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Abstract

We study non-standard top quark couplings in the effective field theory approach. All nine dimension-
six operators that generate anomalous couplings between the electroweak gauge bosons and the third-
generation quarks are included. We calculate their contributions at tree level and one loop to all major
precision electroweak observables. The calculations are compared with data to obtain constraints on
eight of these operators.



1 Introduction

Top quark interactions could provide relevant information on physics beyond the Standard Model (SM).
Anomalous top quark interactions at colliders have been studied in the literature (see, e.g. [1, 2, 3, 4, 5,
6, 7, 8,9, 10, 11, 12, 13] and references therein). In particular, a model-independent approach based on a
low-energy effective field theory is used to describe possible new physics effects. In this approach, high-scale
physics is integrated out to obtain effective interactions that involve only the SM particles. These interactions
are suppressed by inverse powers of A, the scale at which the new physics resides.

Such a field theory must satisfy the SU(3)cxSU(2) xU(1)y symmetry of the SM. With this requirement,
the only possible dimension-five operator violates lepton number conservation and is irrelevant to top quark
physics [14]. Thus the leading effects are generated by operators of dimension-six:

1
Lot = Lsn+ 13 Z(cioi +h.c.), (1)

where O; are the dimension-six operators and C; are dimensionless coefficients. A complete list of dimension-
six operators was given in [15, 16, 17]. Subsequently it was found that several of this operators are not
independent [4, 18]. A list of 59 independent dimension-six operators is given in [19].

New physics that affects top-quark interactions can be parametrized using these operators. In particular,
consider anomalous top quark couplings, such as the Wtb, Ztt and ~tt vertices. There are nine dimension-six
operators that can modify the couplings of the third-generation quarks to the W, Z and v bosons:

oY) = i(¢'7 Do)y '), 2)
0% = (6" Do) (@ q), (3)
O = (6" D,g)(Br"0), (4)
Opy = i(6Dug)(by"D), (5)
Ops = i(' D) (Ey"0), (6)
Ow = ((jUHVTlt)éWJV, (7)
Ow = (g7 b)eW,.,, (8)
OtB = (qo-mjt)éBuuu (9)
Oy = ((jo””b)¢BW, (10)

where ¢ is the third-generation left-handed quark doublet, ¢t and b are the right-handed top and bottom, ¢
is the Higgs boson doublet, ¢ = ( _01 (1) ), ¢ = ed*, and D, =0,—- ’L'%TIWJ —1g'Y B,, is the covariant
derivative where 71 denote the Pauli matrices. W;{u = BMWVI—B,,WJ—FQEUKWJWJ( and B, = 0,B] —&,B[L
are the field strength tensors of the W and B field. The contribution of these operators to the vertices can
be found in [18].

Naively, from dimensional analysis we may expect that the effects of these operators are suppressed by
E?/A? where E is the energy scale of the process. This is not the case for the operators listed above in
Egs. (2)-(10). The anomalous couplings generated by these operators violate the SU(2);, symmetry, so they
are related to the Higgs vacuum expectation value v. Instead of E?/A2% these anomalous vertices scale as
v?/A?, which is independent of the energy scale of the process. This can be seen in [18], where the relation
between the anomalous couplings and the dimension-six operators are given.

The consequence of this scaling is that the effects of new physics will not increase with energy. On the
other hand, the effects will not disappear in the low energy limit. Therefore an important question is whether
it is possible to extract better bounds from electroweak precision measurements for these operators, than
from the measurements performed at high-energy colliders.

The electroweak precision measurements have a much cleaner background than hadron colliders, and
therefore are performed with a higher level of precision. However, most of the operators listed above do not
directly contribute to these measurements at tree-level. Their corrections to the W, Z and v self-energies
occur at loop-level, so they are suppressed by ¢g2/(4m)2. Still, the large mass of the top quark can lead to an



enhancement of the loop-level contribution, and as a result the constraints on top-quark anomalous couplings
obtained from precision measurements may be comparable with those obtained from collider experiments.
The top quark plays an important role as a virtual particle in precision electroweak physics. Indeed, the
correct range for the top-quark mass was anticipated by precision electroweak studies. Now that the top-
quark mass is accurately known from direct measurements, we can ask what the precision electroweak
measurements have to say about the presence of dimension-six operators in loop diagrams involving the top
quark.

The easiest way to put constraints on these operators is to consider the “oblique parameters” [20, 21, 22],
as most of the operators contribute only through corrections to the self-energies of the electroweak gauge
bosons. However, as we will see in Section 2, this approach is not appropriate for all nine operators. Therefore
we explicitly calculate the effects of these operators on all electroweak measurements. We compare the results
with data and perform a global fit to obtain one-sigma bounds on the coefficients of these operators. In
order to be specific, we assume that these operators (plus two additional operators) are the only new physics
effects in the theory.

The operators in Egs. (2)-(10) may be expressed in any basis that is convenient. We choose a basis in
which all fermion fields are mass eigenstates, with ¢ = (t1, Vipbr, + Vissp +Viadr) [23]. In W boson self-energy
diagrams, one must sum over all charge -1/3 quarks. These quarks are much lighter than the top quark in
the loop, so it is a good approximation to neglect their masses, in which case the CKM factors add up to
unity. The only place that a CKM factor survives is in photon and Z boson self energies involving a b-quark
loop and the operators Oy or Opp. These diagrams yield a factor of V3, which is very close to unity for
three generations, and can be ignored. The operators in Egs. (2)-(10) also give rise to nonstandard effects
such as flavor-changing neutral currents, right-handed charged currents, etc. [24]. We do not explore the
constraints on the operators from bounds on these processes.

The paper is organized as follows. In Section 2, we discuss the oblique parameters and use them to
constrain one operator as an illustration. In Section 3, we show all major precision electroweak measurements
that we will use to obtain bounds. In section 4, we calculate the corrections to all observables from these
operators, and perform the global fit. We present our conclusions in Section 5. Finally, we show the
self-energy corrections from each operator in Appendix A, and some numerical results of the global fit in
Appendix B.

2 Oblique parameters
The operators listed in Egs. (2)-(10) affect the precision electroweak measurements in two different ways:
. O;‘?, O((;q) and Oy, modify the Z — bb measurements at LEP at tree-level.

e All operators modify the self-energies of W, Z and ~ at loop-level, and therefore affect all measurements
indirectly.

