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The neutrino-driven wind, which occurs after the onset of a core-collapse supernova explosion,
has long been considered as the possible site for the synthesis of heavy r-process elements in the
Universe. Only recently, it has been possible to simulate supernova explosions up to ~ 10 seconds,
based on three-flavor Boltzmann neutrino transport. These simulations show that the neutrino
luminosities and spectra of all flavors are very similar and their difference even decreases during
the deleptonization of the proto-neutron star. As a consequence, the ejecta are always proton rich
which rules out the possible production of heavy r-process elements (Z > 56). We perform a de-
tailed analysis of the different weak processes that determine the neutrino spectra. Non-electron
flavor (anti)neutrinos are produced and interact only via neutral-current processes, while electron
(anti)neutrinos have additional contributions from charge-current processes. The latter are domi-
nated by re-absorption on neutrons and v.-absorption on protons. At early times, charge-current
processes are responsible for spectral differences between v, . and v, /,. However, as the region
of neutrino decoupling moves to higher densities during deleptonization, charge-current reactions
are suppressed by final state Pauli-blocking. 7. absorption on protons is suppressed due to the
continuously increasing chemical potential of the neutrons. v. absorption on neutrons is blocked
by the increasing degeneracy of the electrons. These effects result in negligible contributions from
charge-current reactions on timescales on the order of tens of seconds, depending on the progenitor
star. Hence, the neutrino spectra are mainly determined from neutral-current processes which do
not distinguish between the different flavors and result in the convergence of the spectra. These
findings are independent of the charge-current reaction rates used. It rules out the possibility of
neutron-rich ejecta at late times and the production of heavy r-process elements from non-rotating
and not magnetized proto-neutron stars.
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I. INTRODUCTION

Core collapse supernova explosions of stars more massive than 8 Mg, is an active subject of research in theoretical
astrophysics [1]. They are related to the revival of the stalled shock, which forms when the collapsing core bounces
back at nuclear densities. Right after the formation, the shock looses energy due to the dissociation of heavy nuclei
and due to the release of the v.-deleptonization burst produced by electron captures on protons. At this moment the
shock becomes an accretion front and stalls at a radius between 100 and 200 km. Different mechanism have been
suggested to revive the shock and finally explode the star. These are the magneto-rotational mechanism [2-4], the
acoustic mechanism due to the dumping of sound waves [5] and the delayed neutrino-heating mechanism [6]. Recently,
it has been shown that a phase transition to deconfined quark matter can lead to an additional collapse during which
a second hydrodynamic shock wave forms that triggers the explosion [7, 8].

Independently of the explosion mechanism, a proto-neutron star (PNS) forms at the supernova core immediately
after core bounce. The initially hot and lepton-rich PNS cools via continuous emission of neutrinos of all flavors in
a period of several tens of seconds after the explosion has been launched. Neutrino-absorption processes at the PNS
surface deposit energy, which drives a matter outflow known as the neutrino-driven wind. It has been investigated
as a possible site for the production of heavy r-process elements [9, 10]. These pioneering works where followed by
analytic [11], parametric [13] and steady state wind models [14, 15]. They showed that the production of heavy
r-process elements requires a mass outflow on a short dynamical time scale (a few milliseconds), high entropies per
baryon (above 150 kp) and a low proton-to-baryon ratio, i.e. electron fraction Y, < 0.5. Recent hydrodynamics
simulations [16, 17] showed that short dynamical timescales can in fact be achieved but fail however to obtain the
necessary entropies at times relevant for r-process nucleosynthesis [18].

The nucleosynthesis outcome depends very sensitive on the electron fraction of the ejected matter [20] that is
determined by the competition between electron neutrino absorption on neutrons and antineutrino absorption on
protons and their inverse reactions. Deep in the PNS interior, neutrinos are in chemical equilibrium with matter.
However, at the PNS surface where temperature and density drop, neutrinos decouple from matter. Since p and 7
neutrinos interact only via neutral-current reactions, they are the first to decouple at the highest temperature. For
the very neutron-rich conditions found at the PNS surface, 7. decouple before v,. The neutrino spectra reflect local
properties of matter at the position where they decouple. Hence, one expects the following hierarchy of neutrino
energies: €,, = > €5, > &y, [21], where € = (E?)/(E). (E) is the mean neutrino energy and (E?) is the square value
of the root-mean-square (rms) energy. The fact that 7. have larger average energies than v. suggest that the ejecta
will be neutron rich. However, one also has to consider the other energy scale in the problem, i.e. the neutron-to-
proton mass difference, A = m,, — m, = 1.2935 MeV. It turns out that neutron-rich ejecta are only obtained when
€p, — €, > 4 A [11, 12] in the presence of similar electron neutrino and antineutrino luminosities.

The treatment of neutrino transport and neutrino matter interactions improved over the years significantly. Sim-
ulations of core-collapse supernovae, that include three-flavor Boltzmann neutrino transport, showed rather small
neutrino energy differences between 7, and v, and hence generally proton-rich conditions were obtained during the
early evolution after the onset of explosion [22, 23]. More recently, it has been possible to simulate core-collapse super-
novae consistently through all phases up to 20 seconds after the onset of explosion [24, 25|, using general relativistic
radiation hydrodynamics that employs three-flavor Boltzmann neutrino transport and a sophisticated equation of
state. It has been shown that the energy difference between 7, and v, decreases continuously after the explosion has
been launched and hence generally proton-rich conditions remain for more than 10 seconds. This rules out initial
expectations that the ejecta can become neutron-rich at late times. It leaves the vp-process [26-28] as the only
nucleosynthesis process that can occur in neutrino-driven winds from non-rotating and not magnetized PNSs.

In this article, we analyze the neutrino spectra obtained in the current simulations focussing in understanding the
reasons behind the reduction of the energy difference between 7, and v, during the deleptonization of the PNS. We
perform a detailed analysis of the main reactions determining the opacities or inverse mean free paths for the different
neutrino flavors. Special attention is devoted to neutrino decoupling from matter, in particular the determination of
the neutrinosphere positions which evolve during the PNS deleptonization to continuously higher densities. We also
present an alternative analysis, based on the formalism introduced in ref. [29], that determines the contributions to the
neutrino luminosity from different processes and regions of the PNS. Both approaches show that at late times during
the deleptonization, the spectra of all neutrino species forms at very similar radii and is determined by neutral-current
processes that are insensitive to the neutrino flavor.

