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There is a high level of interest in black hole-neutron star binaries, not only because their mergers
may be detected by gravitational wave observatories in the coming years, but also because of the
possibility that they could explain a class of short duration gamma-ray bursts. We study black hole-
neutron star mergers that occur with high eccentricity as may arise from dynamical capture in dense
stellar regions such as nuclear or globular clusters. We perform general relativistic simulations of
binaries with a range of impact parameters, three different initial black hole spins (zero, aligned and
anti-aligned with the orbital angular momentum), and neutron stars with three different equations of
state. We find a rich diversity across these parameters in the resulting gravitational wave signals and
matter dynamics, which should also be reflected in the consequent electromagnetic emission. Before
tidal disruption, the gravitational wave emission is significantly larger than perturbative predictions
suggest for periapsis distances close to effective innermost stable separations, exhibiting features
reflecting the zoom-whirl dynamics of the orbit there. Guided by the simulations, we develop a
simple model for the change in orbital parameters of the binary during close encounters. Depending
upon the initial parameters of the system, we find that mass transfer during non-merging close
encounters can range from essentially zero to a sizable fraction of the initial neutron star mass. The
same holds for the amount of material outside the black hole post-merger, and in some cases roughly
half of this material is estimated to be unbound. We also see that non-merging close encounters
generically excite large oscillations in the neutron star that are qualitatively consistent with f -modes.

I. INTRODUCTION

It is important to understand mergers of black holes
(BHs) and neutron stars (NSs) not only because they are
a chief source for ground-based gravitational wave (GW)
detectors (such as LIGO [1]) but also because they may
be accompanied by a diverse range of electromagnetic
(EM) and neutrino emission. One of the more interest-
ing possibilities in this regard is that BH-NS mergers
may be progenitors of a fraction of observed short-hard
gamma-ray bursts (sGRBs) [2–4]. Furthermore, existing
and planned wide-field survey telescopes such as PTF [5],
Pan-STARRS [6], and LSST [7] are beginning to observe
and classify fainter EM transient events, some of which
are expected to be produced in BH-NS mergers from a
variety of mechanisms (see [8] for a recent, detailed ex-
ploration of the possibilities). Coincident observation of
these EM events with a gravitational wave signal from a
binary coalescence would provide a wealth of additional
information about the system beyond any individual ob-
servation, even, for example providing an independent
way to measure cosmological parameters [9]. However
this depends on having a good understanding of how to
map the particular observations to the underlying astro-
physical processes governing the merger.

The great diversity in sGRBs hints at the possibility
that there will be a corresponding diversity in the associ-
ated GW and EM signals, and motivates the exploration
of all viable channels for binary compact (BCO) mergers.
BCOs may form through the evolution of primordial bi-
naries or through dynamical capture in dense stellar sys-
tems, such as nuclear or globular clusters. BCOs formed
through the latter channel, which could merge with non-

negligible eccentricity, are the focus of this work, which
is a follow up of a first study of dynamical capture BH-
NS evolution using full general relativistic hydrodynam-
ics [10]. Before delving into the details, we briefly sum-
marize the motivation for studying this class of BCO;
see [10] and a related study on eccentric NS-NS merg-
ers [11] for more discussion. In contrast, most studies of
BH-NS mergers to date have focused on the quasi-circular
inspiral case; see [12] for a review of these efforts.

A chance close encounter of a BH and NS in a stel-
lar cluster could result in a bound system if the energy
loss due to GW emission is sufficiently large. (Tidal in-
teraction with the NS is also a source of energy loss [13],
though due to the relative scalings with distance, to lead-
ing order the total cross section for capture is dominated
by the GW emission.) Due to gravitational focusing, a
sizable fraction of binding encounters will result in highly
eccentric binaries that merge within a few orbits of the
initial encounter. For Newtonian hyperbolic orbits of sys-
tems with total mass M and relative velocity w at infin-
ity, the pericenter separation, rp, is related to the im-
pact parameter at infinity, b, by rp = b2w2/2M +O(w4)
(unless otherwise stated we employ geometric units with
G = c = 1 throughout). Thus, since the capture rate
is linearly proportional to the cross sectional area, it is
linearly proportional to rp. For the 4:1 BH to NS mass
ratio systems studied here (with w = 1000 km/s), esti-
mates of the energy lost to GW based on the work of [14]
shows binding encounters occur at rp . 40 M (and scales

with mass ratio as µ4/7). The results presented here show
that cases with initial rp . 7M (for the canonical non-
spinning BH), or close to 20% of binding encounters (of
a 4:1 system with w = 1000 km/s), result in “direct col-
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lisions,” i.e. merging on the first close encounter.

At first glance it may seem that such encounters would
be too rare to be of any relevance as possible GW or
EM transient sources; however, recent studies have sug-
gested otherwise. In [15] estimates of BH-BH encoun-
ters in galactic nuclear clusters suggest Advanced LIGO
rates of O(1− 103) per year, while in [16] (following ear-
lier work in [17–19]) it was argued that direct capture
NS-NS mergers in globular clusters could account for a
sizable fraction of observed sGRBs. In this latter work
a procedure is also provided for scaling the NS-NS re-
sults to BH-NS systems, which yields BH-NS dynami-
cal capture event rates of O(10 − 102) yr−1 Gpc−3 (us-
ing an estimate of the relative fraction of BH to NSs
fBH/fNS ≈ 0.28 as suggested in [16]). In comparison,
population synthesis models [20] find primordial BH-NS
merger rates from ∼ 0.1 yr −1Gpc−3 (pessimistic) to
∼ 120 yr −1Gpc−3 (optimistic). To estimate Advanced
LIGO detection rates would require full templates for
these events, which we relegate to a future study; how-
ever, in [21] the signal-to-noise ratio was computed using
post-Newtonian based models of the early stages of the
mergers, which showed that a subset (depending upon
the component masses) could be observed out to 200-300
Mpc for an average orientation, even excluding the fi-
nal stages of the merger in the templates. This suggests
detection rates of ∼ 0.3− 10/yr. For comparison to pri-
mordial BH/NS binaries, [22] quotes an Advanced LIGO
optimal detection distance of 927 Mpc for a 10 M⊙ BH
to 1.4 M⊙ NS merger, which scales to ∼ 400Mpc when
averaging over orientation and sky location; the corre-
sponding detection rates range from 0.2/yr to 300/yr for
pessimistic to optimistic source population estimates.

Though far from conclusive, there is also observational
evidence for multiple sGRB progenitors, which could in
part be due to dynamical capture versus primordial merg-
ers. Of sGRBs with identified host galaxies, ∼ 25% have
offsets of & 15 kpc from their hosts [23]. This subset of
sGRBs with large offsets would be consistent with kicked,
primordially formed BCOs or with dynamically formed
binaries in globular clusters. The latter may be preferred
for the largest offsets [24], especially if primordial BCOs
experience weak kicks [25]. Analysis of X-ray afterglows
observed by Swift/XRT suggests that different progen-
itors may be responsible for sGRBs with and without
extended emission [26]; again, one possible explanation
is dynamical capture (with extended tidal tails leading
to long-term emission) vs. primordial. There has also
been a claim that a very-high-energy gamma-ray source
observed in Terzan 5 may in fact be the remnant of a
BCO merger-powered sGRB [27]; if true, this would sup-
port the claim that dense cluster environments can be
significant sources of BCO mergers.

It has also been suggested that some merging NS-NS
or BH-NS binaries are actually part of a coeval or dy-
namically formed triple [28]. The tertiary (for example
a white dwarf) drives the binary to high eccentricities
through a Kozai resonance, resulting in a faster merger

time. Though dynamically different from direct cap-
ture two body systems, in Kozai-accelerated evolution
the merger itself could take place with significant eccen-
tricity [29] and have comparable behavior at late times
to the systems studied here. However, we are unaware of
any systematic studies of expected populations and corre-
sponding LIGO event rates for such Kozai triple systems.