The first effect is equivalent to a correction to the Zbb couplings:

1 v?

b o_ (3) (1)

o) = —5 13 (c5)+cil)). (11)
1 v?

59?% = _EFO‘M” (12)

where g%, g% are the left- and right-handed Zbb couplings. This correction is easily included in the calculation.

Operators listed in Egs. (2)-(10) modify the gauge boson self-energies through the loop diagrams shown
in Figure 1.1 They affect all quarks and leptons universally through gauge boson self-energies. This kind
of effect is referred to as “oblique”. Traditionally three parameters, S, T' and U, are used to describe the
oblique new physics [20, 21]. The idea is to Taylor-expand the four self-energies Iy w, 112z, 11, and II,z,
which only include the new physics contributions, to order ¢2. Requiring the photon to be massless, IL,,

IThere is also a diagram contributing to the W-boson self energy, with a top-quark loop, constructed from the four-point
contact interaction given by O;w and Opypy. Since this interaction is antisymmetric in p, v, this diagram does not contribute
to the self energy.



and I,z must be zero at ¢ = 0, so there will be six non-zero coefficients. Three of them are absorbed in
the definition of g, ¢’ and v. This leaves three independent parameters. The definitions of the S, T and U
parameters are given in [25].

t
w w
b
Zy Zy
th

Figure 1: Corrections to gauge boson self-energy. The black dots indicate the dimension-six vertex.

We list the contribution of the nine dimension-six operators to the gauge boson self-energies in Appendix
A. The coefficients C; may be taken to be real because an imaginary part of C; violates CP and will not
contribute to any self-energy. It is straightforward to calculate the three oblique parameters using these
expressions, and to compare with the existing bounds on the S, T" and U parameters.

We presented this analysis for the operator Oy in Ref. [26]. We found that the S parameter is divergent,
which is not surprising because in an effective theory there are two dimension-six operators that contribute
to the S and T parameters, respectively, at tree level:

Owp = (o' )WL, B", (13)
0 = (4'D"¢)[(Duo)lgl. (14)

The divergent terms in the .S and T parameters are absorbed by renormalization of the coefficients of these
two operators, so S and T do not give useful information on the size of Oy .2 On the other hand, the
U parameter is finite, because there is no dimension-six operator that contributes at tree level. Using the
experimental bound U = 0.06 + 0.10 given in [25], we found

Ciw
A2
Unfortunately, this kind of analysis is not appropriate for all nine operators. The S, T', and U parameters
are defined by assuming a linear ¢> dependence of the self-energies. However, once loop-level contributions
are included, the self-energies contain terms like In ¢? and ¢2In¢?. In particular, in a diagram with a bottom
quark loop, the self-energies can have very different ¢> dependence in the regions ¢? < 4mj and ¢* > 4m3.
An example is shown in Figure 2. Since the precision electroweak measurements include data measured at
both ¢? ~ 0 and ¢? > m%, it is not reasonable to use a bound obtained by assuming a linear ¢* dependence.
In addition, this calculation does not make full use of the obtained ¢? dependence of the self-energies. By
calculating the U parameter, one can only put a constraint on one special linear combination of the operators.
The precision measurements, on the other hand, contain much more information.
In order to fully study the effects of the nine operators, we will explicitly calculate the effect of self-energy
corrections on all electroweak measurements, and perform a fit including all operators in Egs. (2)-(10) and
Egs. (13)-(14). The self-energy corrections given in Appendix A contain divergent terms. Since all divergent

terms are either constant or proportional to ¢?, they can contribute at most through the three oblique
)

= 0.7+ 1.1 TeV 2. (15)

parameters. Therefore all divergences can be properly absorbed once we include Owp and Ogbg in our

analysis. An effective field theory is renormalizable in this sense.

2We found that, rather than being divergent, the contribution of Oy to the T' parameter vanishes [26]. A top-quark model
that gives a nonvanishing contribution to the T parameter is discussed in Ref. [11].
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Figure 2: The ¢* dependence of IIz,. The contributions from the operators OSZ) and Oy, are shown for

illustration. A linear part in ¢? is subtracted so that IL,z(0) = Il ;(0) = 0. There is a branch point at
2 2

q° = 4mj.

3 Experiments

The measurements we use to constrain the coefficients of the operators are listed in Table 1. Detailed
descriptions for individual experiments can be found in the corresponding references.
For a given observable X, the prediction of the effective field theory can be written as

Xon = Xsm + »_ CiX™m0, (16)

where Xy, is the prediction in the presence of the operators, Xgn is the Standard Model prediction, and
> C'Z-Xidi’““6 are the corrections from the new operators. Since only dimension-six operators are included,
higher-order terms in C;/A? are dropped.

The SM predictions are computed to the required accuracy, and can be found in the literature shown in
Table 1. The three most precisely measured electroweak observables, o, Gr, and myz, are taken to be the
input parameters, from which the SM gauge couplings and the Higgs VEV are inferred. In addition, the
following input parameters are used:

Migiges = 90727 GeV, m; =173.2+1.3 GeV, a,(myz) = 0.1183 = 0.0015, (17)

except for LEP2. The sensitivities of the SM predictions to the input parameters for the fermion pair
production and W pair production cross sections at LEP2 are negligible compared to the experimental
errors [29]. Therefore, we use the SM prediction given in the corresponding references.

The corrections from the new operators include the tree-level contribution to the self-energies from
Owp and Of;’), the tree-level correction to the Zbb couplings from O((;’J), O((blq) and Ogp, and the loop-level
contribution from all nine operators in Egs. (2)-(10) to the self-energies. Once the self-energies are given,



Notation Measurement Reference
Z-pole Ty Total Z width [25, 27]
Ohad Hadronic cross section
Rf{ (f=e,p,7,b,0) Ratios of decay rates
A%’B(f =e,u,T,b,cs) Forward-backward asymmetries
5 Hadronic charge asymmetry
Ar(f =e p,7,b,c,8) Polarized asymmetries
Fermion pair or(f =q,u,T,¢€) Total cross sections for ete™ — ff (28]
production at LEP2 A{;B(f =, T) Forward-backward asymmetries for ete™ — ff
W mass myy W mass from LEP and Tevatron [25]
and decay rate Tw W width from Tevatron
DIS Qw(Cs) Weak charge in Cs (25]
and Qw (T1) Weak charge in T1
atomic parity violation Qw(e) Weak charge of the electron
g%, g% vy-nucleon scattering from NuTeV
9%, 9%° v-e scattering from CHARM II
W pair production ow Total cross section for ete™ — WTIW— (28]

