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Abstract

We consider the dynamics of a strongly coupled SU(NV) chiral gauge theory. By using
its large-N equivalence with A/ = 1 super-Yang-Mills theory we find the vacuum structure
of the former. We also consider its finite-/N dynamics.



Till this day chiral theories continue to be one of poorly explored corners [1] of Yang—
Mills theories with massless spinors at strong coupling. The 't Hooft matching condition [2]
and (qualitative) continuations from Rz x S; — Ry [3] are the only (and rather limited) tools
available at the moment in theoretical analyses. The simplest chiral theory has gauge group
SU(2) and the fermion v in the three-index symmetric representation (SU(2)-spin 3/2). This
theory has no internal anomalies (nor global anomaly) and no Lorenz and gauge invariant
mass term is possible [4].

Another well-known example of a chiral theory is the SU(5) theory with k decuplets 1!
and k antiquintets y; of left-handed fermions. Finally, one can mention the so-called quiver
theories in which the gauge group is a product

SU(N); xSU(N)aX....SU(N )y (1)
and the set of the left-handed fermions consists of k bifundamentals
o Ve T U

At k = 2 the quiver theory is non-chiral, a gauge invariant mass term can be built. However,
if k > 3 the quiver theory is chiral. This theory is nothing other than an orbifold daughter
of SU(kN) minimal supersymmetric Yang-Mills theory [3].

In this paper we will consider an interesting example of a chiral theory which so far
escaped attention. This theory is a result of cross-breeding between two orientifold daughters
[5] of A/ = 1 minimal supersymmetric Yang-Mills theory (also known as supersymmetric
gluodynamics). We will refer to it as hybrid. The hybrid theory per se is not orientifold
daughter of anything. The orientifold projection of operators such as TrA? (where ) is the
gluino field) is not defined in the hybrid theory.

In studying the hybrid chiral theory we will combine several ideas and methods relevant
to nonperturbative QCD and Yang—Mills theories with massless spinors at strong coupling in
general, in addition to the planar equivalence between the minimal A" = 1 supersymmetric
Yang—Mills and its orientifold daughters.

Consider a hybrid SU(NN) chiral gauge theory with the following matter content: a left-
handed fermion vy, transforming in the two-index antisymmetric representation of the gauge
group, a left-handed fermion Y%} transforming in the (conjugate) two-index symmetric
representation of the gauge group and eight left-handed fundamental fermions 7! (A =
1,2,..,8), see Table 1.1

This theory is obviously chiral since no gauge invariant fermion bilinears can be written.
It is self-consistent, i.e. the gauge symmetry is anomaly-free. Indeed, the (internal) gauge

!This matter content is applicable at N > 5. At N = 2 antisymmetric fermions are color singlets; they
decouple. Symmetric fermions are equivalent to the adjoint representation, which is real. Hence, the theory
is self-consistent without introducing 7;’s and is non-chiral. At N = 3 antisymmetric fermions are equivalent
to antifundamental fermions. Hence, the model to be considered has a symmetric field x{%} and seven 7;’s.
At N = 4 the antisymmetric representation v;; is in fact real, and can be discarded.
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Table 1: The matter content of the chiral SU(N) theory and its U(1) charges; the corresponding
currents are defined in (12) and (13).

anomaly is proportional to

3 (Z Tep (T°{T%,T°}) = > Trp (T {Tb,TC})) (2)

R left right

where T%%¢ denote the generators of the gauge group in the representation R to which a given
fermion belongs, the sums run over all left-handed and right-handed fermions, respectively,
and over all representations, and Trg denotes the trace in the representation R. Finally, the
braces {...} stand for the anticommutator. Note that if 7 is the generator in the represen-
tation R, the generator in the representation R is —T* where tilde means transposition. In
the theory we suggest for consideration, Eq. (2) reduces to

(N—4)—(N+4)+8=0. (3)

Let us first discuss the global symmetries of the model. At N — oo the fundamental
quarks are unimportant. We will discuss them later on, and ignore them for the time being.
Then the theory has two U(1) symmetries, with the corresponding currents

g =vvr, d = )

Each of the above currents is anomalous,
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One can consider two linear combinations of the above currents

o'oY e} et

Jw) —Ix)

<
S
=
G
I

o) = J@) Ik (6)

2



The first current is anomaly-free at N = oo , while the second is anomalous,

. N _
Oui i85 = 1o P (7)
The current ](aﬁ‘ plays the role of a vector current, while ](aﬁ plays the role of an axial current.
The remnant of the latter is the discrete Z,y symmetry, which, as we will argue below, is
broken down to Z5 presumably by the condensate <X{"j}Ff¢[ik]> # 0.

