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We consider an extended theory of Horava-Lifshitz gravity with the detailed balance condition
softly breaking, but without the projectability condition. With the former, the number of inde-
pendent coupling constants is significantly reduced. With the latter and by extending the original
foliation-preserving diffeomorphisms symmetry Diff(M, F) to include a local U(1) symmetry, the
spin-0 gravitons are eliminated. Thus, all the problems related to them disappear, including the
instability, strong coupling and different speeds in the gravitational sector. When the theory couples
to a scalar field, we find that the scalar field is not only stable in both the ultraviolet (UV) and
infrared (IR), but also free of the strong coupling problem, because of the presence of high order
spatial derivative terms of the scalar field. Furthermore, applying the theory to cosmology, we find
that due to the additional U(1) symmetry, the Friedmann-Robertson-Walker (FRW) universe is
necessarily flat. We also investigate the scalar, vector, and tensor perturbations of the flat FRW
universe, and derive the general linearized field equations for each kind of the perturbations.

PACS numbers: 04.60.-m; 98.80.Cq; 98.80.-k; 98.80.Bp

I. INTRODUCTION

Recently, Horava formulated a theory of quantum
gravity, whose scaling at short distances exhibits a strong
anisotropy between space and time [1],

x—=b'x, t—b 7t

(1.1)
In order for the theory to be power-counting renor-
malizable, in (3 4+ 1)-dimensions the critical exponent
z needs to be z > 3 [1, 2]. The gauge symmetry of
the theory now is broken from the general covariance,
* = z#(t,x) (p = 0,1,2,3), down to the foliation-
preserving diffeomorphisms Diff(M, F),
t=t—f@t), @=a"-x). (1.2)
Abandoning the Lorentz symmetry gives rise to a prolif-
eration of independently coupling constants [3, 4], which
could potentially limit the prediction powers of the the-
ory. To reduce the number of these constants, Horava
imposed two conditions, the projectability and detailed
balance [1]. The former assumes that the lapse function
N in the Arnowitt-Deser-Misner decompositions [5] is a
function of ¢ only,
N = N(t), (1.3)
while the latter assumes that gravitational potential Ly
can be obtained from a superpotential W, via the rela-
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where G denotes the generalized De Witt metric, de-
fined as Gk = %(gikgjl + g“gjk) — Mg g*, and X is a
coupling constant.

However, with the detailed balance condition, the
Newtonian limit does not exist [6], and a scalar field in
the UV is not stable [7]. Thus, it is generally believed
that this condition should be abandoned [8]. But, due to
several remarkable features [9], Borzou, Lin and Wang
recently studied it in detail, and found that the scalar
field can be stabilized, if the detailed balance condition
is allowed to be softly broken [10]. With such a breaking,
all the other related problems found so far can be also
resolved. For detail, we refer readers to [10].

On the other hand, with the projectability condition,
the number of the independent coupling constants can
be significantly reduced. In fact, together with the as-
sumptions of the parity and time-reflection symmetry, it
can be reduced from more than 70 to 11 [11] (See also
[12]). But, the Minkowski spacetime now becomes un-
stable [11, 13, 14], although the de Sitter spacetime is
[15, 16]. In addition, such a theory also faces the strong
coupling problem [16, 17] 1. Tt should be noted that both

L,py = Ei;G""Ey, EY = (1.4)

I In the literature, the ghost problem was often mentioned [18, 19].
But, by restricting the coupling constant A to the regions A > 1
or A < 1/3, this problem is solved (at least in the classical level)
[1, 11, 13, 14]. In addtion, when A € (1/3,1), the instability
problem disappears. Therefore, one of these two problems can
be always avoided by properly choosing A. In this paper, we
choose A > 1, so the ghost problem does not exist.



of these two problems are closely related to the existence
of a spin-0 graviton [18, 19], because of the foliation-
preserving diffeomorphisms (1.2) 2. Another problem re-
lated to the presence of this spin-0 graviton is the differ-
ence of its speed from that of the spin-2 graviton. Since
they are not related by any symmetry, it poses a great
challenge for any attempt to restore Lorentz symmetry at
low energies where it has been well tested experimentally.
In particular, one needs a mechanism to ensure that in
those energy scales all species of matter and gravity have
the same effective speed and light cones.

To overcome these problems, so far three main dif-
ferent approaches have been taken. The first one is
to provoke the Vainshtein mechanism, initially found in
massive gravity [20]. In particular, Mukohyama studied
spherically symmetric static spacetimes [19], and shown
that the spin-0 gravitons decouple after nonlinear effects
are taken into account. Similar considerations in cosmol-
ogy were given in [21, 22] (See also [16]), where a fully
nonlinear analysis of superhorizon cosmological perturba-
tions was carried out, by adopting the so-called gradient
expansion method [23]. It was found that the relativistic
limit of the Horava-Lifshitz (HL) theory is continuous,
and general relativity (GR) is recovered at least in two
different cases: (a) when only the “dark matter as an in-
tegration constant” is present [21]; and (b) when a scalar
field and the “dark matter as an integration constant”
are present [22].

Another very attractive and completely different ap-
proach is to eliminate the spin-0 gravitons and meanwhile
fix A to its relativistic value, A\qg = 1. This was done
recently by Horava and Melby-Thompson (HMT) [24].
HMT first noticed that in the linearized theory a U(1)
symmetry exists only in the case A = 1 [1]. Thus, to fix A,
one may extend the foliation-preserving diffeomorphism
symmetry (1.2) to,

U(1) x Diff(M, F). (1.5)
To lift such a symmetry to the full nonlinear theory, HMT
found that it is necessary to introduce a scalar field - the
Newtonian prepotential, in addition to the U(1) gauge
field. Once this was done, HMT showed that the spin-0
graviton is eliminated [24]. This was further confirmed
n [25]. Then, the instability and strong coupling prob-
lems of the spin-0 gravitons are out of question. In ad-
dition, since A was fixed to one, these problems in the
non-gravitational sectors are also resolved, as all of them
are related to the fact that A £ 1 [26].

However, da Silva soon found that the introduction of
the Newtonian prepotential is so strong that actions with
A # 1 also have the extended symmetry (1.5) [27]. The
spin-0 gravitons are eliminated even with any given A

2 Since the foliation-preserving diffeomorphisms (1.2) is also as-
sumed in the version without the projectability condition [3],
the spin-0 graviton exists there too.

[26-28], so that the strong coupling problem does not ex-
ist any longer in the pure gravitational sector. However,
it still exists when matter is present. Indeed, in [26] it
was shown that, for processes with energy higher than
Ay[= |\ —1]°/2M,,], the theory becomes strong coupling
[26]. Together with Lin, three of the present authors [29]
showed that this problem can be resolved by introducing
a new energy scale M, [30], so that M. < A,, where
M, denotes the suppression energy scale of high-order
derivative terms of the theory.

Note that all the above two approaches assume the
projectability condition (1.3). The third approach is to
abandon this condition, by including the vector field [3]

a; = (91 IH(N), (16)
into the action 3. Although it also solves the instabil-
ity and strong coupling problems, the presence of this
vector field a; gives rise to a proliferation of indepen-
dent coupling constants [4], as mentioned above. When
applying the theory to cosmology and astrophysics, this
potentially limits its predictive powers. In addition, the
problem of different speeds in the gravitational sector
still exists, because the spin-0 graviton still exists in this
setup, and its speed depends on the coupling constants
A and By [3, 33, 34], while the one of the spin-2 graviton
is independent of them, where (3 is defined in Eq.(2.21)
given below.

