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We introduce the generalized Lorentz gauge condition in the theory of quantum electrodynamics
into the general vector-tensor theories of gravity. Then we explore the cosmic evolution and the
static, spherically symmetric solution of the four dimensional vector field with the generalized Lorenz
gauge. We find that, if the vector field is minimally coupled to the gravitation, it behaves as the
cosmological constant. On the other hand, if it is non-minimally coupled to the gravitation, the
vector field could behave as vast matters in the background of spatially flat Friedmann-Robertson-
Walker Universe. But it may be not the case. The weak, strong and dominant energy conditions,
the stability analysis of classical and quantum aspects would put constraints on the parameters and
so the equation of state of matters would be greatly constrained.

PACS numbers: 98.80.Cq, 98.65.Dx

I. INTRODUCTION

The vector-tensor theories of gravity are first proposed
by Will, Nordtvedt and Hellings [1]. Then they are
used in cosmology to model inflaton [2], dark matter
[3] and dark energy [4]. However, it is recently found
that the Lorentz invariant vector-tensor theories are usu-
ally plagued by instabilities [5] [6]. On the contrary,
the Lorentz violation vector field models [7] are special
such that some of these models are free of instabilities
[8]. The well-known Einstein-aether theory [9] belongs
to these special models. The remarkable difference of
the Einstein-aether theory from the usual vector-tensor
theory comes from the fact that the vector field is con-
strained to have constant norm. This constraint elimi-
nates a wrong-sign kinetic term for the length-stretching
mode [10], hence gives the theory a chance to be viable.

The fixed-norm constraint in the Einstein-aether is
achieved by the presence of a Lagrange multiplier field in
the Lagrangian density. The Lagrange multiplier method
presents the constraints on the motion of some physical
quantities in nature. So taking into account some physi-
cal constraints on the motion of physical quantities, one
can always introduce the Lagrange multiplier into the
corresponding Lagrange function. Actually, using this
method, Mukhanov, Brandenberger and Sornborger have
early proposed a non-singular universe by limiting the
spacetime curvature to some finite values [11].

Except for the fixed-norm constraint, are there any
other constraints on the four-vector (four dimensional
vector) field? The answer is yes. We remember that
there is a unified formulation of quantum electrodynam-
ics which has the Lagrangian as follows [12]

1 1
L = 2 F" 4 <V#A“ - 5%)

—Ju A"+ (17,0" —m) 1. (1)
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Here j, = 61/_)8#1/) and F),, is the field strength tensor of
Maxwell field. X is the Lagrange multiplier field which
has the dimension of inverse length, I=!. v is a dimen-
sionless constant. The A term is the generalized lorentz
gauge. v = 0, 1, 3 correspond to the Landau gauge
[13], the Feynman gauge [14] and the Yennie-Fried gauge
[15], respectively. We see the generalized Lorentz gauge
condition could also be understood as a constraint on
the divergence of four-vector field A*. Motivated by this
point, we introduce the generalized Lorentz gauge condi-
tion into the general vector-tensor theories.

The paper is organized as follows. In section II, we
explore the cosmic evolution and the static, spherically
symmetric solution of the four-vector field which is min-
imally coupled to the gravitation. We find the field be-
haves as a cosmological constant. In section III, we in-
vestigate the cosmic evolution of the four-vector which
is non-minimally coupled to the gravitation and find it
could play the role of vast matters for some appropriate
parameters. Section IV gives the conclusion and discus-
sion.

We shall use the system of units in which 167G = ¢ =
h = 4mweg = 1 and the metric signature (—, +, +, +)
throughout the paper.

II. COSMOLOGICAL CONSTANT FROM THE
FOUR-VECTOR FIELD WITH THE
GENERALIZED LORENZ GAUGE

A. cosmology

The most general form for the Lagrangian density with
two derivatives acting on the four-vector field A* can be
written as

Z = —e )V, A'VHA, — ¢y (V,AR)? — 3V, AV, AP

A (vﬂAﬂ - %M) . )



Here ¢; are dimensionless constants. The stability analy-

sis of the theory and the phenomenological investigations

could put constraints on the sign and value of c;.
Following the Einstein-aether theory [16], If we define

J#
K#

, = —aaVPA, — c0bV A% — 3V AP
= A", (3)

v =

we can rewrite the Lagrangian density as follows
1
<z = J" vV,A” + K! )V, A" — 57)\2 . (4)

Variation of the Lagrangian density with respect to A*
leads to the equation of motion for A*

1
V", + VuE", + 5V, =0. (5)

On the other hand, variation of the Lagrangian density
with respect to A gives the generalized Lorenz gauge con-
dition

V,A¥ —yA =0, (6)

from which we can derive the Lagrange multiplier field .
Acting on both sides of Eq. (6) by V,, and using Eq. (5),
we find

1
V", VK", + 5V, (Vud) = 0. (7)

This equation determines the dynamics of A* subject to
the generalized Lorenz gauge condition.