We wish to argue that the planar hybrid theory is equivalent, in a well-defined glueball
sector, to planar N/ = 1 super-Yang-Mills. The equivalence of an SU(N) theory with a single
Dirac fermion in the two-index antisymmetric representation (or a theory with a fermion in
the symmetric representation) with A" = 1 super Yang-Mills was demonstrated in [5].

The reason for the perturbative equivalence is easy to understand: there is a one-to-one
correspondence between the planar graphs of the two theories [5]. Moreover, at the pla-
nar diagrammatic level there is no difference between symmetric fermions or antisymmetric
fermions. The difference between the two representations arises when fermion lines (in the
the 't Hooft double-index notation) cross, see Fig. 1. These lines, however, do not cross in
any planar graph. For this reason the hybrid theory is perturbatively planar equivalent to
N = 1 super-Yang—Mills.
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Figure 1: The 't Hooft double index notation for the fermion propagator in either the adjoint, symmetric
or antisymmetric representations in a U(IN) gauge theory.

The necessary and sufficient condition for nonperturbative planar equivalence between
our hybrid theory and the minimal N' = 1 super-Yang-Mills is the charge conjugation
invariance (C-invariance) of the vacuum states [6]. Note that the hybrid theory at finite
N is not C invariant. However, C-invariance is restored at N = oo. In the N = oo limit
the nonperturbative dynamics of two theories — the first with the Dirac fermion in the two-
index symmetric representation and the second with the Dirac fermion in the two-index
antisymmetric representation — are identical because the two representations — symmetric
and antisymmetric — become the same representation. Indeed, all the Casimirs coefficients
of the two representations coincide in the limit N — oco. As a result, their dynamics are
identical to the dynamics of the hybrid theory we consider here. The dynamics of the three
theories above become equivalent (in the sector of glueball operators) to the dynamics of
a vector theory with one Majorana fermion in the adjoint representation (i.e. the minimal
N = 1 super-Yang—Mills).



The implications of the exact planar equivalence between the hybrid theory and N =1
supersymmetric gluodynamics is the coincidence of the vacuum structure as well as the
bosonic glueball spectra and dynamics in these theories. The parent N = 1 theory has N
discrete vacuum states (see e.g. [1]), corresponding to the breaking Zon — Z and labeled
by the order parameter (\?) # 0. The same vacuum structure should be valid in the hybrid
theory at N = oo. An order parameter for the breaking is <X{ij }ij¢[ik]>. The height of the

“barriers” separating these vacua is expected to be O(N?) [7].
The reason for coincidence of the bosonic glueball spectra is as follows. Let us integrate
over the fermions of the hybrid theory. The resulting partition function is

=

Z= / DA, exp(—Syn) [] (det(Pg))? 8)

R?f

where the above partition function (8) contains a product of determinants over the represen-
tations and flavors in the theory. In the planar limit the partition function (8) of the hybrid
theory coincides with the partition functions of AV = 1 super-Yang—Mills and the vector-like
orientifold theories. For this reason all two-point functions of the form

(Tr F2(z), Tr F*(y)), <TrFZ:"(:17), Tr FF’(y)) . (Tr F3(x), Tr F3(y)) , (9)

and so on, coincide in all four theories; hence so do the glueball spectra. The only caveat
in the above procedure is that in the hybrid theory it is impossible to introduce an infrared
cut-off in the form of a mass term. That should not be a problem since the physical infrared
spectrum is expected to develop a mass gap. Moreover, the parity degeneracies in the glueball
spectra noted [8] in supersymmetric gluodynamics and its orientifold daughters are inherited
by the hybrid theory too.

Now, let us switch on 1/N corrections? and address the most intriguing question of
the chiral symmetry implementation in the sector of 8 fundamental fermion fields 1. The
global symmetry of this sector of our hybrid theory is obviously SU(8), in addition to a
U(1) symmetry which we will consider shortly. No local color invariant bosonic operator
containing two 7 fields (without 7’s) and an arbitrary number of other operators exists. It
is tempting to conclude that the chiral SU(8) is not spontaneously broken.