Recently, we proposed an extended version of HL grav-
ity without the projectibility condition (1.3) but with the
enlarged symmetry (1.5) [35], with the purposes: (i) Re-
duce significantly the number of the independent cou-
pling constants usually presented in the version of the
HL theory without the projectability condition, by im-
posing the detailed balance condition. However, in order
for the theory to be both UV complete and IR healthy,
we allowed the detailed balance condition to be broken
softly by adding all the low dimensional relevant terms.
(ii) Eliminate the spin-0 gravitons even in the case with-
out the projectability condition by implementing the en-
larged symmetry (1.5) 4, so that all the problems related
to them disappear, including the instability, strong cou-
pling and different speeds in the pure gravitational sector.

In this paper, we shall first provide a systematical
study of this extended version of the HL gravity regard-
ing to the above mentioned problems in the gravitational
as well as matter sectors, and then apply it to cosmology.
In particular, the paper is organized as follows. In Sec II,
we construct the gravitational potential by imposing the
detailed balance condition softly breaking. In Sec III, we

3 It should be noted that the violation of the projectability condi-
tion often leads to the inconsistency problem [31]. However, as
shown in [32], this is not the case in the setup of [3].

4 Note that the U(1) symmetry in the case without projectabil-
ity condition was also considered in the so-called F(R) Horava-
Lifshitz gravity [36].



extend the foliation-preserving diffeomorphism symme-
try of HL gravity to include a local U(1) symmetry, and
with this enlarged symmetry, in Sec IV, we show that
the spin-0 gravitons are indeed eliminated. In Sec V, we
consider the coupling of the theory with a scalar field,
and show that the scalar field is stable in both of the UV
and IR. In addition, the strong coupling problem does
not exist, because of the presence of the sixth-order spa-
tial derivative terms of the scalar field, as long as their
suppressed energy scale M, is lower than the would-be
strong coupling energy scale A,. In Sec VI we study
cosmological models, and show that the FRW universe is
necessarily flat in such a setup, while in Sec VII, we inves-
tigate the linear scalar, vector and tensor perturbations
of the flat FRW universe, and present the general lin-
earized field equations for each kind of the perturbations.
Finally, in Sec VIII we present our main conclusions.

II. POTENTIAL WITH DETAILED BALANCE
CONDITION SOFTLY BREAKING

To understand the consequence of the breaking of the
projectability condition (1.3), let us start with counting
the independent terms order by order. We first write the
metric in the Arnowitt-Deser-Misner form [5],

ds* = —N?cdt* + gi; (dz' + N'dt) (da’ + N7dt),
(1, j=1,2,3). (2.1)

Under the rescaling (1.1) with 2 = 3, N, N’ and g;;
scale, respectively, as,

N = N, N' =5 b 2N", g;; — gij. (2.2)

Under the foliation-preserving diffeomorphisms (1.2),
they transform as

0g9ij = VG + VG + fgis,
ON; NiViC* 4+ PV N; + ginC* + Nif + Ni f,
6N = (*ViN+Nf+ N/, (2.3)

where f = df/dt, V,; denotes the covariant derivative
with respect to the 3-metric g;; and N; = gika.

Assuming that the engineering dimensions of space and
time are [11],

[dx] =[], [dt] = [K] 2, (2.4)
we find that
i d] ETAY 1 _
[N]—[C]—W—[k] o o) = [N]=[1],
(K] = [k, 5] = [k, [Rj] = [k (2.5)

Then, to each order of [k], we have the following inde-
pendent terms that are all scalars under the transfor-
mations of the foliation-preserving diffeomorphisms (1.2)

3, 4, 11],
[k]°: Ki; K", K* R, RR;;RY, R'RLRF, (VR),
(ViRg) (VR (aia)’ R, (aia?) (aia; RY)
(aia’)’,a’Aa;, (a';) AR, ...,
(k> : K jRY, €9*Ry VR, €*a,a;V;RL,
aiajKij, Kijaij, (aii) K,
k]': R RyRY, (a;a')°, (a',)", (aia') o’

ij i ij i
a a;j, (aia)R, a;a; R, Ra';,

VE

(k] : ws(),

[k]2 : R, a;a’,

[k]' : None,

(k] : 70, (2.6)

where w3 (') denotes the gravitational Chern-Simons
term, 7o is a dimensionless constant, ik =
e*/ /g, (! =1), A = ¢g"V,;V;, and

1 .
Kij = ﬁ (—gij + VZ‘NJ' + VJNZ) ,
Aiig.. 4y — VZ-IV@...VZ-H ln(N),

2
w(T) = Tr(I‘/\dF + gI‘/\F/\F)
ik

m 2 n m

In writing Eq.(2.6), we had not written down all the sixth
order terms, as they are numerous [3, 4]. Then, the gen-
eral action of the gravitational part will be given by

S, = g‘z/dtd%N\@(ﬁK - cv), (2.8)
where the kinetic part Lx is the linear combination of
the first two sixth order derivative terms,

Lk =gr (KijK7 — AK?). (2.9)
Note that the coupling constant g7 can be absorbed into
¢%. So, without loss of generality, we can set it to one,
gr = 1. The potential part Ly is the linear combination
of all the other terms of Eq.(2.6), which are more than
70 terms, and could potentially weaken the prediction
powers of the theory.

In the following, we look for conditions to reduce the
number of the independent terms. First, since those with
odd number of derivatives violate the spatial parity and
time-reversal symmetry, they can be easily eliminated by
imposing the parity conservation and time-reversal sym-
metry. To reduce the number of the sixth order deriva-
tive terms, following Horava we impose the “generalized”
detailed balance condition,

E(V,D) =L,p) — gijA'A7, (2.10)



where A’ is defined by the superpotential W,
i 1 W,
- \/g 5@1' ’

(2.11)
with

(2.12)

1 . n=1 .

W, = 3 /d3x\/§a <1;J b, A ai>,
where b,, are arbitrary constants. Note that the term
of a;AY24" in principle can be included into W, which
will give rise to fractional calculus, a branch of mathe-
matics that has been well developed [37]. But this gives
rise to fifth order derivative terms, and we shall discard
these terms. Inserting Eq.(2.11) into Eq.(2.10), we find

that its second term is involved only with a;, and the
corresponding action takes the form,

S, = /dtd?’N\/E{ﬁo (a;a’) + ma;Aa’ + o (Aai)ﬂ,
(2.13)
where

Bo = bg, m = 2boby, 179 = b%. (2.14)

The superpotential W, appearing in Eq.(1.4) is given
by [1]

Wg_/z(ﬁws(F)Jru(R—?AW)),

where w3(T') is defined in Eq.(2.7), R (R;;) is the Ricci
scalar (tensor) built out of g;;. Inserting Eq.(2.15) into
Eq.(1.4), we find that

(2.15)

1 3
E(V,D) = <2'YO +v R+ <—2 (72R2 + "ngin”)
+E€iijileR§c + EC’Z-J-C”, (216)

¢ ¢t
where 7, are dimensionless constants, given explicitly
in terms of the five independent coupling constants
¢, w, u, Aw and Xin [1]. C;; denotes the Cotton tensor,
defined by

eikl

VI

Using the Bianchi identities and the definition of the Rie-
mann tensor, one can show that C;;C% can be written
in terms of the five independent sixth order derivative
terms in the form,

Cii =

Vk(R{ - iRélj). (2.17)

iy 1 5 iy o 3
09 = 5R3 - SRR RY + 3R.RIRY + SRAR
+ (ViRji,) (VIR™*) + V,,GF, (2.18)
where

1. o 3
G* = SRMV,R - Ry VIR — SRVFR. - (2.19)

When integrated, with the projectability condition (1.3),
ViG* becomes a boundary term and can be discarded.
However, in the case without this condition, this is no
longer true, since now we have N = N (¢, z) and

/ dtd*z N \/gV i G* = — / dtd*zN\/gG*ay,, (2.20)
M M

which in general is not zero.

