aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Unitary coupled-channels model for three-mesons decays
of heavy mesons
H. Kamano, S. X. Nakamura, T.-S. H. Lee, and T. Sato
Phys. Rev. D 84, 114019 — Published 16 December 2011
DOI: 10.1103/PhysRevD.84.114019


http://dx.doi.org/10.1103/PhysRevD.84.114019

Unitary coupled-channels model for three-mesons decays of heavy

mesons

H. Kamano,“? S. X. Nakamura,? T.-S. H. Lee,*? and T. Sato*?

' Research Center for Nuclear Physics,
Osaka University, Ibaraki, Osaka 567-0047, Japan
?Erxcited Baryon Analysis Center (EBAC),
Thomas Jefferson National Accelerator Facility,
Newport News, Virginia 23606, USA
3 Physics Division, Argonne National Laboratory, Argonne, Illinois 60439, USA
4 Department of Physics, Osaka University, Toyonaka, Osaka 560-0043, Japan



Abstract

A unitary coupled-channels model is presented for investigating the decays of heavy mesons and
excited meson states into three light pseudoscalar mesons. The model accounts for the three-mesons
final state interactions in the decay processes, as required by both the three-body and two-body
unitarity conditions. In the absence of the Z-diagram mechanisms that are necessary consequence
of the three-body unitarity, our decay amplitudes are reduced to a form similar to those used
in the so-called isobar-model analysis. We apply our coupled-channels model to the three-pions
decays of a;(1260), m2(1670), m2(2100), and D mesons, and show that the Z-diagram mechanisms
can contribute to the calculated Dalitz plot distributions by as much as 30% in magnitudes in
the regions where fy(600), p(770), and f2(1270) dominate the distributions. Also, by fitting to
the same Dalitz plot distributions, we demonstrate that the decay amplitudes obtained with the
unitary model and the isobar model can be rather different, particularly in the phase that plays
a crucial role in extracting the CKM C P-violating phase from the data of B meson decays. Our
results indicate that the commonly used isobar model analysis must be extended to account for the
final state interactions required by the three-body unitarity to re-analyze the three-mesons decays
of heavy mesons, thereby exploring hybrid or exotic mesons, and signatures of physics beyond the

Standard Model.
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FIG. 1. M*-decay amplitude.
I. INTRODUCTION

It has long been recognized that hadrons lying outside of the conventional constituent
quark model must exist within the framework of Quantum Chromodynamics (QCD). These
so-called “exotic” hadrons, speculated as tetra-quark states or hybrid states or glueballs,
have been predicted by various calculations using the Lattice QCD, the QCD sum rule, and
the flux-tube model, as reviewed in Ref. [1]. Thus, quite a few experimental programs have
been developed to search for exotic mesons via the three-mesons production reactions, such
as TN — M*N — wrnN [2-4], YN — M*N — 7moaN,7tKKN [5, 6], and NN — M* —
mrn [7], where the intermediate mesons M* could be exotic. To identify M*, the main task
is to extract the partial-wave amplitudes from the final three-mesons distributions. So far,
this has been done mainly by using the isobar model, within which two of the three mesons
form a light flavor excited meson R (fy, p, K*, etc.) and the third meson is treated as a
spectator in the decays of R, as illustrated in Fig. 1(a). There, the propagation of R is
commonly described with the Breit-Wigner parametrization or with the two-body unitary
K-matrix parameterizations [8, 9] constrained by the dispersion relations. In any case, the
three-body unitarity is missing in those analyses. The non-interacting cR amplitudes, where
c is a spectator light pseudoscalar meson, and an appropriately parametrized non-resonant
amplitude are then summed coherently with multiplicative complex parameters which are
adjusted to fit the Dalitz plot of the measured three-mesons distributions.

In an isobar model analysis of the 7~p — 77~ 7tp and 7= p — 7 77 data from the
E852 experiment [2-4], a1(1260), a2(1320), m2(1670) and a4(2020) resonances were identified,
and the exotic J¢ = 1= meson near 1.6 GeV [r1(1600)] proposed from an earlier analysis
was ruled out. The CLAS analysis [6] of yp — 7tntn n data identified ay(1320) and
m2(1670), but not a,(1260), and nor exotic m1(1600) at the expected levels. On the other
hand, the COMPASS experiment [10] claimed to have observed m(1600) in the 7~7n 7+

final state from a pion scattering on a lead target. As a step to understand the differences



between the results from these analyses as well as from the previous isobar model analyses, it
is necessary to first examine the extent to which the isobar model is valid. This is also needed
for developing a theoretically sound approach to analyze the three-mesons photoproduction

data that will be obtained at JLab with the 12-GeV upgrade [5].