Merging with moderate to high eccentricity could have
significant effects on all the GW and EM observables
from the event. In contrast to a low eccentricity inspiral,
the GWs are emitted primarily around periapsis, result-
ing in waveforms that more resemble a sequence of bursts
than a continuous signal. Consequently, for mass ratios
relevant to stellar mass BH-NS mergers, the evolution of
effective orbital parameters describing the binary is not
adiabatic, i.e. it does not occur quasi-statically as in
the early inspiral of low eccentricity binaries. Regard-
ing effects associated with tidal disruption of the NS, an
interesting coincidence for this class of BH-NS systems
is that the typical radii inside of which tidal stripping
begins (depending upon the NS compactness and hence
equation of state) roughly coincides with the range of
pericenter separations where the orbit becomes unstable
due to general relativistic effects (rp . 10M depending
upon on the spin of the black hole where M is the to-
tal mass of the system). The resultant dynamics could
thus be very different from Newtonian expectations. Of
course, these two zones also roughly correspond for quasi-
circular inspiral. However, highly eccentric binaries have
significantly more angular momentum (at a given orbital
separation) than quasi-circular binaries. This additional
angular momentum could strongly affect the matter dy-
namics relative to the quasi-circular case, for example
resulting in comparatively massive disks and/or in mul-
tiple and prolonged episodes of mass transfer and ejec-
tion. Ejected mass will decompresses and form heavy
elements through the r-process [30–32], and thus these
systems could account for a significant fraction of such
elements in the universe. Furthermore, subsequent decay
of the more radioactive isotopes could lead to observable
EM counterparts [8, 33].

In [10] we presented the first simulations of BH-NS hy-
perbolic capture and merger for a non-spinning BH and
a single equation of state, modeled using general rela-
tivistic hydrodynamics (GRHD) (see [16] for an earlier
related study using a Newtonian-based hydrodynamics
code). We found a striking dependence of the outcome—
disk mass, unbound material, GW signal—on the impact
parameter. However, astrophysical BHs are expected to
form with a range of spins, (see e.g. [34, 35]) and in the
quasi-circular case spin was found to be crucial in obtain-
ing significant accretion disks [36–39]. Additionally, there
is significant uncertainty about the NS equation of state
(EOS). Since the EOS determines the NS compaction
and, hence, the point at which the NS will become tidally
disrupted, it will also be an important determinant of
the merger outcome. Here, we expand upon the previ-
ous analysis and consider initial BH spins aligned and
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anti-aligned with the orbital angular momentum (with
dimensionless spin parameter a = 0.5 and a = −0.5 re-
spectively), as well as different EOSs (the “2H”, “HB”
and “B” models from [40]). Note that there is no a priori

reason to expect alignment of the BH spin with orbital
angular momentum in dynamical capture binaries; this
particular choice of spin direction and magnitude was
purely motivated as a first, simplest exploration of the
effects of spin on the merger. Certainly in future studies
a broader expanse of parameters will need to be con-
sidered. There is also much room for improvement with
the matter description, including more realistic EOSs and
additional physics beyond GRHD. For quasi-circular BH-
NS inspiral [41], EOS effects were studied in [42–45], the
effects of magnetic fields in [46, 47], and higher mass ratio
systems (up to 7:1) in [48].

In the remainder of the paper we begin with a brief
review of our numerical methods (Sec.II); more details
are given in a companion paper [49]. In Sec. III we de-
scribe the particular cases we study. We focus on systems
with small initial periapsis, rp, in part for the practical
reason that these binaries merge quickly and are thus
computationally tractable, but also because this is the
regime where full GR effects will be most strongly mani-
fest, and maximum complementary information to post-
Newtonian studies (e.g. [21] or [16]) can be obtained. We
present the results of the simulations in Sec. IV. We find
that the rich variability in the dynamics and merger out-
come as a function of impact parameter is compounded
by considering different EOSs and values of BH spin. For
example, we find that with prograde spin or a stiffer EOS,
significant episodes of mass transfer may occur during
non-merger close encounters. Systems where the BH has
retrograde spin or that are somewhat less eccentric (than
parabolic) can undergo sustained whirling phases before
merger that are evident in the GW signal. As in the ec-
centric binary NS mergers studied in [11], we also find
that strong f -mode oscillations in the NS can be excited
in close, non-merger encounters (see also an earlier study
of a head-on BH-NS collision [50], though here the pres-
ence of the f-mode is largely a consequence of the initial
data). In Sec. V we use the results of the simulations
to calibrate a simple model for the non-adiabatic evo-
lution of effective orbital parameters during each close
encounter. This will be used in a future study to build
model GW templates and explore the detectability of
these systems with gravitational wave observations. We
conclude in Sec. VI.

II. NUMERICAL METHODS

In this section, we briefly outline our numerical meth-
ods for solving the GRHD equations. More details are
presented in [49], including results from an extensive
range of tests.

A. Evolution

We model the evolution of BH-NS binaries by solving
the Einstein field equations coupled to a perfect fluid.
We solve the field equations in the generalized harmonic
form [51–53] with constraint damping [54, 55], where
the coordinate degrees of freedom are specified through
source functions Ha. We employ fourth order accurate
finite difference (FD) techniques and Runge-Kutta time-
stepping. In order to avoid singularities we excise within
any apparent horizons. In evolving eccentric binaries, we
find that a damped harmonic gauge similar to the one
described in [56] (see also [57]) is beneficial in achieving
stable evolutions through merger. Specifically a damped
harmonic gauge takes the form Ha = ξ(na − n̄a), where
na is the four vector normal to the constant coordinate
time slices, n̄a is another time-like unit vector, and ξ is a
constant controlling the magnitude of the damping. The
particular form for n̄a that we found to work well is from
[57],

n̄a =
1

α

(

∂

∂t

)a

+ log
( α

h1/2

)

na. (1)

We use a value of ξ ≈ 0.2/M , though include a spa-
tial dependency so that ξ goes to zero at spatial infinity.
In addition we begin with initial data in the harmonic
gauge and transition to this damped harmonic gauge be-
fore the two objects began to strongly interact. The use
of this gauge seems to smooth out sharp features in the
lapse that develop near merger when harmonic gauge is
used, however we have not studied the pure harmonic
case in sufficient detail to conclude whether or not har-
monic time-slicing is developing a coordinate singularity.
We describe the neutron star material as a perfect

fluid. The fluid equations are written in conservation-law
form and solved using high-resolution shock-capturing
schemes. Though we have implemented several meth-
ods for calculating inter-cell fluxes and for reconstructing
fluid primitive variables at cell faces, we used HLL [58]
combined with WENO-5 [59] for the results presented
here. The fluid is evolved with outflow boundary con-
ditions using second order Runge-Kutta time-stepping.
To resolve the various length scales, we use Berger and
Oliger style adaptive mesh refinement (AMR) [60]. AMR
boundaries require special treatment in conservative hy-
drodynamics codes, since the fluxes emerging from a
fine grid region, for example, do not exactly match
the incoming flux calculated on the coarse grid (due to
their differing truncation errors). To enforce conserva-
tion, we correct the adjacent coarse grid cells using the
fine grid fluxes, according to the method of Berger and
Colella [61]; more details on our particular implementa-
tion of this method is given in [49].
Truncation error estimates are used to generate the

AMR level structure. All initial data were evolved with
a fiducial “medium” resolution run, where the coarsest
level has 1283 cells and covers the entire domain (we use
a compactified coordinate system, so this includes spatial
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infinity), and we chose a maximum truncation error so
that initially 6 additional levels of refinement (7 total)
are generated to resolve the BH and NS. Given the com-
putational expense of these simulations, we limited the
total number of levels to 7 during evolution, and did not
allow regridding on the 2 coarsest levels to prevent the
algorithm from tracking the outgoing gravitational waves
beyond the largest extraction sphere of 100M . For sev-
eral representative cases we also ran a “low” and “high”
resolution simulation for convergence testing, where on
each level the low (high) resolution run has a mesh spac-
ing of 64/50 (64/96) that of the medium resolution run,
and we scaled the corresponding maximum local trun-
cation error threshold parameter used by the AMR al-
gorithm assuming second order convergence. Note that
this procedure will not generate identical hierarchies be-
tween different resolution runs (except for the 2 coarsest
levels in the wave zone which we keep fixed), but on av-
erage the highest resolution grid covering a given coor-
dinate cell will have the above refinement ratios between
the different runs. To give some sense of the smallest
scales resolved by the hierarchy, before tidal disruption
the low (medium, high) resolution run has two finest level
meshes centered around the BH and NS of roughly 803

(1003, 1503) cells each, resolving the diameter of the NS
with approximately 40 (50, 75) cells, and the BH horizon
diameter with roughly 70 (85, 130) cells. Unless other-
wise noted, results will be reported for medium resolu-
tion, with error bars (where appropriate) computed from
convergence calculations.