As mentioned previously, in order for the theory to
have a healthy IR limit, the detailed condition needs to
be broken softly by adding all the lower (than six) di-
mensional relevant terms presented in Eq.(2.6), so that
finally the potential is given by [35],

Ly = ¢ - (5oaiai - 'YIR) + <—12(72R2 + 73Rinij)

1

+C_2 B1 (aiai)2 + B2 (aii)z + B3 (aia’) ajj

+ﬁ4aijaij + [’35 (aiai) R + ﬂgaiajRij + ﬂ7Raii

1 i in2
+<—4 Y5Ci5C" + Bs (Aa’)™ |, (2.21)

where fg = —12¢*. All the coefficients, 3, and ~,, are
dimensionless and arbitrary, except for the ones of the
sixth order derivative terms, v5 and s, which must be,

5 >0, fBs <0, (2.22)

as can be seen from Eqgs.(2.15) and (2.14). To be consis-
tent with observations in the IR, we must set,

1

2= ___ =-1 2.23
C 167G’ a! ) ( )
where G denotes the Newtonian constant, and
L,
A= 5C, (2.24)

is the cosmological constant.

It can be shown that for quadratic action of the scalar
perturbations in the Minkowski background the sixth-
order spatial derivative terms of the potential (2.21) are
absent. As a result, the gravitational sector is still strong
coupling, and cannot be solved by the mechanism pro-
posed in [30]. To solve this problem, one way is to
eliminate the spin-0 gravitons, as HMT did in the case
with the projectability condition. In the next section, we
will show explicitly that this is possible by enlarging the
Diff(M, F) symmetry (1.2) to the one U (1) x Diff(M, F)
(1.5), even in the case without the projectability condi-
tion.



III. U(1) x Diff(M, F) SYMMETRY AND FIELD
EQUATIONS

In order to eliminate the spin-0 gravitons, let us first
consider the U(1) gauge transformations [24],

5o¢Ni = Nvia, 6ozgij =0= 5O¢N, (31)

where « denotes the U(1) generator. Under the above
transformations, the variation of the HL action (2.8) is
given by

68, = ¢? / dtd®z/g(& — N'V,Q)R,
+2¢2 / dtd*z\/gNaGY K,
+2§2/dtd3x@NGijleija(le)a,

+2(1 = \)¢? /dtd?’x\/ENK(VQOz + a"Via),
(3.2)

where fij) = (fij + f5:)/2, G9" = g''g’* — g¥ig'*, and
GY = RY — g R/2. In order for the theory to have the
U(1) symmetry, one can introduce a U(1) gauge field A,
which transforms as

SaA =& — N'V;a. (3.3)
Then, by adding the new coupling term
Sa = ¢? / dtd3xN /gL
= (? / dtd*z\/gA(2A, — R), (3.4)

to S, one finds that its variation (for A, = 0) with re-
spect to a exactly cancels the first term given in Eq.(3.2).
To repair the rest, we introduce the Newtonian prepoten-
tial ¢, which transforms as,

dap = —a. (3.5)

Then, it can be shown that under Eq.(3.1) the variation
of the term,

Sien) = ¢ / dtd*z\/gN pG" [2Kij+a(ivj)<p
+ Vz'vj%?} ) (3.6)

exactly cancels the second term in Eq.(3.2) as well as the
term 2AA, in (3.4), where
G” =R"Y — ERQU + Agg¥. (3.7)

The third and fourth terms in (3.2) can be canceled, re-
spectively, by

2 A
Sipa) = % / dtd*z/gNGI*! {GKija(le)cp
+4 (VNJ) a(kvl)w + 5a(ivj)gﬁa(kvl)<p
+2V(i<ﬁaj)(kvl)@} ; (3.8)

and

X {2K + (a"Vip + V) } } (3.9)

Hence, the action
Sy =Sy +Sa+S,, (3.10)

is invariant under the U (1) x Diff(M, F) symmetry (1.5),
where

3
Se = > Sem =¢ / dtd*zN/gL,, (3.11)
n=1

with
‘6%7 = gﬁgij (2Kij + VZ‘VJ'QD + ainga)
1)) [(v% +a;Vip)® +2(V2p + aiviw)K}
1.
+§glﬂ“f [4 (ViV@) axVie +5 (aiVie) awVe
+2 (Vi) ) Vayp + K350 Vi) (3.12)

When coupling to the matter £y, the total action of
the theory takes the form,

S = <2/dtd3$\/§N<£K—£v+£A+£@

1
Then, the variations of S with respect to N and N°* give
rise to the Hamiltonian and momentum constraints,

(3.13)

Lk + LY+ Fy — F, — Fy = 87GJ", (3.14)

v_j{ﬂ'ij — G — GV
—(1=X)g" (Vo + akv%)} = 87GJ¢, (3.15)

where

Y2 R* + v3Ri;RY 75

LY = %* - R+ + —Cy;CY,

¢2 ¢
. OLu o, O(NLa)
e A
7 = —KY 4 \Kg", (3.16)

and Fy, F, and F) are given by Egs.(A.1)-(A.3) in Ap-
pendix A. Note that in (refmom) we have separated Ly



into two parts £{f and £{,. Variations of S with respect
to p and A yield, respectively,

1 .
ig” (QKU + VZ‘VJ'QD + CL(Z-V]-)</7)

1 .
. N{g”v Vi) - 6V (Nar)

i D)
Ng JH {v(k(al)NKij) + gv(k(al)Nvivj‘P)
2 5
—3V6Va (NaViyp) + gvj(Naiaka’)

2

+—Vj(Naile<p)}

1—A

+— {vz[ (V2o + arVFo)]

—VIN(VZp + akvk(p)ai]

+V3(NK) — Vi(NKai)} = 87G.J,, (3.17)
and
R —2A, =81GJ4, (3.18)
where
- 5£M . 5(N£M)

On the other hand, the variation of S with respect to g;;
yields the dynamical equations,

1 0 - ) . -
NG (Vor) + 2(K'* K] — \KK')
—f—%vk(wikNj + * Nt — 7 NF)
. - 1 1 ..
_FU _ F;J _ F;J _ 59”51( _ §QZJ£A
—N(AR” +g"V?A - VIV'A) = 8nG7T7,  (3.20)
where
i 2 6(\/§NLM),
VIN  dgij
Fii — 1 5(_\/§N£5)
V9N 09ij
= 27 " (Fy)9, (3.21)
Fz] _ 1 (_\/_Nﬁl‘l/)
@ \/EN 591’3‘
- nggms (F*)49, (3.22)
s=0
i _ §(\/gNL,)
7 VN by
= > ps(FE)Y, (3.23)
s=0

the expressions of Fy, F¢ and F¥ can be found in Ap-
pendix (A.4)-(A.6), and

1 5 3 3 1
2757 2”)/55 V5, 8757'755 275 ’

ns = (2,0, — —4,—4,—4,—4,—4,—4),
m = (o,—z, 2 2, —2,-2,-2,-2,—4),

452
s = (201,222 2 1-a2-2)).
a ( 333 )