The paper is organizes as follows. In section II we will introduce the procedure used to calculate the inverse mean
free paths for the relevant weak interaction processes considered, based on the neutrino distribution functions obtained
via three-flavor Boltzmann neutrino transport. We will furthermore discuss neutrino decoupling and introduce the
concept of a scattering atmosphere following the work of ref. [30]. In section III, we will apply this analysis and discuss
the evolutionary behavior of the neutrino spectra obtained in core collapse supernova simulations of the low-mass
8.8 Mg O-Ne-Mg-core [24]. In section IV we extend the analysis from section IIT to the 18 Mg, iron-core progenitor



from ref. [24] and find qualitatively similar results. In section V we show the evolution of the neutrino spectra at
different times during the deleptonization. While we explored opacities in section III and IV, in section VI we analyze
the neutrino emission, focusing on the location at which different contributions to the luminosity at infinity appear.
We close the manuscript with a summary in section VII.

II. NEUTRINO SPECTRA

We analyze data obtained in the core collapse supernova simulations of massive stars published in ref. [24]. Stars in
the mass range of 8.8-18 Mg were evolved through core collapse, bounce and explosion including the neutrino-driven
wind phase for more than 20 seconds after core bounce. It includes most part of the PNS deleptonization, i.e. cooling
via the neutrino emission of all flavors. For these models, the baryonic equation of state from Shen et al. was used [31].
It is based on relativistic mean field theory and the Thomas-Fermi approximation for heavy nuclei. Contributions
from (e~, e') and photons where added following ref. [32].

The simulations were based on general relativistic radiation hydrodynamics and three-flavor Boltzmann neutrino
transport in spherical symmetry [29, 33-35]. The model is based on the following line element,

N 2
ds* = —a?dt* + <%> da® + dS, (1)

which describes non-stationary and spherically symmetric spacetime, in coordinates ¢ (system time) and a (enclosed
baryon mass), where dQ = r2(df + sin? d$) describes a 2-sphere of radius r(t,a). a(t,a) and T'(t,a) are the metric
functions and r(t,a)’ = 9r/da. With the following stress-energy tensor,

T = p(1 + e+ ), (2a)
Tat _ Tta _ pH, (2b)
T =p+ pK, (2¢)
1
17 = 1% = p 1 Lp(r - ), (2)

with rest-mass density p, internal energy density e and matter pressure p, the equations for energy- and momentum-
conservation are obtained via the covariant derivative of the stress-energy tensor as follows, Vj, 7% = 0. The quantities
J, H and K are the zero, first and second angular moments of the neutrino distribution functions, f, (¢, a,u, E), for
more details see [29]. The matter velocity is given by the following relation, u = dr/adt.

Neutrino transport determines the evolution of these neutrino distribution functions. In spherical symmetry, their
momentum-dependency is given by the cosine of the neutrino phase-space propagation angle (1) and the neutrino
energy (E), for each neutrino flavor v € {ve, Ve, v/, 7,7 }. Their evolution is determined by solving the Boltzmann
transport equation, assuming ultra-relativistic massless fermions, in a co-moving reference frame. Defining the specific
distribution functions, F,, = f,,/p, the Boltzmann transport equation can be expressed as follows [29, 36]
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Note that the neutrino distribution functions depend also on the system time ¢ and radial coordinate (enclosed
baryon mass a), which are not shown here for simplicity. Expressions (3a)—(3e) are the transport terms of the
Boltzmann equation. Recently, the Boltzmann transport equation has been studied exploring the relevance of, e.g.,
effects from relatistic observer corrections and Doppler shifts, as requirement for consistent modeling of core-collapse
supernovae [37]. Expression (3f) is the collisional term. It is given by weak processes which change the neutrino
distributions as follows
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In the Boltzmann transport representation, weak processes are characterized by reaction rates. The relevant processes
are listed in Table I. For charge-current reactions these are the emissivity, j(E) and the inverse mean free path, 1/A(F).
For neutral current processes we employ scattering kernels, R(E, E’, cos ). They define the probability of a neutrino
of energy E and momentum space coordinates (p, ) being scattered to an energy £’ and coordinates (u', ¢’). Apart
from the energies the scattering probability is a function of the scattering angle [38],

cos = pp' + /(1 — p2)(1 — %) cos g, d=p—¢. (5)
The elastic processes considered are neutrino scattering on nucleons (N) and nuclei (A4), Ris ,n/a(E, E',cosf). The
inelastic processes are neutrino scattering on electrons/positrons, Rf‘e/f ut(E,E’ ,cos0), for in-scattering and out-

scattering, and pair processes, R%p(E,E’,cos ), for the absorption of a neutrino pair (a) and for the production

of a neutrino pair (p). The reaction rates for all processes will be further discussed below in section IT A.

A. Reaction rates and opacities

Let us first focus on charge-current reactions and discuss neutral current reactions further below. Assuming a
composition given by free protons and neutrons, the change in the net electron fraction, Y, = Y,- — Y+ is given by

Y, = — (refp + Tf/ep) Y, 4+ (retn + Tvon) Yo (6)

where Y, and Y, are the proton and neutron abundances and the 7’s are rates for electron capture (e p), antineutrino
absorption (7.p), positron capture (e*n) and neutrino absorption (ven).

Boltzmann neutrino transport uses energy dependent neutrino emissivities, j(E), and opacities, x(E) (see equa-
tion (4a)). The latter is equal to the inverse mean free path, 1/A(E). They depend on the distribution functions for
e* and nucleons that are assumed to be in thermal equilibrium. The rates which appear in equation (6) are then
expressed as follow

e = G | B B (B~ £ ) (7a)
Toep = (hf)ignp /d,u dr Ezcif:‘;(lz’;?, (7h)
Fetn = % [ dnak B (B)L - fo (1. B) (7c)
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where n, and n,, are the proton and neutron number densities. For the neutrino and antineutrino emissivities and
mean-free paths we use the analytical expressions given in appendix C of ref. [38], which assume zero-momentum
transfer between leptons and nucleons. Moreover, final state Pauli blocking of the nucleons is taken into account via
degeneracy factors, which reduce to the number densities of targets at low densities in the non-degenerate regime
where blocking is not important. Note furthermore, the emissivity and opacity (or equivalent the mean-free path) are
related by detailed balance as follows [38],

o) = oxp { - EE e m il < (sb)

where p1g = 1, — pp. Note that we also use the reaction rates for charge-current processes with heavy nuclei from
ref. [38], which are based on a simplified description of the Gamow-Teller transition assuming an average nucleus
with mean charge and mass. This has been improved recently, taking into account the distribution of heavy nuclei in
nuclear statistical equilibrium [41, 42].