B. Initial data

We construct initial data by superimposing a boosted
BH with a boosted (non-spinning) TOV star solution
separated by d = 50M . Though this superposition
does not strictly satisfy the constraint equations except
in the limit of infinite separation, we have performed
tests at various separations in order to verify that the
superposition-induced constraint violation is comparable
to truncation error at our resolution, in particular follow-
ing an initially slightly larger transient that propagates
away (and is partly damped due to the use of constraint
damping) on roughly the light-crossing time d of the bi-
nary. In Fig. 1, we show the level of constraint violation
(Ca ≡ Ha −�xa) following the transient for various sep-
arations and resolutions for the rp = 10M case. At these
resolutions, we can still achieve convergence of the con-
straints with this superposed data, and increasing the ini-
tial separation to d = 100M does not significantly affect
the level of constraint violation at the same resolution.
This implies that the error introduced by the superpo-
sition is on the order of or smaller than the numerical
truncation error at this resolution.
The fact that we are beginning the binary at finite

separation as a simple superposition of boosted single
compact object solutions, and that there is a transient

early-time constraint violation both effectively introduce
systematic errors in the parameters of the binary. To
give some idea of the possible magnitude of this error,
the effect on the apparent horizon mass of the BH at
early times and the amplitude of the density oscillation
induced in the NS are both . 2%. Though it is difficult
to exactly quantify how this will translate to modified
binary parameters, we expect it to be comparable to, or
smaller than the error introduced by setting initial orbital
parameters at a finite distance based on a Newtonian ap-
proximation (as described in the next section). As we
report later, the truncation error in quantities of interest
that we do measure (such as energy emitted in GWs) is
percent-wise larger than this, implying that solving the
constraints, or attempting more accurate initial repre-
sentations for the metric and NS fluid distribution may
only offer marginal improvement in the overall accuracy
of the results at these resolutions. However, for future
higher resolution studies it would be important to solve
the constraints and improve the model of the physical
initial conditions for the system.
Finally, we briefly comment that since our simulations

employ compactified coordinates such that the outer
boundaries extend to spatial infinity, the global (ADM)
M and J should be conserved. In practice, however, we
must evaluate these quantities at a finite distance, mak-
ing them subject to gauge artifacts, some propagating
outward from the central BH/NS region from t = 0. For
t < 200M , an extraction sphere of 300M is free of prop-
agating artifacts, whence M (J) is conserved to better
than 0.3 (2.0)% for all cases at medium resolution.

III. CASES

Motivated by possible BH-NS interactions in cores of
galactic nuclei and globular clusters, we create initial
data for hyperbolic encounters with varying impact pa-
rameter. These encounters are hyperbolic since the two
bodies have non-zero kinetic energy at (effectively) infi-
nite separation. We will take their relative velocity at
infinity to be w = 1000 km/s, since this is the expected
magnitude of the virial velocity in the core of a nuclear
cluster [15, 62].
In practice, this initially positive total energy is small

compared to the kinetic energy of the encounter itself, so
that the orbits are nearly parabolic and have eccentrici-
ties 1 + O(10−5). In this study we will also restrict our
attention to BH-NS systems with a 4:1 mass ratio (re-
ferring to the isolated ADM masses of the BH and NS).
The reasons for choosing this mass ratio are in part be-
cause it is within the range of astrophysically plausible
values given current observations of NS and candidate
BH masses (see for example [63, 64]), and in part be-
cause within this range it is also a value where we expect
to see strong tidal disruption effects. Certainly it would
be of interest to explore a broader range of mass ratios,
though again due to limited computational resources we
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FIG. 1: L2-norm of the constraint violation, Ca ≡ Ha −�xa,
in units of 1/M from the rp = 10M case in the 100M ×100M
region around the center of mass in the equatorial plane (i.e.
√

∫

‖Ca‖2d2x/
∫

d2x ). This is shown for low, medium, and

high resolutions for the standard initial separation between
the BH and NS of d = 50M ; the relative magnitudes at a given
time are consistent to good approximation with second-order
convergence. Also shown is a medium resolution run with an
initial separation of d = 100M . The time is shifted so that
the point of closest approach occurs at approximately t = 0
for all cases.

leave that to a future study.

We choose the initial positions and velocities for the
BH and the NS according to the Newtonian equations for
a hyperbolic orbit (see, e.g., [65]) with w = 1000 km/s
and an initial separation of d = 50M . We vary the initial
spin of the BH, considering the values a = −0.5, 0, and
0.5 where negative (positive) values indicate retrograde
(prograde) spin in relation to the orbital angular momen-
tum. We also consider three different EOSs: the “2H,”
“HB,” and “B” broken Γ-law models from [40]. For the
prototypical 1.35 M⊙ NS that we use, these give com-
pactions MNS/RNS = 0.13, 0.17, and 0.18 respectively.
Note that, while the compaction of the B EOS NS is only
slightly smaller than that of the HB, it has a maximum
mass of 2.0 M⊙ (the 2H and HB have maximum masses
of 2.83 and 2.12 M⊙ respectively). Given recent obser-
vations [66], B is therefore on the soft end of the allowed
range (for the EOS family considered here). We include a
thermal component in the EOS, a Γ-law with Γth = 1.5,
to allow for shock heating.

We do not consider large impact parameters corre-
sponding to initial rp > 15M . Even so, for impact pa-
rameters at the upper end of the range we do evolve the
eccentricity is sufficiently large (though < 1) after the
first close encounter that it would be very expensive to
evolve to the second encounter. To help calibrate our
model for orbital parameter evolution we introduce in

Sec. V, we also consider a set of runs with initial orbital
parameters for a bound orbit with eccentricity e = 0.75
instead of the hyperbolic orbit with e ≈ 1. These sim-
ulations can be seen as corresponding to systems that
have already undergone one or more close encounters,
and evolved to these orbital parameters.
To keep the parameter space at a manageable size, we

vary only one of the three parameters of BH spin, NS
EOS, and initial eccentricity at a time from our base
case — an initially non-spinning BH (a = 0), a NS with
the HB EOS, and the two objects initially with New-
tonian orbital parameters corresponding to a marginally
unbound orbit (e ≈ 1) — and then consider a range of
impact parameters. See Fig. 2 for plots of the NS tra-
jectory for several cases, and Fig. 3 for snapshots of the
rest mass density at select times illustrating aspects of
the matter dynamics.