'AYS = (707’715727735

(3.24)

In addition, the matter components (J*, J¢, Jo, Ja, T4
satisfy the conservation laws of energy and momentum,

3 (i L t ;
[ @avan i O+ SOVa)
A .
SN OVEI) —2@4 —0, (3.25)
%w(zvm) _ \/;Nat(\/gjk) _ ;—;‘[va - ;—vazv

Nee . J;
—W’“vw — S (VilVi = ViNi) + J,Vip = 0. (3.26)

IV. ELIMINATION OF SPIN-0 GRAVITONS

In this section, we show that the spin-0 gravitons are
indeed eliminated for the theory described by the action
(3.10). To this goal, we consider the scalar perturbations
of the Minkowski backgroud,

N=1+4¢, N; =0;B,
= (1 — 21#)6@' +2F 4,

A=6A, p=dp. (4.1)

Using the gauge freedom, without loss of generality, one
can choose the gauge,

E=0, ¢=0. (4.2)

Then, after simple but tedious calculations, to second
order we find that

52 = ¢? / dtd%{(l —3)\)(3¢? + 209’ B)

+(1 =) (8°B)? — (¢6 + 4£762¢> 9%

—2(¢—2¢+2A+a1w82>82¢}, (4.3)
where
_ 82+ 373
o = T@’
_ B2+ Ba Bs
9= Bo+ 23 62—a4<464,
o =1- Br_g2 (4.4)

a2<2



Here a is the scale factor of the FRW universe, which
is one for the Minkowski background. Variations of S(?)
with respect to A, ¥, B, and ¢ yield, respectively,

% =0, (4.5)
N 1 27 2 2 4

_ 2 2

=303y 3A)5 0P, (4.6)
(A=1)9*B = (1 - 3\)9, (4.7)
g = 2p. (4.8)

Eq.(4.5) clearly shows that 1 is not propagating, and,
with proper boundary conditions, we can always set ¢ =
0. Similarly, Eqs.(4.6), (4.7), and (3.17) show that B, A,
and ¢ are also not propagating and can be set to zero by
proper boundary conditions. Therefore, we finally obtain

Yp=B=A=¢=0. (4.9)

Thus, the scalar perturbations indeed vanish identically
in the Minkowski background, and, as a result, the spin-0
gravitons are eliminated. Then, all the problems related
to the spin-0 gravitons disappear, including the ghost,
instability and strong coupling problems [18, 19].

V. STABILITY AND STRONG COUPLING OF
SCALAR FIELD

Since the spin-0 gravitons are eliminated, problems re-
lated to them, such as the ghost, instability, and strong
coupling, in the gravitational sector do not exist. But,
the self-interaction of matter fields and the interaction
between a matter and a gravitational field can still lead
to strong coupling, as shown in [29] for the theory with
the projectability condition. In the following, we shall
show that this is also the case here. However, it can be
solved by the BPS mechanism [30], by simply introducing
a new energy scale M,, that suppresses the sixth-order
spatial derivative terms. Let us first consider the stability
of a scalar field in the Minkowski background.

A. Stability of Scalar Field

For a scalar field x with the detailed balance conditions
softly breaking, it is described by [10, 38],
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where o3 is a constant. The coefficient f in (5.1) is a func-
tion of A only. Then, it can be shown that the Minkowski
spacetime (N, N g;;) = (1,0,4;;) is a solution of the
above theory, provided that
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where Yo is a constant. Without loss of generality, we set
it to zero. Considering the perturbations (4.1), together
with the one of the scalar field y = dy, we find that to
the second order the total action is given by,
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Variations of this action with respect to A, v, B, ¢, and
X, yield, respectively,
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From the above field equations, one can get a master
equation for the scalar field y, which in momentum space
can be written in the form,

Xk + wixs =0, (5.13)
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In the IR, we have k < M, = Min.(M 4, Mp). Then, we
find that
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denotes the mass of the scalar field. Thus, it is stable for
f > 0. In the UV, we have k> > M4, Mg, and then we
find that
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for f > 0. Therefore, in this regime the scalar field is also
stabilized. In fact, it can be made stable in all the energy
scales by properly choosing the coupling coefficients V,,,
as can be seen from Eq.(5.14).

B. Strong Coupling of Scalar Field

To study the strong coupling problem, using Eqgs.(5.8)-
(5.12), we can integrate out 1), B, ¢ and A, so S(?) finally
takes the form,
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As a consistency check, one can show that the variation
of the action (5.19) with respect to x yields the master
equation (5.13). In addition, when ) satisfies the condi-
tion (2.16), the above expression shows clearly that the
scalar field is ghost free for f > 0 and stable in all energy
scales.

To study the strong coupling problem, let us first note
that the corresponding cubic action is given by,
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where represents the fourth- and sixth-order deriva-
tive terms, which are irrelevant to the strong coupling
problem. It also contains terms like,

X, X2 oxdx, oxd'x, oxd°x, Xx*0%¢,
X200, x20%, ¢*0%x, ¢°0'x, #°°x, oxI*¢
oxd*¢, ox°p, 9?6, $*0'¢, $*0°¢,
(5.22)
Since these terms are also independent of A, they are

irrelevant to the strong coupling problem, too. The co-
efficients g5 are defined as,
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each of these terms will have different scalings. Thus, in
the following we consider them separately.
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1. |V|< M.

When |V| < M., where M, = Min.(M4, Mp), we find
that

2
Then, Eq.(5.19) reduces to
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Note that in writing the above expression, without loss of
generality, we had assumed that |V| > m,. By setting

t=bit, z'=byd’, x =bsx, (5.27)

Eq.(5.25) can be brought into the “canonical” form,
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_ 1
- blﬂd3/47

(5.28)

by = b1Va, by (5.29)

where X* = dy/dt. Note that the requirement that the
coefficient of each term be order of one is important in
order to obtain a correct coupling strength [3, 26, 29].

When |V| <« M,, the third order action (5.21) can be
expressed as
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On the other hand, from Eq.(5.28) one finds that S()
is invariant under the rescaling,

+

(5.33)
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Then, it can be shown that the terms of g2 .. 5 and g7

in S® all scale as b, while the terms of g6,8,9 scale as
b=, b3, b°, respectively. Therefore, except for the gg
term, all the others are irrelevant and nonrenormalizable
[39]. For example, considering a process with an energy
E, then we find that the fourth term has the contribution,
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Since the action S® is dimensionless, we must have
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where A(S% has the same dimension of E, and is given by,

(5.37)

Similarly, one can find Agg for all the other nonrenor-
malizable terms. But, when A — 1 (or ¢y, — 0), the

lowest one of the A(Srg’s is given by Ag%, so we have
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above which the nonrenormalizable g4 term becomes
larger than unit, and the process runs into the strong
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FIG. 1: The energy scales: (a) Ao < M,; and (b) Ay > M,.

coupling regime. Back to the physical coordinates ¢ and
x, the corresponding energy and momentum scales are
given, respectively, by

A, 3/2
A, = ™~ ~ O(l) <£) My |C¢|5/27
1 C1
Ag 1/2
Ap = 22 =0(1) (5) My |ey¥? . (5.39)
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In particular, for ¢; ~ (, we find that A, ~ My |c¢|5/2,

which is precisely the result obtained in [26].