In a similar fashion as for the charge-current reactions, we can define mean free paths for the scattering processes:

1 1 < 1 . o
NE, pu) c(hc)3/0 dE'E [1dﬂ [1—f(u', E)]
21
></ d¢ R™(E,E’, cosb). (©)
0

They are given in terms of the reaction kernels, R(E, E’, cosf) (see expressions (4b)—(4d)). The scattering processes
included in our simulations are scattering on nucleons and nuclei, electrons and positrons (reactions 4, 5 and 6 in
table I). Scattering on nucleons and nuclei is treated in the elastic approximation also known as isoenergetic scattering

(IS). In this case the scattering kernel reduces to RIS(E E' cosf) = R)(E, E,cos0)§(E — E') and equation (9) gives:
1 27
SE° / / d
Ns(Eop) hC ¢
XxR(E, E,cos0)[1 — f(u', E)]. (10)

The expression we use for Ris(E, E,cosf) is given in refs. [34, 38]. Final state Pauli blocking of the nucleons is,
similar to the charge-current reaction rates, taken into account via degeneracy factors. Here, they also reduce to
the number density of tragets in the non-degenerate limit. The nucleon degeneracy factors for elastic scattering on
nucleons are less sensitive to density than those for the charge-current reactions, see Fig. 34 of ref. [38]. Note that we
neglect nucleon recoil, which has been suggested to be important [30]. However, we expect nucleon recoil to affect all
neutrino flavors equally, and consequently leaving spectral difference between the different neutrino flavors unaffected,
see e.g. ref. [25] who obtained qualitatively similar results including nucleon recoil.

For neutrino scattering on electrons and positrons (expression 6 in table I) we use the scattering kernels of refer-
ences [34, 35, 38]. Note that in addition to having different kernels for v, and 7., we also include differences between
Vi)t and Vyr-

For pair processes (expressions 7 and 8 in table I) the following relation holds between the mean free path and the
scattering kernel

1 1 /°° i /1 e
= dE'E du' fo(u', E
(B )~ ch? Jo I E)
27
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0

and similar for antineutrinos. Table I gives the references from where the expressions for the different scattering
kernels have been obtained. Similar to equation 8, the reaction kernels for in- and out-scattering as well as pair
production (p) and pair absorption (a) are related via detailed balance [38] as follows

—(E-E)
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kT
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B. Neutrino decoupling

The neutrinosphere radii R, (F) at which neutrinos of energy E and flavor v decouple from matter, i.e. the surface
of last scattering, is determined by the condition that the optical depth becomes 2/3. The optical depth, 7, is defined
as follows,

(RE) = [ dree 12
Ty (L = N
A (E)

v (E)

integrating the total inverse mean free path, 1/\,(E) = >, 1/A; ,(E), from the stellar surface towards the center,
where 1/); , refers to an individual weak process i. Following refs. [21, 43] we use the effective neutrino opacity for
energy exchange or thermalization and define:

1 1 1 1
)\u,eff(E) B \//\V,abs(E) (/\V,abs(E) * AV,SCatt(E)>. (13)

The inverse absorption mean free path, 1/A, abs(E), is obtained by summing contributions of processes in which
neutrinos exchange energy with the medium (processes 1-3 and 6-8 in table I). The inverse scattering mean free path
contains processes where the neutrino momentum is changed but not the energy (processes 4 and 5 in table I).

For those cases, scattering and pair processes, in which the opacity depends on both the energy and angle of the
neutrino, we define the energy-dependent inverse mean free path as follows

1 1 1
) = ) | B (14)

using the local neutrino distribution function for each neutrino flavor v and

1M@:/WMEM, (15)

is the first angular momentum of the neutrino phase-space distribution function.
In order to determine an average neutrinosphere radius, the so-called energy sphere [30], we define an energy
averaged inverse mean free path using the local neutrino phase-space distribution functions:

1 1 27 1
—V=——" [ duE%*E f,(4, E)—— 16
<A,,> N, G | A i B) s (16)
for each neutrino flavor v and
N—2—7T/d E%dE f, (1, E) (17)
= e | v (1, E).

is the local number density of neutrinos. The energy averaged effective mean free path is defined as

() = ) () () -

Finally, the energy sphere radius Rgg is obtained from the condition:

o 1 2
T hcrm(RES) = / dT< > =5 (19)
‘ Rgs /\V,eff 3

For later discussions, it is convenient to define an average transport neutrinosphere, Ry,, following ref. [30] from the

condition:
& 1 2
Ttr(Rtr) = /Rtr dr <)\u,tr> = ga (20)

where the total average transport mean free path is defined as follows

<Avl,cr> N <A1b> * <Ay,slcam> (21)




Note that if absorption processes dominate, 1/A, ¢ 2 1/A, e, while if scattering dominates 1/A, 4 >> 1/A, enr,
implying that the energy sphere is located as smaller radius (and hence higher density) than the transport sphere. As
discussed by Raffelt [30], that means once neutrinos decouple form matter at the energysphere radius, Rgs (eq. 19),
they still suffer several elastic scattering events until they reach the transport sphere at larger radius Ry,. The distance
between both spheres defines a scattering atmosphere.

Based on the above definitions, we will illustrate in the following the situation in the proto-neutron star (PNS)
atmosphere. Fig. 1 shows radial profiles of matter density (solid black line) and neutrino luminosities (red lines),
which correspond to a typical post-bounce time between 1-2 seconds after the onset of explosion (depending on the
progenitor model). The energy sphere for v., see expression (19), is shown by a vertical blue line in the upper part
of the plot. It is located near the PNS surface where the density drops over several orders of magnitude. Note that
the density gradient at the PNS surface continues to steepen during the ongoing PNS deleptonization, which will
be further discussed in section III. To illustrate the dependence of neutrino decoupling on energy, we also show the
energy dependent neutrinospheres, where color coding is according to the neutrino energy between 3 MeV (black)
to 300 MeV (white). Low energy neutrinos of 3-5 MeV decouple already at high densities (~ 10'* g cm™2), while
high-energy neutrinos (100-300 MeV) decouple at rather low densities (~ 10® g cm=2). The luminosities can vary
until the final neutrino decoupling radius, outside which the neutrino luminosities stay constant and hence the spectra
are frozen.

