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Abstract

We discuss the supersymmetry and fermionic sector of the recently obtained consistent trunca-
tions of IIB supergravity containing massive modes. In particular, we present the general form
of the five-dimensional N/ = 4 supersymmetry transformations and equations of motion for the
fermions arising in the reduction of IIB theory on 7'%! which contains all modes invariant under
the SU(2) x SU(2) isometry group. The N = 4 reduction can be further truncated to two different
N = 2 sub-sectors. For each of these, we present the N’ = 2 fermionic supersymmetry transforma-
tions and corresponding superpotentials. As an application, we obtain the explicit Killing spinors
of the Klebanov-Strassler solution and comment on the relation to the ansatz of Papadopoulos
and Tseytlin. We also demonstrate the applicability of consistent truncations on squashed Sasaki-
Einstein manifolds to a class of flux compactifications, focusing on a recent solution describing
the geometry of gaugino condensation on wrapped D7 branes and which possesses dynamic SU(2)

structure.
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I. INTRODUCTION

Kaluza-Klein reductions of maximal supergravity theories have received renewed atten-
tion in recent years. In particular, there has been much work on consistent reductions which
incorporate only a finite number of massive supergravity modes in the dimensionally reduced
theory. These constructions rely on decomposing the field content of either 11-dimensional
or IIB supergravity in terms of singlets of the isometry or structure group of the internal
manifold. The essential feature is that these singlet modes form a closed set when acted on
by differential operators, thus guaranteeing the consistency of the reduction.

Initial breathing and squashing mode sphere reductions were carried out in [1, 2], and sub-
sequently extended in [3] to the case of squashed Sasaki-Einstein manifolds in 11-dimensional
supergravity yielding gauged N' = 2 supergravity coupled to complete supermultiplets in
four-dimensions. The analogous case for IIB supergravity has since been worked out in
[4-7], yielding five-dimensional N/ = 4 gauged supergravity, with [5] emphasizing a sub-
truncation to A/ = 2. These reductions retain only singlets of the SU(2) structure group on
the Sasaki-FEinstein manifold, which allows for a rather complicated decomposition yielding
many massive fields while at the same time ensuring consistency of the reduction.

Recently, similar reductions of 1IB supergravity on 7! have been considered in [8, 9],
which, due to the non-trivial cohomology and reduced structure group of 74!, allow for
additional deformations. An important feature of these reductions is the generality of the
ansatz, as they allow for all possible deformations which are invariant under the particular
isometry or structure group. As noted in [8, 9] the reductions on T actually include the
entire content of the Papadopoulos-Tseytlin (PT) ansatz [11] as a sub-truncation, which itself
includes many interesting solutions studied in the literature [12-14]. We will furthermore
demonstrate the applicability of these reductions to recent flux compactifications which
exhibit dynamic SU(2) structure [15].

The explicit knowledge of the singlet sector of the isometry group of the internal manifold
also has benefits when considering the fermionic sector of the IIB theory, allowing one to
work out explicitly both the fermionic terms in the Lagrangian and their supersymmetry

transformations. The fermionic content and supersymmetry of the general reduction on

! For a similar construction considering massive reductions of ITA supergravity on coset spaces see [10].



Sasaki-Einstein manifolds has been analyzed in great detail for both 11-dimensional and
1B supergravity in [17, 18] and, again with an emphasis on the N/ = 2 sector of the 1IB
reduction, in [19].

In this paper we continue the study of the supersymmetry of these types of reductions for
the case of IIB supergravity by explicitly working out the fermionic supersymmetry trans-
formations and equations of motion for the general T reductions in [8, 9]. We begin by
presenting the fermionic reduction in the context of five-dimensional N = 4 supergravity
coupled to three vector multiplets. This includes reducing the supersymmetry transforma-
tions and the fermion equations of motion. We will then proceed to demonstrate appropriate
truncations to five-dimensional N' = 2 matter coupled supergravity, in the process deter-
mining the N' = 2 superpotential from the supersymmetry equations. The superpotential in
particular may be of interest for future studies and to the classification of supersymmetric
solutions to these types of reductions.

Following a presentation of the details of the reduction, we comment on the relation
to various supergravity solutions in the literature, focusing on the PT ansatz [11] and the
Klebanov-Strassler (KS) solution [12]. Demanding the vanishing of the fermionic supersym-
metry transformations gives rise to a set of Killing spinor equations for these backgrounds.
Using this five-dimensional supergravity approach, we explicitly construct the Killing spinors
of the KS solution and also comment on the relevant superpotential.

Finally, although we focus on five-dimensional gauged supergravity, the supersymmetry
analysis is also applicable to a wide range of solutions involving Calabi-Yau cones. As an
example, we discuss the recent construction of [15] which describes a solution of IIB theory
corresponding to wrapped D7-branes on a CP? cone with nontrivial imaginary anti-self-
dual (IASD) flux. As discussed in [15, 20, 21], such IASD flux is sourced by a gaugino
bilinear on the world volume of the D7-branes, and so this background is considered to be
a supergravity description of gaugino condensation.? In addition, the CP? cone possesses a
dynamic SU(2) structure. Here, we will describe the relation of the bosonic solution to the
massive truncations on squashed Sasaki-Einstein manifolds and outline the supersymmetry
conditions in this language. It is important to note that [15] includes a detailed discussion

of the supersymmetry conditions. In particular, [15] relies on the pure spinor formalism to

2 For recent related developments on this also see [22].



express the susy conditions and our presentation will be complementary to the one presented
in [15]. We also comment on the manifestation of the dynamic SU(2) structure within the
present reduction framework.

In the next section, we begin with a review of the reduction of IIB supergravity on
squashed Sasaki-Einstein manifolds and on the deformed 7. In Section III, we reduce the
IIB gravitino and dilatino transformations and equations of motion on 7! to obtain the
corresponding equations of the resulting five-dimensional N' = 4 fermions. This is followed
in section IV by a further truncation of the supersymmetry transformations into two possible
N = 2 sub-sectors. We apply the resulting Killing spinor equations in Sections IV and V
to the PT ansatz and wrapped D7-brane solution of [15], respectively. We then conclude in
Section VI by a brief discussion of future avenues to explore.

The reader interested only in the results can refer directly to equations (28)—(33) for the
complete N' = 4 supersymmetry variations and to equations (34), (40)—(42) and (45) for
the full A/ = 4 equations of motion. The corresponding bosonic lagrangian® can be found
in Section 3.3 of [8] and Section 2.2 of [9]. Additionally, if interested only in the NV = 2
truncations, the supersymmetry variations following from the bosonic truncations discussed

in Section 7.1 of [8] can be found in equations (52), (53) and (65).

II. IIB SUPERGRAVITY ON SQUASHED 7!

The reduction of the bosonic sector of IIB supergravity on a squashed Sasaki-Einstein
manifold SE5 has been carried out in [4-7], utilizing the SU(2) structure group. Similar
technology was further employed to reduce IIB theory on a squashed and twisted 75! [8, 9],
where the reduced U(1) structure group allowed for the introduction of one extra hyper-
multiplet and vector multiplet to the universal field content on SE;. Here we begin by
summarizing the bosonic reduction on 7! presented in [8, 9]. We follow the IIB supergravity
and reduction conventions of [19].

The reduction follows by decomposing the IIB field content on U(1) invariant forms along

TH1 We begin by writing the metric on T%! in terms of the complex vielbein, F; and E,

3 Note that, to match notations and conventions, one must also compare the bosonic reduction ansatz we

present in Section IT with those presented in [8] and [9]. The comparison with the latter is given in [16].



on the CP' x CP! base and a fibre direction gs,
ds?y = *4ds? + 1P B By + LB By By + 1620 (g5 + 341)°. (1)
Here we have defined the shifted vielbein,
Ey = By + aF), (2)

where « is a complex function of the spacetime coordinates. We furthermore fix 3A+ 2B, +
2Bs; + C' = 0 to remain in the Einstein frame; this constraint should be assumed in all
subsequent expressions.