The isobar model has also been commonly used to analyze the data of three-mesons
decays of J/¢ [11, 12], D [13-23] and B [24-35] mesons. The B and D decays have been
analyzed with interests in the C'P violation and physics beyond the Standard Model. Some
B decay processes have also been analyzed using dispersion relations [36], neglecting the
interactions between the outgoing two-mesons subsystem and the third meson, as assumed
in the isobar model. The strong phases arising from the final state interactions in the decay
processes are essential in determining the weak decay amplitudes of these heavy mesons
and searching for physics beyond the Standard Model. For example, BABAR [18, 20, 21]
and Belle [22, 23] extracted the Cabibbo-Kobayashi-Maskawa (CKM) C'P violating phase
7y from the data of BT — D° (or D°) KT — (K%nt7n~)KT. They utilized the fact that
the interference between the decay amplitude of B¥ — D'K¥ — (K277~ )KT and that of
BT — D°K~ — (K2rT7n~)KT is proportional to e¥®. Clearly, the accuracy of the phases
of the partial-wave amplitudes of D°(D°®) — (K27 7~), which were determined within the
isobar model, is crucial in extracting this fundamental parameters v from the data. In the
isobar model, the strong phases from the final state interactions are partly accounted for by
using complex D — R couplings. However, the phases of the amplitudes generally depend
on kinematics and has to satisfy the three-body unitarity, which is beyond what the isobar

model can achieve.

The above discussions strongly indicate the need of investigating the extent to which
the isobar model is valid. Within the well-developed three-hadron scattering models, as
reviewed in Refs. [37-39], the isobar model is clearly a simplification since one of the meson
from the decay of the propagating resonance R can interact with the third meson to form
another R. This interaction is traditionally called the Z-diagram, as illustrated in Fig. 1(b).
It was well established in the studies of 7N [37], 7NN [38] and 77N [39-41] systems that
the multiple scattering due to the Z-diagram mechanisms, as illustrated in Fig. 1(c), is
essential to preserve the three-body unitarity for interpreting the data correctly. Only very
limited similar attempts have been taken recently to analyze the three-mesons decay of

heavy mesons [42, 43].



The main purpose of this work is to apply the unitary approach developed in Ref. [39]
(Hereafter we refer it as MSL.) to investigate the importance of the Z-diagram mechanisms
in analyzing the data of three-mesons decays from heavy mesons and excited meson states.
We will present a model that satisfies the two-body and three-body unitarity conditions.
We start with a model Hamiltonian defined by (bare) vertex interactions fu, g and I'cg s
and two-body interactions v. g g, where a, b, ¢ are physical light pseudoscalar mesons (,
K etc.), R is a light flavor excited state decaying to two light pseudoscalar mesons, R =
fos p, fo, K*, ..., and M* is a heavy meson decaying to three light pseudoscalar mesons.
The vertex interactions fq, r are determined by fitting the empirical ab — ab scattering
amplitudes, and are used to define the propagation of R and to calculate the one-particle-
exchange Z-diagram amplitudes Z. g .g. The cR — ¢ R’ scattering amplitudes T, g g are
then calculated from Z.p g by solving a set of coupled-channels equations to account for
the three-mesons final state interactions of heavy-meson decays. In the absence of the Z-
diagram mechanisms, our decay amplitudes are reduced to a form similar to those used
in the isobar-model analysis. Thus we will be able to examine the effects of Z-diagram
mechanisms in determining the Dalitz plots and the parameters of resonances which decay
strongly into three-mesons. The model is applied to investigate the three-pions decays of
a1 (1260), m(1670), 72(2100), and D° mesons.

The organization of this paper is as follows. In Sec. II, we present our model Hamiltonian
and describe the derivation of a set of coupled-channel equations for calculating the meson-
R scattering amplitudes from the Z-diagram mechanisms, and how these amplitudes are
used to calculate the three-mesons final state interactions in heavy meson decays. The
procedures for applying our model in practical calculations are given in Sec. ITI. The results
for calculations of the decays of a;(1260), m(1670), 72(2100), and D° mesons are presented

in Sec. IV. Summary and outlook are given in Sec. V.

II. FORMULATION

Following the MSL formulation [39] of hadron reactions, we assume that the decays of

heavy mesons into three mesons can be described by the following Hamiltonian,

H=H,+ H, (1)



where Hj is the free Hamiltonian of the considered degrees of freedom: the bare heavy mesons
M* = ay, 7, D, ..., the bare light flavor excited mesons R = fy, p, fo, ..., and the physical
ground pseudoscalar mesons denoted as a,b, ¢ = 7, K etc. The interaction Hamiltonian H’
is defined as (In this section, the summation runs over the momentum, spin, and isospin

spaces of the particles.),

H' =Y [Cepar + Tl ] + HY, (2)
cR
H' = %" verer+ )Y [far+ f;rb,R]v (3)
cR'.cR R ab

where vy g g denotes the cR — ¢ R’ transition potentials; I'cg ar+ (fap.r) is the bare vertex
describing M* — ¢R (R — ab) processes. Here we note that the term H” does not include
any interactions with the M* states and we have neglected the interactions between the
particles (a,b) in the decay channels of the light flavor excited meson states R. Throughout
this paper, we will use the “right-to-left” ordering for the channel indices. (Note that
Uarecr = FIR,M* and fra = f;bﬂ for the bare vertices.)