IV. RESULTS

Varying the parameters as discussed in the previous
section, there is much degeneracy in the qualitative fea-
tures that arise (which will need to be addressed in future
studies investigating extraction of source properties from
GW and EM observations). This is essentially because
the leading order source of the variability is rooted in
the following two properties of the system: (1) the NS
radius, varied by altering the EOS (as the NS mass is
fixed in this study), (2) the location of the innermost
stable orbit (ISO) varied by changing the spin of the
BH or the eccentricity of the encounter. For equatorial
geodesics on a black hole background, the ISOs asymp-
tote to circular orbits, though these should not be con-
fused with the innermost stable circular orbit (at r = 6M
in Schwarzschild), or ISCO. The circular orbits (in the
range r = 3M to 6M in Schwarzschild) associated with
the ISOs with non-zero eccentricity are unstable, and un-
der infinitesimal perturbation their non-circular nature is
manifest in the form of zoom-whirl behavior [67]. Specif-
ically, depending upon the size of the perturbation, the
geodesic will undergo a number of near circular orbits
(the “whirls”), followed either (depending upon the sign
of the perturbation) by a plunge into the BH or by a
single near elliptical orbit (the “zoom”), and if the latter
case this motion repeats. Away from the geodesic limit
there is still an effective ISO where qualitatively simi-
lar behavior occurs [68], though radiation reaction will
eventually drive the system to a merger for all bound
systems.
In terms of the gravitational dynamics, the closer the

periapsis is to the ISO, the more whirling that occurs,
resulting in enhanced GW emission and more rapid evo-
lution of effective orbital parameters. Regarding the mat-
ter dynamics, the ISO is essentially the “event horizon”
for fluid elements following geodesics, or being close to
geodesic. What this implies is on a close encounter, if
the NS is not disrupted and the periapsis of the orbit is



6

within the ISO, a merger will result and the entire NS will
fall into the BH. If the NS is disrupted, following the es-
sentially Newtonian redistribution of angular momentum
that results, fluid elements within an ISO corresponding
to their effective eccentricity will immediately plunge into
the BH, while the rest will either move out onto eccen-
tric orbits to later fall back onto an accretion disk, or
be ejected from the system. If the majority of the NS
mass ends up outside the ISO following disruption, once
it moves beyond the tidal disruption zone there will be
sufficient self-gravity for the material to re-coalesce into
a NS core. Similarly, in a partial disruption where only
the outer layers are stripped from the NS, some stripped
material will accrete into the BH, some back onto the
NS, and a portion will be flung out unbound.
In the following sub-sections, we break down the dis-

cussion of phenomenology of the encounters by first
summarizing the results from the base case presented
in [10] (Sec. IVA), then describe in turn what happens
when spin (Sec. IVB), EOS (Sec. IVC) and eccentricity
(Sec. IVD) are changed relative to the base case. In order
to have some intuitive understanding of why the changes
have the effects they do, it is useful to keep the above
discussion in mind. This can also allow one to anticipate
what would happen if parameters we are not altering here
are changed, for example the BH or NS mass.

A. Zero-spin survey with HB EOS

Here we summarize the results obtained for simula-
tions with an initially non-spinning BH and a NS with
the HB EOS (see [10] for more details). We considered
a range of periapsis separations from rp/M = 5.0 to 15
(i.e., 50 to 150 km). (Henceforth, we will consider rp
to be normalized by M .) In all of these cases, sufficient
energy is carried away by GWs to result in a bound sys-
tem. Our simulations exhibit three types of behavior:
(1) a direct plunge (rp = 5.0, 5.83, 6.67, 6.81), (2) follow-
ing the initial periapsis passage, a single elliptical orbit
and then a plunge (rp = 6.95, 7.22, 7.5), and (3) following
the initial periapsis passage, a long-period elliptical orbit
(rp = 8.75, 10.0, 12.5, 15.0). For the latter group (and the
high resolution rp = 7.5 run), we do not simulate the en-
tire orbit since the length of such simulations would make
them very computationally expensive 1, and we focus on
the burst of GWs associated with the first periapsis pas-
sage. For one case in each class (rp = 5.0, 7.5, 10.0) we
performed a convergence study which showed approxi-

1 For example, based on an estimate using the emitted GWs and
assuming a Newtonian orbit the rp = 8.75 case will undergo
another close encounter after ∼ 7000 M, which would take 2-
3 months of wall clock time to simulate at medium resolution
(while the larger rp cases will take even longer). Though such
long runs are not unheard of, we chose to use our limited com-
putational resources to explore a greater number of parameters.

mately second order convergence and allowed us to per-
form a Richard extrapolation to estimate errors in the
resulting GWs. To give further indication of the trun-
cation error in these runs, in Fig. 4 we plot the error
in the trajectory of the NS in a fly-by case, rp = 10
(see Fig. 2 for the medium resolution trajectory). The
GW energy and angular momentum emitted (including
extrapolated values from the resolution studies) as well
as the disk properties of those cases followed through
merger are summarized in Table I. Table II shows the
spin of the post-merger BH (for this base set of runs as
well as the subsequent parameter survey) for the cases we
followed through merger. As the threshold in rp dividing
(1) and (2) is approached there is a dramatic enhance-
ment in the gravitational energy and angular momentum
released during the close encounter.
The amount of material remaining after merger which

could potentially form an sGRB-powering accretion disk
also depends significantly on impact parameter. Below
the threshold dividing (1) and (2), there is a sizable
amount of remaining material, in excess of 20% in the
rp = 6.81 case. In most cases ≈ 50% of the material is
unbound. A simple numerical estimate of the fallback
time for the bound material based on when the elliptic
orbit will return to the accretion disk shows the charac-
teristic t−5/3 scaling [69].

B. Effects of black hole spin

As expected from Kerr geodesics, prograde BH spin
results in a smaller critical impact parameter below which
the NS merges with the BH on the first encounter than in
the non-spinning case; the converse is expected for cases
with retrograde initial BH spin. For the cases with initial
BH spin a = 0.5 (top of Table III), only the rp = 5.0 case
merges on the first encounter while rp = 5.5, 6.0, and 6.25
go back out on a short elliptic orbit before merging. The
rp = 7.5 and 10.0 cases go out on a long elliptic orbit after
the initial periapsis passage, and we did not follow these
through merger. For the rp = 5 case, we also performed
convergence tests in order to estimate truncation error for
a spinning BH where the effective ISO is closer to the BH.
From this we compute Richardson extrapolated values for
the energy and angular momentum of the resulting GW
as well as for the amount of matter left over post-merger;
these values are reported in the table. In Fig. 5 we also
show the amount of rest mass exterior to the BH horizon
as a function of time and resolution for this case.
One important consequence of the reduced critical im-

pact parameter in the prograde case is that, around this
threshold, the tidal forces on the NS are greater and the
resulting accretion disks consequently larger. Even more
striking, the enhanced tidal interaction can lead to sig-
nificant mass transfer from the NS to the BH even in
non-merger close encounters, as for example with the
rp = 5.5, a = 0.5 case. Here the NS becomes highly
distorted and loses approximately 16% of its mass to the
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FIG. 2: Trajectories of the NS center of mass for various simulations. The rp = 7.0 with 2H EOS, rp = 7.0 with B EOS, and
rp = 5.5 a = 0.5 (HB EOS) both undergo a close encounter followed by a short elliptic orbit before merging. Note that while
in both the rp = 7.0 cases the NS approaches the BH on essentially the same orbit, the dynamics around the close encounter
and subsequent orbits are very different due to EOS effects (see Sec. IVC). The rp = 10 (HB EOS) undergoes a long-period
elliptical orbit following the initial periapsis passage. The remainder of the cases shown merge on the first encounter while
displaying various degrees of whirling behavior.

BH (see Fig. 6). However, a compact (albeit highly dis-
torted) star remains (see Fig. 3 middle, bottom) until it
merges with the BH on its second close encounter.

For the a = −0.5 cases (bottom of Table III), rp = 5.0,
7.5, and 8.13 are direct mergers, while the rp = 8.28 case
goes through a single elliptic orbit before merging. The
rp = 8.44, 8.75, and 10.0 cases go out on longer elliptic
orbits which we did not follow to completion. Because
of the larger critical impact parameter for merger on the
first encounter, there is less tidal disruption and hence
the accretion disks contain ≤ 1% of the total NS rest
mass for all the cases followed through merger. However
this also means that the BH and NS can undergo more
whirling behavior in the critical regime before merger.
This is especially evident in the waveform for the nearer
threshold merger case of rp = 8.13, a = −0.5 as shown
in Fig. 10. The gravitational wave signal shows several
cycles of almost constant amplitude and frequency, in-
dicative of a nearly circular orbit. Compared to the near

threshold non-spinning case (rp = 6.81, also shown in
Fig. 10), this whirling period is much more pronounced
in the waveform.