Note that the luminosity hierarchy shown in Fig. 1 and its detailed evolution over time depends on the neutrino
opacities used (see for example [25]), however, as the proto-neutron star deleptonizes one observes that both the
luminosities and average energies of all neutrino flavors converge to almost indistinguishable values. It is one of the
objectives of this manuscript to address the physical origin of this behavior.

III. O-NE-MG-CORE SUPERNOVA EXPLOSION

We begin considering the 8.8 Mg O-Ne-Mg-core collapse simulations. The model was explored consistently though
core collapse, bounce, explosion and proto-neutron star (PNS) deleptonization up to 7 seconds after core bounce [24].
The early onset of explosion for this model, at already 35 ms post bounce, is related to the special structure of the
progenitor that lacks an extended high-density envelope. For details about the explosion mechanism, see refs. [24, 44].
We will start our analysis by summarizing the evolution of neutrino luminosities and mean energies. Further below
we will examine important aspects related to the proto-neutrons star (PNS) deleptonization.

A. Proto-neutron star deleptonization

Fig. 2 shows neutrino energy L, and number luminosities L,, , as well as root-mean-square and mean energies, with
respect to time after bounce (in log-scale). For a definition of these quantities, see ref. [45]. All plotted quantities
are measured in the co-moving reference frame at a distance of 500 km from the center (see ref. [24]). The sharp
luminosity and energy jumps at about 40 ms post bounce are related to Doppler shift effects, where due to the passage
of the supernova shock, matter velocities suddenly change from infall to expansion. During the early post-bounce
phase until 40 ms, the electron neutrino luminosities are dominated by mass accretion at the neutrinospheres. They
reach values of about 2 x 1052 erg/s and stay relatively constant during the accretion phase, after the deleptonization
burst from the core bounce has been launched. Note that during the accretion phase, the electron neutrino energy and
number luminosities are larger than the electron antineutrino energy and number luminosities. However, during the
early explosion phase the electron antineutrino energy luminosity becomes slightly larger than the electron neutrino
energy luminosity (see Fig. 2). The following hierarchy holds L;, 2 L,, > L., ,, until about 350 ms post bounce, after
which the electron flavor neutrino luminosities change ordering and the following hierarchy holds L,,, > Ly, 2 Ly,.
This hierarchy remains until the simulation is stopped at about 7 seconds post bounce. The luminosities of all flavors
decrease by about one order of magnitude within the first second after the onset of explosion. For the number
luminosities the following hierarchy holds L, ,, > Ly > an“ /. up to about 750 ms post bounce, after which
Ly, > Ln,uu s> Ly, .. This continuous decrease of the neutrino luminosities reflects the ongoing proto-neutron star
deleptonization.

Of additional relevance for nucleosynthesis and flavor oscillation studies are the mean energies, shown in Fig. 2
(bottom), in particular the difference between v, and 7.. During the accretion phase before the onset of an explosion,
(Ey,,,) decrease slightly from 16 MeV to 15 MeV, (Ej, ) increases from 10 MeV to 12 MeV and (F,,) decrease from
13 MeV to 8 MeV. After the onset of explosion, both (E,, ) and (Ej, ) increase slightly from 7.5 MeV and 10 MeV to
8.5 MeV and 12 MeV at about 350 ms post bounce. Both mean energies increase and their difference stays as large
and even increases slightly. However, the difference is not large enough to turn matter neutron rich. (£, /T> decrease



continuously from about 14 MeV at the onset of explosion to 8 MeV at 7 seconds post bounce. After about 1 s post
bounce, also (Ep,) and (FE,_ ) decrease continuously to 9 MeV and 8 MeV. The rms-energies are slightly larger than
the mean energies but follow the same behavior. The decreasing mean energies for all flavors indicates the ongoing
deleptonization of the central PNS and hence cooling by neutrinos. Furthermore, the mean energies of all flavors
become increasingly similar with respect to time during the PNS deleptonization (see Fig. 2).

The resulting evolution of the explosion and the neutrino spectra is in good qualitative and quantitative agreement
with the study of the Garching group of this low-mass progenitor model [25, 44]. The authors applied a different
equation of state and in addition a set of updated weak interactions processes. In particular weak-magnetism correc-
tions and nuceon recoil, both of which delay the decreasing luminosities and average energies evolution slightly during
the deleptonization in comparison to simulations where these effects are omitted. Nevertheless, the general trend of
the decreasing energy difference between all neutrino flavors remains unmodified.

The evolution of radial profiles of selected quantities is illustrated in Fig 3 at several post-bounce times (1 seconds:
red lines, 2 seconds: blue lines, 7 seconds: green lines). We focus on the radial domain near the neutrinospheres
(vertical dashed lines for v, and dash-dotted lines for 7, in graph (b)), i.e. the region where neutrinos decouple
from matter and where the far distance spectra are determined. The graphs (a), (¢) and (d) show radial profiles of
temperature, entropy per baryon and electron fraction, all of which decrease at the neutrinospheres. This evolution
is typical for the PNS deleptonization and neutrino cooling including the slow proto-neutron star contraction. Note
the rapidly rising electron fraction outside the neutrinospheres, which is related to the expansion of material in the
neutrino-driven wind where Y, ~ 0.56 (see ref. [24] for a discussion). As the temperature reduces, the mean energy of
neutrinos also decreases and the neutrinospheres move to higher densities and hence smaller radii, during the proto-
neutron star deleptonization (see Fig. 3 graphs (a) and (b)), from R,, = 22.19 km and Ry, = 21.51 km at 1 second
post bounce to R,, = 15.28 km and Ry, = 14.97 km at 7 seconds post bounce.

In the following subsection, we will analyze the reason for the decreasing difference in the mean neutrino energies.

B. Individual opacities

Fig. 4 shows radial profiles of inverse mean free paths for the individual reactions considered, for v, (left panel), v,
(middle panel) and v,/ (right panel) at selected post-bounce times obtained during the PNS deleptonization.

We will start analyzing the inverse mean free paths for (i, 7)-neutrinos (right panel in Fig. 4). Note that they
have no contributions from charge-current processes, they are only produced via the neutral-current pair-creation
reactions (7) and (8) in Table I. The dominating inelastic contribution comes from N—N-Bremsstrahlung, only a tiny
contribution comes from e~—eT-annihilation, and scattering on electrons/positrons. All inelastic processes are smaller
by several orders of magnitude than elastic scattering on neutrons (IS, v,/.n). Note further that elastic scattering on
protons (IS, v, /,p) is also smaller than scattering on neutrons because protons are much less abundant than neutrons.