Starting with Eq. (1), the reaction T-matrix is defined by the following equation,

1
——H' 4
E—H+1ie )

where F is the total scattering energy in the center of mass system. Since the considered

T(E)=H +H'

Hamiltonian is hermitian and energy independent, it is straightforward to show that the
S-matrix S(E) = 1—2mid(E — Ho)T(E) is unitary ST(E)S(E) = 1. This is the simplicity of
this formulation to have a unitary reaction model. To solve Eq. (4), it is convenient to first
define a scattering equation for calculating the effects only from the non-M* Hamiltonian
H" on the scattering of the ground pseudoscalar mesons ¢ = m, K from the light flavor

excited meson states R = fy, p, fo,.... Namely, we will first calculate the amplitude
T g or(E) = (CR|T'(E)|cR)

where the non-M* scattering operator 1"(F) is defined by
P
H". 5
E — Hy— H" +ie (5)
The intermediate states in the above equation are restricted by the projection operator P

defined by

T/(E) — H//+H//

P =>"|cR)(cR| +_ |abc){abe|. (6)

cR abc



By further applying the standard projection operator method [44, 45], as detailed in Ref. [39]
for a 77N Hamiltonian, one can cast Eq. (5) into a form for practical calculations of
T .r(E). By simply changing the particle labels and dropping the contributions from
the direct 73, va3, v33 interactions in the Appendix B of Ref. [39], we can obtain the scatter-
ing amplitudes for this investigation. The resulting cR — ¢ R’ amplitudes, which describe
the multiple scattering mechanisms followed by a M* decay as illustrated in Figs. 1(b)
and 1(c), are defined by

Top cr(E) = Vor er(E) + RZR Verryenrm (B)Geonpn orrr (B)Tngn cp(E). - (7)

Here the driving term is
‘/;’R’,CR(E) = U¢'R' ¢cR + ZC’R’,CR(E)u (8>

where vy g cp is the cR — ¢ R’ transition potential, and the second term is the Z-diagram
defined with the R — ab vertex as

1
ZC’ /e E = / eel!
R’ cr(E) Z;fR, E_E L.

[

e R 9
i Ec// —'— ZEf 7R ( )

Here ¢” is the exchanged meson. We have also introduced a notation E. = /m2 + p? to
denote the free energy operator for a particle ¢ with mass m, and momentum p.

The Green function in Eq. (7) is defined by
(G E)ercr =00 (E— Ee — Er)0p g — Sr.r(E — E)]. (10)

The self-energy of the propagation of R in Eq. (10) is

Bab

YR = R fra
. (10) Z< |fR’bw—Ea—Eb+ie

ab

Jav.r|R), (11)

where B, is a factor associated with the Bose symmetry of mesons: B,, = 1/2 if a and b
are the identical particles or otherwise By, = 1.
The self-energy (11) also determines the ab — a'l’ scattering amplitudes. In the center

of mass system, it has the familiar form

Ta’b’,ab(w) - Z (Ba’b’)1/2fa’b’,R’ [d_l(w)]R’,R(Bab)1/2fR,ab> (12)
R,R'
with
[d(w)]R/7R = (’UJ — mR)éR/,R - 23/73(11}). (13)

7



We thus can determine the mass mp of bare R state and the vertex interaction f, g by fitting
the empirical amplitudes of the meson-meson scatterings such as 7w — 7 and 7K — 7K.
This then allows us to predict the Z-diagram effects on T}z .z through solving Eq. (7).

The transition potential vy g g can be derived from phenomenological Lagrangian by
using the method of unitary transformation [39, 46]. It can also be taken from more funda-
mental modelings within QQCD. This is beyond the scope of this paper, and we set v g g = 0
in solving Eq. (7). Thus the final three-mesons scattering effects predicted in this work is
only the necessary consequence of meson-meson scattering under the three-body unitarity
condition.

The amplitude for the three-mesons decay of M*, M* — abc, is

Topenr- () = (U3 (B)|H'|M*), (14)

abc

where the three-mesons scattering wave function is defined by

(OLU(E)| = (abe| |1+ H" (15)

E— H +iel’

with (abe| being the three-mesons plane-wave state. From Egs. (2) and (3), we see that

H'|M*) =" |cR)(cR|T cppa+| M*),
cR
cyclic
(abe|H" = > > (abc|fuw rld R)(CR.
(a'b/c!) R
cyclic
Here the symbol Z means taking summation over the cyclic permutation, (a't/c) =
(a'b'c")

(abc), (cab), (bea). Because of the orthogonality conditions, (¢cR|M*) = 0 and (abc|cR) = 0,

the above relations allow us to write Eq. (14) as

1
Toperr+(E) = (ab H”[P ——Pp| H'|M* 16
o (E) = (abel H" | Py Py H'|M), (16)

where Pp is the projection operator for the space spanned by cR states,

Pp =" |cR)(cR)|. (17)

cR
Following the procedures in the Appendix B of Ref. [39], one can show that

1

PDmPD = Z |C/R/>GC’R/7CR(E)<CR|

'R ,cR
+ Z Z |C/R/>G5/R/7C///Rw(E)TC////R/// C//R”(E)Gc”R”,cR(E) <CR|,
CR,C/R/ C,”R/”,C”R” ’
(18)



FIG. 2. Amplitude for the three-mesons decays of M™* in the unitary coupled-channels model. The
bulb labeled 7" is the T-matrix element for the cR — ¢/ R’ process without M* excitation [Eq. (7)].