For the form fields, we decompose the internal components along the invariant forms,
Jy =1+ Jo, Jo=J1— Jo, Q, 0= %gs. (3)

where .J; and J, denote the (untwisted) Kahler forms on each CP' factor on the base and
J, is the Kahler form on the entire base CP* x CP'. Explicitly, these are given in terms of

the vielbein by

i _ i _ 1
J1 D 1N\ b, Ja D o N\ Lo, 6 1N\ Lo (4)

These forms also satisfy the structure relations

Jl/\QIO, JQ/\QIO Q/\Q:4J1/\J2:4*41,
*4J1 = Jo, x4y = Ji, *48) = (1, (5)

along with the differential relations
dn =2J,, dJ, =0, dJy =0, dQ) = 3iQ A n. (6)

For generic S Ej, the two-form J_ is no longer an invariant of the structure group and J = J,.
along with €2 encode the SU(2) structure of the Sasaki-Einstein manifold.

For the three-form, we expand the two form potentials as
B = by + b, A (n+ A1) + ¢y + e -+ 2R(BQ), (7)

and write

F3 =dBy + joJ- A (n+ Av), (8)
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where ji is a constant flux term. Explicitly, for the three forms, we have

Fy = g+ g AN(n+A1)+(gi +h0) AT+ (gi —hy)Ada 455 J- A+ A1) +2R[fL AQ+ fEQA (n+Ay)],
9)

where
G =t~V AF,  gi=db, g|=dd— 2,
Wy =dey — joAr,  fi=Db,,  fi=3ib}. (10)

Here, D = d — qiA; is the U(1) gauge covariant derivative, and ¢ = 3 for bj. For the
five-form, we expand the field strength explicitly

Fy = (14 )[4+ ¢o) xa LA+ A1)+ AL Ayl +py AT A (n+ Ay)
+p2a Ao A (n+ Ar) +2R(ge AN A (n+ Ay, (11)

where we can split po; and pos into components p, and 5 along J, and J_, respectively, as
P21 = D2 + 12, P22 = D2 — T2 (12)

For the reduction of the supersymmetry transformations it is useful to define shifted

forms, defined in terms of the shifted vielbein,

. i . A . i . - 1. .
J1 B 1N\ B, Jo o 2 N\ L, 5 1N\ Lo (13)

The detailed form of the shifted variables is given in Appendix A. Finally, the five-form

equation of motion imposes the following constraints
o = —6iey; (boby — boby) + € (Goeh — 73er); (14)
along with
dA1 + 2po1 + 2pog + 4F5 = d[2e,~j(béD56 + Z_)f)Dbg) - eijeg(h{ - ngl)] + eijgi A g{. (15)

Note that, as previously mentioned, the above expansions will yield a consistent reduction

on T [8, 9]. The reduction on a generic Sasaki-Einstein manifold [4-7] follows by setting
{667jé> a, TQ} =0, By, = B. (16)

This corresponds to removing the N = 4 Betti vector multiplet available on 7! but not in

the generic case.



III. THE N =4 THEORY

As discussed in [8, 9], the full reduction on 7! is described by N = 4 gauged supergravity
in five-dimensions coupled to three vector multiplets. After a discussion of the reduction
ansatz for the fermions, we present their supersymmetry transformations and equations of

motion for the full N' = 4 theory.

A. 1IB spinor decomposition

We take the IIB fermions to be complex Weyl spinors. The ten-dimensional dilatino and

gravitino variations are then given by [23]

O\ = 2—7_2FM8M7'6 24FMNPviFJfJNPe,
5\IIM = DME
1 .
= (Vu + 4—7_281\/17'1 + 6. S'FNPQ *FxporsTu)e + 96(F NEQ — 963 TP @) 0, F poe”
(17)
Additionally, the type IIB fermion equations of motion are
i
0 =TMDy\— WFMNPQRFMNPQRA,
0 = DMNPD T, + 42—8FNPQFMU Fiipoh — —rNrMa A (18)

where the supercovariant derivative acting on the gravitino is defined in the gravitino vari-

ation (17). The supercovariant derivative acting on the dilatino takes the form

3i i i .
Dy = —9 A= —TNONTUS, + —TNPQy FL Wy 19

Following [17-19], we decompose the ten-dimensional supersymmetry transformation pa-
rameter € in terms of the killing spinor of the internal Sasaki-Einstein manifold n and its

charge conjugate n¢ according to
1
ezeA/2(€1®?7+52®776)®[0}. (20)

As discussed in appendix B, the killing spinor 7 satisfies the projections

(J1) a0 = i7an, (J)a¥'n =an,  F'n=-n,

Qw71 = —29.1°, Qu¥'n = 0, (21)
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and 7n° satisfies the charge conjugates of the above relations. The conjugate spinor in ten-

dimensions is then*
1
€ = —ToCioe* =ie? (501 — £ @1°) @ [O} . (22)

The two five-dimensional Dirac spinors ¢; correspond to four symplectic-Majorana spinors
transforming under the 4 of Sp(4). However, for simplicity, we retain a Dirac notation and
treat ¢; as a doublet under an appropriate Sp(2) subgroup of the full Sp(4) R-symmetry

group. In this case, we write the five-dimensional spinors explicitly as a doublet under Sp(2)

e = [El}, (23)

€2

according to

where the upper component denotes the factor multiplying the killing spinor 7, while the
lower component is the factor multiplying n°. Here, we have suppressed the ten-dimensional
chirality eigenvector [ (1]] In this notation, the action of the internal Dirac matrices on n

and 7° given in (21) maps onto the five-dimensional spinors ¢ according to
P (T)ae = Ya0se,  A()ae = iYaose, e = —¢
APQupe = —27,04 ¢, AQupe = 27,0 _¢. (24)

The o; (with o4 = (01 £ i02)/2) are standard Pauli matrices which act on the Sp(2) com-
ponents of ¢.

We expand the IIB fermions in a similar fashion. For the gravitino, we have

1
\I]oa = 6_A/2 (¢1a®77+¢2a®770) ® [O:|a

=2 (4 @ Jun + 4 @ 7)) ®

( 1

0

) ) N1
A/Q(W ®7a?7+¢§7)®7a77>® ol

1

( 0

=2 (9 @ don + 08" @507 ) @ | |,
. (25)
where a = {5,6} and a = {7,8}. For the dilatino, we have
0
)\Ze_A/z(A1®77+)\2®776)®{1]- (26)

4 We are using the gamma matrix conventions in [19] with the exception that there is a relative minus sign

in the five-dimensional spacetime charge conjugation between the present work and [19].
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These can also be expressed in an Sp(2) notation such that,

a2 | 1 A/ 55) A/ 57)
_ —A/2 o _ —A/2% _ A2z
v, =e Lba} W, =e ”Ya[ é5):|7 Vs =e ’7&{ (7)}7

2
_A/2~ ?Ag) _ A1
_ A/2~9 . A/2
Vg =c¢ /vag), A=e Y Wk (27)

B. D =5, N =4 supersymmetry transformations

As mentioned previously, the general reduction on TH! yields N = 4 supergravity in
five-dimensions coupled to three vector multiplets [8, 9]. In later sections we will focus on
further V' = 2 truncations, but here we first present the full N’ = 4 fermion supersymmetry
transformations.