C. Effects of equation of state

We also considered two additional EOSs: the B which
is softer than the HB and the 2H which is stiffer. Though
the different EOSs have only a slight effect on the critical
impact parameter, they can have a dramatic effect on the
near-threshold behavior. For the B EOS, we chose four
different impact parameters (bottom of Table IV): rp =
5.0 and 6.25 (direct mergers); rp = 7.0 (after periapsis
passage, a short elliptic orbit and then merger); and rp =
7.5 which we did not follow through its full elliptic orbit
after the first close encounter. The more compact B EOS
NS experiences less tidal disruption and forms accretion
disks with ≤ 1% of the total NS rest mass for all cases
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FIG. 3: Rest mass density in the equatorial plane from various BH-NS simulations, left to right, top to bottom: (1) the BH
and NS undergoing a close-encounter (t = 242 M, rp = 7.0, B EOS), (2) the NS undergoing a whirling phase before merging
(t = 269 M, rp = 8.13 a = −0.5), (3) the NS stretched into a long tidal stream during merger (t = 506 M, rp = 7.5 e = 0.75),
(4) a mass transfer episode (t = 292 M, rp = 7.0, 2H EOS), (5) towards the end of a mass transfer episode during the NS’s first
periapsis passage (t = 272 M, rp = 5.5 a = 0.5), and (6) a nascent accretion disk (t = 388 M, rp = 5 a = 0.5). Recall that rp
is reported in units of total mass M . The color scale is logarithmic from 10−6 to 1 times the initial maximum density (ρmax =
8.3 (3.7,9.8) ×1014 g cm−3 for the HB (2H, B) EOS). The BH is roughly the same coordinate size (with diameter ≈ 3 M) in
all panels, which can be used to infer the relative scale of each snapshot.

rp M0/M0(t = 0) a M0,u/M0(t = 0) b τacc (ms) c First periapsis d Total e

EGW

M
· 102 JGW

M2 · 102 EGW

M
· 102 JGW

M2 · 102

5.00 0.005g 0.0 25 – – 0.67(0.87)f 4.14(4.86)f

6.67 0.107 0.056 130 – – 1.29 9.10

6.81 0.221 0.101 40 – – 1.19 9.60

6.95 0.018 0.003 47 0.697 7.33 1.65 13.9

7.22 0.013 0.001 16 0.358 4.48 1.18 10.2

7.50 0.009 0.003 7.6 0.242(0.147)f 3.44(2.46)f 1.03 44.7

8.75 . . . . . . . . . 0.073 1.58 . . . . . .

10.0 . . . . . . . . . 0.033(0.027)f 0.97(0.88)f . . . . . .

12.5 . . . . . . . . . 0.011 0.46 . . . . . .

TABLE I: Disk properties and GW energy and angular momentum losses for an initially hyperbolic (e ≈ 1) encounter of a
zero spin BH and NS with HB EOS. Dashed entries correspond to cases that merge during the first encounter, and hence have
no “first periapsis”; dotted entries correspond to binaries that were only evolved through first periapsis passage.
a Rest mass remaining outside the BH shortly (∼ 50 M) after the end of merger, normalized by the initial total rest mass.
b Unbound rest mass estimated using local fluid velocities and assuming a stationary metric.
c Rough initial accretion timescale (τacc = M0/Ṁ0) evaluated shortly after merger.
d Energy and angular momentum lost to GWs during the first close encounter.
e Total GW energy and angular momentum losses for cases which were followed through merger.
f Results are from medium resolution runs; values in parentheses are Richardson extrapolated estimates using low and high
resolutions, where available. Note that the relatively large error for rp = 7.5 (and to a lesser extent rp = 5, 10) is due in part
to truncation error altering the actual periapsis by a small amount, and in this regime the GW emission is highly sensitive to
binary separation (Figure 12).
g For the rp = 5 case M0/M0(t = 0) was the same at the three resolutions to within ≈ 5 × 10−4, however for such low disk
masses we expect systematic effects, e.g. the numerical atmosphere, to be important.
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FIG. 4: Convergence of the NS trajectory for the rp = 10, a =
0 case (see Sec. IVA). What is plotted is the magnitude of
the difference in the center of rest-mass position of the NS
between the low and medium resolution runs, and between
the medium and high resolution runs scaled assuming second
order convergence. The close encounter occurs near t = 230M
where the largest “perturbation” of the orbit due to trunca-
tion error happens; the relatively large growth of the differ-
ence in trajectories following this is mostly just a reflection
of this change in the orbital parameters that occurred around
periapsis.

a = 0 HB EOS

rp 5.00 6.67 6.81 6.95 7.22 7.50

afinal 0.49a 0.45 0.37 0.47 0.50 0.50

aeff 0.40 0.46 0.47 0.47 0.48 0.49

a = 0.5 a = −0.5

rp 5.00 5.50 6.00 6.25 5.00 7.50 8.13 8.28

afinal 0.74 0.71 0.71 0.70 0.16 0.25 0.22 0.24

aeff 0.72 0.74 0.77 0.77 0.08 0.17 0.19 0.19

2H EOS B EOS

rp 5.00 6.75 7.00 5.00 6.25 7.00

afinal 0.50 0.29 0.33 0.48 0.52 0.48

aeff 0.40 0.46 0.47 0.40 0.45 0.47

e = 0.75

rp 7.50 7.81

afinal 0.44 0.49

aeff 0.46 0.47

a
afinal = 0.49± 0.01

TABLE II: Post-merger BH spin (dimensionless) for various
initial conditions. Also shown is the effective spin, aeff , used
in the model described in Sec. V and calculated from initial
conditions using (3).
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FIG. 5: Effect of resolution on the disruption and subsequent
accretion of NS material, as measured by the total rest mass
exterior to the BH horizon, for the rp = 5, a = 0.5 case (see
Sec. IVB). The amount of rest mass remaining at late times
at the different resolutions is consistent with approximately
second order convergence.
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rp M0/M0(t = 0)a M0,u/M0(t = 0)b τacc (ms) c First periapsis d Totale

EGW

M
· 102 JGW

M2 · 102 EGW

M
· 102 JGW

M2 · 102

a = +0.5

5.00 0.165(0.295)f 0.021(0.107)g 4.8 – – 1.25(1.41)f 7.14(9.04)f

5.50 0.174 0.088 40 0.800 7.14 1.40 10.9

6.00 0.181 0.029 26 0.360 4.16 1.53 14.7

6.25 0.080 0.014 33 0.347 4.11 1.29 12.0

7.50 . . . . . . . . . 0.104 1.90 . . . . . .

10.0 . . . . . . . . . 0.025 0.82 . . . . . .

a = −0.5

5.00 0.007 0.0 36 – – 0.33 2.32

7.50 0.008 0.0 71 – – 0.82 5.91

8.13 0.010 0.0 0.12 – – 1.57 13.7

8.28 0.002 0.0 2.8 0.385 5.12 1.25 12.8

8.44 . . . . . . . . . 0.268 3.98 . . . . . .

8.75 . . . . . . . . . 0.167 2.85 . . . . . .

10.0 . . . . . . . . . 0.052 1.32 . . . . . .

TABLE III: Disk properties and GW energy and angular momentum losses for an initially hyperbolic (e ≈ 1) encounter of a
BH with spin a = ±0.5 and NS with HB EOS. The same comments and set of footnotes a to f apply as in Table I.
g For the rp = 5, a = +0.5 case the Richardson extrapolated value of M0,u/M0(t = 0) was computed using just the medium
and high resolution results and assuming second order convergence due to the low amount of unbound material in the low
resolution case.
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FIG. 7: The fraction of rest mass outside a given radius,
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∫ R

r
ρdV , for an isolated star with the HB or 2H EOS

and M = 1.35 M⊙. Here radius, r, is normalized to the radius
of the HB star (RHB). The horizontal, dotted lines indicate
the amount of material accreted into the BH during the initial
close encounter for the rp = 5.5 case with HB EOS (bottom)
and the rp = 7.0 case with 2H EOS (top) as shown in Fig. 6.

followed through merger. For the 2H EOS, we considered
five different impact parameters (top of Table IV): rp =
5.0 and 6.75 (direct mergers); rp = 7.0 (after periapsis
passage, a short elliptic orbit and then merger); and rp =
7.25 and 7.5 which we did not follow through the full
elliptic orbit after the first close encounter.