The dressing cR Green function, yielding G.gr cr/(E), is indicated by the gray circle [Eq. (10)].

where T/ g o (E) and Ger o r () have been defined in Eqgs. (7) and (10), respectively.
Substituting Eq. (18) into Eq. (16) and using the vertex functions of H' defined by Eq. (2),

we can write

cyclic

Tabc,M*(E) = Z T(a’b’)c’,M*(E)a (19)
(a't'c)

with Tiap)e,n+(E) being the amplitude for the subsequent decay of M* — Rc — (ab)c

expressed as

Tavye.nr (B) = Tigyih- (B) + Tapje,- (B), (20)
where
T(Ijg)b;;\/[* (E) = % /ZRl<ab‘fab,RGcR,c’R’(E)FC’R’,M* M*>7 (21>
TFG,%IC M* Z Z Z <ab| fab,RGCR,C’R’ (E)TC/’R/,C"’RW (E)GC/HR///’CHRH (E>FC”R”7M* M*> .
R ¢'R' ¢""R" "R
(22)

Equation (20) is illustrated in Fig. 2. We now note that the commonly used isobar
model analysis corresponds to keeping only the term T3% (E) within our formulation.
The difference between different isobar analyses are in the parametrization of the Green
function Ggr (E) and the vertex function fu, g. We also note that even in this simplified
case, Gepeor (E) and fup g are related through Eqs. (10) and (11) within our formulation,
but are often not treated consistently in the isobar model analysis.

The full decay amplitude (20) can be concisely written as

T(abcM* ZZ ab|fabRGcRc’R’( )|fC’R’,M*>> (23)

R R



where the dressed M* — cR vertex function is defined by

|1:‘CR,M*> e Z 6CR7C//RN —I— Z TC’R,C,”R”/GCIHR/NyCNR”(EI) FC”R”,M* M*> (24)
CHR// C///RH/
Obviously, T(Ijg)bj}fW(E) of Eq. (21) can be obtained from Eq. (23) by replacing |Tw g ar+)

with I pr ar | M*).

For strong decays, the resonance pole positions and decay widths of heavy mesons (M*)
can be shifted by three-mesons scattering. This can be seen by considering the M™* propa-
gator defined by

1

G (B) = Mg

| M), (25)

With the projection operator method, as applied in Ref. [39], one can show that Eq. (25) in

the rest frame of M* can be written as
Gi-(E)=E— M. —Yy-(E), (26)
where MY,. is a bare mass and
ZM* (E) — Z <M*|FM*,CRGCR,C’R’ (E)|fc’R’,M*>~ (27)
cR.'R!
Here |Tw g ar+) is defined in Eq. (24).
The resonance pole positions, E,., are defined as zeros of G;;.(E). They are on the un-

physical sheets of the complex-energy Riemann surface and are thus defined by the following

equation:
Gyt (Epole) = 0. (28)

We use the analytic continuation method of Refs. [47, 48] to solve Eq. (28) and find Epqe
for the considered coupled-channels model with unstable meson-R channels.

If we replace the dressed vertex |T.gas+) by the bare vertex I'.g | M*) in calculating
Y (Epole) of Eq. (27), then the solution of Eq. (28) is the pole position of the isobar model,
which does not include the three-mesons final state interactions.

We now note that the Green function (26) can be related to the excitation of M* in the
cR — ¢'R' transition amplitude 7% z(E). The matrix element of Eq. (4) between ('R’

and |cR) states is
Torer(E) = Top g(E) + To% r(E),

10



where the first term has been defined in Eq. (7). The second term is the “resonant” part,
and is shown to be (using the projection operator methods)

res (E) _ <C/R/|FC’R’,M* > <FM*,CR‘CR>
cHien E— M. —Yy-(E)

(29)
where
<fM*,CR| - Z <M*|Fc”R”,M* 60”R”,CR+ Z Tc/”R”7c”’R”’GC"’R”’7CR(E) . (30)
C//R// CH/R///
The self-energy ¥p+(E) in Eq. (29) is defined in Eq. (27), and can be related to the
decay amplitude [Eq. (14)] as follows. For a derivation, consult Appendix A. Consider the
“decay” width '’ (E) of the bare M* (not the physical resonance state) defined by

I (E) =21 0(E — E, — By — Eo)|Tupe, - (E)|*. (31)

abc
By using the unitarity relation for 7" in Eq. (5), we can actually show that the right hand
side of the above equation is

21> 6(E — E, — By — E.)|Topeu-(E)|* = —2Im[Sy+ (E)). (32)

abc

Equation (32) is used to check the accuracy of our numerical calculations of the Dalitz plots

which are calculated from Ty pr+« (E) using the formula detailed in Appendix B.