Beginning with the dilatino, we arrive at

1

1 ; j
OA = 5,0 0o ‘W[m( "y gy = 3iem % gy)

l —2B ~i —2B i . A-C( —2B1 %
+Z (7 (e 2Blgn +e 2B2912) — e’ C(e 2]31‘701 +e 232]0 ))

~e B (3 (o = flo) = oy ~ o)) = (28)
The variation of the internal components of the gravitino gives

A 2B1+C'( |Oé| )0.3+ eA 2B1—2Bo— (4‘|‘Q§0)

8

oy = [——7 OB — e

4 LBt (7 - D(aoy — ao_) + eAP2(2:7P2 4 3¢B-C)(ao, + aa_))

4
1 _ 1 _ 9B ~ 9By
-3¢ 2B1-2B2 A +1—66 ATy (e7Ppy — e 2321722)03]5
vi| 1, _ i CA- ~i
1 [ﬁ(e Py g5 — 3ie™ "y - gb)

7 i A _ _
+Z (7 - (—3e 2Blgn +e B2912) — ie” C(_?’ 2Bljm +e 2B2902)> 03

e BB (7 (floy - f10'—) — e (fo0u — féo‘_)):|0'2<€c, (29)



5,¢)(7) — |i_%,y . 832 o %CA_2BZ+CO'3 + éeA—231—232—0(4 + QASO)

+- (7 : (6_231§il - 36_232@%2) - Z"314_0( 2Bl]m 3e 2B2]02)> 3

+6_B1_B2 (’Y . (flig+ — flio'_) — z'eA_C(féO'+ - f(Z)U_)>} 09",

5w(9) _ |:_%fy oC + = ( A— 2Bl+C( . ‘Oz|2)—|—6A_2BZ+C—3€A_C)O'3

(. -
_eA B1(2€C Bz

+36A_2Bl_232_c(4 + o) — — 3¢9 (ao, +ao_)

) 2
1 o, P ] 1 -4 “2Bip 4 e~2B2p
T3¢ 2 2327.A1+§6 Ay F 2t 166 ACy (€7 poy + e pog) o
i o N
+1¢ TPy (Goy — o) |e
S0 L2y gi 4 gie4-Cy . gi)
1|24 ’ ’

i —2By i —2B; %i

+Z (”Y (PG e Pghy) + Bie” “(e 2Bljm t+e 2B2902)> g3
B (3 (o = Fio-) + 306t C o~ fio) |t

Finally, the shifted gravitino

- {
Vo = Vo + 3720 + 290 + 4O,

10
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has the variation

(51&0{ = [@a — %AaUg -+ 8 aTl — 4 _2B1 2B2A

1
«+va(5<eA-QBr+C<1—-th>

1
_EeA—2Bl—2Bz (4+ QSO))

_ L ac
¢

1 1
e BtBD (G0, —ao_) — 67a€A_Bl(2€C_BZ + 3¢ (a0, + ao_)

4 eATEBHC | 3oA=C 5y

¢ e~ A By _ 45B~ANE
24 (fya afy ) B
”Yaﬁpy - 4557”( 2B1p 18y T € -2 2]526“/)03

e

1 A
e AP PC (B — 468y (G0 — qﬁvg—)} €

—iv; | e (1M = 26897%) G505 — ﬂe “AC(y, BT — 458 g,

1 R Cope . 1
—1(6_231910{4—6 2B292a) 3—56A ny (

e

2Bl] 1t+e 2502)03

+e BB (fuoy — faol)

(33)

The above constitute the most generic supersymmetry variations which are invariant under
the SU(2) x SU(2) isometry group of T, In section IV we will analyze two specific super-
symmetric truncations of these variations. This entails truncating the bosonic field content
and choosing an appropriate N' = 2 projection of the killing spinor e. However, before doing
so, and for the remainder of this section, we will keep the full N' = 4 field content and

present the dimensional reduction of the fermion equations of motion.

C. D=5, N =4 fermion equations of motion

We now present the N/ = 4 fermion equations of motion in the dimensionally reduced
theory. Much of this reduction is rather tedious, and we only present the final results.
However, for completeness, the reduction of the ten-dimensional covariant derivative is given

in appendix B. We begin with the reduction of the IIB dilatino equation in (18), again

11



expressing the fermions as Sp(2) doublets:

0 = YDy A
+ é7 . J,—_'()\) . i(4 + ¢0)6A—2B1—2B2—C’ . %(BeA—C' + (1 . |a|2)6A—2B1+C' + 6A—2B2+C’)0.3

—Le Pt D (a0, — aos) 4 (B PO g AP RA Oy (g, + aa_)} A
7 1 A-C

o2y gl + 2e 0y gl + (—ie P g1, + e (e

+2e~ BBy (fio, — flol) + WieA=B18mC(fig, — fior )] v

—2B1 —2By

Jon + € jiy) ) o
)

By i B (= e BNy + e )
+2e—31—327a(ﬁp _ fz _) 4 o A=B1=Ba=C(fig foia_)— ™

2,4-C (=21 -

+Ui 793_% 792"‘ 3€

_i_%eA—Bl—Bg—c(féaJr _ féa—)}w(g)- (34)

J01 +e 32352)03

The five-dimensional supercovariant covariant derivative acts on the dilatino as
D\ = [va — B Aoy + he PB4 B X — KA\, (35)

where the super-covariantization term, K (\), is the same operator which acts on € in the

dilatino variation (28). We have also defined the field strength
FN = O AR + e e pry + e PPy ) oy + die P (Gooy — Goo_). (36)
Turning now to the reduction of the IIB gravitino equation of motion in (18), let

EA=TYDpWe + Lo T - FPTAN — 2T - 0774 (37)

Breaking this up into components, { E%, £, E E°}, we obtain separated spin-1/2 equations

of motion

E®) = PeEe — 3T9F* 4 T¢E 4 T9EY,
EMD = ME* 4 T*Ee — 3T4E 4 T9F9,
E® — Mg L Pege 4 TORs _ T79E°. (38)

In addition, the five-dimensional gravitino equation of motion is simply
E*=0. (39)

12



For the spin-1/2 equations of motion, we arrive at the following for E®  E(™ and E©),

respectively:

0 =7"Day)®

+[%7 L F6) _ %eA—231—232—c(4 + ng) . %ageA_C + Lg’ageA—zBlJrC(l — |a|2)

1 A—-2B2+C 2 A—-Bi1(,—B2+C By—-C
—303€ 2t +§€ 1(6 2t +%6 2 )(

aoy +ao_)
124 i . —A-C. i 9B i 9By i
—agvi(—ge 'y - g5 —de V- Gy + 6toge” "7y - g1y — dtoge” Ty - gl

—B1—B; £ i A—2B1—C "% A—2By—C i
+6e” 7 7‘(f10+_f10—)_9‘76 oy +4ose Jo2

+2ieAB1= (foa +f00_))a26] P®
+[%e‘231 225 A — Le=Bi+B2n . D(ao, — a0 ) — %'0,36—A—C,y (B Ppy + e P2y
_%eA—2B1—2B2— (4+ (%0) 4 20’36A_2Bl+c(1 ~af?)
—eATP (= 2e PO L LeP Y Goy + ao) — Sui(Fe Ty g+ fem Ay - g
—3ioge 2Py - gy — 303 POl 4 doge PO
—6e P Peny - (fioy — fio_) — 10D PO (fig, — fio >)<f2CW
+[120,36 A=Coy (e 2Brpy, — e72B2p,) — %6A—2Bl—232 (4+¢0) 3472140 (1 _ o)
—eM P (Zem Y —2eP ) a0y + aol) — v (de My gy — e 0y g

6ot B, 4 2050 A2, BieA BB (fig, faa_>)azc3} 3O

1,0 (1,—2A. i i, —A-C, =i 2By, . ni o i —2By. i
+[1—6vi(ae v g3+ € v gy — 3toge” "ty - gy +iose Y- G1o

+303e 2Ol — oy P0G
fde~BrBan (ff0'+ _ flio__> 4 4Z-€A—Bl—B2—C(JEOiU+ _ foig_))] A, (40)

13



0 =~*Dytp"
+[2€ 27282y A — e PPy D(aoy — ao_) — tose Ay - (€7 PPy + 2T po)
_%eA—ZBl—ZBz— (4 ‘l’ QASO) + %0,3614—232—{-0 o eA—Bl(_ge—Bz—l-C + 3632_0)(6{0'4_ ‘l’ OZO'_)

12,01( /7 93 + 6 A_ny : g; - 37:0-36
~30yeA 2Bt — Ge P Pey  (fio, — fioo)
—10ieAP1=B=C (fig, — _]%0'_))0'2(3}1/}(5)

+[%~7 LM _ ieA—2B1—2B2—C(4 + ng) . %UgeA_C _ lggeA—2B1+C(1 - |a|2)