The energy-momentum tensor for the vector field is
found to be

T#V = 261 (VQA#VQAU - V#AQV'“AQ)
+2V, {J(MUAU) — JU(HAV) — J(MU)AU:|
+Vo {K(MUAV) — K7 A - K(W)AU}
+9u L . (8)

In the background of spatially flat Friedmann-Robertson-
Walker (FRW) Universe, the non-vanishing component of
the vector is the timelike component. So the vector field
A# can be written as

A =[p(t), 0, 0, 0] . 9)

Then the equation of motion, Eq. (7), becomes

_ < bertoes— %) (6-+ 386 + 3110)
—3H?*¢(c1+¢3) =0, (10)

where

a
H=2, (11)

is the Hubble parameter. a(t) is the scale factor of the
Universe. Dot denotes the derivative with respect to the
cosmic time ¢. If

Cl—|—63:O, (12)

the equation of motion, Eq. (10), reduces to a very simple
case

¢+3Ho+3Hp=0. (13)
Solving the equation, we obtain
¢+3Hp=A, (14)

where A is an integration constant which has the dimen-
sion of [=!. Thus under the condition that Eq. (12) is
satisfied, the Lagrangian, Eq. (2) turns out to be

C v
& = —ElFWF“ — ¢ (V, AM)?
5\ (VMA” _ %M) , (15)
where
Fu, = VA, -V, A, , (16)

is the field strength tensor.

In this paper, we are interested in the case of ¢; +
c3 = 0 for simplicity. From the generalized Lorenz gauge
condition, Eq. (6), we obtain

¢+ 3Ho=\. (17)

Taking account of Eq. (14), we find the Lagrange multi-
plier field is actually a constant,

A
A=—. 18
5 (18)
So we can solve for ¢ from Eq. (17) as follows
A 3

Then the energy density and pressure of the vector
field derived from the energy-momentum tensor take the

form
0 1 2
PA = —TOZ(—CQ-F%)A ,
7 1 2

This is exactly for the energy density and pressure of
Einstein’s cosmological constant. To interpret the cur-
rent acceleration of the Universe, we expect A to be the
order of the inverse of present-day Hubble length and

1
— —>0. 21
et (21)
If o = 0, we conclude that v must be positive. The Feyn-
man and Yennie-Fried gauge satisfy this requirement,
while the Landau gauge leads to a vanishing cosmological
constant.



B. static and spherically symmetric solution

In order to show the four-vector field theory can pass
the solar system tests, in this subsection, let’s seek for
the static and spherically symmetric solution of Einstein
equations sourced by the Lagrangian Eq. (15). The static
and spherically symmetric metric can always be written
as

1
U(r)

ds? = —U (r) dt® + dr? + f (r)?dQ? . (22)

Comparing to solving the Einstein equations, we prefer
to start from the Lagrangian Eq. (15) for simplicity in
calculations. Due to the static and spherically symmetric
property of the spacetime, the vector field A, takes the
form

Ay =1 (r), ¢(r), 0, 0], (23)

where ¢ and ¢ correspond to the electric and magnetic
part of the electromagnetic potential. Then we have

Fu™ = =267, Va0 =(U9) + 2500, @1

where prime denotes the derivative with respect to r.
Taking into account the Ricci scalar, R, we have the total
Lagrangian from Eq. (15)

’ "

'2
v - v —wl i 2 oyl

f for f?
, 2
te192 — e |(UY) + 2f7U¢
, f 1
+A | (UY) +27U¢ — 5%} . (25)

Using the Euler-Lagrange equation, we obtain the equa-
tion of motion for ¢,

fo' +20f =0, (26)

for A,
(U) + 2f?U¢ =0, (27)

for U,

2 f = deaf?U f — deap f2U " — 20002 f2U”
—depU f' '+ AU 2 — 209U f24"
—deU f2f + 92N =0, (28)

for v,

—AesUYff = deafpU' [ = dea fPU Y — 2000 f2U"
AU f f + deUnp 2 — 260U f20)”
+12\ =0, (29)

and forf,

—201 2 — 4eoU f2U — 120U fU Y — desUp fo)”
—16cU2U ' — 16c2U200) f — 8caUp2
—2ea fYPU 2 + yf N2+ AU f +4Uf" + 25U
LU fPN — 200 f U2, (30)

respectively. Now we have five independent differential
equations and five unknown variables, U, f, ¢, ¥, A. So
the system of equations is closed.