III. FORMULA FOR NUMERICAL CALCULATIONS

For numerical calculations of decays of M* into three light pseudoscalar mesons, M* —
abe (Fig. 2), we perform partial-wave expansions of the equations presented in Sec. IT in the

M* rest frame. The kinematics of this decay is specified by the following:

M*(0,8%.,T%.) = R(Pr, 5%, t%) + (7., 0, 17)

— a(Pa, 0,t2) + b(Ps, 0,t;) + c(pe, 0,t2), (33)

where the variables in the parenthesis for each particle are its momentum, z-components of
the spin and isospin, respectively.

Our task in this section is to relate the partial-wave forms of all of the equations presented
in Sec. II to the basic input which will be determined by using the available empirical meson-
meson scattering (mm — 7w, 7K — 7K, etc) amplitudes. In this way, the final three-meson

scattering effects can be predicted for investigating heavy meson decays.

11



A. R — ab decays

In a decay R — ab, the spin (sg) [isospin (tg)] of the parent R state is same as the
relative orbital angular momentum Lg;, [total isospin I,] of the two-body ab system. Thus

the partial-wave expansion of the vertex function fu, z in the rest frame of R is

favr(Q) = (tats oty [tRTR) Yensz () fazse (). (34)

Here t, is the isospin of meson a and ¢Z is its z-component; (j;myjoms|JM) is the Clebsch-
Gordan coefficient; {is the relative momentum between a and b; f5e/ ‘“’I‘“’ (q) is a scalar function
satisfying f ‘“’I‘“’( ) =0 for Ly # sg and I, # tg.

We use the parametrization

( ab/2) L
~ 1 ab
Laplap — 5 5 gab’R <i> . 35
fab’R (Q) *B:Lab"tR:Ia b /my |1+ (q/cab,R)z My ( )

The parameters gq, r and cq, g and the bare mass mp of R are adjusted to fit the empirical
partial-wave amplitudes. The number of bare R states included in the model depends on a

partial wave considered and the energy region covered in the fit.

B. The n7m model

We give an expression for the amplitudes of the scattering of two light pseudoscalar
mesons in the partial wave basis. Here we limit ourselves to only 77 scattering because we
consider only three-pion heavy-meson decays in this work. To fit 77 data up to invariant
mass W = 2 GeV, we include 7w and KK channels. Then Eq. (12) with total angular

momentum L and total isospin [ in each partial-wave is of the following analytic form [Note

that fF (0) = Fii (@) )

T7£7r.'r7r7r(q,> q; E) = Z 77£7£,R’(q )T}I%/’IR(E) 7II%I,I7r7r(q)a (36)
R R
with
(") E)lrr = (E —mg)dr.r — XF z(E), (37)

where mpg is the bare mass of R and

Eé{R(E) _ Z / fR’ ab( ) ab,R(q> (38)

ab=rm, KK ( ) Eb(q)_'_ZE,

12



and

L oaror . , . .
- — fuaieb(q) (if @ and b are identical particles),
Flig(q) = 4 V27" (39)
f [ﬁ,ﬁél‘lb (q) (otherwise).

C. Coupled-channels equations for cR — ¢/ R’ scattering

For given total angular momentum .J, parity P, and total isospin 7', the partial-wave

form of Eq. (7) for the cR — ¢ R’ scattering can be written as

T(;;’/féﬂ,,(cml . E) = Z(Jc{)}g:)l/,(cR)l ' p; E)
+ Z /0 quZ (/R ("R Y s ', E)G(c’”R”’)lm,(c”R”)lu (¢, E)
( IIIR///) " (CNR”)Z//
XTIy (e (493 E). (40)

Here (cR); denotes the cR state with the relative angular momentum [ allowed for given
JPT; p (p') is the magnitude of the incoming (outgoing) relative momentum of the cR (¢'R’)

state. The Green function can be written as

[G—l(q’ E)](c’”R”')lm,(C”R”)lu = 6[”’,l”60”’,c”{[E — Ec”(q) — ER”((])](;R”’,R”
~S5m o (¢, B — B ()},
(41)

where the self-energy X% (¢, w) is calculated from Eq. (11) by inserting the partial-wave
expansion (34) and performing a Lorentz transformation to boost the function f “”I‘“’(q)
from the rest frame of R to the center of mass frame of cR system. We also need to

symmetrize the intermediate states with identical mesons. Explicitly, we have

7Lab1ab 7Lab1ab
c mR’mR q /.ab (C.I)fab, (q)
ER’R(puE = / q ( ) f f

q) + P12 E — Eo(p) — [M2(q) + p*]Y/? + i€’
(42)

where the summation is over all two-mesons states ab of R — ab decay, Mu(q) = Eu.(q) +
Ey(q). The partial-wave matrix elements Z(JfRT,)l“(cR)l(p’,p; E) in Eq. (40) of the Z-diagram
mechanisms, defined by Eq. (9), are given in Appendix C for the case that R decays into

two pseudo-scalar mesons.

