS,

respectively, to obtain

βS =
1

3

g1g2
(4π)2

κ2

M4
, (C13)

which corresponds to the last term in Eq. (13).
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