Table 1: Major precision electroweak measurements used in this analysis. The total cross section for ete™ —
ete™ is divergent. We use the cross section in the angular range cos € [—0.9,0.9] instead.

the corrections Xm0 to all the experiments can be obtained from the modified tree-level formulae for each
observable. This will be discussed in the next section.
Given these results, we can calculate the total x? as a function of C;:

X h — ch 2 (XSM - ch + iCiXidimG)Q
Xzzz( th - p) = P 22 7 (18)
X Ix X Ix

where Xoyp is the experimental value for observable X and ox is the total error which consists of both
experimental and theoretical uncertainties. The x? is a quadratic function of C;. The fit for the coefficients

of the new operators is given by minimizing x?. The one-sigma bounds on the coefficients are given by
2

2
X"~ Xmin = L.
Eq. (18) needs to be modified to account for the correlations between different measurements. There
are two sets of data for which the correlations between measurements cannot be neglected. These are the
correlations between Z-pole observables [27], and the experimental error correlations for the hadronic total

cross sections at LEP2 [28]. To include correlations, Eq. (18) should be modified to

,dim — ,dim
X2 = Z(XgM - ngp + Z Clep 6)(02)pq1 (XgM - ngp + Z Cle 6) (19)

p.q

where XP9 denotes different observables. The error matrix o2

matrix ppq by

is related to the error o, and the correlation

UZq = OpPpqTq (20)

The correlations for theoretical and experimental errors should be taken into account separately.

4 Calculations

In the presence of the new operators, the corrections to the self-energies of W, Z and ~ can be written as

Ixy =Y Cillxy;, (21)

where IIxy only includes the contributions from the new operators. (XY) = (Z2),(WW),
(y),(v2).

For the operators in Egs. (2)-(10), the IIxy;’s are given in Appendix A. We also include Oy g and O((;)
in our calculation, so that the divergences can be absorbed. For these two operators, the contributions at



tree-level are:

IIyw =0, (22)
202 02
Hzz = CWBFSWCW(f + Cég)mméa (23)
202 9
IL,, = —CWBFSWCWQ , (24)
v? 2 24\ 2
Iz = _CWBF(CW - sw)q (25)

where sy = sin Oy and cy = cos by .

In this section, we discuss the effect of self-energy corrections on each experiment. We will show how to
obtain the C; X3™6 term in Eq. (18). We first illustrate the idea with an example.

For processes involving light fermions as external particles, Peskin and Takeuchi have shown in Ref. [21]
that the corrections to the gauge boson self-energies can be incorporated by a change in the couplings and
gauge boson parameters. For example, for electromagnetic interactions, the coupling should be replaced by

a.(q®) = ao(1 +11,(¢%)), (26)

where « is the renormalized coupling, not including contributions from dimension-six operators. The self
energy I1,(q®) contains only the contributions from the dimension-six operators, and ny,y(q2) is defined as

11 2

I, () = 2, (27)

In the presence of a dimension-six operator, the renormalized coupling, «y, is different from the coupling
measured in experiments. Therefore, the self-energy corrections affect the theoretical predictions in two
different ways, which we will call direct correction and indirect correction. The direct correction is simply
described by Eq. (26). Any observable in an electromagnetic process is affected by a change in the coupling.
The indirect correction arises from the fact that we take the fine structure constant as one of the input
parameters. The parameter « is then shifted from the measured fine structure constant «,, which is measured
at ¢ = 0. Thus, from Eq. (26),

a = ao(1+11,,(0)). (28)

Therefore any observable that depends on the fine structure constant as an input parameter is affected by
Eq. (28). We can now eliminate «g by combining Egs. (26) and (28), to obtain

au(¢®) = a [1+1,(¢*) — 1L, (0)] , (29)

which can be used to calculate the correction to any electromagnetic observable.

We will show the direct correction and indirect correction to all observables in Section 4.1 and 4.2,
respectively, and combine them to calculate the total effects on all electroweak measurements, except for
the cross section for W pair production. The W pair production cross section at LEP2 has relatively low
stz(aut)istics, and thus we will only consider the tree-level contribution, i.e. the contribution from Ow p and
oY)

4.1 Direct correction

In the SM, the matrix elements of the charged- and neutral-current interactions mediated by electroweak
gauge bosons can be written at tree level as

Myc =2 (1 Q) (1~ Q) (30)
= e — — S S —
AR A S A
e? 1
Mccz—f ey 31
25%[, +q2—m%v (31)



Peskin and Takeuchi have shown in Ref. [21] that the modification of the gauge boson self-energies can
be included by writing

2 QQ e: 2 2z« / 2 /
= —— (I3 — ——— (I3 — 32
MNC 6* q2 + S‘Q/V*C‘Q/V*( 3 SW*Q) q2 — mQZ*( 3 SW*Q )7 ( )
62 ZW*
Moo = —= I, 33
“c 25%/1/* " q2 - m%/V* ( )
where the starred quantities are functions of ¢?:

miy. (@®) = (1= 2Zw)d* + Zw (miyo + Tww (%)), (34)
mz.(¢°) = (1-Zz)¢" +Zz (m220 + HZZ(qz)) ; (35)

d
Zw = 1+ d—qgnww(q2>lq2:mgv, (36)

d
Zyz; = 1+ d—q2nzz(q2)|q2:m2z, (37)

d c
2 _ 2 2 w 2
Zwi(q®) = 1+ d—q2wa(q Nez=mz, =1, (¢7) — o L2(a%), (38)
Z 2 _ 1 d H 2 H/ 2 C‘Q/V - S‘Q/V H/ 2 39
z+(q7) = +d—qQ AU )|q2:m22 - W(q ) — m 'yZ(q )s (39)
S%/V* (q2) = S%/VO - SWCWH/VZ(Q2), (40)
&e?) = e+, (¢%), (41)
where I’y (¢%) is defined as

v (6%) = (xy (¢*) = Txy (0)) /¢°. (42)