The large scattering dominance implies that the transport opacity is greater than the effective opacity, 1/ Av,, rstr >
1/ Av,, . eff; S€E €quations (18) and (21). The corresponding neutrinospheres are shown in Fig. 4 (energy sphere: vertical
black dash-dotted line, transport sphere: vertical black dashed line). The separation of both defines the scattering
atmosphere for v, /-, which is present already at early times after the onset of an explosion.

The situation remains the same at later times for (u,7)-neutrinos. However, the difference between 1/\ig .,
and 1/, .+ increases with 1/A,,, 5, nn becoming as large as 1/A, o+, while 1/A
with time (see the right panels in Figs. 4(a)-4(c)).

The situation for 7, is illustrated in the middle panels of Fig. 4. Here, in addition to the neutral-current inelastic
scattering and pair-creation processes, absorption on protons contributes to the energy exchange processes. However,
their contribution is small and comparable to neutrino scattering on electrons/positrons at early times. The small
value of 1/\p,,, is related to the low number density of protons in the neutron-rich environment. At late times 1/\z,,
even decreases one order of magnitude below 1/ Av,,.,,.NN- As the density at the energy sphere, Rpg, increases with
time, the opacity for ., absorption on protons decreases due to Pauli-blocking of final-state neutrons. This aspect is
taken into account via nucleon-degeneracy factors in the charge-current reactions rates [38].

As before for v/, the dominating process is here also 7, scattering on neutrons. Hence similar to (y/7)-neutrinos,
1/Ap. 4 > 1/ A5, enr already early after the onset of an explosion and a scattering atmosphere has developed. At early
times, due to contributions from 7, absorption on protons the energy sphere for 7. is located at larger radius, i.e.
at lower matter temperature, than the energy sphere for v,,/,. However, as the opacity for 7. absorption on protons
decreases with time the temperatures at the energy spheres of . and v,/ become increasingly similar. This explains
the convergence of mean energies and luminosities for 7. and v,/ at late times (see Fig. 2).

Note the constant opacity for 7, absorption on protons outside the transport sphere at 7 seconds post bounce
in Fig. 4, which is due to the constant number density of protons where the increasing abundance of protons is
compensated by the decreasing density at the proto-neutron star surface.

w/TP
continuously decreases

Vu/mVu/T



In contrast to e and v, /,, the situation is different for v illustrated at the left panels in Fig. 4. The opacity for
V. is initially dominated by charge current v, absorption on neutrons, 1/\,_,. It is greater than 1/Ais .. by several
orders of magnitude early after the onset of explosion at 1 second post bounce, see Fig. 4(a). As the total opacity is
dominated by absorption processes, we are in a situation where 1/, 2 1/A,., en. Hence, a scattering atmosphere
is not present for v, a few seconds after the onset of an explosion [30]. However, around 7 seconds post bounce
a scattering atmosphere starts to develop, see Fig. 4(c). Similar as for 7., the opacity for neutrino absorption on
neutrons becomes smaller than the one for neutrino scattering on neutrons in the region around the neutrinospheres.
It is due to Pauli blocking of final-state electrons.

At the time when the simulations were stopped, the effective opacity of v, still contains substantial contributions
from charge-current processes. Hence the spectra of v, and 7, the latter contains negligible contributions from charge-
current contributions, have not converged yet. As will be discussed in the next section, we expect full convergence of
the neutrino spectra and luminosities for v, and 7, at later times.

Note that the previous analysis is based on charge-current reaction rates from ref. [38] computed in the so called
elastic approximation, which assumes zero-momentum transfer. This assumption may not be accurate at high den-
sities, where neutrons become degenerate and neutrinos have higher average energies. To check this issue, we have
included the full energy and momentum-transfer dependent treatment of ref. [46] for the charge-current reactions.
The corresponding opacity based on that treatment is shown in Fig. 4 (red dashed lines, labelled 'Reddy’) for v, and
Ue, in comparison to the opacity form ref. [38] (red solid lines, labelled 'Bruenn’). At low densities, the differences
between both opacities are minor. At high densities the differences between both approaches increase at late times as
matter becomes increasingly neutron rich and the temperature decreases, which in turn rises the neutron degeneracy.
It indicates that Pauli-blocking of final states described above based on the zero-momentum transfer approximation,
which is relevant for the suppression of charge-current reactions during the deleptonization, will even increase in the
simulations when applying the improved treatment of ref. [46].

Now, we discuss the evolution of selected quantities at the v, energy sphere illustrated in Fig. 5 during the delep-
tonization. The top panel shows the evolution of the sphere radii for v, (solid line) and 7, (dashed line). The
temperature evolution at the v.-sphere is also shown in the panel below, which remains about constant at 5 MeV.
Moreover, the two bottom panels of Fig. 5 show the evolution of electron fraction at the v.-sphere and also the v,
and 7, fractions at the corresponding spheres. The electron fraction drops rapidly from 0.1 to 0.035 during the first
second after the onset of explosion. At later times, the electron fraction evolves to saturation values of 0.03 (at Rgs
for v,) and 0.025 (at Rps for 7.). The neutrino fractions are already very small inside the proto-neutron star at the
onset of explosion, with continuously decreasing values Y, ~ 1072 and Y;_ ~ 4 x 1072 at the corresponding spheres.
Later during the deleptonization, the neutrino fractions continuously decrease to Y,, ~ 3x 107> and Y5, ~ 2x 1075 at
about 7 seconds post bounce. Furthermore, we also show the evolution of the neutron chemical potential, ju,,, at the
ve-sphere in Fig. 5. It rises continuously and reaches positive values at about 3.5 seconds post bounce, after which the
neutrons have Fermi energies greater than their restmass. p,, exceeds the temperature at about 6 seconds post bounce,
after which the neutrons become degenerate. Equally important is the evolution of the electron chemical potential,
e, at the ve-sphere, which is also shown in Fig. 5. It rises from around 10 MeV to 60 MeV during deleptonization,
while the temperature decreases only slightly. The rising electron chemical potential together with the decreasing
average neutrino energies implies the increasing importance of the final-state Pauli blocking for the electrons.