It should be noted that the above conclusion is true
only for M, > A, that is,

¢ 3/2
M, > <C—> My ey ™ (5.40)
1

as shown by Fig. 1(a).

When M. < A, the above analysis holds only for the
processes with F < M, [Region I in Fig.1(b)]. However,
when E 2 M, and before the strong coupling energy
scale A, reaches [cf. Fig.1(b)], the high order derivative
terms of M4 and Mp in Eq.(5.19) cannot be neglected
any more, and one has to take these terms into account.
It is exactly because the presence of these terms that the
strong coupling problem is cured [30]. In the following,
we show that this is also the case here.
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2. M, <A,, Mis<Mp

When M4 < Mpg, we have M, = M 4. In this case, we
find that
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For the processes with £ 2> My, Eq.(5.19) reduces to
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and the coeflicients g3, g4, and §s now are defined as,
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To study the strong coupling problem, we shall follow
what we did in the last case, by first writing S® in its
canonical form,

5@ — / did3z (;z*z‘ - ;gé‘*;g), (5.46)

through the transformations (5.27). It can be shown that
now be and bz are given by

by #3/4
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for which the cubic action S®) takes the form,
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where S®) is given by Eq.(5.33). Due to the nonrela-
tivistic nature of the action (5.46), its scaling becomes
anisotropic,

t b2, & —=b ', o b/ (5.49)
Then, we find that the first five terms in Eqs.(5.48) and
(5.33) scale as b'/2, while the terms of gg_ o scale, re-
spectively, as b=7/2, b=3/2 p1/2_ b5/2. Thus, except for
the g¢ and g7 terms, all the others are not renormaliz-
able. It can be also shown that the processes with energy



higher than AS,A) become strong coupling, where A((UA) is
given by,

M 3
AL(/JA) ~ (’u—j:l) Mpl |Cw|4, (MA < MB). (5.50)

Therefore, when the fourth-order derivative terms dom-
inate, the strong coupling problem still exists. This is
expected, as power-counting tells us that the theory is
renormalizable only when z > 3 [c¢f. Eq.(1.1)]. Indeed,
as to be shown below, when the sixth order spatial deriva-
tive terms dominate, the strong coupling problem does
not exist.

3. M.<A,, MasZ Mg

In this case, we have M, = Mp, and for processes with
E 2 Mg, Eq.(5.19) reduces to

1
S = B2/dtd3a: ( ¢ — —X36X>.
M

Then, all the terms which contain ¢ in (5.21) can be
neglected, and the coefficients g3, g4, and g5 in Eq.(5.30)
now become

(5.51)
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while the cubic action S®) becomes,
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Eq.(5.54) is invariant under the rescaling,
t—=b73%, ' =b i, Yo% (5.56)

Then, it can be shown that the first five terms in
Eqgs.(5.55) and (5.33) are scaling-invariant, and so the
last term. The terms of ge 7.8, on the other hand, scale,
respectively, as b=6, b=4, b=2. Therefore, the first five
terms as well as the last one now all become strictly
renormalizable, while the gg, g7 and gs terms become
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superrenormalizable [39]. To have these strictly renor-
malizable terms to be weakly coupling, we require their
coefficients be less than unit,

M,

an <1, (n =1, ,5,9)
For g ~ 1 (or |cy| ~ 0), we find that the above condition
holds for

(5.57)
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It can be shown that this condition holds identically, pro-
vided that M, < A, that is,

3/2
M. < (i) My |Cw|5/2-
1
[Recall A, is given by Eq.(5.39) and M, = Mp.] One

can take ¢; ~ Mp;, but now a more reasonable choice is
¢1 =~ M,. Then, the condition (5.58) becomes

M, < Mpl |Cw| .

(5.58)

M, < Myi[eg|"?, (er = M), (5.59)

which is much less restricted than the one of ¢; ~ M.
In addition, in order to have the sixth order derivative
terms dominate, we must also require,

My > M,. (5.60)

Therefore, it is concluded that, provided that conditions
(5.58) and (5.60) hold, the extended version of the HL
gravity with the detailed balance condition softly breaking
but without the projectability condition is absent of the
strong coupling problem.

VI. COSMOLOGICAL MODELS AND THE
FLATNESS PROBLEM

One of the main motivations of inflation was to solve
the horizon and flatness problems, encountered in the
standard Big Bang model [40]. In the HL theory, the
anisotropic scaling (1.1) provides a solution to the hori-
zon problem and generation of scale-invariant perturba-
tions even without inflation [41]. Clearly, these state-
ments are also true in our current setup developed above.
In this section, we shall show that the homogeneous and
isotropic universe is also necessarily flat, when the en-
larged symmetry (1.5) is introduced. This was first noted
for a scalar field [26]. Here we argue that it is true for all
the viable cosmological models. To this purpose, let us
consider the general FRW universe,

ds® = a*(—dn* + vijdr'da?),
%
Td T A k2 /a2

where
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Then, we have
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Fij = —5 (1 n %kr‘2> (Ilisj +xj61- -z 5ij)7
Rij = 2k'7ij7 Kij = —GH’W]‘, (63)
where H = a’/a. We use symbols with hats to denote
quantities of the background in the conformal coordi-
nates (6.1), following the conventions given in [10, 26, 29].
Using the U(1) gauge freedom of Eqgs.(3.3) and (3.5), we
can always set one of A and ¢ to zero. In this paper, we
choose the gauge

@(n) = 0. (6.4)
Then, we find that
R 3H?
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Because of the spatial homogeneity, both L and Ly are
independent of the spatial coordinates, and the matter
sector takes the forms,

Jt==2p, J' =0, % = P, (6.6)

where p and p denote the total energy density and pres-

sure, respectively. Then the Hamilton constraint (3.14)

reduces to the super-Hamiltonian constraint L K+ ﬁv =
87GJ" ®, which leads to the modified Friedmann Equa-
tion,

3/\—17{2+k n
2 @ a2 3773 ¢? at’

A 2k2
871G " 3724-73_ 6.7)

It can be shown that the super-momentum con-
straint (3.15) is satisfied identically, while Eq.(3.17) and
Eq.(3.18) give, respectively,

H k 837G -
— (Ag - —2> =——3 Yo,

a a

ko Ay  4nGlJa
a2 3 3

5 Since now the Hamiltonian constraint is local, one cannot include
a “dark matter component as an integration constant,” as in the
case with the projectability condition [41].
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The dynamical equation (3.20), on the other hand, re-
duces to

1-3) -k
5 (2H +77) +ad <§ —~ Ag)
ko 2k 3
+a? (A - = ?%) = 87Gpa®.  (6.10)

The conservation law of momentum (3.26) is satisfied
identically, while the one of energy (3.25) reduces to,

p+3H(p+p) = Ad,. (6.11)
It is remarkable to note that when
Ja=J,=0, (6.12)

Eqs.(6.8) and (6.9) show that the universe is necessarily
flat,

k=0=A,. (6.13)

As first noted in [26], this is true for the universe domi-
nated by a single scalar field.