2Bioy . gh 4 doget 2P0

2

+130. €A 2B2+C+ 2 A— Bl(e—Bg—i-C_ %€B2_C>(O_KO'++O{O'_>

1 24 i _ 2 —A—C, i 9By i
—5vi(—te My gi —ie v Gy — 3ioze Pty - gy
9By i A=2B,—Ci A-2B
+6i03e” "%y - g1 + 4ose 75601 — 9o3e 2=C58,

+6e~ PPy (floy — floo) 4 2ie’ 0 (fioy — féa—))@C] ™

A-C —2B1 1 _A-2B1—2B>—C in 2 _A-2Bs+C
s€ (44 o) — 3e

v+ (€7 Py — e P2 pg) —
—eA P (e L 2e ) a0y + a0 ) — Gui(e My - g5 — 5oy g

204Gl Gy A 2O, ieA B C(fig o)),y

7: —
+[ 120'36

1, k(1 —2A.  ~i i,~A-C.  ~i | :_ —2Bi_ i 2By | i
+[Evi (—e V- g3+ 3€ V- gy +i03e Tty - gy — 3iose Y+ 19

B>

A—2B1—C i A—2Bs—C i
e = j01—|—3036 Joo

—03

+4e= PPy (floy — floo) + 4iet PP (fio, — f, 5“‘))} A )
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0 ="

[ = e ey A Lem MOy g gyemACy (72 g — Lem2py)
i A—Bl—Bz—C,}/ (G4 — Go0_) — 2ATHIBC (g 4 Gy 4 9 0AC
2036‘4 2Bl+C(1 _ |a| ) — 303614 2B2+C
—§6A_Bl(e_32+c — %632_0)(0_404_ +ao_) — Uz( My gl — %6_A_CV - G5
—3ioge 2Py . gt — 120547217050 30yt 2P0
+6c™ BBy <ffa+ - ffa) — 3000 iy — fio ) oac| v
| —le BBy A - F = foge - (567 Py — e 22 pny)
Lo A—Bl—Bz—C,}/ (Qa0y — Gao) — 2e72B2BC (4 4 ) 4 9
ga oA 2Bl+C( _ |oz\2) _ §a3eA_2B2+C

A—B1 (10 ,—B2+C Ba—C\ /[ = 7 1 _—2A ~1 3i,—A-C ~1
—e" (e +e ) a0y + a0 ) = Hui(5e7 0y gy — Fem Ty - gy

—2B> A—-2B1—C i A—2B>—C7i

—3ioze *P2y - gty — 3o3e
+6e~ BBy (floy = fio-) = 30ie BB (fioy — fio))aaC |y
|ty FO —LeBrtBry DG, —ao_) — et 7250 (4 o) + 205eC
+Lo3ed=2B1+C(1 — |af2) + Loged=202+C
e Bl(ée_Bﬁc%— 2PN ao, + ao_) — %v,(——e 24 s
—3iogy - (e 7271 g1y + 722 g1,) + 3o3e (e gy + e iy)
+12¢ BBz (flicnr — flia_) — 12i(féa+ — fOiO'_))O'QC}’l/J(g)
o (b= B ey g ey i
—|-3036A_231_0361 + 30’3€A_2B2_0582

—4e™P ey (floy — fioo) +12ie* PP (fioy — fioo)) A )

Here, C denotes the five-dimensional charge conjugation operator: Cy = ¢ Similarly to
the dilatino, the five-dimensional supercovariant derivative acts on the spin-1/2 components

of the IIB gravitino as
Db — [va — B Aoyt dgPe BB 4 g 7’1]’(/1 KW, (43)
where n® = (M = 41 and n® = —1. We have also defined the following combinations of
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field strengths

FO = C74F, 4 %6_‘4_0(6_2]31]521 — e P2 pyy)oy — die” PP (Goo, — Goo),

F = e“AR — %e_A_C(e_wlﬁm - 6_232]522)03 - 4i€_A_Bl_BQ_C(@20+ - 52‘7—)7

FO = 2R — 2e7 (e hoy + €7 Pon) oy — He TP L (Ghoy — Goo).
(44)

Finally, the gravitino equation arranges itself into terms appropriate for supercovarianti-

zation,

0 = 7" Dgth, — FK WPy (50 + 20T +9) — SR ()9 (20 + 54 + @)
—3E@)y (@ + @ 4 206) - FE ()" (45)

In this section we have presented the fermionic sector of type IIB supergravity reduced on
T! while allowing for the most general deformations which preserve the isometries of 7!,
This yields a five-dimensional N' = 4 supergravity theory described by the supersymmetry
transformations and equations of motion detailed above. In the following section we will
present and analyze the supersymmetry variations of two particular N/ = 2 truncations of
this system. It would be interesting to also consider the corresponding N = 2 equations
of motion presented in this section. While we do not do this, it should be straightforward,

although tedious, to do so using the results in the following section.

IV. N =2 TRUNCATIONS

We are interested in the truncation to N = 2 supergravity which involves setting the
massive gravitino multiplet to zero. In [8] it is shown that, at the level of the bosonic
equations of motion, this is consistent only if we also break the so-called N' = 4 Betti vector

multiplet, which in terms of the bosonic content consists of
{7“2, (Bl - BQ)a 6%)7 Oé}. (46)

The truncations presented in [8] keep either a massless ' = 2 vector multiplet® {ry, (B; —

By)}, or an N/ = 2 hyper-multiplet {e}, a}, termed the Betti vector multiplet and Betti

5 Note that ry represents the field strength of this massless vector.
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hyper-multiplet, respectively. Note that these truncations represent two explicit truncations
of the N' = 4 theory to N/ = 2 and that other truncations probably exist for different choices

of the spacetime Killing spinor.

A. Truncating out the Betti hyper-multiplet

As mentioned, the A/ = 2 truncations which we will consider include, on top of the
universal field content in all S Es5 reductions detailed in [4-6], either the Betti vector multiplet
or the Betti hyper-multiplet [8]. We begin by presenting the truncation keeping the Betti
vector multiplet, which is the more straightforward of the two, and will discuss the Betti
hyper multiplet in the following section.

The truncation proceeds by setting the massive gravitino multiplet modes to zero
{05, by, @2, o} =0, (47)
along with the fields in the Betti hyper-multiplet,
{a, ep. jo} = 0. (48)

Since we are reducing to A/ = 2 supergravity, we must choose an appropriate embedding

of N' =2 within /' = 4. In terms of the supersymmetry parameter, ¢, this turns out to be

e = ﬁ;] (49)

With this choice we find that the variations of the modes corresponding to the massive
gravitino multiplet all vanish identically, so that it is consistent to set those fermions to
Zero,

(e 57, 057, 457, M} =0, (50)
leaving the upper components of the fields from the 10-dimensional gravitino and the lower
component of the dilatino remaining.

To illustrate the multiplet structure, we arrange the supersymmetry variations into ap-

propriate linear combinations,

g = oy + )+,
o= = ) -,
= =g -, (51)
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which are based on the Kaluza-Klein mass eigenstates for the fermions in the AdS; vacuum.

The spin-1/2 supersymmetry variations are then given by

N = ! 0Tt —ie P (fy fi—iet™ Cfo)

27'2

Sypm=1/2 [ LO(By + By + LC) — §(eA2BHC | ¢A-2B24C  3,4-C)
e —2B-2Ba A +1 oC- AV.F2_'_L6—A—CV.(€—2Blp21_'_6—2B2p22)
+%€A—2B1—2B2— (4+¢0)}6_m —B1— ( - f1+ T A= Cfo) 7
Sypm="9/2 — [_%‘7 ) 8(%(31 4 By) — C) _ %(eA—2B1+C 4 eAT2Br+C _ 9,A=C)
}16_231 Py Ay Ay B ——€_A Cy (e rpy +e7? 22922)]5
—ve PP (L ff — §€A_Cf8) £,
Sypm=—1/2 — [_%7 - O(B1 — By) — %(eA—2Bl+C _ A-2B240)

—|—%€_A_C’}/ (e7Bipy, — 6_232]922)] £, (52)
and the shifted gravitino variation is

Sthe = |:Da+ SO A (7 PT — 4GBy (Fy — e 2120, o =220,
+%%<6A—2Bl+c+€A—2B2+C+36A—c _ %eA—2B1—2B2—C(4_'_¢0>)]8

_'_Ui[ —B1— Bgfz o 2 A Bi— fYaf(]] 7

(53)

where D, =V, — 3(Ay + 272572524, ) + ﬁ@aﬁ is the fully gauge and gravitationally
covariant derivative.