The subscript 0 denotes the renormalized parameter, not including contributions from dimension-six op-
erators. When calculating the corrections due to dimension-six operators, we can use tree-level relations
between the renormalized parameters, such as

2 .2 2 2
2 _ €6 v 2 €0 v
Mo =31 Mz0= 33 (43)
Swo Swowo

Egs. (32) and (33) have exactly the same form as the tree-level SM amplitudes, except that all the
couplings and gauge-boson parameters are replaced by starred parameters. This shows that the oblique
corrections affect electroweak interaction observables only via the starred parameters. In other words, given
an observable in terms of renormalized parameters at tree-level, we only need to replace the renormalized
parameters with their starred counterparts evaluated at the appropriate momentum to incorporate the
corrections from the self-energy diagrams. For example, at tree-level the left-right asymmetry A. at the
Z-pole is given by

2(1—4s?
A, (m2Z) = ( SVZO) 3" (44)
1+ (1 —4s3)
This is modified to ) )
2(1—-4
Ae(m2z) _ ( SW*(mZ)) .
L+ (1 —4sjy, (m7))

after the self-energy corrections are included. Similarly, the Z to eTe™ partial width is now corrected to

(45)

ei(m3)Zz.(m7)my

I, — st (e () ((1—45%*(m%))2+1). (46)

Mz )Cy Mz

Note that these corrections come from the difference between quantities with subscript * and quantities with
subscript 0, therefore these are direct corrections.



For low energy measurements, it is more convenient to write

My = —4v3Cro <1 - %nmm) (Is - 53.(0)Q) (I — 3. (0)Q) (47)
Z
Mee = —2v2G po (1 —~ %HWW(O)) LI, (48)
myy
where 1
Gro = (49)

V202
is the Fermi constant, not including contributions from dimension-six operators. The direct corrections to
any low energy observables are thus incorporated by replacing sy by sw«(0) and including an overall factor
of (1—Izz(0)/m%) for neutral-current observables, and (1 — Iy w (0)/m3,) for charged-current observables.

4.2 Indirect correction

The indirect corrections arise from the shifts in the renormalized parameters. The electroweak parameters
(g, g', v) are not directly measured. Instead, we derive them from the most precisely measured observables
(a, mz, Gr). When calculating the SM predictions for these observables, the tree-level relations between
(g9, 9, v) and (a, mz, Gp) are used. When we include the new operators, the SM relations are altered. This
corresponds to a correction to all three input parameters.

To consider the indirect corrections, we use (g, mzo, Gro) to denote the renormalized electroweak
parameters, not including contributions from dimension-six operators. The relation between « and «g can
be read off from Egs. (32) and (41) [see Eq. (28)]:

o= % = ao(1 + 1L, (0)). (50)

The Z mass mz can be obtained by solving m%, (m%) = m%; this gives
mz =mig +1lzz(m%). (51)

The Fermi constant can be read off from Eq. (48):

Gr = Gro (1 - m%nww(o» . (52)
w

Observables measured at energy scales above the Z pole are expressed in terms of (o, mz, s¥,) rather than
(o, mz, Gr). To include indirect correction due to s¥,, we need

52 _ 1 1— 1_&
WO V2G rom?%,

1 4oy 02 1 1
s oA VD (i 0) - T (0) — Ty (m? >]
2( ﬂcmﬂ 7 2 (10 + T 0) Mz

where

1 dra
2 =1, J1- ——— 54

is the value for s?, calculated at tree level using the observed values for (o, mz, Gr).



Combining Egs. (34)-(41) with Egs. (50)-(53) to eliminate ag, mzo, Gro, and swo, we conclude that,
for g2 > 0, the total effect of direct and indirect corrections can be incorporated by making the following
replacement to the renormalized parameters in the tree-level expressions for any observable:

1 for interactions mediated by photon
a — a,=a+da=a(l+IL, (¢*) -1 (0)) x ZZ*( 2)  for interactions mediated by Z boson(55)
Zw«(q?) for interactions mediated by W boson

d
my  — my, =my+omy =my—zz(my) +z2(¢°) — (¢* —my)— e 72(4%)|2=m2 (56)
s2, = sk, = 8% +0s%, = s 11— Wr (q%—i IT (0)+LHWW(O)—LHZZ(m2 (1)
w W w w w Sw ¥Z C%}V _ S%}V %% m%v m2Z Z

The renormalized parameters (subscript 0) are now completely eliminated, and served only as intermediate
quantities in the derivation.

For any observable measured at the Z-pole or above, we can write it at tree level in terms of «, m% and
2
Xfe = X0, m ). (59)

Therefore the contribution from the self-energy corrections can be written as

. 6Xtree 6Xtree aXtree
dim
6X = C; X6 = agl Sa + 8“;; om% + agh 5%y (59)

Note that Eq. (58) is a tree-level relation, and we will not use it to compute the entire theoretical prediction.
Instead, we use Eq. (59) to find the corrections which arise from the new operators. Since these are already
small corrections, the tree-level calculation is enough. We then add them to the SM predictions including
radiative corrections, which are provided in the references shown in Table 1.

If the observables depend on the Zbb couplings, we will need to add to the r.h.s of Eq. (59) the following

terms:
v 3) 9 OXG* ¥ (o | o X e
—575 (G5 +CL) +Can) oo — 577 (C5) +C5) — Can) o (60)

This accounts for the tree-level correction to the Zbb couplings from C’g’] , C (;1) and Cgp, given in Egs. (11)
and (12).
For low energy measurements, we can now write

Mnc = _4\/§GFP* (0) (I3 - SI%V* (O)Q) (Ié - 812/1/* (O)Ql) ) (61)
Mee = —2V2GpI I, (62)

where 1 1
p(0) =1— m—QZHZZ(O) + %HWW(O)- (63)

The results of DIS and atomic parity violation experiments are usually expressed in terms of the effective
couplings in the neutral-current interactions. The corrections to these results can thus be obtained by
replacing s, by
2. (0) = 52 |1 — 211, (0) — i I, (0) + L M (0) = Tz (m) (64)
Wk w S vz 012/[/ — SW mIQ/V ww mQZ zZZ Z

and including an overall factor of p.(0) to the couplings.

4.3 Observables

Now we proceed to consider the correction to each observable. We will give the tree-level expressions for
each observable, and then use Eq. (59) to find the corrections that arise from the new operators.