In general, the coupling of the gauge field A and the
Newtonian prepotential ¢ to a matter field 1, is given
by [27],

/dtd%\/gzwn, 9i5, Vi)(A— A), (6.14)
where A is defined in Eq.(5.4), and Z is the most gen-
eral scalar operator under the full symmetry of Eq.(1.5),
with its dimension [Z] = 2. For a single scalar field,
Z(x, 9ij, Vi) 1s given by Z(x, gij, Vi) = c1Ax+ca(Vx)?,
as one can see from Eq.(5.1). In the multi-scalar field
case, Z takes the form

7 = chi)Ax(i)
i=1

+ D e (VXD)(VXD),

ij=1

(6.15)

for which we have J4 = 0 = J, with the gauge (6.4).
Thus, in the case of multi-scalar fields, the universe is
necessarily flat, too.

For a vector field (A, A;), we have [4g] =2, [A;] =0
[12, 42]. Then, we find

Z(Ao, Ai, gij; Vk) = ICBZBl, (616)
where K is an arbitrary function of A’A;, and
1e. 9% _
=5 _Fu, VB =0, (6.17)

P = 5%
with F;; = 0;A4; — 0;A;. This can be easily generalized
to several vector fields, (Aén), AZ(-")), for which we have

— —

Z(Ao, Ai, Gijs vk) — Z IcmnBZ(m)B(n)z,

m,n

(6.18)



where IC,,,, is an arbitrary function of A(k)iAgl). Then, in
the FRW background, we have J4 = 0, because Bi(m) =0
[43]. With the gauge choice (6.4), it is easy to show that
j@ = 0, too. Therefore, an early universe dominated by
vector fields is also necessarily flat. This can be further
generalized to the case of Yang-Mills fields [44].

For fermions, on the other hand, their dimensions are
[¢¥n] = 3/2 [45]. Then, Z(¥n, ¢ij, Vi) cannot be a func-
tional of ¢,,. Therefore, in this case J4 and jﬁ(, vanish
identically.

In review of the above, it is not difficult to argue that,
with the special form of the coupling given by Eq.(6.14),
the universe is necessarily flat for all the cosmologically
viable models in the current setup.

Similar conclusion is also obtained in the case with the
projectability condition [46]. Therefore, in the rest of
this paper, we shall consider only the flat FRW universe.

VII. COSMOLOGICAL PERTURBATIONS

In this section, we consider the linear perturbations in
a flat FRW universe. Let us first write the linear pertur-
bations in the form [14, 26, 49|

SN = a¢, ON;=d*(0;B—5S;),
591’3‘ = a2 (—21/)517‘ + 2818JE + 28(le) + Hij) ,

A = A+0A, o=¢+0bp, (7.1)
with @ = 0, as one can see from Eq.(6.4), and
9'S;=0'F;,=H', =0, 0'H;; =0. (7.2)

In the following, we shall consider the scalar, vector and
tensor perturbations separately.

A. Scalar Perturbations

For the scalar perturbations ¢, B, v, E, we choose
the quasilongitudinal gauge [14],

E=6p=0. (7.3)
Then, to first order we find that
Vg = (1-3)a®, (7.4)
oY, = —(8F00 + 650t — 6,;0%4), (7.5)
0Rij = 6i0°% + 0,051, (7.6)
2
SR = 20R+ 462¢, (7.7)
a
0Kij = a[(gf)?—[ + 29 M +9")di; + 31'33'3} , (7.8)
K = 1(3(]57'[ +0°B + 3¢). (7.9)
a

Other useful quantities are given in Appendix B. Thus,
the field equations Eq.(3.17), Eq.(3.18), the momentum
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constraint (3.15), the Hamiltonian constraint (3.14), the
trace and traceless parts of dynamical equation (3.20) are
given, respectively, by

o2 [27‘[(¢ —$) + (1= N)(92B + 3¢’ + 3Ho)

= 81Ga*sJ,, (7.10)
0% = 21Ga?6.J 4, (7.11)
(BA=1) (¢ + ¢H) + (A —1)0*B = 87Gaq, (7.12)
3A—1

5 H (3¢’ + 3¢H + 0°B)

— 0% + %88% = —4nGa*5p, (7.13)

'+ 2HY + He' + (2H +H?) ¢
A-1 ) Ay —5A

+ 3A_1a (1/)+a18 1/)—@¢—T>

8rGa? 3IN—-1_,

_3A_1(57>+ 3 aH), (7.14)
B +2HB — 9 + p¢

—a10% + Ay 04 _ —87Ga™l, (7.15)
a
where
— Lo i i i
op = —§5J . 0Jt = a2a q
5Tij = CL2 [(5P — 2]31/))5” + H7<ij>},
H,<ij> = H,ij — %5”821_1 (716)

In the above equations, a3, @ and 0 are defined by
Eq.(4.4). The conservation laws (3.25) and (3.26) to first
order now read,

/ de{ S+ 3H(6p + OP) = 3(5 + p)’

+ % {3AJA¢’ AT+ 3H5JA)}

+0AJ, — J,64} =0, (7.17)
(v+B) +(1-3c2) (v+B)+¢
1 2 1 .
6P+ Z0% | = ————|JadA
+ﬁ+ﬁ( "3 ) ST
— 20, (1+)], (7.18)

where ¢ = —a(p + p)(v + B) [14], and ¢? denotes the
adiabatic speed of sound, defined as

Z’j/
P

2
Cs

. (7.19)
It is always useful to compare the above set of field
equations with those given in GR. First, because of the

presence of the gauge field A and the Newtonian prepo-
tential o, here we have two extra equations, Egs.(7.10)



and (7.11), which are absent in GR. As shown in Sec.
IV, it is exactly Eq.(7.11) in the vacuum that elimi-
nates the spin-0 gravitons. The momentum constraint
(7.12) reduces to that of GR given by Eq.(8.17) in [47]
where A = 1. Considering the gauge choice of Eq.(7.3),
the Hamiltonian constraint (7.13) reduces to Eq.(8.16)
of [47] for A = 1 and B; = 0, as expected. The same is
true for the dynamical equations (7.14) and (7.15) and
the conservation law of momentum (7.18), which will re-
duce, respectively, to Eqs.(8.27), (8.28) and (8.33) given
in [47) for A\=1, fi =72 =73 = A = A = 0. How-
ever, because of the foliation-preserving diffeomorphisms
Diff(M, F) (1.2), the conservation law of energy (7.17)
now takes an integral form. A direct consequence of it is
that the gauge-invariant curvature perturbations

1)
(=—¢p-HZL,
p

(7.20)
is not necessarily conserved on large scales even the per-
turbations are adiabatic [14, 38]. In contrast, it was
shown that (¢ is conserved on large scales for adiabatic
perturbations in any theory of relativistic gravity, as long
as the conservation law of energy holds locally [48]. Note
that ¢ defined here should not be confused with that in-
troduced in the action (2.8).

B. Vector Perturbations

For the vector perturbations, we have

SN = 0, 6N'=-5°
5gij = 20,2(8(1-Fj),

SA = 6o =0, (7.21)

while the corresponding matter perturbations are given
by

. 1 .
0J' = —q', 8J' =0,

a2

(STij = 2(]/2(1_[(10-) —|—]§F(ZJ))7 (722)
where
0iq" =0 = O1T". (7.23)
Then, one finds that
STY, = 0,0, F",
6Rij = 6£K = 6£V — O,

Hence, to linear order, the momentum constraint (3.15)
gives

O*(F! + S;) = 167Gag;, (7.25)

14

and the dynamical equation (3.20) yields,
(Flo.py + Sa) + 2H(F(, jy + Sij)) = 167Ga’y ).
(7.26)

The conservation law of energy (3.25) does not give new
constraint, while the conservation of momentum (3.26)
yields,

¢, + 3Hq; = ad?1l;. (7.27)

However, this equation is not independent, and can be
obtained from Eqgs. (7.25) and (7.26).