This conclusion is not likely to materialize, however. First, it goes against a (qualitative)
argument due to Casher [10] that in strong coupling Yang—Mills theories with massless quarks
confinement is impossible unless the chiral symmetry is spontaneously broken? (for a review
see e.g. [1]). Second, if the chiral symmetry is unbroken, the 't Hooft matching must be
realized through saturation of the anomalous triangles by massless composite-fermion loops.
A simple reflection shows that there is no way to achieve such a saturation? at large N.

2A related discussion of possible phases of the chiral gauge theories can be found in [9].

3Supersymmetric theories with confinement and no spontaneous breaking of a chiral symmetry are known,
but this is because of the presence of scalar quark fields which obviously negate the Casher argument.

4This is despite the fact that, unlike QCD, in the hybrid theory, even at large N, there exist three-quark



In view of the above, let us examine less trivial operators for the role of order parameters
for the SU(8) chiral symmetry breaking.

Using 7 and 7 one can build, in principle, a Lorentz and gauge invariant order parameter
whose expectation value could break SU(8), for instance,

Op =ty (Fﬁ“ Do F§7j> (10)

minus trace in A, B (the gluon field strength tensors are given above in the spinorial no-
tation). It is easy to see, however, that even if (O4) # 0, the chiral SU(8) is broken not
completely, but rather down to U(1)7 at best. (In fact, we would have U(1)%, see below).
This is unsatisfactory since in this case we will have to match the residual 't Hooft triangles,
which does not seem possible.

The following operator built of six fermion fields

OABAE = (e LBy (ne 4 P19 B ) (11)

is the lowest-dimension operator breaking the global symmetry in the 7 sector completely.
Despite its rather contrived structure, a non-vanishing expectation value <(’)ABA/B/) is not
ruled out apriori. Therefore, it is natural to assume that U(8) is spontaneously broken.
Then 64 Goldstone bosons (“pions”) appear. The vacua can no longer be discrete, since
the presence of pions means that the vacuum manifolds are continuous (albeit compact).
Instead of having a set of discrete vacuum points, we have a continuous extension around
each point. We will return to discussion of this aspect of the hybrid theory later.

A few words about the extra U(1) symmetry showing up upon inclusion of the 7 fields.
First, the conserved current in (6) — the one that is analogous to the vector current and does
not belong to the common sector — now takes the form

P (12)

Cl{Cl{

J(l) —Jw J(x)

l\DI}—t

Note that the operator (11) is invariant under transformations generated by the current 5&‘3‘
Hence, its vacuum expectation value does not break the corresponding vector-like symmetry.
This is a remarkable circumstance.

In addition, one can consider the following currents:

8

5( 2) —]( 277 n, ]?3‘3‘ :;ﬁdﬁa~ (13)

Unlike j&a the current 36‘2‘3‘ is anomaly-free, while the last one is anomalous. Accounting

for 3(2 , we extend the SU(8) global symmetry of the 1 sector to U(8). The remnant of the

spin-1/2 baryons, for instance, 77;{?3 nJB}B Gay | nl[A Bl " X178, The N factors still do not match in the

comparison of the “quark” and “hadron” tr1angles Warmng in the literature one can find reasonable
arguments [11] against the “straightforward” saturation.



anomalous j&‘;‘ is a discrete Zg symmetry, which is not broken by the condensate (10). It is
broken down to Z; by the condensate (11).

The presence of the massless pions, even though they are not in the common sector,
somewhat dilutes the concept of planar equivalence between our hybrid theory and super-
symmetric gluodynamics. Indeed, the latter theory, having N discrete vacua, supports a
number of BPS-saturated domain walls, whose tension is determined by the difference of
the gluino condensates in the vacua between which the given wall interpolates [12]. In the
hybrid theory the vacuum manifold is continuous. Under these circumstances, strictly speak-
ing, there are no domain walls. More exactly, the would-be walls will have a double-layer
structure: a finite-thickness core, and infinite-thickness pion tails attached to it. Although
the pion tails are suppressed by 1/N, their contribution to the tension is actually infinite,
no matter how large N is. This seems to correlate with the fact that the operator A\? has no
projection onto the hybrid theory.

We are very grateful to Mithat Unsal for valuable discussions. This work is supported in
part by DOE grant DE-FG02- 94ER-40823.
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