13



D. The M* — abc decay amplitudes

The amplitude [Eq. (23)] for a strong three-mesons decay is given by
T(ab)c,M* (ﬁau ﬁbvﬁc§ E) - Z fab,R’ (ﬁavﬁb)GcR’,cR(pm E>FCR,M* (ﬁcu E), (43>
R'R
where the Green function G.p g has been defined by Egs. (41) and (42).

The R — ab vertex function in Eq. (43) is obtained from boosting the matrix element

abIab

far'z*(q), defined by Eq. (34) in the rest frame of R, to a moving frame where pr = p, + P

mrE.(q)Ey(q)
Er(pr)Eo(pa)Eb(ps)

where ¢ is the relative momentum between a and b in their center of mass system; the

(tatotuti|trt7) Yepss, (@) farsi e (q), (44)

fab,R(ﬁaa ﬁb) == $

relation among ¢, p, and pj, can be seen in Appendix C [Egs. (C5) and (C6)]. For the strong
decays, T.g - in Eq. (43) for the dressed M* — cR vertex can be written down by using
Eq. (24) as

Cerar (P, B Z Z (UZspsTh | Sa=Sis) (trtitetZ| Tae Ty ) Y102 (—De) _(cR)l,M*(pcaE)a

L7 8% 17,12

(45)
where S« and Ty« are the spin and isospin of M*, and (denoting the parity of M* as Py;+)

Femya- (e, E) = Ferpa-(pe) + Y / dq TR (S (pe, ; B)
( IIR//) 7 (c/Rl

XG e gy (R (@ B)EF ey, m+(q). (46)

We parametrize the bare vertex function Fi.g), a+(p) as

24(1/2)
F (p) = 1 Clerymr Alery, ar- i)l (47)
N 7 Y/ TR VR Y |

My

where Cicr), .am+, Acr),,m+ and m, are the coupling, cutoff and the pion mass, respectively;
Ay is a scale factor, and is set to be Ag = 1 GeV. The couplings C|.g), s+ are non-zero only
when the transition M* — (cR); is allowed by symmetries, e.g., those are non-zero only
when [ satisfies |Sy;- — sg| <1 < Sy + sk and Py~ = Pg x (—)*1. Here it is noted that

for a strong decay the bare vertex function F.p), v+(p) is related with I'cp s+ as

Cepoe- (D) = > _(tetitgti|Tar= th + t2) (1P spsh| S, 17 + s7)Yiae (—D) Flery, = (p). (48)
[
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For describing the weak decays of M* such as D°, the above expressions of the M* — cR
vertex function need to be modified to include the isospin non-conserving AT # 0 transition.
This will not be considered here. Instead, we are only interested in the importance of
three-meson scattering after the weak decay of DY, and it is sufficient to use the above
parametrization by extending F{.p), m+ in Eq. (47) to depend on JPT of cR state.

The amplitude for the commonly used isobar model, as defined by Eq. (21), is

T(Ijg)bc?ﬁi* (ﬁavﬁbu ﬁc; E) - Z fab,R’ (ﬁau ﬁb)GcR’,cR(pm E)FCR,M* (ﬁc) (49>

R'R
We see from Egs. (43) and (49) that three-mesons decay amplitudes of these two models
differ from each other only in the functions describing the M* — cR decay. The formulae for

calculating the Dalitz plots of final three-meson distributions from these decay amplitudes

[Egs. (43) and (49)] are given in Appendix B.

E. Determinations of resonance positions

With the partial-wave expansion (45), the resonance pole condition Gy} (Epee) = 0 of

Eq. (28) leads to
Epote = Mype + Zar+ (Bpote), (50)
where [Note that Fyr- (g, (0) = Flug, - (0)]

Su-(E) = > /c dqq* Far e ry, (0)Gie ry ery (@5 BE) Fiery, v+ (¢, E). (51)
(C’R/)l/,(CR)l

Here Fi.p), (g, E) has been defined by Eq. (46); /C dq means the momentum integral is
performed along the complex momentum path C'.

We apply the analytic continuation method developed in Refs. [47, 48] to find resonance
poles from solving Egs. (50) and (51) for the considered model.