The less compact 2H EOS NS experiences significant

tidal deformation, and for the rp = 6.75 and 7.0 cases
there is ≈ 30% of the NS material leftover post-merger.
In the case of rp = 7.0 the deformation and tidally-
induced oscillations of the NS are especially severe (see
Fig. 3, bottom left) and there is a period of significant
mass transfer (Fig. 6) from the NS to the BH during
the first close encounter. This is very similar to the
rp = 5.5, a = 0.5 case, though more pronounced. Since
with both the 2H EOS and the a = 0.5 with HB EOS
simulations no significant mass transfer is found for runs
with rp slightly above 7.0 and 5.5 respectively, we can
use these as an effective measure of the separation dR at
which the star begins to overflow its Roche lobe. Though
the individual values are somewhat higher than expected
from Newtonian theory, it predicts a scaling with com-
paction dR ∝ C−1

NS where CNS ≡ MNS/RNS , that does
approximately hold here since CHB/C2H = 1.3. This
of course ignores any relativistic effects, both gauge and
physical, the latter including for example the effect of
BH spin on tidal disruption. In Fig. 7 we show the mass
profiles of an isolated star with the 2H and HB EOS.
This shows that the outer spherical shell which contains
approximately 40% of the material accreted into the BH
during the first close encounter for 2H corresponds to a
volume containing almost no material in the HB case.
Again, though we are ignoring the complicated details of
mass transfer dynamics, this is suggestive as to why, for
the BH-NS system studied here, there is significant mass
transfer for the 2H EOS around rp = 7.0 but very little
for the HB EOS.
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FIG. 8: NSs exhibiting large-amplitude f -mode oscillations following the first interaction with the (non-spinning) BH. The
cases shown are rp = 6.95 with the HB EOS at t = 341M (left) and rp = 7.0 with the 2H EOS at t = 356M (for the latter case
see the bottom left panel of Fig. 3 for a snapshot of the density near the time of closest approach to the BH when this large
oscillation is excited). The color map shows the rest-mass density in the equatorial plane on a logarithmic scale, normalized to
the instantaneous maximum density. The arrows show the velocity in the NS center of mass frame. The longest velocity arrows
correspond to velocity magnitudes 0.084 (left) and 0.17 (right). Though the two cases have similar periapsis radii, the lower
compaction in the 2H case leads to a much stronger tidal interaction and an f -mode which shows non-linear characteristics.

Since for the 2H, rp = 7.0 case so much mass is trans-
ferred before the merger and there is a strong disruption
during merger, the gravitational wave signal resulting
from merger itself is significantly weaker than for other
cases (see Fig. 10). The full waveform from this case
(Fig. 11) also shows that the GW pulse from the fly-by
dominates the signal compared to the merger part of the
waveform.

In between the initial close encounter and merger there
is also evidence in the GW signal of excited f -modes
within the NS; this was also observed in eccentric binary
NS encounters [11]. Here we give a qualitative account
of the stellar dynamics to show that the dominant oscil-
lation is akin to that of an f -mode of an isolated, per-
turbed star—a detailed study, aside from the difficulty of
applying a perturbative analysis in such a transient and
in some cases highly distorted star, is beyond the scope
of this study. Fig. 8 demonstrates the density and ve-
locity distortions for the rp = 7.0, 2H case (right panel)
as well as the rp = 6.95, HB case, in which the dis-
tortion is less extreme (left panel). The latter bears a
particularly strong resemblance to the pure l = m = 2
f -mode flow pattern (see, e.g., Fig. 19 of [70]). In both
cases, an animation of the density field seems to sug-
gest a rotating, distorted NS. However, as Fig. 8 demon-
strates, the velocity pattern is not one of overall rota-
tion, but rather that of an oscillatory mode. Indeed,

the circulation theorem should hold to a good approx-
imation in the bulk of the NS material (though there
are entropy-generating shocks near the surface). Thus,
the tidal interaction with the BH would not induce ro-
tation in the usual sense, but rather oscillatory modes
with rotating patterns. Many such modes are likely to
be excited, but the l = m = 2 f -mode seems to dominate.
We performed a spherical-harmonic decomposition of the
star’s rest mass density, ρ =

∑

ClmYlm, at select times
and found C22 to be the largest coefficient next to C00.
We also checked that the perturbation amplitude grows
monotonically with radius. For the rp = 6.95 simulation
with the HB EOS, |C22/C00| ≈ 0.01− 0.02 at r = 0.4M
and grows to |C22/C00| ≈ 0.15− 0.20 at r = 0.8M . Here
r is the radius of the sphere, centered on the NS center
of mass, on which the coefficients are calculated. The
next largest coefficient, C20, is smaller by a factor of & 2.
The rp = 7.0 simulation with the 2H EOS shows simi-
lar behavior though the coefficients are somewhat larger
with |C22/C00| ≈ 0.03 and 0.25 at r = 0.4M and 0.8M
respectively.

We briefly comment on the possible detectability of
such an f -mode excitation in GWs. Such an observation
in principle could provide a wealth of information about
the structure of the NS, in particular since f -mode fre-
quencies are quite sensitive to the EOS (see for exam-
ple [71]). However, here, (a) the amplitudes are quite



12

low relative to the dominant GW emission (see Fig. 11),
(b) for the cases where the largest amplitudes are excited
the initial rp is sufficiently small that only a few cycles of
waves will be emitted before subsequent merger, limiting
the signal-to-noise that could be built up, and (c) the
frequency is quite high, above 1kHz, and thus not in a
regime where the AdLIGO class detectors are very sensi-
tive. Thus, even if there are a sizable population of eccen-
tric merger events as studied here, it is unlikely that any
corresponding f -mode excitation will be observed with
the current generation of GW detectors.

D. Bound eccentric evolution

Finally, we simulated binaries where the BH and NS
have initial orbital parameters corresponding to a bound
orbit with e = 0.75 for a range of values of rp. These
simulations can be viewed as corresponding to systems
that have already become bound through one or more
close encounters and lost some of their initial eccentric-
ity. In practice, the length of such evolutions would be
very computationally expensive to follow in full. Of the
impact parameters considered (see Table V), rp = 7.5 is
the only direct plunge, and rp = 7.81 is the only case we
followed past periapsis passage to merge on the second
close encounter. The remaining cases (rp = 8.13, 8.75,
and 10.0) we only followed partially through their elliptic
orbits after the first close encounter. The threshold for
merger on the first encounter moves out slightly in this
case as an appeal to geodesics in Schwarzschild would
suggest. In Fig. 9, we plot the gravitational waveforms
from two fly-by close encounters, rp = 8.13 and 10.0.
In addition we fit the expected waveform according to a
Newtonian-order quadrupole approximation [14, 65, 72]
(NQA) to our numerical results by multiplying by an
overall factor. As found in [10] and in our other simula-
tions here for the marginally unbound case, though the
shape of the waveforms agree quite well, the numerical re-
sults exhibit a significant amplitude enhancement that is
larger the closer one gets to the threshold for merger dur-
ing the close encounter. In addition, from Fig. 10 we can
see that the near-threshold merger waveform shows more
evidence of whirling than the initially unbound case.

V. EVOLUTION OF ORBITAL PARAMETERS

As noted in [10], there is a dramatic enhancement in
gravitational wave energy and angular momentum emit-
ted in a BH-NS close encounter that occurs as the thresh-
old for merger on the first encounter is approached. In
this section, we will attempt to explain this enhancement
by analogy to the zoom-whirl orbits in Kerr spacetimes
and extrapolate this behavior to close encounters with
different eccentricities and spins. Then we will use these
results to approximate the evolution of orbital parame-
ters for BH-NS systems undergoing a series of close en-
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FIG. 9: The real and imaginary components (black diamonds
and red squares) of the l = 2, m = 2 spherical harmonic of rΨ4

for e = 0.75 and rp = 8.125 (top) and rp = 10 (bottom). For
comparison the NQA analytical results are shown multiplied
by an overall factor so that the magnitude and phase match
at peak (t = 0).

counters.