It is interesting to note that the vector perturbations
given above are precisely the same as those presented in
[49], in which the projectability condition N = N(t) was
assumed, but without the additional U(1) symmetry. Al-
though one would expect some differences, because of the
presence of the vector field a; defined by Eq.(1.6), a closer
examination shows it is not, this is simply because a; is
made of N, and perturbations of 6V, as well as of § A and
d¢p, have no contributions to the vector perturbations.

C. Tensor Perturbations

The cosmological tensor perturbations are given by
8gij = a*Hyj, SN' =0, 0N =6A=0p=0, (7.28)

while the corresponding matter perturbations are given
by

orij = a*(Wy; + pHij), 6J'=0=46J",  (7.29)
where
I, =0, oIL; =0. (7.30)
Then, one finds that
1
0Ky = —a(HHy + S Hj),
1
0 = 5(OH + 0;H} — 0" Hyj),
1
5Rij = —582H1‘j, )R = ,
sri — — = [ — snymmi - lH’iﬂ}
a3 2
1 3
_ 2 2 4
5Fij = —a AHij + 58 H;j — ma H;;
5 6
+T4C48 H;;. (7.31)

In this case, all the constraints and equations are satisfied
identically, except for the dynamical one (3.20), which
gives,

A
H; +2HH]; — <1 - —> 0*H;;
a

V3 a4 V5 a6 _ 2
+a2<26 Hij - a4—<4(9 Hij = 167Ga Hl] (732)



When A = 0, it reduces precisely to the one given in [49]

for the case without the additional U(1) symmetry.
This completes the general descriptions for the scalar,

vector, and tensor perturbations in our current setup.

VIII. CONCLUSIONS

There are two major variants of Horava-Lifshitz grav-
ity, which have the potential to solve all the problems
found so far. One is the HMT generalization [24],
which adopts the projectability condition and introduces
a gauge filed A and a Newtonian prepotential ¢ to elim-
inate the spin-0 gravitons. Another setup is due to BPS
[3], who abandoned the projectibility condition and im-
proved the IR limit of the theory by introducing the vec-
tor field a;, defined by Eq.(1.6). However, the inclusion
of a; gives rise to a proliferation of independent coupling
constants.

In this paper, we have considered a new generalization
of Horava-Lifshitz gravity without projectability condi-
tion but with detailed balance condition softly breaking.
In order to reduce the number of independent coupling
constants of the non-projectability Horava-Lifshitz grav-
ity, in Sect II we have imposed the “generalized” detailed
balance condition, so that the number of the independent
coupling constants is dramatically reduced. However, for
the theory to have a healthy IR limit, we have allowed
the detailed balance condition to be broken softly, by
adding all the low dimensional relevant terms. Even with
those relevant terms, the number of independently cou-
pling constants is still significantly reduced from more
than 70 to 15.

However, it was found that this is not sufficient, be-
cause the detailed balance condition, even allowed to be
broken softly, still prevents the existence of the sixth-
order spatial derivative terms in the gravitational sector.
As a result, the theory is not power-counting renormaliz-
able and the strong coupling problem cannot be solved.
To resolve this problem, in Sec III, we have extended the
original foliation-preserving diffeomorphism symmetry to
include a local U(1) symmetry, i.e., U(1) x Diff(M, F).
With this enlarged symmetry, in Sec IV, we have shown
explicitly that the spin-0 gravitons are eliminated, and
thus all the problems related to them in the gravitational
sector disappear, including the ghost, instability, strong
coupling, and different speeds.

In Sec V, we have considered the coupling of a scalar
field to the theory, and found that in the Minkowski back-
ground it is stable in the both IR and UV, and becomes
strong coupling for processes with energy higher than
Ay = (M /c1)?? My|cy|>/?. However, this problem can
be easily cured by introducing a new energy scale M., so
that M, < A, where M, denotes the suppression energy
scale of the sixth order derivative terms of the theory.

In Sec VI, we have considered cosmological applica-
tions, and found that the FRW universe is necessarily flat
in such a setup. In Sec VII, we have studied the scalar,
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vector, and tensor perturbations, and derived the general
field equations for each kind of these perturbations. For
the scalar perturbations, we have written the field equa-
tions closely following those given in GR. [47], so one can
see clearly the differences between these two theories. For
the vector perturbations, they are the same as those given
in [49] for the case with the projectability condition (1.3)
but with only the foliation-preserving diffeomorphisms
(1.2), while for the tensor perturbations, the only differ-
ence is the term proportional to A in Eq.(7.32). This
is simply because that the lapse function N, the gauge
field A and the Newtonian prepotential ¢ all transform
like scalars under the spatial coordinate transformations
of Eq. (1.2), and hence their linear perturbations have
no contributions to the vector and tensor perturbations
of both gravitational and matter sectors.

It would be very interesting to apply those formulas to
the studies of the early universe as well as to the ones of
its large-scale structure formation.
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AppendixA: Fv, Fy, F\, Fy, FY; and F;

3

Fy, F, and F), defined in Eq.(3.14), are given by,

Fy = Bo(2al + a;a’) — % l3(aiai)2 + 4Vi(akakai)1

- )
+% (af)? + NV2(NG’I§)]
_&_( i)l +2Vi(ala’) — —V2(Naga®)
- a;a’)a i(afa N a;a
+% aija’ + %Vjvi(Naij)]
Bs [ i i
e R(a;a’) +2V;(Ra")
Be [ ij ij
_C_Q aiajR +2vi(ajR )
Brlps 1
_i_& _(Aai)Q - 3VZ'[A(NACL‘)] (A.1)
<4 _ N T 9 :

- 2 ...
F, = —g”visovjso,—Ng”’”wNKijvkso),



)y

4.
—gg”klvz(vkwvivj@)

5 ..
g [<aivjw><akvlw> + Vi(arVi0Vip)
+Vk(aiVjSDVz<P)}
2 . 1
+20M [an V9 Vip + T ViVH(N Vi)
(A.2)

= (1- /\){(V2<p +a;Vip)? — %Vi(NKViga)

_2g, [N(Vzga + aivi@)viw} }

N (A.3)

S

(Fn)js (F$),; and (Ff)ij, defined in Eq.(3.21), are

given, respectively, by

(F0)i
(F1)4

(F2)i

(F3)i

(F4)ij

(F5)ij

(F6)ij

(F7)i

1
1 1 9
= R;; — ERgij + N(gijv N — VjViN),
1
= —§gin2 + 2RRU
2 2
+= (95 V2(NR) — V;Vi(NR)],

N
1 mn k
= _§ginmnR + 2R, R
1 k
-~ {2V;€V(i(NRj))
~V2(NR;;) — gijvmvn(NRm")},
1
= —§gin3 + 3R2Rij

+% (gijv2 - Vjvi) (NR?),
1

= —59i RRma ™"
+RijRmnR™™ + 2RR. R}
1 mn
+N [gijVQ (NRmnR )
~V,;Vi(NR,,,R™™)
+V2(NRR;;) + 9ijVn Vi (NRR™)