4.3.1 Z-pole process

The process ete™ — ff was studied around the Z-pole at SLC and LEP1. At tree-level, the measured cross
sections and asymmetries can be derived from two quantities: the partial width of Z — ff, I'sf, and the
polarized asymmetry A¢. The expressions are

amy f 2 f 2)
[, = 22 ( , 65
)
A= w0 (66)
9y T 9
where the Z-fermion couplings g{; and gf; are given by
! a gl
Ve, Vpi, Vr +3 +§
e, U, T —% + 2s%, ~3 (67)
u,c,t "’?_%S%V —|—?
ds,b —3+3siy —3
The Z-pole observables include:
e Total width
Iz=> Ty (68)
f
e Total hadronic cross-section 192 T..T
0 T Leel had
= ) 69
Op mQZ I—\QZ ( )
e Ratios of decay rates
Load  for f=e, p, 7
Ry ={ 1/ R (70)
{ ghfa’; for f =b,c
e Forward-backward asymmetries
3
A%’é = ZAeAf’ f=e u,71,bcs. (71)

Effective angle extracted from the hadronic charge asymmetry at LEP and from the combined lepton
asymmetry from CDF and DO
5 = sy (72)

Polarized asymmetries
Af’ f = e’/”L7T7 b,c7 S. (73)

With these tree-level expressions, we can apply Eq. (59) to derive the correction from the new operators.
For example, for the ratio R, we find

16s%, — 3652, +9  [ew c? 1 1
SRy, = —24 W W — 11 N+ Y (1, (0) + —1I 0) — —-1II 2
b (888%4/—845124/4'45)2 |:SW ’YZ(mZ)—i_C%/V_S%/V y’y( )+m%v WW( ) m2Z ZZ(mZ)
v? (3) (1) 4085, — 9654, + 7252, — 27 v? 20s%, — 1852, +9
o4 (C C ) w w w 8% ¢ w w : 74
A2 da T Coq (885?,[, — 845%1, + 45)2 AZ 9P (885%1, — 845%1, + 45)2 (74)

Using the expressions for the ITxy’s given in Appendix A, this can be written in the form of C; X3,

In practice, instead of deriving the above equation for all observables, we actually did the following: for
any given operator, we first give a small value to its coefficient C;, then numerically compute all starred
quantities using Egs. (55, 56, 57) and (63, 64). We then take the tree-level expressions for all observables and
substitute in the starred quantities, to obtain the tree-level predictions for all these observables, including
contributions from dimension-six operators. Finally, we compare them with the SM tree-level predictions,
to identify the corrections from dimension-six operators.
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4.3.2 Fermion pair production at LEP2

The observables are the total cross-sections and forward-backward asymmetries for fermion pair production,
measured at different center of mass energies. The matrix element for ete™ — ff (f # €) is given by

4 1, . . ) ,
Tt - 77:2; +ilzmy 4031,5%”(19 7" (9% = 947°) w(p)alk) v (g'{; - gfw5) v(k')
4
- o )Ry k) -

where p, p’ are the momenta of the incoming e™e™, and k, k" are the momenta of the outgoing fermions. The
cross-sections and forward-backward asymmetries can be calculated from M, and Eq. (59) can be applied
to obtain the corrections from the operators.

For f = e, there are additional contributions from the ¢-channel diagrams. The matrix element is

dra 1 _ e e — e e
R P . ; u——T: (P )" (g5 — 9a7°) ulp)u(k)v, (95 — 9a7°) v(k')
Z WewW
dma 1 — s e e 5 =/ e e 5 /
O RE = ml T iTymy 125 a(k)y" (g7 — 9a47°) wP)o(p )y (9% — 9a7°) v(K')
Z Weew
ATy N dra _ _
TR +p,)gv(p’)v“U(p)U(kmv(k’) BETE WU(k)W“U(p)v(p’mv(k’)- (76)

4.3.3 W mass

The W mass is measured both at the Tevatron and LEP2. For the tree-level expression of myy, we first solve
mw«(m¥,) = m¥,, which gives
miy = miyo + Mww (miy). (77)

Combining Eqs. (43), (51) and (53) with Eq. (77), we find that the correction to the W mass is
2 2 sty cy 2 Sy o
5mW = wa(mw) + ﬁnww(()) — ﬁnzz(mz) + 27mZHV’Y(O)' (78)

ciy — Sty ciy — Sty cy — 5%,
The W width is measured at the Tevatron. The tree level expression is

3amyy

I'w = . 79

The correction can be calculated using Eq. (59).

4.3.4 DIS and atomic parity violation

These are experiments performed at q%> ~ 0. These low energy observables are usually expressed in terms of
the effective couplings g{, and gf;, which depend on s¥,. For the tree-level expressions, we will also include
the factor p.(0), which is 1 in the SM, and takes the value of Eq. (63) in the presence of new operators:

po(0) =1+ 8p(0) = 1 — migznzz<o> + %HWW(O) (80)

The correction to an observable X is then given by

X aXtree 6Xtree
§X = Cy Xm0 = — S5ty (0) + -2
sy 1. 0)=1 9p«(0) . (0)=1

5p(0). (81)

The observables include:

11



e The weak charges for Cs and T1, measured in atomic parity violation experiments. The weak charge
is given by

where Z and N are the proton number and the neutron number of the atom. The tree-level expressions
for Ci,, and Ciq4 are

Cru = 2p.(0)g59%,  Cra = 2p(0)g59%- (83)

e The weak charge of the electron, Qw (e) , measured in polarized Mgller scattering:
Qw (e) = =202 = —4p.(0)gagy- (84)
e The effective couplings g, and ggr for v-nucleon scattering, measured at NuTeV. These are defined as
91 = 9o + 9T e 9 = Gien + e (85)

where g7 g: IR o gieﬂ and g‘é)eﬂ are the effective couplings between the Z boson and the up and
down quarks. The tree-level expressions are

" gt + g4 g% + 94
gL,cH = p*(()) L 2 Aa g%,cﬁ = p*(O) . 2 Av (86)
u u d d
u 9y — 9 9gv — 9
Gh e = px(0) =4 5 = gfl%,eff = p.(0)==4 5 =3 (87)
(88)

e The effective couplings gy° and g¢%° for v-e scattering, measured at CHARM II. The expressions are
g =p:(0)gv, g4 = p+(0)g4- (89)