A. Zoom-whirl enhancement

As discussed in the previous section and as can be seen
in Fig. 12, though different values of initial spin or eccen-
tricity may shift the critical value of rp, which we shall
call rc, at which the NS merges with the BH during a
first encounter, for all the cases considered there is a sig-
nificant enhancement in the energy of the gravitational
waves emitted as this threshold is approached. This can
be understood by analogy to the zoom-whirl orbits in
Kerr spacetimes. As the BH-NS approaches the critical
impact parameter, it is closer and closer to the unsta-
ble orbit dividing plunging and non-plunging orbits and
will therefore exhibit more and more whirling behavior.
Though the effect is most dramatic near threshold, this
zoom-whirl analog is a way to understand the significant
enhancements over the NQA predictions that persist till
rp ≈ 10 (see Fig.4 in [10]). This motivates a fit to the
GW energy emitted in a whirling close encounter with
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rp M0/M0(t = 0)a M0,u/M0(t = 0)b τacc (ms) c First periapsis d Total e

EGW

M
· 102 JGW

M2 · 102 EGW

M
· 102 JGW

M2 · 102

2H EOS

5.00 0.008 0.0 56 – – 0.58 3.61

6.75 0.278 0.117 18 – – 0.47 4.65

7.00 0.303 0.149 60 0.387 4.53 0.43 5.41

7.25 . . . . . . . . . 0.283 3.90 . . . . . .

7.50 . . . . . . . . . 0.200 3.07 . . . . . .

B EOS

5.00 0.008 0.0 57 – – 0.60 3.83

6.25 0.008 0.0 64 – – 0.87 5.63

7.00 0.010 0.001 10 0.718 7.69 1.73 10.7

7.50 . . . . . . . . . 0.268 3.72 . . . . . .

TABLE IV: Disk properties and GW energy and angular momentum losses for an initially hyperbolic (e ≈ 1) encounter of a
BH with zero spin and a NS with 2H and B EOS. The same comments and set of footnotes a to f apply as in Table I.

rp M0/M0(t = 0)a M0,u/M0(t = 0)b τacc (ms) c First periapsis d Total e

EGW

M
· 102 JGW

M2 · 102 EGW

M
· 102 JGW

M2 · 102

7.50 0.109 0.062 32 – – 1.47 13.6

7.81 0.007 0.001 7.1 0.410 5.25 1.58 16.1

8.13 . . . . . . . . . 0.248 3.67 . . . . . .

8.75 . . . . . . . . . 0.125 2.34 . . . . . .

10.0 . . . . . . . . . 0.049 1.28 . . . . . .

TABLE V: Disk properties and GW energy and angular momentum losses for an initially eccentric e = 0.75 encounter of a zero
spin BH with a NS with HB EOS. The same comments and set of footnotes a to f apply as in Table I.
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FIG. 10: The real and imaginary components (solid black
lines and red dotted lines) of Ψ4 on the z-axis (perpendicular
to the orbital plane) during merger for the following cases
(top to bottom): rp = 5 HB, rp = 6.81 HB, rp = 7.5, e = 0.75
HB, rp = 8.13, a = −0.5 HB, and rp = 7.0 2H (see Fig. 11 for
the full signal). The waveforms are aligned so that the peak
occurs at t = 0 with zero phase.

the functional form (see Fig. 12)

EGW = E0(1− (δrp/∆)γ) (2)

where δrp = rp − rc, E0 is the difference in energy be-
tween a quasi-circular orbit and an eccentricity e orbit
both with rp = rc, ∆ is the range over which zoom-whirl
like behavior dominates the GW emission energetics, and
γ is a parameter that in the geodesic analogue is related
to the instability exponent of the corresponding unstable
circular orbit. Given the limited number of points we
have we choose to use γ as our single fitting parameter.
We set rc to the average of the closest sub and super-
critical values of rp from the simulations. We choose
∆ = 3 by inspection so that values of rp outside this
range are well approximated by the NQA model. Cer-
tainly, in future work once more data points are available
it would be preferable to more systematically fit to the
other parameters as well, and refine the model.
The top panel of Fig. 12 shows this fitting performed

individually to each set (e, a) of simulations run. We
should note that due to limited computational resources
we have not been able to perform this fitting at multiple
resolutions to be able to estimate the effect of truncation
error on γ. However, due to the sensitivity of EGW on
rp that can be seen in Fig. 12 one would expect that the
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FIG. 11: The real and imaginary components (solid black
lines and red dotted lines) of Ψ4 on the z-axis (perpendicular
to the orbital plane) at r = 70 M for the rp = 7.0 2H simu-
lation. The large burst at t ≈ 300 M comes from the initial
fly-by where the NS becomes extremely distorted (Fig. 3) and
loses a significant portion of its mass (Fig. 6). The smaller
pulse at t = 600 M comes from the merger. In between, there
is a smaller component of the signal coming from the tidally-
induced oscillation of the NS.

truncation error in these values will be dominated by the
resolution dependence of rc as opposed to the error in
γ. In the remainder of this section we will use the data
from the e ≈ 1, a = 0 set to calibrate geodesic-inspired
extensions to arbitrary values of (e, a), which can then
be compared to the other 3 sets of simulation data (bot-
tom panel of Fig. 12) to test how well this extrapolation
works.
To extend this model to different values of eccentricity

e and BH spin a, we assume that the dependency of rc
and γ on these values is the same as in the geodesic case
on a Kerr background. We will use aeff to refer to the
effective spin parameter we use in the Kerr formulae. For
better correspondence with the Kerr spacetime we want
to take aeff to be the approximate spin of the BH that
would form if a merger occurred. We do this rather then
use the initial spin of the BH based on results from [68]
which suggest that far from the geodesic limit the total
angular momentum of the binary is more important than
the BH spin. We estimate aeff using

aeff = a0

√

(1 + e)rp√
2rc0

+ a(MBH/M)2. (3)

where MBH, a, rp, and e are the initial BH mass, initial
BH spin, periapsis and eccentricity respectively of the
encounter we want to compute an aeff for, and a0 ≈ 0.5
is the final spin measured from the e ≈ 1, a = 0,
rp = rc0 ≈ 6.9 simulation. In Table II we show how
aeff compares to the final BH spins in the simulations
that we followed through merger. This simple formula

based on the total angular momentum of the system does
not attempt to capture any of the complications due to
differences in matter dynamics or gravitational radiation
between the different cases, and as can be seen does not
always capture the trends with rp seen in the simulations.
We use aeff because it has a simple motivation and it does
a decent job of estimating the final BH spin for the pur-
poses of this model. This allows us to extend this model
to other values eccentricity e and BH spin a that were
not simulated.
Recall that for equatorial geodesics with eccentricity e

in Boyer-Lindquist coordinates with BH spin parameter
a, there is a value for the periapsis which corresponds to
a marginally unstable orbit, rBL

c (e, a). It can be found
by solving the equation (see for example [73]) (rBL

c )2 =
(J − aE)2(1 + e)/(3 − e) where E and J are the orbit’s
specific energy and angular momentum, respectively. For
our model, we assume that rc(e, aeff) ∝ rBL

c (e, aeff) and
we fit the proportionality constant using our numerical
results for e ≈ 1, a = 0.
The instability exponent for unstable circular orbits in

Boyer-Lindquist coordinates is given by [68, 74]

γBL(e, a) = (4)

r

2π

[

3r2D +
4M

ω2
(rR2ω2 − 4Maω − r + 2m)

]−1/2

where R = r2 + a2(1 + 2M/r), D = r2 + a2 − 2Mr,

ω = M/(Ma ±
√
Mr3) (± for prograde and retrograde

respectively), and we set r = rBL
c (e, a). Again we assume

that γ(e, aeff) ∝ γBL(e, aeff) and fit the proportionality
constant using our numerical results for e ≈ 1, a = 0.
For the angular momentum lost to gravitational waves
in a close encounter we assume a similar expression

JGW = J0(1− (δrp/∆)γ) (5)

where again J0 is the difference in angular momentum of
a quasi-circular orbit and an eccentricity e orbit evalu-
ated at the same separation rp.
This simple prescription for estimating gravitational

wave energy and angular momentum loss has some ob-
vious limitations. We are extrapolating the critical im-
pact parameter and instability exponent based on a Kerr
spacetime to a BH-NS spacetime that is dynamic and
non-perturbative. We are also ignoring tidal effects or de-
pendence on EOS in this model. Nevertheless, in Fig. 12,
we compare how closely this predicted scaling with spin
and eccentricity matches that from simulation results.
Given its simplicity, as well as the numerical error in
these results, this model does a satisfactory job of cap-
turing the trends in these scalings.