By setting By = By = B and ps; = pgs = ps in the supersymmetry transformations, we
see that §¢="'/2 vanishes identically, and we recover the results in [19]°. It is thus apparent
that this reduction on T"! has an additional fermionic mode "="1/2 compared with the

generic case. Along with the bosonic fields {ry, By — B}, the additional matter fill out a

massless N' = 2 vector multiplet,

which has previously been identified as the Betti vector multiplet.

6 Note that the conventions for the charge conjugate spinor € in five-dimensions is different in [19]. Here
it is defined as €® = oC4y,1€*, which differs by a minus sign to those in [19]
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While the Betti vector is a feature of the T%! reduction, and is absent in general, it is
nevertheless curious to note that the spectrum of Kaluza-Klein modes on S° contains these
fields, namely a massless vector, an m? = —4 scalar, and an m = —1/2 fermion, all at the
lowest rungs of their respective KK towers [24]”. In the maximally supersymmetric S® case,
the additional scalar lies in the 20" representation of SU(4). Since this does not contain
any SU(3) singlets under SU(4) D SU(3) x U(1), such a scalar is absent in the squashed S°
reduction as well as in the generic SFE5 reductions. Nevertheless, as the Betti vector states
lie at the bottom of their respective KK-towers [25, 26|, consistency of the T truncation
is obtained by restricting to singlets under the SU(2) x SU(2) isometry of T

From the point of view of N/ = 8 supergravity truncated to ' = 2, this suggests a break-
ing of the R-symmetry according to SU(4) D SU(2) x SU(2) x U(1) followed by a truncation
to singlets under both SU(2)’s. However, even if such a truncation were consistent, it would
require keeping an infinite set of modes along the KK towers, as representations of SU(4)
containing singlets under SU(2) x SU(2) are seemingly too easy to come by. This is related to
the fact that a consistent truncation which keeps only a finite number of modes results from
isolating singlets under a transitively acting subgroup of the isometry group, which is the

case for SU(3) C SU(4) but is not true for the standard embedding of SU(2) xSU(2) C SU(4).

1. N =2 superpotential

One advantage of having worked out the supersymmetry variations is that it allows us
to determine an appropriate N' = 2 superpotential for this truncation. From the gravitino

variation written above we can read off the following superpotential
W = _}(4 + ¢0)6A—2Bl—232—c 4 eA—2Bl+C 4 eA—2Bl+C + 3€A_C (55>
5 .
This superpotential reproduces the scalar potential via the relation

V =2G Y9 o,Wo,W — §W2, (56)

" It should be noted that the only bottom rung with a massless vector is filled by the N = 2 graviphoton.

However, this does not preclude the identification of a second massless vector at the same massless level.
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where for this truncation the inverse scalar metric is given by

3 —1 —1
L6231+232 L

47 T |7’

-1 iy o -1 g o
(g{Bl,Bz,C}) '= 16 13 -1/, ( {bl,bg}) T =

-1 -1 7

, Gt =13.(57)

A further truncation of the Betti vector, obtained by setting By, = B, = B, then reproduces

the superpotential obtained in [2, 19]

1
W = _5(4 i ¢0>€A—4B—C 1 9A"2BHC | 3,A-C (58)

B. Truncating out the Betti vector multiplet

The truncation which retains the Betti hyper-multiplet is a bit more interesting. We
again begin by setting the massive gravitino modes to zero. To appropriately truncate the

N = 2 Betti vector multiplet we are required to set
re =0, 2 B1=B2) — 1 _ o). (59)

It is natural to attempt to choose a simple embedding of N = 2 supersymmetry in N = 4
as in (49). However, if we did this, it would soon become apparent that we cannot truncate
out the fermions in the massive gravitino multiplet as in (50). So apparently there is some
subtlety with this truncation. In particular, since « encodes essentially a twisting of the
internal vielbein, this twisting also affects the fermions, which take values in the spin bundle.
We find that an appropriate embedding requires that the supersymmetry parameter € as

well as all the fermions take the twisted form

_ igs| €1 60
e=eit? 0], (60)

where

2k o )
= —(—ay,a1,0), k = arctan | ———= ). 61
5 ‘a|( 2, 1 ) ( /71 — |OA‘2 ( )

Note that the un-rotated spinors will be denoted with a tilde. This rotation is in retrospect
expected based on the form of the Killing spinors in general conifold reductions as discussed,
e.g., in [27].

With the embedding (60), we verify that it is consistent to set the following fermions in

the massive gravitino multiplet to zero,
{02, (057 +457), 957, M} =0, (62)
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as they all have vanishing variation. Notice that we have not set the difference, 1/?55) — 1y
to zero. In order to have consistent supersymmetry variations it is necessary to make the
identification
=90 = ———— G ). (63)
VITaE

In this case we are again left with the lower component of the dilatino and the upper
components of the gravitino with the exception of 1;(5) — 1;(7) as described above. We

proceed again by organizing the spin-1/2 fermions by mass eigenstates,

,J]mzll/2 _ 2@(5) + @5(7)) + %9)’
=92 = L 4 7y — )
=32 = g ", (64)

The supersymmetry transformations then become

o\ = c0re —ia e Py - ]:’ et C]:’)

27’

5dm:11/2 _ |:—%’)/8(4B—|—C) 3 —4B,y A+ 160 A7~(F2+6_2B_2Cp2)

—ieAT2BHC (] |qf?)71/2eAC 4 BpAIBCy qﬁ)} g
—ofle_szi(%W . ]’3{ + ZeA—C'ﬁi)éc
Sm=—9/2 _ [_%‘7.(3_0) — 1emiBy L A 1O Ay L (F, 4 e72B-20))

_%6A—2B+C_|_ %(1 - |a|2)—1/26A—C]§+a—16—2BU( % }—z i 16A c]_-Z) ~c

60" = iy - (1= |a)*R(@Da) + iS(@Da)) - 3ie'~C|a?|2

e (0 - 2300 ) — ) - 230 |
i = [ Dot A0 = A0 iy 26725
+%%l <2€A—2B+C 1301 |a‘2>—1/26A—C _ %eA—4B—C(4_'_ éo))
+ﬁ (1= (1—]a)™?) S(aDya)|é
+a_1e_2Bvi(ﬁé — évaeA_Cﬁé)éc, (65)

where we have defined the following combinations

= %(O‘flz) + mg(aff)> (afo) W%(afo) (66)
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have taken B = (B; + Bs)/2, and have taken the covariant derivative to be D, = V, —
F(Aa 4 g2 2P2A,) + 20,m — 5 (1= (1 = [af*)7"/?) A, In addition to the universal
N = 2 multiplets identified in [19], this reduction retains the Betti hyper-multiplet, with
four real scalars {€, a} and a single Dirac fermion corresponding to the difference PO —p(™).

On-shell, these fields complete an N' = 2 LH+RH chiral multiplet

D(3,0,0), = D(3 0)1 + D(3,0,0)2 + D(4,0,0)o,

11
2727
D(3,0,0)_5 = D(33,1,0)_1 + D(3,0,0)_2 + D(4,0,0)o. (67)

Comparing this T"! field content with the spectrum of excitations on S® [24], we see
that scalars and a fermion with the appropriate masses show up at the second rung of the
KK tower. Curiously, they are the same towers corresponding to the Betti vector modes
discussed in the previous section. This seems to indicate that these modes do not belong to
a universal consistent truncation, as it would be expected that in a general scenario modes
not at the lowest rung of the tower will source modes higher on the tower, thus destroying

the consistency.