IV. TIRON-CORE PROGENITORS

In this section, we will compare the results found above for the low-mass O-Ne-Mg-core collapse supernova simulation
with the more massive 18 Mg, iron-core progenitor [47]. Note that neutrino-driven explosions of stellar models other
than the O-Ne-Mg-core cannot be obtained using the standard physics input in spherical symmetry. Hence, in order
to trigger the explosion for the 18 Mg, progenitor under investigation, neutrino absorption and emission rates were
enhanced in the gain region. Here we focus on the cooling phase of the proto-neutron star after the onset of explosion,
that is not affected by the enhanced rates used to trigger the explosion. We have checked this by doing reference
simulations without enhanced rates where differences obtained are less than 5%, compared to the results presented in
this section.

Note further that in contrast to the O-Ne-Mg-core model, which was evolved up to 7 seconds post bounce where
the spectra of v, and 7, have not fully converged yet, the 18 Mg model was evolved for more than 20 seconds post
bounce. Here the spectra have further converged and are indistinguishable for practical applications.

Fig. 6 shows the evolution of the neutrino observables for the 18 Mg model, again measured in a co-moving frame
of reference at a distance of 500 km. The sharp jumps in luminosities and mean energies at about 350 ms post bounce
are due to the onset of the explosion, where mass accretion vanishes and matter velocities suddenly change from infall
to expansion (compare with the O-Ne-Mg-core in Fig. 2 where the explosion is launched already at about 35 ms post



10

bounce). The post bounce mass accretion phase lasts for several 100 ms for this iron-core progenitor. Consequently the
central PNS is more compact than for the O-Ne-Mg-progenitor, with higher central density and temperature as well as
lower proton-to-baryon ratio. Furthermore, the longer accretion phase and the more compact PNS lead to very similar
V. and 7, energy luminosities during the accretion phase (see Fig. 6), with the same ordering Ly, > L, > Ly,,. . The
number luminosities follow the same ordering here as for the O-Ne-Mg core, L;, ,, > Ln 5, > Lny, .. The opposite
ordering holds for the mean energies, (E,,) < (Ep,) < (E,,,.) < (Ep,,.). They slowly rise during the accretion
phase from (F,_ ) = 8 MeV to 10 MeV, (Ey, ) = 11 MeV to 12.5 MeV, (E, , ) = 15.5 MeV to 16 MeV at the onset of
explosion.

At about 350 ms post bounce, the luminosities decrease rapidly from 4x 10°2 erg/s (ve, 7e) and 1.5x10%2 erg/s (v, ;)
to 7 x 10°! erg/s (for all flavors) at about 0.5 seconds post bounce. They also change ordering L,,, > Ly, =~ L,,.
The same holds for the number luminosities, L,, ,, > Ln,,ju P L, 5. At about 20 seconds post bounce, the energy

and number luminosities converge to 1 x 10°° erg/s and 1 x 10°* s~!. The mean energies decrease also rapidly shortly
after the onset of explosion (see bottom panels in Fig. 6). On timescales of several seconds, the mean energies of all
flavors decrease continuously and become increasingly similar. This evolution is in qualitative agreement with the
evolution of the O-Ne-Mg-core collapse supernova, discussed in section III. However, for the iron-core model under
discussion here, the simulation was carried out for more than 20 seconds after bounce. This allows us to explore with
additional details the spectral convergence of the different neutrino flavors at late times.

The evolution of radial profiles of selected hydrodynamic quantities is illustrated in Fig. 7 at the three selected
post-bounce times 1, 5 and 20 seconds for the 18 M, iron-core progenitor model. Illustrated are conditions near the
neutrinospheres during the PNS deleptonization. Similar to the 8.8 Mg model discussed in section IIT (see Fig. 3)
temperature, entropy per baryon and electron fraction shown in graphs (a), (¢) and (d) decrease continuously with
time, while the density at the neutrinospheres in graph (b) increases. The v, and 7, spheres move not only to higher
density but also closer together during the proto-neutron star deleptonization on timescales on the order of several
seconds (see graph (b)). It indicates the same behavior as for the O-Ne-Mg-core.

In the following we repeat the analysis from section III B and look at the individual opacities (inverse mean free
paths) at selected times during the proto-neutron star deleptonization, illustrated in Fig 8. Identical as for the O-
Ne-Mg core, the opacity for v/, is dominated by scattering on neutrons at any time. Inelastic processes, which
are more than one order of magnitude smaller than elastic scattering on neutrons, are dominated by scattering on
electrons/positrons. Only at late times after about 5 seconds post bounce, the opacity of Bremsstrahlung rises and
becomes of equal importance. The positions of energy sphere (dominated by inelastic processes) and transport sphere
(all processes contribute equally) are marked by the dash-dotted and dashed lines in Fig. 8. Their separation indicates
the presence of a scattering atmosphere, which is already present for v,/ and 7. early after the onset of explosion.
Similar to the O-Ne-Mg-core, the situation is different for v., for which the dominating opacity is absorption on
neutrons. Consequently, energy and transport spheres lay close to each other and a scattering atmosphere has not yet
developed. However, during deleptonization, the opacity for v, absorption on neutrons reduces continuously due to
final state electron blocking. At about 10 seconds after bounce, the opacity from v, scattering on neutrons becomes
larger than the opacity for absorption on neutrons, and a scattering atmosphere starts to develop. At about 20 seconds
post bounce, the opacity of all flavors is dominated by neutral-current processes that do not distinguish between
different flavors. The energy and transport spheres converge for all flavors and their spectra become increasingly
similar. The evolution of opacities (inverse mean free paths) is in qualitative and quantitative agreement with the
evolution for the O-Ne-Mg core discussed in section IIT B. We also find that the improved treatment of [46] leads to
an additional reduction of the charge-current opacities (see Fig. 8).

Note that the extension in density of the scattering atmosphere, i.e. the density domain between energy and
transport spheres, reduces during the proto-neutron star deleptonization. However, measured in radius, the scattering
atmosphere increases in size.

The impact of nucleon-nucleon correlations on the neutrino-nucleon scattering opacity has been explored in ref. [48].
The authors found that above normal nuclear matter density, they may suppress the inverse mean free path substan-
tially. To fully quantify this effect will require the inclusion of nucleon correlations in weak processes that are then
uased in supernova simulations, which is beyond the scope of the present article. However, the neutrino spheres will
reach such high densities only very late during the protoneutron star deleptonization (see Fig. 8) when the spectra of
all flavors have already converged (see Fig. 6). Hence, a strong impact cannot be expected.