4.3.5 W pair production

So far we have been using the approach of Peskin and Takeuchi to study the effects of new operators.
However, this approach only applies to processes involving light fermions as external particles, and cannot
be used to study W pair production. Due to the relatively low statistics in the measurements, the constraints
from W pair production are weak compared to other electroweak observables. Therefore we will ignore all

loop effects, and only focus on the effects of operators Oy g and Of;’).
Using Egs. (22)-(25) and Eq. (53), we have

1 4o 2 V2 1 V2

2 W (3)

wo=1= 1-,/1—— 1+ —"*—— |4CwB—=swew + =C " — . 90
wo 2 ( \/§GF7”2Z> [ C2W 52W ( BA2S ‘ 279 A2)] ( )

Note that Eq. (53) only has to do with the indirect corrections, so it is still valid.
The operator Oy p changes the mixing of the W32 and B bosons. We then define sy, and ¢y, as the

new mixing angle, ,
v
_ 2 — ./ 2
swx = swo — Cwa A2 Swews  cws = L= sy (91)

so that the WTW~Z and WHW ™~ vertices from the kinetic term —3W,., W have the same form as in
the SM. Note that this definition of sy is different from the one in Eq. (40), which was only valid for light

fermions. In this way, the operators Ow p and O((;’) have the following effects:
e The SM Zff vertices are modified to:

v? sw 3 3 2 v? ew
Lpf=—— (1 + CWBFE> Zu " (T Pr, — sy, (1 + CWBpg) Qf) £y (92)
where Pr, = (1 —+°)/2.
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e The SM WTW~Z and WTW ~~ vertices are modified. The contribution comes from Oy g:

. v? 5 . v? 3 _
Owp — _ZQOWBFCWAM WIw, + ZQCWBFSWZ” Wiw, . (93)

e The W mass is changed to:

2 4

1 4o ’1}2 SV[/CS 1 v &

2 2 4% (3) W

w = -1+, /1—- — —201413—7——0 —— | . 94
m mz(2< \/59 m2> A2 2 g2 2 1) A2 2 82 ) ( )

Using these results we can write down the matrix element. The process has a t-channel contribution M;

and s-channel contributions M., and Mz, which come from photon and Z boson exchange. They are given
by

e? 1
M; = —i——0(p )V ——"Pru(p)e 2, (95)
253y, k—y g
.o 1
M, = _ZGQU(p/)'YpU(p)q_Q X
[ v2 C | * *
(9" (K" = k)P — g"P(q + k) + g" (g + k)") + Cmep% (9"°q" — g"7q")| ees’?, (96)
_ €2 v? sy 1 v? cw _ 1
= —i— |(1+Cwp—5— | 0(p/ —Pp—(14+Cwp-——)s% —_—
Mz 2512/[/* ( + WBAQCW)U(P)% {2 L ( + WBAQSW)SW*:| u(p)qg_mQZ x

C 2 -

(9" (K — k)P —g"P(q+ K )" + g" (g + k)") — CWB—Z_:VV (""" — g""q") | €M e, (97)

where p, p’ are the momenta of the incoming ete™, ¢ = p + p’, k, k' are the momenta of the outgoing

WFW =, and efﬁl, €2 are the polarization vectors of the WHW=. ¢ = p + p/. The cross section can be

calculated from the matrix element. The correction due to Owp and 05173) is obtained by taking the linear

part in Cyp and C(f). Higher order terms in C'/A? are neglected.

4.4 Total y?

In the calculation of x?, we choose the MS scheme, with the renormalization scale > = m?%, even for processes
in which the characteristic scale is not m%. This is done for ease of calculation. The error introduced by
this choice is of higher order and negligible.

We find that the contribution from the operator Oy is suppressed by the bottom quark mass, as can
be seen from Eq. (134). Therefore we neglect this operator. The contributions from operators Opy and
Oypp also have a factor of mp. However, their effects can still be large, because the expressions contain the

function bo(mi, m%, ¢?), and its derivative with respect to ¢ is inversely proportional to m%:

d 1
ba(m2.m2. a2 _ _ ' 98
_dq2 o(mi, mi, q°) o 6m§ (98)
Therefore, we will consider 10 operators:
Ows, 0, 08, 0L, O, Ogy, Ouw, Oww, O, O (99)

Using Eq. (18), x? can be written as a quadratic function of C;:

X2 = X + (Ci — C)My;(C; — Cy). (100)

Here x2,;, is the minimum x? in the presence of the new operators. C; corresponds to the best fit value for
C;.
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In our calculation, we used the following input parameters:

a(m%) =1/128.91,

Gr = 1.166364 x 107> GeV 2,
my = 4.79 GeV.

my = 172.9 GeV,

mz = 91.1876 GeV,

(101)

We find x2,;, = 80.04, the X2 per degree of freedom is 0.80, compared with the SM value 0.84. The matrix
M;; and the best fit values C; are given in Appendix B.

4.5 Global fit

The one-sigma bounds on the operators are given by x? — x2,. = 1. By diagonalizing the matrix M;;, we
Their best fit values and one-sigma

find ten linear combinations of C; that are statistically independent.

bounds are given by:

—0.961
—0.064
+0.268
—0.008
—-0.014
+0.009
—0.016
—0.004
—0.001
—0.001

—-0.273
+0.159
—0.940
+0.019
—0.065
—0.107
+0.030
—+0.008
+0.001
+0.001

+0.029
—0.701
—0.063
—0.095
—0.336
—0.326
+0.137
+0.034
—0.003
+0.505

—0.004
—0.680
—0.182
—0.086
+0.344
+0.322
—-0.137
—0.034
+0.003
—0.505

+0.024
—0.015
+0.088
—0.003
—0.389
—0.590
+0.128
+0.039
+0.007
—0.689

A2

+0.000
+0.130
+0.002
—-0.991
+0.017
—0.009
—0.000
+0.001
—0.000
—0.000

+0.012
+0.001
—0.022
—0.019
—0.768
+0.623
—0.003
—0.094
+0.025
—0.108

—0.000
—0.000
+0.002
+0.001
+0.057
—0.065
+0.138
—0.745
+0.646
+0.014

—0.0004

—0.013
+0.011
+0.59
—0.22
—1.76
—2.2
-9.2
+102.4

—1.36e+3

+0.015
+0.001
—0.005
—0.000
—0.135
—0.194
—0.935
—0.244
—0.090
+0.054

£0.0029
+0.014
+0.023
+0.27
+1.10
+1.63
+11.9
+21.1
+50.4
+1.38e+3

+0.001
+0.000
—0.001
—0.000
—0.039
+0.014
—0.229
+0.610
+0.757
+0.009

TeV 2.