F. Relations of the isobar models with the Breit-Wigner parametrization

For the isobar model defined within our formulation, we can establish some relations with

the commonly used Breit-Wigner parametrization. If we neglect the Z-diagram effects by
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setting F’(CR)I,M* to Fcr),,m+ and use the partial-wave expansion (45), Eq. (29) for cR — 'R’
scattering can be written as (omitting the momentum variables)

Flery, v+ Fare (cr),

T o (B) — , 52
(¢R )l/,(cR)l( ) E_ MJ(‘)/[* _ ES\%(E) ( )
where J = Sy, P = Py, T = Ty for strong decays, and
0
SE) = S [T daFa wr, @Gy e (0 B Femor- (@) (53)

(c'R")yr,(cR),
Equation (52) is similar to that of the commonly used Breit-Wigner parametrization in the
analysis using the isobar model or the K-matrix model:

10t gt 10(c
TEWJIPT (g — le (CR)“\/FBY}% ,/2][e 6(°R”\/FBW /2] (54)

(¢/R")y,(cR), E — MBW 4+ §(TgV/2) ’

where Fa%l is a partial decay width for M* — (cR);, which is related to the total decay
width as
Cior = > Terys (55)
(cR)
Now we introduce i and tg that specify the spin and isospin of R. Then Eq. (53) can be

written as

Si-(B) = 32 [\ B)], (56)

[=-(B)], . = > >

{(/R)plsp=3rtgr=tr} {(cR)i|sR=5R,tR=1tR}

X/o @ dqF v o r), ()G ry r)y (@ E) Flerym=(q).  (57)

We denote a conditional sum of (cR); by Y ¢(cr),|snesntneia}, 1 Which the (cR); state is
summed, keeping s and tp constant, i.e., sg = 5 and tg = tg. Thus it is reasonable to

make the following interpretations

MPY = MY + Re [B. (MPV)] (58)
Ty (MPY) = —2Im [S57. (MPY)], (59)
oW (MPY) = —2Tm [[S. (MPY)], 0] (60)

Equations (58)-(60) will be used in our later comparisons with the data listed by PDG. We

note here that the above identifications are very qualitative.
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IV. APPLICATION

In this section, we apply our model explained in the previous sections to investigate
the three-pions decays of heavy mesons a;(1260), 7 (1670), 72(2100), and also D°. Our
first task is to determine the parameters of our model. To simplify the calculations, we
determine the vertex interactions R — ab for ab = 7w, KK by fitting only the 77 scattering
phase shifts up to the invariant mass W = 2000 MeV. This is clearly a simplification since
the data associated with KK channel should in principle be included in our fits and we
must also include four-pions channels which have been considered to be important in the
isoscalar-scalar (L = I = 0) partial wave. However, such a detailed study of meson-meson
scattering can only be done rigorously by extending our formulation to account for the
direct meson-meson interactions vy o Which must be carefully derived from effective field
theory approaches, e.g., Refs. [49-52], to make sure that the predicted 77 amplitudes near
threshold have the analytic properties constrained by the chiral symmetry. Furthermore,
the inclusion of vy in our model Hamiltonian H” of Eq. (3) will greatly complicate the
scattering formulation, as can be seen in the 77N formulation presented in Ref. [39]. For
our present limited purpose of demonstrating the importance of three-body unitarity, our
simplified model which reproduces w7 phase shifts in s, p and d waves up to W = 2000
MeV is sufficient. For the same reasons, we neither include 7 K K Z-diagrams nor make an

attempt to estimate the errors of the determined parameters.

In Sec. IV A, we determine the model parameters by fitting the 77 phase shifts and res-
onance parameters listed in PDG. With the parameters obtained from the fit, we determine
the pole positions (Sec. IV B) and calculate the Dalitz plots (Sec. IV C) from the M* — nrw
amplitudes including the Z-diagram [Eq. (43)] or without the Z-diagram [Eq. (49)] with the
formula given in Appendix A. For the calculation without the Z-diagram, we either simply
turn off the Z-diagram in the full calculation, or fit the isobar model to the Dalitz plot from
the full calculation. Our main focus is to examine the effect of the Z-diagram (and thus the
three-body unitarity) on these quantities by detailed comparison of the results calculated
with and without Z-diagram mechanisms, thereby providing information about the extent
to which the commonly used isobar model analysis is valid for extracting the properties of

heavy meson from three-mesons decay data.
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TABLE I. Masses (Mg, ), couplings (9rr Rr;» i g g,)> and cutoffs (czx g, ¢k g g,) of the i-th bare R
states, R;, in the w7 partial wave with the angular momentum L and the isospin I. The couplings

and cutoffs are defined in Eq. (35).

R(Lvl) MRl 9nm,R1  Crm,Ri 9KK.R1 CKK.,R MRQ 9nm,Ry  Cram,Rs Y9KK,R, CKK,R,

(MeV) (MeV) (MeV)  (MeV) (MeV) (MeV)

fo (0,0) 1220 —0.898 441 0.008 1970 2400  0.495 955 —1.179 394
p (1, 1) 891 —0.291 394 0.150 467 1840  0.015 1973 0.167 394

fo(2,0) 1607 —0.051 567 0.021 818 — — — —

A. Determinations of model parameters
1. Fits to mw amplitudes

Our first task is to determine the R — ab vertex function f(ﬁf}’{[ ®(q), defined by Eq. (34),
by fitting the 77 phase shifts. We include 77 and K K channels and use the formulae (35)
and (36) to fit the available 7w amplitude in s, p and d partial waves. In our fits, the number
of bare R included in each partial wave is 2, 2, 1 for (sg,tr) = (L, Ia) = (0,0),(1,1),(2,0),
respectively. The resulting parameters are listed in Table I.