B. Systems undergoing multiple close encounters

The enhanced GW energy and angular momentum
losses during a close encounter for a given rp result in
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FIG. 12: Top: Energy lost to GWs during the initial close
encounter (i.e. excluding merger) as a function of rp for ini-
tial BH spin a = 0,−0.5, and 0.5 and for initial eccentricity
e = 1 and 0.75. The functional form E0(1−(δrp/∆)γ) (lines),
motivated by zoom-whirl dynamics, is a fit to the simulation
results (points). δrp = rp−rc, with rc the threshold value for
merger during the encounter. E0 is the difference in energy
between a quasi-circular orbit and an e ≈ 1 (0.75) orbit, both
having rp = rc. ∆ is the range over which zoom-whirl like be-
havior dominates the GW emission energetics. γ is a param-
eter that in the geodesic analogue is related to the instability
exponent of the corresponding unstable circular orbit; here,
we use it as our fitting parameter. We obtain γ = 0.19, 0.13,
0.25, and 0.16 for (e, a) = (1, 0), (1,-0.5), (1,0.5), and (0.75,0)
respectively. Bottom: This shows the same simulation data
points as the top figure, though here we use the e = 1, a = 0
case (solid black points) to determine the free parameters for
the method described in the text to extrapolate the values of
rc and γ to the other three cases.

more rapid loss of eccentricity and larger rate of decrease
of rp of the next encounter. Fig. 13 shows approximate
trajectories in e and rp for binaries on initially marginally
unbound (i.e. e = 1 + ǫ) orbits for a range of initial BH
spin. These results were obtained using the above model
for energy and angular momentum lost to GWs and as-
suming e and rp follow the Newtonian relationship to
energy and angular momentum. We approximate these
losses as occurring in discrete steps during close encoun-
ters. (This approximation will break down as e → 0.)
Trajectories computed with the NQA amplitude and ec-

centricity dependence are also shown [14, 65, 72]. The
NQA execute many more orbits before merger. This clear
departure from the NQA prediction at small rp due to
strong field GR effects should thus be apparent in the
gravitational waveform. This model can also be used
to predict approximately the critical initial impact pa-
rameter for the BH-NS system to merge on the second
close encounter, the third close encounter, and so on. We
expect interesting dynamics around each of the thresh-
olds up until the point where the system has undergone
enough close encounters that it circularizes.

VI. CONCLUSION

We have performed an initial survey of eccentric BH-
NS mergers including the effects of black hole spin and
varying the NS EOS. Though the limited number of val-
ues we considered in this work does not begin to exhaust
the parameter space, what is immediately apparent is the
strong diversity in the resulting gravitational and matter
dynamics. Though we have not yet studied the conse-
quences of this on gravitational wave detectability and
parameter extraction, nor possible electromagnetic coun-
terparts, it is clear that the outcome can depend sensi-
tively on the binary parameters and matter EOS.
In order to understand the effects of large eccentricity,

these simulations can be compared to the quasi-circular
BH-NS merger simulations of [38, 44] which used the
same piece-wise polytrope equations of state. In [44] it
was found that for a non-spinning BH and a 3:1 mass
ratio, the resulting disk masses where 0.044, 0.0015, and
< 10−5 M⊙ for the 2H, HB, and B EOSs respectively.
Hence eccentric mergers with certain ranges of impact
parameters is one way to achieve significantly larger ac-
cretion disks compared to the quasi-circular case without
BH spin. The effects of BH spin were considered in [38]
where for a 4:1 mass ratio and the HB EOS they found
disk masses of 0.024 and 0.18 M⊙ for BH spins of a = 0.5
and 0.75 respectively (and even larger values for stiffer
EOSs or lower mass ratios). They also only found a non-
negligible amount of unbound material (≥ 0.01M⊙) only
for stiff EOSs like the 2H. Thus an important character-
istic of eccentric mergers is the larger amount of ejected
material found for some parameters. This could be a
significant source of r-process elements [30–32], and give
rise to EM counterparts, e.g. through nuclear decay of
the radioactive r-process isotopes [8, 33]. The amount
of energy radiated away in gravitational waves for the
quasi-circular case is somewhat higher than the values
found here (for example EGW = 1.7% of the total mass
for a 4:1 mass ratio, HB EOS, a = 0.5 in [38]). The grav-
itational wave signal is of course completely different for
eccentric mergers, which are dominated by bursts from
close encounters or merger of the two compact objects.
Whether dynamical capture BH-NS mergers occur

with sufficient frequency in the universe to constitute a
decent event rate for ground-based GW detectors is an-
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FIG. 13: The evolution of the eccentricity and periapsis separation of various 4 : 1 mass ratio BH-NS binaries that begin
marginally unbound and undergo a series of close encounters (large red points) before merging. For comparison, we also plot
the results using the NQA expressions from [14, 65] (magenta x’s). We also plot the critical eccentricity for a given rp for a
close encounter to result in merger (dotted blue line). Hence the points below this curve correspond to merger events. From
left to right the plots correspond to an initial BH spin of a = −0.5, 0, and 0.5 respectively.

other question; at the least, failure to observe such events
will place constraints on these sources, while if several are
observed, given the sensitivity of the outcome to prop-
erties of the binary, they could be ideal environments
to reveal the structure of neutron stars. And again, we
should emphasize that excessive fine tuning of parame-
ters is not required for significant variability. Taking the
relative velocity at large separations in a typical nuclear
cluster cusp as an example (≈ 1000 km/s), roughly 25%
of such encounters will have rp . 10 (following the same
line of reasoning discussed in the introduction for the per-
centage of direct collisions), corresponding to the cases
studied here. Certainly some of the most extreme ex-
amples of mass transfer, large accretion disks or multiple
whirl orbits will be rare; perusing Tables I-V will give
some idea of the distribution with rp. (Recall that the
cross section scales linearly with rp due to gravitational
focusing, and that one would also expect some cases with
larger initial rp than we followed through merger to ex-
hibit similar variability.) It is not trivial to calculate a
transition value of initial rp above which the qualitative
behavior at late times is described by a quasi-circular in-
spiral, though our study suggests at least a quarter of
dynamical capture binaries will merge with high eccen-
tricity.
For future work, we plan to investigate the detectabil-

ity of the GW signals from BH-NS mergers that arise
from dynamical capture in the strong field regime.
This will complement the first study of such systems
presented in [21], in that we intend to focus on the
later stages of high eccentricity mergers, including the
merger/ringdown part of the signal. Future work also

includes expanding the parameter space to different BH
and NS masses, BH spin orientations, and (as computa-
tional resources permit) evolution of systems that exhibit
more than two close encounters before merger. Perform-
ing higher resolutions simulations will also be important
to coming up with a more quantitatively accurate model
of the behavior of the BH-NS binary near the threshold
for merger during a given close encounter. Doing so will
not only require additional computational resources but
a better method for creating initial data describing such
eccentric binaries, since the superposition method used
here imposes an effective floor on the accuracy that be
reached. It would also certainly be interesting to investi-
gate EM counterparts to these events; such simulations
would require extensions to the code used here beyond
the present GRHD.
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