Y/t

V. NEUTRINO EMISSION CHARACTERISTICS

In the previous sections we analyzed the neutrino spectra based on the opacities, i.e. the propability for a neutrino
to be absorbed on its way out of the proto-neutron star. Here we focus on neutrino emission processes, i.e. the inverse
of absorption processes, and their contribution to the luminosities at infinity. We follow the formalism of ref. [29]
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where the authors analyzed the early post-bounce phase up to 500 ms. According to appendix B of ref. [29], we define
the quantity £;(F,r) such that the luminosity at infinity is given by

Lo :/000 dE/OOO erEi(E,r), (22)

where ¢ runs over all processes that create a neutrino of energy E at radius r. The quantity £;(F,r) contains
information about the local production of a neutrino of energy E and its absorption during the transport r — oo.

The function £,;(E,r) for the different processes considered is shown in the Figs. 9 (8.8 Mg model) and 10 (18 Mg
model), at selected post-bounce times. The colors of the contour lines represent the different processes, including
charge current (blue), scattering on e® (green) and pair emission (white). Charge-current processes are the inverse of
reactions 1-3 of table I and pair processes are the inverse of reactions 7 and 8 of table I. Note that elastic processes
are not considered as they do not change the energy. The color gradient reflects the neutrino energies, which range
from 3 to 300 MeV. The vertical lines at the top of each panel mark positions of the energy spheres and the dashed
black lines are the luminosity profiles (left-axis scale). Furthermore, the vertical black lines at the bottom of each
panel mark positions of different densities in a logarithmic scale.

As was discussed in ref. [29] (see Figs. (4)—(7)), charge-current processes dominate the emission of v. and 7.
during the entire accretion phase before an explosion was launched. Here we analyze the later evolution during the
proto-neutron star deleptonization.

At early times shown Fig. 9(a), v,/ are produced by pair processes and their energy is modified by scattering on
e*. Furthermore, pair processes occur at high densities and hence contribute to neutrinos of higher energies. The
produced high-energy neutrinos are down-scattered on e* to lower neutrino energies at low densities. The situation for
pair processes and scattering on e* is similar for 7., however the dominating emission contribution to the luminosity
at infinity comes from positron captures on neutrons. It shifts the main production site to lower densities (larger
radii) than for v,,,. For v,, the emission is completely dominated by electron captures on protons at even lower
densities. The different production sites reflect the hierarchy of the average neutrino energies.

At later times, illustrated in Fig. 9(b), we see that charge-current processes for 7, become rather small. Hence, 7.
and v/, are mainly produced via the same neutral-current processes and at similar densities with slightly different
contributions from pair processes and scattering on e*. It explains the slight difference between the 7, and Vy/r
spectra (see Fig. 2). For v., we observe two clearly separated production sites. Pair processes and scattering on e®
occur at almost the same densities as for 7, and v, /. However, the second contribution occurs at lower density (larger
radius) via electron captures on protons. Both contributions have similar magnitude with the latter one producing
neutrinos of lower energy.

For the more massive 18 Mg model, the situation is similar at 5 seconds post bounce (Fig. 10(a)). Note the
additional small contribution from electron captures on heavy nuclei, at densities on the order of 10 g cm™3,
which are expected to be present at the neutron-star crust. At later times, illustrated in Fig. 10(b), charge-current
contributions for v, are negligible and the spectra for v, and v,/ become increasingly similar with time. For v, we
observe that charge-current contributions decrease continuously and will become also negligible if the simulation was
carried out further. It explains the slight difference remaining between the average energies of v, and 7. (see Fig. 6).
These findings are consistent with the previous discussion based on opacities.

It is interesting to note that pair processes, mainly N—-/N-Bremsstrahlung, occur at high densities on the order of
10™ g em ™3, where the treatment of nuclear correlations may affect the neutrino opacities [51]. However, all neutrino
flavors will be influenced equally without producing any changes in the relative energies between different flavors.

VI. SUMMARY AND CONCLUSIONS

We have performed a detailed analysis of the different processes that determine the neutrino spectra of all flavors
during the deleptonization phase after the onset of a supernova explosion. We have explored the 8.8 M O-Ne-Mg-core
and the 18 Mg, iron-core supernova simulations from ref. [24], in order to cover a broad range of stellar models.

Using neutrino opacities (inverse mean free paths) for the different processes, we computed energy and transport
spheres for each neutrino flavor. Our results confirm the finding of ref. [21, 30] for v/, i.e. the presence of a scattering
atmosphere between the v,/ energy and transport spheres. In addition we also find a scattering atmosphere for v,
already early after the onset of an explosion, which has not been observed before. We find that at early times after
the onset of an explosion, due to the contribution from charge-current reactions to the total opacity for 7., the energy
spheres of . and v/, are located at different positions. However, due to Pauli blocking of final state neutrons the

Ve-opacity from charge current-reactions decreases continuously and the location of the energy spheres for v, and v,/

becomes increasingly similar. At late times, the dominating contribution to the total opacity of 7. and v, ,, comes
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from neutral-current reactions which are independent of the neutrino flavor. It explains the increasing similarity of
the ve and v/, spectra.

On the other hand, the total opacity for v, is dominated by charge-current neutrino absorption on neutrons at early
times and hence no scattering atmospheres is present yet. As the charge current opacity for v, is larger than for v,
due to the much larger abundance of neutrons compared to protons, neutral-current processes become dominating
only at later times than for 7.. The reduction in the charge current opacity for v, is related to Pauli blocking of the
final state electrons, which continuously increase their Fermi energy as the neutrinospheres move to higher densities.
At the same time, the average neutrino energies decrease. At these late times, a scattering atmosphere also develops
for v,, which has also not been observed before, and the spectra of v, and 7, become increasingly similar.

In addition to the opacities, we have also explored emission processes (inverse opacities) from which we find quali-
tatively a similar behavior. Furthermore, we find that charge-current and neutral-current processes contribute to the
Ve luminosity at clearly separated density domains. Charge-current contributions decrease during the deleptoniza-
tion and originate from low densities around 10'°-10'3 g ecm™3. On the other hand, neutral-current contributions
originate at high densities between 10'3 to several times 10'* g cm™3 (depending on the progenitor and the state of
deleptonization).