1. N =2 superpotential

Again, in this truncation we can read off an N/ = 2 superpotential from the gravitino

variation

1 3
W = _5(4 + o)eAmB=C | 9pA-2BHC | A-C (68)

e
V1—|a]?
This superpotential correctly reproduces the scalar potential according to (56), where in this
case the inverse scalar metric has a few more components and is given by
1 (1 -1 1 a? -2+ |al?

Gy’ = 77 . Gt =51 al) ;- (69)
R ) N 2 24 @

2(1 + |af?) 2ia —2ia
(MY 2ia a? -1 |, Gl=7. (70

e -1 «

4B
1 . e

S 1
et 1) 41— [a]?)
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V. SUPERSYMMETRY OF THE PT ANSATZ AND THE KS SOLUTION

Most attention on Sasaki-Einstein reductions of IIB and M-theory involving massive
modes has been focused towards applications involving the construction of duals to con-
densed matter systems. However, these constructions are readily applied to reductions on
Calabi-Yau cones. Consider, for example, the case of IIB supergravity on a non-compact
CY3. By singling out a radial direction, and hence writing C'Y3 as a cone over SFEj5, we end
up with an effective theory reduced to five dimensions. The resulting spacetime metric can

be viewed as a warped product of the form
ds? = X qp? + ezy(p)hw(:c)d:c“dx”, (71)

where h,,, is the four-dimensional metric. (Note that X (p) can be set to zero by an appro-
priate redefinition of p.)

For reductions to four-dimensional Minkowski backgrounds, we let h,, = 7, and set all
non-scalar background fields to zero. What remains are scalars, which we take to depend only
on the p coordinate. This is, of course, a standard domain wall ansatz. Supersymmetric
domain wall solutions may be obtained by solving the resulting Killing spinor equations.
Since the four-dimensional spacetime is flat, and hence admits trivial parallel spinors, all
that remains is to fix the action of v” (where the overline denotes a tangent space index).

The most general choice is

vPe = cosfe + €' sin O<°,

Pet = e " sinfe — cos Oe”, (72)

where 0 and ¢ are two arbitrary (and possibly p dependent) angles. This is of course a
1/2-BPS projection for the domain wall.

As previously noted in [8, 9], the general N' = 4 reduction on T"! includes the PT
ansatz [11] as a subset. Unfortunately, the N’ = 2 truncations we have focused on only
include a further subset of the PT ansatz which contains the deformed conifold solution [12]
but not the resolved conifold [14] or the Maldacena-Nunez solution [13]. In what follows
we will examine the supersymmetry of the Klebanov-Strassler solution from the consistent
truncation point of view and make a connection to the previously obtained superpotential.
It would be interesting to obtain an N = 4 superpotential from the full N' = 4 variations

given in Section III B. However, we leave this for future work.
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A. Supersymmetry of the Klebanov-Strassler solution

As a nontrivial consistency check of our analysis, we examine the Killing spinor equations
of the Klebanov-Strassler solution. Starting with the supersymmetry transformations given
in Section IV B, this actually becomes a fairly straightforward exercise. For completeness,
we discuss the precise relation between our ansatz and the KS solution in Appendix C1.
The only work we have to do is to obtain the projection satisfied by the supersymmetry

parameter £, which, after examining the solution, turns out to be given by
VPE = —&, YPES = E°. (73)

This corresponds to constant § = 7 and ¢ = 0 in (72). Using this projection, we can insert
the KS solution into the supersymmetry transformations in section IV B. When evaluated
on the KS solution, we find that UZ]:"{ and Ui]:"g both vanish, and upon applying the Killing
spinor projection the supersymmetry transformations of all the spin-1/2 fields vanish.

All that remains is to examine the p-component of the gravitino variation. We find that

the Killing spinor is given simply by
€0, (74)

where®

3 5/12
e¥/? = <§€4/3) R12 /6 ginh V3 P, (75)

and ¢ is now a constant spinor parameter. Note that this is precisely the expected form for
the Killing spinor in solutions containing a timelike Killing vector. Using this we can express
the ten-dimensional Killing spinor for the Klebanov-Strassler solution, in the notation in
(23), as

€= h—l/se%@‘?{g;], (76)

in agreement with the literature [28].

In addition, we also recover the appropriate superpotential from the general expression
given in (68). As a check we map our ansatz to the PT ansatz explicitly?. Doing so we get
the following expression for the superpotential in terms of the fields in [11],

272/3 <1

W==313

[Q 4 2P(hy 4 bhy)]e 22T 4 ¢72272 | cosh ye‘”"), (77)

8 The precise form of the functions h(p) and K (p) are given in Appendix C 1.
9 The detailed relation between our ansatz and the ansatz in [11] is given in Appendix C2.
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which is precisely the superpotential given in [11] for the KS ansatz up to a convention

dependent overall factor. This again acts as a nontrivial check of our analysis.

VI. DYNAMIC SU(2) STRUCTURE IN FLUX COMPACTIFICATIONS

Recently an interesting solution of IIB has been constructed in [15] which possesses dy-
namic SU(2) structure. This solution is a warped reduction on a cone over CP?, constructed
as the supergravity solution to D7-branes wrapping the internal CP? base. A very inter-
esting aspect of this solution is that it contains nontrivial imaginary anti-self-dual (IASD)
flux on the cone as a component of the complexified 1IB 3-form. In [15, 20] it is argued
that TASD flux is sourced by gaugino bilinears on the world volume of the D7-branes. Thus
gaugino condensation on the world volume will source IASD flux in the supergravity and so
this background provides a supergravity description of gaugino condensation.

Another interesting aspect of this solution is that it possesses dynamic SU(2) structure
on the cone. The dynamic SU(2) structure is described by a varying inner product between
two internal spinors on the six-dimensional manifold. For static SU(2) structure this inner
product is constant everywhere. When the inner product varies along the internal manifold
the SU(2) structure is termed dynamic. We will find that for our ansatz this dynamic
SU(2) structure is encoded in the fact that the five-dimensional killing spinor, €, satisfies a
nontrivial projection which varies along the radial direction of the cone.

The wrapped D7-brane solution of [15] includes a general presentation of the supersym-
metry variations on the cone in the language of generalized complex geometry by utilizing
the Killing spinors on the cone. The explicit solution described therein is in a particular
limit of this geometry termed the near-stack region, although some properties of the solution
for the full cone geometry are also given. The purpose of this section is to relate the full CP?
cone reduction with the reduction on generic squashed SEj5 discussed in [4-6] and whose
supersymmetry has been analyzed in [18, 19]. The theory corresponds to a particular trun-
cation of the 7! reduction we have analyzed and thus our supersymmetry transformations
in Section III B are still applicable to this reduction after truncating out the additional field
content. We present the supersymmetry variations on the full cone as well as discuss the

supersymmetry of the near-stack solution found in [15].
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A. The reduction on the full CP? cone

The full CP? ansatz presented in [15] can be recovered from the general ansatz on SFEs.

The metric ansatz is given by!?
ds?, = 24Py do'da” + e 240 dsg (y)>. (78)
The internal metric can be brought to the form
dsg = e P ptdp?® + p* (dip + Ap)?) + €29mds? (CP?), (79)

where ds?(CP?) is the Fubini-Study metric on CP* and A,, is the corresponding Reeb vector.
Explicitly these are given by,

52](1 + |Zk|2) — ZiZj _
dZidZ-,
(1 + [26[?)? ’

(zidZZ- - Zide), (80)

ds*(CP?) =

{
I —
2(1 + |2 [?)

where z; are complex coordinates on CP?. Also, note that the internal manifold is six-
dimensional so that the coordinate p should be identified as a radial coordinate in the
five-dimensional space-time manifold in our reduction as in the discussion at the beginning
of Section V.