(102)

where the 10 x 10 matrix is orthogonal. We can see that in the first row and the third row, the first two
components are much larger than the other components. This means that these two rows approximately

correspond to constraints on the coefficients Cy g and C(g), or equivalently, the S and T parameters. Since

we are interested in the other eight operators, we can assume that Cy g and Cg’) always take the values

that minimize the y2. This doesn’t mean that we fix Cyyp and C(f). The values that minimize the total x?
depend on the values of the other eight coefficients. In other words, we let these two coeflicients freely float.
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In this way, we find the following constraints on the eight operators:

-0.702 -0.701 -0.000 +0.128 -0.003 +0.000 —0.000 —0.000
-0.094 -0.087 -0.002 -0.992 -0.019 +0.001 -0.001 —0.000
—0.342 +0.349 -0.398 +0.017 -0.761 +0.056 —0.136 —0.039
-0.326 +0.323 -0.591 -0.009 +0.632 -0.065 -0.191 +0.015
+0.137 -0.137 +0.128 —-0.000 -0.003 +0.138 —0.935 —0.229
+0.034 -0.034 +0.039 +0.001 -0.094 -0.745 —-0.244 +0.610
—0.003 +0.003 +0.007 —0.000 +0.025 +0.646 —0.090 +0.757
+0.505 —0.505 —0.689 —0.000 —-0.108 +0.014 +0.054 +0.009

ol —0.011 +0.014
c;? +0.59 40.27
i —0.23 +1.10
1| & —1.75  +1.62 L
| el | —22 +11.9 Tevr. (103)
Cow —9.2 421.1
C.r 41024 +50.4
Con —1.36e+3 £1.38¢+3

This is the main result of this paper. We can see that the first row is approximately a constraint on
(Ogb?;) + Oq(blq)) / V2, which corresponds to the left-handed Zbb coupling, while the second row corresponds
to a constraint on Ogp, which is the right-handed Z bb coupling. These are the tightest bounds, since the
contribution arises at tree-level. The other constraints are mainly from loop-level effects. The third row is
approximately a bound on Cypy. This can be compared with the bound obtained from the U parameter,
Eq. (15). The results are in close agreement. The remaining five rows yield bounds on linear combinations
of operators.

5 Conclusions

In this paper, we have studied the effects of non-standard top quark couplings on precision electroweak
measurements. The top quark plays a role as a virtual particle in these measurements. Our study is based
on an effective field theory approach, which allows us to calculate the self-energies of the electroweak gauge
bosons at loop-level.

We have examined the effects of nine dimension-six operators that generate non-standard couplings
between electroweak gauge bosons and the third generation quarks. These operators mainly contribute
through loop corrections to the gauge boson self-energies, but some of them also have a tree-level contribution
to the Zbb couplings. The contribution of one of the operators is suppressed by my and is hence negligible.
We have also included the operators Oy p and 02,3), in order to deal with the divergences that appear in
our calculation.

We have calculated the total x? and performed a global fit including these ten operators. We allow Cyy g
and Cég) to vary, and thus obtain bounds on eight dimension-six operators. The result is shown in Eq. (103).
The two tightest bounds are from tree-level contributions to the Zbb couplings, g% and g%, and the other
bounds are from loop-level contributions. The best bound from loop-level contribution constrains % to be
of order 1 TeV 2.

If the bound on some linear combination of C; is too weak, this bound cannot be trusted, because the
linear analysis is not applicable if the coeflicients are large. The contribution from dimension-six operators
relative to the SM contribution is of order g2/(4m)? x 01@’2. This should be less than unity, thus

C; _
13 <6.1x 10° TeV 2 (104)

Even the weakest bound from our results does not exceed this limit, therefore all bounds can be trusted.
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Using Eq. (100), one can put constraints on a subset of these operators. For example, the one-sigma bound
on the coefficient C;, assuming only one coefficient deviates from its best fit value, is given by C; + Mizl/ 2,
where M;; is the diagonal element of the matrix M and is not summed over 1.

We can also consider only one coefficient to be nonzero at a time. In this case, we found the constraints

on each individual coefficient are:

0(3) C(l)
% + % =0.016 + 0.021 TeV 2 (105)
0(3) C(l)
¢ ¢q -2
A2q — —Ag =2.04+2.7 TeV (106)
Cot
A2
Cap
A2
Ciw
A2
Cow

=1.8+1.9 TeV 2 (107)
= —0.16+0.10 TeV 2 (108)

=-04+12TeV? (109)

=11+13 TeV 2 (110)

G5 _ 48453 Tev 2 (111)

-2
v 8 £19 TeV (112)
Some of these operators are already constrained from other measurements. The operator Oy modifies
the top-quark branching ratio to zero-helicity W bosons [12]. Recently, the combination of CDF and DO
measurements of the W-boson helicity in top-quark decays reports a measurement of fy, the zero-helicity
fraction [30]:

fo = 0.685 &+ 0.057[£0.035(stat.) £ 0.045(syst.)] (113)
This yields the constraint on Ciyy:
Cew _
/i? =0.03+0.94 TeV ™2 (114)

We see that Egs. (15), (109), and (114) give similar constraints.
Constraints may also be gleaned from B physics. The operators O((;;) — O((;q) and Oy, affect the branching
ratio for B — X,v. The following constraints are obtained in Ref. [23]:

0(3) C(l)

A¢2? _ % = 1.6+1.3 TeV 2 (115)
C
% —0.030 + 0.026 TeV 2. (116)

There are also contributions from O and Oy, but these are ultraviolet divergent. Thus there must be a
tree-level contribution from another dimension-six operator, which masks the contributions from Oy and
Opw . Therefore one cannot obtain bounds on these two operators.

In addition, constraints on the operator O,y can also be obtained from By s — By s mixing [31]:

Ciw
A2
This is comparable to the bounds given in Egs. (15), (109), and (114). There is also a contribution from

= —0.0640.79 TeV 2. (117)

O((;Z) - O((blq) that is divergent and requires a tree-level contribution, so this operator cannot be bounded from
Bas — B,Ls mixing.