From Eq. (26), we obtain

¢:¢1+¢0/%d7ﬂ (31)

where ¢g, ¢ are two integration constants. In order to
fix ¢1, let’s consider the asymptotic condition, namely,
for large enough r. We expect to have f2 ~ r2. So
¢ ~ ¢1+ ¢o/r. Let the asymptotic value of ¢ = 0 when
r is large enough. Then we conclude that

$1=0. (32)

On the other hand, from Eq. (27), we obtain

A=) + 2f7U¢

. . (33)

Keeping Egs. (31), (32) and (33) in mind, we obtain from
the difference of Eq.(28) and Eq. (29)
f =0. (34)

So we have

f=rfo+ fir. (35)

fo, f1 are two integration constants. We can always re-
scale r such that

fo=0, fi=1. (36)
Then we obtain from Eq. (29)
tor

V=Tt



with 19, 11 two integration constants. Finally, Eq. (30)
turns out to be

2Fyr4Uﬁ + 4Fyr3U/ + 9art — 2c1v43
—18coyp2rt =0, (38)

from which we obtain

U adf 3 1 2.2
ket A 39
r + 2r2 2 c2t 2y vort, (39)

where Uy and U; are two integration constants. Compare
it with the Reissner-Nordstrom-de Sitter solution

2M |

U=U, -

_q S )
U=1 - +_r2 6Lr, (40)
we may put
Up=1, U1=2M, ca=2, ¢p=Q,
A 1
=—, L=|(- — | A2 41
Yo 3 <CQ+27) (41)

Here L denotes the cosmological constant.

Therefore, the static and spherically solution for the
Lagrangian density, Eq. (15), is exactly the Reissner-
Nordstrom-de Sitter solution. The field ¢, ¥ and the
Lagrange multiplier A is found to be

Ar (

p=—=, A=—, ¢:w+ﬁ-

: - (42)

We recognize that ¢ is the electric potential sourced by
the change Q. The cosmological constant is closely re-
lated to the field strength 0,.(r?Uv) of the magnetic po-
tential 1. Since the static and spherically symmetric so-
lution of the theory is just the Reissner-Nordstrom-de
Sitter solution, we conclude that it would not violate the
solar system tests on gravity theory.

III. NON-MINIMALLY COUPLED TO
GRAVITATION

A. equations of motion and energy momentum
tensor

When the four-vector A* is non-minimally coupled to
the gravitation, we have the Lagrangian density as fol-
lows:

& = _%FWF‘““ — 2 (VuA")” + b1 Ry, AM A
oo RA,AY + A (VHA“ - %M) : (43)

Her by, by are two dimensionless constants and R, R
are the Ricci tensor and the Ricci scalar, respectively.

In the first place, varying the Lagrangian density with
respect to A¥, we obtain the equation of motion for A*

AV FY , + oV, (V,AY) + b1 Ry A”

+byRA, — %VM)\ —0. (44)

Secondly, varying the Lagrangian density with respect to
A, we obtain the equation of motion for A

VAR — A =0 (45)

Finally, varying the Lagrangian density with respect to
g"¥, we obtain the energy momentum

T = 2V [J7 Auy = 7 Ay = T A7
Vo K A = K Ay = Kun A7
+b1 [2VoV(, (A) A7) = Vo Ve (A%A%) g0
—V?(AuA)) — 4A Ry, A,y ] — 202 [Ru Ag A°
+RALA, —V,V, (A A7) + V? (A, A7) g,
+261Fuo F7, + 9 L . (46)
Here J,, is understood with ¢; + c3 = 0. Combining
Eq. (44) and Eq. (45), we can express the equation of
motion for A" as follows
ClvaV# + CQV# (V,/AU) + blRw,AV
1
+b2RA, — %V# (V,LAY)=0. (47)

B. cosmic evolution

In the background of spatially flat FRW Universe, the
equations of motion, Eq. (47) takes the form

(C2 - %) (a} + 3H¢)' — 3 (by + 2by) Ho
—3H?¢ (b1 +4bg) = 0. (48)

From the energy momentum tensor, we obtain the en-
ergy density and pressure of the four-vector field A*

pa = cz (20 = 9%) +6 (bs +2b2) Hod
+ |:6(C2 - bl - 2b2)H— 9(62 —|—2b2)H2 ¢2

co1
— P\ + 5%2 , (49)



pa = 2(c2 — by — 2by) (¢¢ + ¢2) — c2¢p?
4 (3¢s — 2by — 2by) [4H¢q§ + (2H + 3H2) qﬂ
—oA + %7)\2 : (50)

Using the equation of motion for A, Eq. (48), and the
generalized Lorentz gauge condition, Eq. (45), we can
eliminate ¢ and rewrite the energy density as following

. 1
pa = 6Hoop (—02 + Z + by +2b2>

1 2 2
9H%¢% [ — — 4+ Zh+ b
+ ¢<02+2”Y+31+32)