~2V,,V(RINR)|,

1 m pn
_iginn Rl Rin + 3RmananJ

3 m na
+or [gijvmvn(NRa R

+V*(NRmiR]") — 2V V(i (NRj),, R™)|,

1
—§ginV2R + RijV?R+ RV,V,R

1
+~ [gijv2(NV2R) — V,Vi(NV2R)

(F38)i

(F9)i

(F5 )i

(F1)ij

(F5)ij

(F5)ij

(F1)ij
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+RijV?(NR) + g,V (NR) — V;Vi(V*(NR))
1
~Vy(NRV,)R) + ggijvk(NRka) ,

1
—§gij(Vman)2 + 2V RV, R

+ViR™V; Ry + % [wnv(ivm(zvva;g )
—V2V 0 (NV™R;) = 6iiVu Vy Vi (NV™R™)
—2V, (NR;V™R})) = 2V, (NRy;V ;) R™)
HVL(NRIV R,

—%gijaka + % [akRk((J—VZ—)R + a(iR)jkka}
—apRmiV;R™ — "R, V" Rj1. — a; R*™V ,, Ry

3 3
—ga(zRVJ)R + g {RVk(NCLk)R”

+gi; V2 [Rvk(Nak)} VAV [Rvk(Nak)] }

L) 1,
+ﬁ{ =5V [V, VBt Naw 95
+V;(Na; VR + NamviR)}

+V3(NaiVjR) + gi; V" V" (Nam Vi R)
+ym [vi(Nakijg + NagV,, BY)
+V;(NapViRE + Nakvaf)}
—2V*(Nax V(i RY) — 29, V"V (NaxV (i Ry
_ym [vivp(NajRg + Na,R?)
+V,;V,(Na;RP, + Name)}
+2V2V,(NaGRY)

+29;;V"'V"VP(Na, Rmyp) } ,

k
—=gija ag + a;a;,

2
1

—§gij (akak)Q + 2(akak)aiaj,
1

_§gij(akk)2 + 2a;%a;;

1
N {2V(i(]\]aj)akk) - gile(alNakk)},

—§gij (akak)al by akkaiaj + akakaij
1 1
N [V(Z—(Naj)akak) — §gijvl(alNakak)},

k
_§gijamnamn + 2a”;ak;



(F5)ij =

(F6)ij

(F5 )i

(F )i

1
N {Vk@]\]a(iaj)k — Naijak)},
1 k k
— 59 (ara®)R + a;a; R + a”ai R;j

1
+N {gijv2(Nakak) — ViVj(Nakak)] ,

1 mn m
—§gijamanR +2a™ Ry, a5

2V*V(;(aj Nay) — V*(Nasa;)

QN[
—giijV"(Naman)},
—%ginakk + akkRij + Ra;j
oV Val) - 99, v
V(N Ray) + %gz‘jvk(NRak)} :

1
—§9ij(Aak)2

1
+—[vk[a(iv (NAay) + V) (NAK)

+ (Aai)(Aaj) + 2AakV(iVj)ak

—akV i(NAa; )—I—gijNa Aa; — Nag;jAd"]
—2Vi(NajyAa )}, (A.5)
1 mn
_591390g Kmn
1

+§QD(KRU‘ + KR — 2KijAg)

1
+2N{2gk(l ( J)(p) gz] ((ka)
+gijV (N(pK) — V-Vj(N(pK)
+2V v(z( kSDN)
~V3(NpKij) — giijVl(Nkal)},

1

—§gijsagm"VmVnsa

1
—20V V¥R, + 5<p(R —2A,)ViVj¢p
1

1
_N{ - §(Rz‘j +9i;V? = ViV;)(NoV3p)

1
—ViVi(NeVEV ) + §V2(Ng0vivj<p)

+%vkvl(szkvl<p)
1
—Gr VF(NOVj)0) + ggijvk(NsﬁVk%’)},

1
—=gi;9G"" am Ve

2
_‘P(a(iRj)kkaD + akRk(ivj) ©)

(FY )i

(F)ij

(FS)ij
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+ ( R —2A )‘Pa(z NP

,_.l\DI}—l

_N{ - §(Rz‘j +9i;V? = ViV;)(Na" Vi)

1
—5V* [Va(VieNe) + ViilayeN Vi)
1
+§V2 (Nwa(ivj) gﬁ)
—I—%Vkvl(]\hpakvl(p)},

1 Smn
__gijg lemna(kvl)w

[\/_glj lvk) <P]

2\/_N

+WV [alN(lV])QD + N(iaj)Vup

—Nla(ivj)go + 2gileakvk(p

1
+NV(i(NNj)akaga)
—I—akKk(iV He +ag
—KauVjp -

1 S5mn
—59i39 Maw Vel Vi Vay]
—a(ivkvj)kacp — akv’fv(iwm@

—I—a(ivj)govch + akvkgovivjcp

)kv ¥
Kl-ja ngﬁ,

1
+ﬁ {Vk (NparVipV o)
—2V(i(NVj)<pakag0)
+gijvl(vl¢akvk<p)},

1 .
—§gijgmnkl [a(m Viyellaw Vi el
—§(a’fvi¢ — aivkcp)(akvjcp —
1 Smn
—§gijg MUV (]l [am) ) [V iy )

a;Vip),

1
—§akkvi§0v]‘g@ —

1
+%Vg)sﬁvk<ﬂ 2N{ V(i(Naj)VipVFe)
+VF*(NaVjeVie)
+%v’f(Nakvmwmgo)

1
2 %ij VFeV i

1
—ivk(NakVigongo)},
1
—§9ij(V2<P + apVFp)?
—2(V%p + akvkw)(vivjw +a;V;p)

1
_N{ — 2V [NViyo(V2p + ap V)]



+gijvl[N(V2</7 + arVFo) V¢l },

1
(F)ij = —ggij(V2<P+aka90)K

— (V2o + arVFo) K

—(ViVijp+a;Vjp)K
1 2 kv,
2\/§N3t[\/§(v @+ ar V") gij]

1
——{ VN (V2 + arVhe)]

+

N

1
+595 V' NV + a1 V¥e)]

1
~V( i(NKV;)p) + Egijvk(NKkaD)}.
(A.6)

Appendix B: Some Quantities for Scalar
Perturbations

To first order, the (Fs);; are given by

1

(Fo)ij = —§a25ij + a*1pdyj,

(F1)i; = —(0%¢ — 0°9)d;; + 0;0; (¢ — ¢),
8

(F2)ij = —— (0:0;5 — 6;;0%) 9%,
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3
(F3)ij = _E(aiaj_aija2)a27/}a
8
(Fr)ij = ;(5ij52—3i3j)54¢7
3
(Fs)ij = —¥(5ij56¢—3i5j34¢)7 (B.1)

and (F4)ij = (F5)ij = (Fﬁ)i]‘ = (Fg)ij = 0. ThUS7 we
obtain
0Fi; = 2Ma*Pdy; + 0% (Y — ¢)di; —
—al(aiaj + 5ij)82¢-

2:9; (1 — ¢)
(B.2)

We also find that the only non-vanishing component of
(£ 1s,

S

1
(F7)ij = ——(8:0; — 6;,0%)0%. (B.3)
In addition, we have the following,

. 134y — 54 H2

g~ DIV
a
6(gUKij) - 562’(#, (B5)
1 .. 2H

o (Ng”klv(k[]val)Kij]> = ?32@5. (B.6)
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