A clear extension of this investigation is the inclusion of improved neutrino interactions, in particular corrections
from weak magnetism and nucleon recoil [49], the emission of (u,7)-neutrino pairs via the annihilation of trapped
electron neutrino pairs and the reverse process [24, 50]. These were included in the study of the O-Ne-Mg-core in
ref. [25], which was in qualitative agreement with our findings. In addition, the treatment of nuclear correlations [48, 51]
and weak processes with light nuclei [52, 53] should also be improved. Nevertheless, we expect that none of these
additions will change the findings discussed in this paper, i.e. on timescales on the order of tens of seconds charge-
current reactions are suppressed due to Pauli blocking of final states and the neutrino spectra are dominated by
neutral-current processes. These processes do not distinguish between different neutrino flavors and hence the neutrino
spectra of all flavors become very similar at these late times. Moreover, we expect that including the improved phase-
space treatment of ref. [46] in long-term simulations of supernova explosion, will even enhance the suppression of
charge-current processes.

We expect that the neutrino-driven ejecta will always be proton rich. This excludes neutrino-driven winds from
non-rotating and not magnetic proto-neutron stars as possible site for the production of heavy r-process elements
(Z > 56). Furthermore, the role of neutrino-flavor oscillations at late times for neutrino detection and nucleosynthesis
becomes negligible in the presence of very similar neutrino spectra of all flavors. However at early times when the
spectral differences of the different neutrino flavors are be large, it may impact nucleosynthesis under proton-rich
conditions [54, 55] and neutrino detection.
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FIG. 1. The region of neutrino decoupling is shown via the energy-dependent transport spheres (for v.), where the color-coding
is according to the neutrino energies from Fmin = 3 MeV (black) at about 16.17 km up to Fmax = 300 MeV (white) at
49.11 km. The energy-averaged ve-sphere is shown in the vertical blue solid line. The radial profiles of density (solid black
line) and luminosities (ve: solid red line, 7.: dashed red line, v, ,,: dash-dotted line) are also shown.
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FIG. 2. Post-bounce evolution of neutrino energy and number luminosities as well as mean and root-mean-square (rms) energies
for the 8.8 M O-Ne-Mg-core supernova simulation [24]. We show explicitly the average energies for neutrinos and antineutrinos
of all flavors. For the luminosities, we only show v., e and v, /, because 7,,, cannot be distinguished from v, ,, at the scale
chosen.
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FIG. 4. Inverse mean free paths for the individual reactions considered (IS,vN): isoenergetic neutrino-nucleon scattering,
(ven, Dep): charge-current reactions (comparing rates form ref. [38] (Bruenn) and ref. [46] (Reddy)), (v7): e~ e' - annihilation,
(vuNN): N-N-Bremsstrahlung), for v. (left panel), 7. (right panel) and v, ,, (right panel), based on radial profiles and
evolution of the 8.8 Mg O-Ne-Mg-core collapse supernova simulation [24]. We show selected post-bounce times 1 s (top), 2 s
(middle) and 7 s (bottom). Note the different density scale for the bottom panel. The vertical black dashed and dash-dotted
lines mark the position of the transport (Eq. (19)) and energy spheres (Eq. (20)).
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FIG. 5. Post-bounce evolution of the energy spheres for v. and 7., electron and neutron chemical potentials as well as
temperature and electron fraction at the ve-sphere. Furthermore, the evolution of the v. and 7. fractions is shown at the
corresponding spheres.
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FIG. 9. Local contributions, £;(E,r), to the luminosity at infinity (see text for its definition) at two different post-bounce
times during the protoneutron star deleptonization of the 8.8 M supernova simulation. Note the different y-scales for each
neutrino flavor. The color of the contour lines mark different weak processes (blue: charge current, white: pair processes, green:
Vei-scattering). The color gradient reflects the neutrino energy from 3 to 300 MeV (see color bar at the bottom). The dashed
black lines show the luminosities and the vertical lines the position of the energy spheres (equation 13). The black vertical lines

at the bottom of each panel mark different baryon densities, indicated by the labels from log, (p g/ cm3]) = 9-14.



23

3 T T 0.4
1.4
04t ¢

T 25 1.2 @

<) = - 10.3

o E ° R PO =
3 2 1 < ) S N e e e e e e e e e e — . —— - £
B 08 2 5
515 T8 - {02 3
‘D 0.6 3 ‘0 3
21 S £ 2

E 04 — E 21110 9 P
3 3

0.5 0.2
3 3 } } 0.4
7]

7y 25 25 &

o —_ = 103
o4 2 2 E | Y e T g
”’3 B ‘5 2
= =] =, o
S 15 15 S > {02 £
21 18 £ . ol 2
g E {01
- 05 0.5 3

33—t ; ; ; ; : —4 : : 0.4
Urlss

=) o= == B 3 _ > 103
[ L 5 .
g / l2s £ R T A R £
El ) £y 2 5
157 , A 2 £ > lo2 8
B / 1413 12 11 10 9 a B )
2 1r J e m& é mg
E K 11 E 9 8101
— 05t -

, {05
.

0 Va L L L L L L 0 L 1 O
10 12 16 18 20 22 24 4 18 20
Radius [km] Radius [km]

3 5 8 13 21 34 55 89 145 236 3 5 8 13 21 34 55 89 145 236
Neutrino Energy [MeV] Neutrino Energy [MeV]
(a) 5 seconds post bounce (b) 22 seconds post bounce

FIG. 10. Local contributions, £;(E,r), to the luminosity at infinity (see text for its definition) at two different post-bounce
times during the protoneutron star deleptonization for the 18 My supernova simulation. The same configuration as Fig. 9.

TABLES

TABLE I. Neutrino reactions considered, including reactions rates and references.

Reaction® Mean free path/Reaction kernel —References
1 Vet+n—p+e 1/ Aven(E) [38]
2 Ve+p—n+et 1/Av.p(E) [38]
3ve+ (A, Z—-1)—= (A Z)+e” 1/ A, A(E) [38]
4 v+ N -V +N Ris.,n(E, E,cos0) [38]
5 v+ (AZ) =V + (A7) Ris ,a(E, E,cos0) [38]
6 v4et 5/ et R (E,E' cosf) (34, 35, 38]
7 v+U—se +et R, (E,E' cos0) (38, 39]
8 v4+40v+N+N-—->N+N Risnn(E,E' cosf) [40]

Note: v = {ve, Ve, Vy/rsVu/r} and N = {n, p}