+ (—CQ + %) P . (51)

We have verified that the energy density, Eq. (51), and
the pressure, Eq. (50), satisfy the energy conservation
equation

d
%+3H(pA+pA):o, (52)

which is consistent with the equation of motion, Eq. (48)
and the energy momentum conservation equation

v, I", =0. (53)

In other words, the equation of motion Eq. (48), the en-
ergy conservation equation Eq. (52) and the energy mo-
mentum conservation equation Eq. (53) give actually the
same equation. Similarly, using the equation of motion
for A*, Eq. (48), and the generalized Lorentz gauge con-
dition, Eq. (45), we can eliminate ¢ and rewrite the pres-
sure as following

1 .
pa = — <—c2 + — +2b +4b2) ¢°
2y

+ <6c2 +4by — % - 2b1) Hoo

4 2by  5b
5 (_1 + =2 £ 1202 + 1201b,
2e0y =1 \ v Y

+3b7 — 10c2by — 4eoby) He?

3 3 126y + 12¢
- g <__2 | 12b2+12c
Coy — 2 0 v

+64b5 — 12¢5 + 48b1by + 8b7 — 24cabs) . (54)

Then we find

1-— (202 — 4b1 — 8()2)’7
2coy — 1

OH +2Ho + 3H2¢)

pa PA

1 202’y¢ (
- [(363 + 1265 — 10c2bs + 12b1by — 4eaby ) v
+2b1 + 5ba] . (55)

It is apparent if

by =0y =0, (56)

we have the equation of state for the four-vector A

wa=24 =1, (57)
PA
which is consistent with the result of Eq. (20).
On the other hand, if b; # 0 (or by # 0) and
(3b7 + 12b3 — 10c2ba + 12b1by — 4eaby )
+2by +5by =0, (58)
namely,
2by + 5bo
=— 59
VS TS 1208 — 10csbs 1 126165 —degby T )
we have the equation of state
5b1 + 14by
Wp = ——
A 3 (bl + 2()2)
b
_ 14 + 5§
b
3(2+4)
14 + 5r
= — 60
3(247)’ (60)

where we define the ratio r of b; and by as r = by/bs.
In other words, if the value of « is given by Eq. (59), we
shall have a constant equation of state for vector field
AH.

In Fig. 1, we plot the equation of state w4 of the four-
vector field A* with the ratio r of b; and by. It is not
bounded both below and up, namely, —co < w < +00.
This is different from the quintessence which has the
equation of state —1 < w < +1.

In particular, when

) 7

by = ——b S — 61
2 1, 7 2(762 —4b1) ) ( )

14

we have the equation of state

wa=0, (62)
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FIG. 1: The equation of state wa of the four-vector field A*
with the ratio r of b1 and bs. It is not bounded both below
and up, namely, —co < wa < +00.

which indicates that the four-vector field A* behaves as
a dust matter. So the four-vector field could behave as
vast matters in the background of spatially flat FRW
Universe. However, this may be not the case. The weak,
strong and dominant energy conditions [17], the stability
analysis of classical and quantum aspects would put con-
straints on the parameters and so the equation of state
would be greatly constrained.

IV. CONCLUSION AND DISCUSSION

In conclusion, motivated by the Lagrange multiplier
method in the Einstein-aether theory, we introduce the
generalized Lorentz gauge condition in the theory of
quantum electrodynamics into the general vector-tensor
theories of gravity. With the fix-norm constraint, it is

found that the Einstein-aether field contributes an en-
ergy density [16]

pa = —3(c1 +3ca +c3)m*H? | (63)

where the constant m represents the norm of the four-
vector A*. In order that the energy density be positive,
one should have ¢; + 3c2 + ¢35 < 0. However, as shown by
Lim, the investigations of quantum aspect on this theory
require ¢; + 3ca + ¢3 > 0 [18]. Therefore, the energy
density of the aether field is non-positive which violets
the weak energy condition [17].

However, with the generalized Lorentz gauge condi-
tion, we find that the vector filed could contribute a con-
stant energy density. For the minimally coupled case, in
particular, when ¢; = —c3, co = 0, we always have a
non-negative energy density for the Landau gauge, Feyn-
man gauge and Yennie-Fried gauge. The corresponding
quantum aspects have been very well studied. On the
other hand, the static and spherically symmetric solu-
tion sourced by the vector field is exactly the Reissner-
Nordstrom-de Sitter solution. This reveals that the the-
ory may not be conflict with the solar system tests on
gravity theory. For the non-minimally coupled case, the
vector may play the role of vast matters in the back-
ground of spatially flat Universe. But it may be not the
case. The stability analysis of classical and quantum as-
pects would surely constrain the space of parameters. It
is a very important issue. We plan to leave this analysis
for future publications.
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