Finally, we summarize all these constraints in Table 2.

We can see that for most operators our analysis gives the best bounds available, because electroweak
data is the only way to access these operators so far. For the other operators, our bounds are comparable
to the best bounds obtained from colliders and B physics.
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Coefficients Electroweak data | W helicity B — Xgv Bg,s — By s mixing

(Cf;) + Céﬁ}) /A2 | 0.016+0.021
(ij - C;}j) /A2 2.0+ 2.7 16413

Cyi /A2 18+1.9

C¢b/A2 —0.16 £ 0.10

C /N2 0.030 & 0.026

Cow [A* —04+1.2 0.03£0.94 —0.06 £0.79

Cow /A2 11+13

Cyg/N\? 4.8+£5.3

Cop /N 8+19

Table 2: Bounds on operators, in units of TeV 2.
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A Gauge boson self-energies

Here we give [1xy for all 9 operators.
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o Oww

Oww = 694\:{_?2 % (%E = bi(m7, m, q2)) ¢’ (142)
HUzz = —Ncgrg% (% - ;SiHQ 9W) (B = bo(my,mi, q*)) ¢* (143)
I, = —Ncgrg%g sin” Ow (E — bo(m, mi, ¢%)) ¢° (144)
e = Mg R (5= ftow) (bbb )0
e O
IIywyw = 0 (146)
e = N i (3 3 ow) (E-mitnt )t
IL,, = —Ncgﬁ%% sin Oy cos Oy (E — bo(mf, mf, qz)) ¢ (148)
thz = _Ncgﬁ% G - gsin2 9W> (E = bo(mi,mi,q*)) ¢* (149)
e Ovp
IIyw = 0 (150)
llzz = cgrg%:izg <% - ;SiHQ 9W) (E = bo(mi, m,q%)) ¢° (151)
IL,, = Cgr{g%; sin Oy cos Oy (E — bo(mi, m2, q2)) ¢ (152)
IL,;, = Ncgrg% (i - gsin2 HW) (E = bo(mi,m},q?)) ¢ (153)

Here Oy is the weak angle, N, = 3 is the number of colors. F = ﬁ — v + Indx, and the functions b;
are given by

1 2 2 2
1- (-
R R (154)
0 H
1 2 2 2
1- 21—
by(m2,m2, ¢%) :/ O L Ty U =2)a (155)
0 H
1 2 2 2
1- —2(1-
bg(mf,mg,q%:/o (1= 2)In ¢ I)mﬁx;@? wd=2)a (156)

where p is the 't Hooft mass. They have the following analytical expressions:

2 2
mi1ms miy—m mi
bo(m%,mg,qQ) = —2+log 112 + lqz 2 log (m_2)
1
+q—2\/|(m1 +ma)? — ¢?l[(m1 — m2)? — ¢2|f(m3, m3,¢%), (157)
where
1 V/ (m1+m2)2—g2—/(m1—m2)2—¢2 2 _ 2
© V(mi+m2)2—g2+1/(m1—m2)?—¢? ¢ < (m1 —mo)
2 (11 —mo)2

f(mi,m3,¢*) = { 2arctan W (m1 —m2)? < ¢* < (m1+m2)* (158)

V@ —(m1—m2)2+4/q% —(m1+m2)?
\/qz_(ml —m2)2—\/q2—(m1+m2)2

log ¢* > (m1 +ma)?
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and

1 [m? m?3 m3 m3 1 m? —m2 + ¢?
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q? 6 q? q?

B The matrix )M;; and the best fit values C;

bO(m17m27Q)' (160)

The matrix M;; and the best fit values C; in Eq. (100) are given by

(1 TeV)* 9
M = Txlo
cws Y P o) Oy Coy  Cw  Cw G Cip
Owp | +1.10e7 +3.06e6 —3.16e5 +5.47ed4 —2.70e5 —6.16e3 —1.35e5 +3.11e3 —1.71ed —1.40e4
O | +3.06¢6 +1.07e6 —1.40e5 —1.03e4 —9.49e4 +9.46e3 —3.39e4 +4.04e2 —4.77ed —3.85e3
O%) | —3.16e5 —1.40e5 +2.58¢5 +2.40e5 +1.28¢4 —4.55¢4 +3.99e3 —4.49¢l +4.96¢3 +4.35e2
O) | +5.47e4 —1.03e4 +2.40e5 +2.39¢5 +1.16e3 —4.42e4 —1.28¢2 +3.21e0 —8.20e2 —3.3del
Ogt | —2.70¢5 —9.49e4 +1.28¢4 +1.16e3 +8.49e3 —9.17e2 +2.98¢3 —3.34el +4.21e3 +3.40¢2
Ogp | —6.16e3 +9.46e3 —4.55e4 —4.42e4 —9.17¢2 +9.83e3 +1.13¢2 —1.46el +9.2del +3.20€0
Opv | —1.35¢5 —3.39¢4 +3.99¢3 —1.28¢2 +2.98¢3 +1.13¢2 +1.783 —5.16el +2.11e3 +1.76e2
Oww | +3.11e3 +4.04e2 —4.49e1 +3.21¢0 —3.34e1 —1.46e1 —5.16e1 +2.49¢0 —4.89el —4.42¢0
Oip | —1.71e5 —4.7Ted +4.96e3 —8.20e2 +4.21e3 +9.2del +2.11e3 —4.89el +2.67e3 +2.19¢2
Ovp | —1.40e4 —3.85e3 +4.35¢2 —3.34cl +3.40e2 +3.20e0 +1.76e2 —4.42¢0 +2.19¢2 +1.82¢1
(161)
and
3 3 1
G |ows o ¥ o) 0w Cw Cw Gw G Cip (162)

Ci/A2|+O.93 -1.63 —689 +689 +939 —-0.60 4149 +53.9 -—-78.3 +60.3

in units of TeV 2.

The numerical values of C; depend on both the experimental values and the SM predictions. The matrix
M is symmetric and positive definite, and its value only depends on the errors of different measurements.
If any of the SM input parameters changes, the best values C; will be affected, but the matrix M will not.
The sizes of the one-sigma bounds on the operators only depend on the matrix M.
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