The five-form is described by a single function
F5 = (]. + *10)W4 VAN dam(p), (81)

where wy is the volume form on the four-dimensional spacetime with metric ds* = ), dx#dz".
In addition, the complex three-form, which in our notation is G,,3 = v;F%, may be expanded

in terms of SU(3) invariant forms w; ; as
Gz = g3.0(p) wao + 92,1(p) wa1 + gr2(p) w2 + gos(p) wo,3. (82)
In our notation the w; ; assume the explicit forms

wso = P dp NQ+ip’QAn,  way = pldp ANQ—ip* QU A,

wos = pdp A Q+ip*Q A, wig = pdp NQ—ip*Q A (83)

10 To avoid confusion we denote all quantities from [15] with a subscript m. The relation between our ansatz
and that of [15] can be found in Appendix C 3.
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The supersymmetry transformations for this reduction can be read off from the general
expressions in Section III B. The vanishing of these conditions should reproduce the expres-
sions given in Section 4.3 of [15] with the caveat that there they allow for general dependence
on the complex fiber. However we must restrict dependence on this fiber direction to only

p so that Jg reduces as in Eq. (5.17) in [15].

B. Supersymmetry of the near-stack solution

We now move on to detail the supersymmetry conditions in the near-stack limit of the
geometry described above. While this was already thoroughly analyzed in [15], we never-
theless wish to highlight the applicability of the squashed Sasaki-Einstein reduction to this

system. The near-stack limit is implemented by scaling the coordinates as
Zi —» (SZZ', p — 51/3p, (84)

and truncating at a finite order in 0. It will turn out that in order to keep the terms involving
TASD flux we will neglect terms of O(6%) or higher.

In order to match onto the solution presented in [15] we must choose the supersymmetry

6:{0}. (85)

parameter as

€2

Inserting this into the N' = 4 supersymmetry transformations in Section III B, we arrive at

SN = —g=v - Ores +ie ?Pu; (v fl — e’ f]) e,

5 — '_%7 OB + %'eA—2B+C n %6A—4B—0(4+¢0)}52
;ivie_w (iv - fi + e fo)es,

5p© = __%'7 SO0 — jeTIBTC 4 BieAmC éeA_‘lB_c(‘l + ¢o)]52

+1ve B (iy - fi+3eCfp)es,
S = |V — Y (46A_2B+C +6e47C 4 A0 (4 ¢ (Z;o)ﬂag

+oe 2P (fl — Le Y. f7) €5 (86)

The analysis of these equations in the near-stack region is slightly subtle. We find it conve-
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nient to rewrite the above transformations in terms of the ansatz of [15]

A(p)or = —ip&ﬂyﬁag + iP3€2Am ((93,0 + 92,1)7’3 + (93,0 - 92,1))52
A(p)oy® = (%vﬁpﬁp/lm + LpletPm — %e“lAmp@pam) g9
_i'psemm ((90,3 + g1.2)7" — (90,3 — 91,2))557
Ap)op® = (—%75(3 — pOpAy — 2p0,B,,) — iple P 4 3 — ée‘“mpapozm) €2
+ipg€2A7’L ((90,3 + 912)7" + 3(g03 — 91,2))55,
poY, = <p0p — 1—1275(4p66_48m +6— 6_4Amp0pam))52

1
+p° ((90,3 +g12) — 5%(90,3 - 91,2))55, (87)

8, 8
where A(p) = pte 3435

is an overall p-dependent factor.

Implementing the near-stack scaling in (84), we see that all terms are O(6°), except terms
containing g; ;, which are O(¢), and the potential term containing e~*#m_ which is O(6?).
In order to keep the IASD flux encoded in ¢y 5 we choose to keep terms of O(¢) or lower,
setting O(6?) and higher terms to zero. (We then set § = 1 after performing this scaling.)

Finally, choosing the Killing spinor to satisfy,
Py = cospey 4+ e sinpes, 7Pes = e sinp ey — cospes, (88)

and using the supersymmetry conditions derived in [15], which are given in (C12), it can be

seen that the above supersymmetry transformations all vanish provided

Y/2607 (89)

Eo9 = ¢€

with ¢ a constant spinor. In our notation the dynamic SU(2) structure is encoded in the
above expression and in the Killing spinor projection, where the parameter ¢ is a nontrivial
function of p.

One detail that we have glossed over in the above discussion involves the limiting pro-
cedure to the near-stack geometry. In particular, we find that dropping the potential term
proportional to pSe~*Pm was needed in order to satisfy the supersymmetry conditions. The
solution for B,, arrived at in this way yields

ple =5

6 _—4Bnm 9|C21|2 —4A,, (90)
sim- @
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which is of the same order as the other terms in the variation, thus implying that the
exclusion of this term is seemingly not justified. In fact, this precise term was discussed in
Section 6.3 of [15] as arising from effects due to the D7-branes acting as sources in the full
ten-dimensional geometry as opposed to isolating the near-stack region, where they appear
to only source modes within the cone. The resolution to this given in [15] is to impose a

further separation of scales such that
A (91)

Evaluating the supersymmetry conditions in the near-stack region supplemented with the
above condition then gives precise agreement with [15]. This highlights the point made in
[15] that the solution obtained is appropriate for a finite range of the coordinate p and cor-
rections to this solution are parametrically suppressed within this region.!' This discussion
seems to highlight the fact that, as is done in [15], care must be taken when interpreting ap-
proximate solutions and emphasizes the desire to obtain exact solutions when possible. The
approximate solution obtained in this way nevertheless is an interesting first step towards

understanding solutions in these backgrounds.

VII. DISCUSSION

We have presented an analysis of the fermionic supersymmetry transformations for re-
ductions of IIB supergravity on squashed T%! containing massive modes.

We presented the full N = 4 theory, including a detailed exposition of the supersymmetry
transformations and equations of motion. Following this we focused on the supersymmetry
variations of truncations to N' = 2 supersymmetry, where we were able to read off the
relevant superpotentials. This analysis furthermore allows us to investigate the Killing
spinors of cones over T%!. As an example, we examined the Klebanov-Strassler solution and
also recovered the superpotential given in [11]. The knowledge of the generic superpotentials
for the N' = 2 reductions may prove useful in determining other supersymmetric solutions.

While we have only constructed superpotentials for ' = 2 truncations, a more thorough

analysis of the entire N' = 4 theory is required in order to make contact with the entire

I We thank L. McAllister and B. Heidenreich for clarifications on this.
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PT ansatz. In particular, it would be interesting to determine the superpotential describing
the full N/ = 4 theory. This would be desirable as it would also allow a direct connection
with interpolating solutions such as those described in [29], and may help to further clas-
sify four and five-dimensional solutions of IIB supergravity. We leave the study of such a
superpotential to future work.

Given the success of extending the generic consistent truncation on SFEj5 to the case of
T4 one may wonder whether a similar Betti vector reduction can be obtained for the
more general class of Y7 manifolds which also admit U(1) structure. Unfortunately, this
possibility seems unlikely, as while a closed anti-self-dual form J_ does exist, it however does

not square to the volume form on the base. In particular

2
J_NJ_ = —m *yq ]_, (92)

in the notation of [30]. The explicit dependence on the internal coordinate y spoils the
consistency of the truncation retaining the Betti vector modes associated with J_.

Finally, we also demonstrated how the consistent massive truncations of IIB supergravity
on SF5 manifolds may be related to a class of flux compactifications on Calabi-Yau cones.
Much of the recent work on flux compactifications has utilized the powerful machinery of
generalized geometry. We hope that, in relating some of these types of compactifications to
the consistent truncations we have been discussing, it might be possible to elucidate some of
the structure of these types of supergravity solutions as well as to provide a common ground

between the two approaches.
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Appendix A: Relation between hatted and un-hatted quantities

For convenience, we define both the unshifted tensors

i _ 1 _ 1
Jl - EEI A El, J2 = EEQ VAN EQ, Q = BEI N EQ, (Al)
and the shifted tensors
. i - - . i - N 1. .
Jl - EEl N El, Jg — EEQ AN Eg, Q — 6E1 N Eg. (AQ)
The relation between these sets of tensors is given by
Ji=Ji,  Jy=Jy— ol +3(aQ), Q=Q-2iaJ, (A3)
and the inverse
Jl = jl, J2 = jg — |Oé|2j1 — %(d@), Q= Q + 2’iOéj1. (A4)

Expanding the three forms in terms of the shifted tensors, we have

Fy = 35435 A+ AD) + G A+ Gia A Je 4 Jog i A (n+ AL + JoaJe A (n+ Ay)
R[N Q+ fEQA (n+ Ay, (AD)
with the following relations
¥ = 95
B = 9
g = (L= laf)gr + (1 + |a*)h) + 2iaf] - 2iafi,
flié = gi - h’iv
fi = fi+gialei — ),
fo = fo— giags,
Jon = (Lt lal)jo + 2iaf; — 2iaf;,
%2 = —j(i)- (AG)
Likewise, for the five-form, we have
Fy = (44 o) s2 LA (n+ A1) 4+ Ay A sgl 4 por AJL A (7 + A1) + oz A Ja A (17 + Ay)
+2R(G2 AQUA (n+ Ay)) + 2472572804 4 gy 5 1
L BATRBI2Ba4C | A (g 4 A)) 4 eATBB2BC A

+€A+2Bl_2B2_C * ]522 A jl -+ 2§R(€A_C * qAQ A Q), (A?)
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where

¢0 = ¢07
Al - Al?

o1 = (1= |aPpe + (1 + |aP)ry + 2iag — 2iag,,
1322 = P2 —To,

G2 + 310 (py — 73). (A8)

[
)
I

Appendix B: Reduction of the covariant derivative

The ten-dimensional covariant derivative acting on spin-1/2 and spin-3/2 fermions is

given by

VM)\ = [8M + %WMABFAB])\,

V™ = [0 + 2on®T pelv? +wn? pyP. (B1)
Defining v = O + inABFAB, we find

VO = e [Vh 4+ 117054 — FAa(7 +3™) + f03e™ 09 Fog?’

FA PR, (a4 007) (1 - 75, (B2)
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along with

;ysvgo) _ e—A[__agfy 0By + L 1,A- 2B14C(1 _ |o[2)7%07° — 1‘ e~ BI+B235Ta D () + s ™)

—7°7(

—l—@e‘Bl cot 0y sin(¢/2)(3°° — 37,

1 _A—B1—Bs+C A—Bi1+B>—C 789
LB BatC  BeABitBeC) (o) 1 0y37)57|

,?ﬁv((iO) _ e—A[_ %637a8a31 4 %6A—2B1+C(1 o )75679_‘_ iGaeBrBag08a D) (o) 4 ap7T)

—7%(

—@e_Bl cot 0 cos(1/2) (77 — 7™),

5/7v’(70) — e_A|:_ _0-37 8 B2+ 1 A 2BQ+C,Y78,V + O' e Bl+Bz,’?57,yaDa(a1_'_a2;?56)

; A—Bi— B2+C+3 A—Bi+Bo— )(ozl—l—ozg’y )778,}/9]

~57(1 A—B1—Ba+C 3 A-B1+B2—-C 56\ 7,56 29
—7"(ze — i€ ) + a7y 7}

—@e‘BQ cot By sin(1)/2) (7% — 7™),

sté(so) = €_A[— %&37a8a32+%€ 2B2+077879 i 03¢ B1+3276870D (al+a27 )

_:YGS(%eA—Bl—BQ—l—C _ %eA—Bl-l-Bz—C)(al X aﬁ%)’y%ig}
—l—@e‘B2 cot By cos(w/2)(i56 — 7)),
,~y9vg()0) _ e—A[_ 1637‘18 O — Lo A+Cyab g 570+ 3eA C(5% 4 778)79
_%6A+C(6—2Bl(1 ~Jaf?)5% 4 e2P2578)39
_‘_,?57(%6A—B1—B2+C’ - %eA—Bl—i-Bz—C)(al + ) (5% 4 778W9]- (B3)

Note that the factor (%% —5™) = 4°6(1 4+ 4%) vanishes when acting on a Killing spinor 7, so
the angle dependent factors do not show up in covariant derivatives of A and e. Furthermore,
they will be cancelled by the additional spin connection term in (B1) when computing the
covariant derivative of the gravitino.

By demanding the action of the above covariant derivatives on the Killing spinor vanish
in the simple “un-deformed” 7! reduction we can deduce the projections satisfied by the
Killing spinor. One finds that when acting directly on a Killing spinor pair [ nC]T, the

internal Dirac matrices take on the eigenvalues
30 =" =ioy, 7' =-L (B4)
For 4°7, we have

15 Q+5-Q, 3703 =17 -Q+5-9. (B5)



Using

this is equivalent to

Appendix C: Relations to other solutions
1. Klebanov-Strassler

The Klebanov-Strassler ansatz [12] in a notation which makes comparison to ours fairly

straightforward is,

4/3

_ e*3h
dS%O = h 1/2 {de2 -+ dl‘udl'u]

4
+ /2.4/3 + i\2 1.3 2 4 512
+2fh € KlQCosth;_l(e) +e'e’ + e’e +3K3(e) ;

1 _
Gz = M(F = 5)(Q2+9),
F3 = d02_3M€5/\J_,

3 _

By = =3¢ M(f +R)J- + Sg.M(f — Q- ),

Hs = dB,,

Fy = By A Fy = —108g,M?( 41 A, (C1)

where

(sinh(2p) — 20)'/
21/3ginhp

To relate this to our ansatz and to satisfy the supersymmetry equations, it turns out to be

K(p) = (C2)

necessary to perform a world-sheet parity transformation on the IIB fields above,
{BQ>F5} - {_B2>_F5}7 (C?))

with all other fields in the solution invariant. After performing this parity transformation
the Klebanov-Strassler solution is recovered from our ansatz by the following identifications,
for the three and five-forms,
4+ g0 =108g.M*(, ey =3g.M(f+k),  jo=—9M,
31 1
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and for the terms in the metric,

a1 = cosh™!p,

3
C— §h1/264/3Ksinhp,
020 — %h1/2€4/3K—2’

1/3\%?
o2X Z(5) 3219 pA/3 [r=4/3 i d/3 0,

3\ /3
o2 — (5) £20/91,1/3 r2/3 sinh4/3p, (C5)

where, ¢ = f(1 — F) + kF, with all other fields in our ansatz set to zero. The solution to

the above ansatz given in [12] is then,

pcothp —1
= ——(coshp —1
pcothp —1
k = ———————(cosh 1
2sinh p (cosh.p+1),
sinhp — p
=" F C6
2sinhp (C6)

and the warp factor is given in differential form,

2\ g M2
= —4(= 972 (C7)
3 K?2sinh® p

2. PT ansatz

The generalized ansatz of Papadopoulos and Tseytlin [11] is also contained within our

framework. The following mapping translates between their notation and ours,
62B1 —_ 66x+g’ 62B2 — 66:{:—9’ 620 — 96—6p—x’

a = —a, ay =0, c(l] =6y, 0(2) =0, e(l] = 6hq,
el =0, jo =0, jo = 18P, by = 3ihs, bs = —3Pb,
(44 ¢o) = —108K = —108[Q + 2P(hy + bhy)]. (C8)
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3. Warped D7-brane solution of [15]

The map between the full ansatz on the CP? cone in [15] and ours is given by:

2B _ 6—2Am+26‘m7 620 _ p6€—2Am—4Bm

62X — p66—8/3(2Am+2Bm—Cm)’ 62Y — p26_4/3(Am+Bm_2Cm), (09)

&

Y

for the metric factors. For the five form,
€4Y+X+5A—4B—C(4 + ¢0) — _Of:,n (Clo>

And for the three form,

Uz'fli = (930 + 92,1)P2d,0> Uz’fé = Z',03(93,0 — §2.1)s

szf = (go3 + 91,2)P2dp7 Uifé = —ip3(90,3 — g1.2). (C11)

The supersymmetry conditions in the near stack region result in the following relations,

Za"T — i ZHTT _ i
930+ 921 = cot e AmtiE g gy = — At
27—2 27'2
L5 pe-2Am—i Lo s
Jo3+ g12 = i&,ape 2Am 5, Jo3 — J12 = —5(4 sin 0, A,, + cos 0, p)e 24m f’
_ 4Am B o— A 11 |e1]? 1o
e " m_ZOg r2sin® @1’ (C12)

where r = %p?’. Note also that C,, is taken to be a constant.
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