As shown in Fig. 3, we are able to get good fits to the empirical partial-wave ampli-
tudes [53-55]. The non-zero values of the inelasticities are due to the couplings to KK
channels. For s and p waves, (L, I,) = (0,0), (1, 1), the high quality fits are obtained only
when two bare R states are included. It is noted that a partial wave analysis using more
recent data [56] has found a unique solution for W ~ 1000-1800 MeV. Although our present
model is reasonable enough to address the question on the importance of the Z-graphs, those

data should be considered for a more quantitative application of our model.

We have also determined the resonance pole positions by applying the analytic continu-
ation method of Refs. [47, 48]. The results for Re [E] < 2 GeV are listed in Table II. It is
interesting to note that we have two bare R states in s-wave, but we have identified three
resonance poles on different sheets of Riemann surface: sheet II is (up) consisting of the

unphysical (u) 77 and physical (p) KK sheet, and sheet III is (uu).

We find that the poles listed in Table II can be identified with the 77 resonances listed
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FIG. 3. (Color online) Phase shifts (upper) and inelasticities of the m7 scattering (lower): (left
panels) L = I = 0, (center panels) L = I = 1, and (right panels) L = 2,1 = 0. Data are taken
from Ref. [53-55].

TABLE II. Pole positions of the w7 partial wave amplitudes with the angular momentum L and
the isospin I in the complex energy plane. We list only the poles below Re[E] < 2 GeV. Roman
numbers in the square brackets specify the Riemann sheet on which the pole exists. We use the

convention for specifying each Riemann sheet, I — IV, which is defined in, e.g., Ref. [57].

L I Pole positions (GeV) [Riemann sheet]

0 0 0.43 —0.27i [II] 1.00 — 0.009; [I1] 1.35 — 0.173 [I11]
1 1 0.77 — 0.081i [I1] 1.61 — 0.12i [I11] —

2 0 1.25 — 0.10¢ [I11] —

by PDG [58]. For the (L,I) = (0,0) s-wave partial wave, our results can be identified with
f0(600) (or o), fo(980) and f,(1370). For (L,I) = (1,1) p wave, our results correspond to
the p(770) and a higher mass p. The resonance f5(1270) can be identified with our results
for the (L,1) = (0,2) d-wave partial waves. Here we note that the imaginary part of the
position (1.00 — 0.009z) GeV, which corresponds to having 18 MeV of the full width, in the
isoscalar-scalar L = I = 0 partial wave (the first row of Table II) is too small compared
with the full width 40 — 100 MeV of f;(980) listed by PDG. This perhaps can be improved

only by extending our model to include four-pions channel and direct interactions vgp 4/
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with ab,a’t/ = 7w, KK. But this is beyond the scope of this investigation, as discussed in
the beginning of Sec. IV. Here we mention that the imaginary parts of the pole position
of f(980) from some previous 77 models are also smaller than the full width, (40-100)
MeV, listed by PDG, such as 28 MeV from Ref. [59], and 29 MeV from Ref. [60]. A quark
model [61] also gave only 15 MeV for the width of f,(980).

In most of the previous studies of heavy meson decays, only the s-wave resonances are
included as resonance poles while the p-wave poles are included in Ref. [9]. The other
resonances are included using the Breit-Wigner form. In our calculations we include all
resonances poles in 77 s, p and d partial waves listed in Table II.

We evaluate the 7R Green functions [Eq. (41)] and the matrix elements of Z-diagrams
[Eq. (C10)] with the parameters listed in Table I. We solve the coupled-channels equa-
tions (40) to obtain the 7R — 7R’ scattering amplitude for given (J, P, T), T({F%,F)l,,(wR)l (p',p, E),
including all allowed relative orbital angular momentum between 7 and R. The resulting
T, ({F%,F)l“(wml(p’ ,p, E) are then used to calculate the M* — 7w decay amplitudes (43) and
find resonance poles associated with M* by solving Egs. (50) and (51).

2. Parameters for the decays of M* states

To calculate the decay amplitudes for a;(1260), m(1670), m5(2100) and D°, we now need
to determine their bare masses M},., and the parameters Cp), a+, Arr), v+ of Eq. (47) for
the M* — mR vertex functions. Ideally, we should determine these parameters by fitting the
Dalitz plots of mrm distributions measured experimentally. However, such a rather complex
process is not needed for our limited purpose here to mainly investigate the extent to which
the commonly used isobar model analysis is valid. It is sufficient to choose our parameters
guided by the resonance positions and branching ratios listed by PDG [58]!. The data for
the resonances considered in this work are listed in Table III.

We first notice that the data in Table III are the averaged values from several analyses.
Most of these analyses parametrized the M* decay amplitudes with the Breit-Wigner form,
and all of them treated the final three pions as the paired two pions (whose correlations

are described by either the Breit-Wigner form or the K-matrix) and the non-interacting

L 'We do not use data from PDG directly, because some channels, which have small but non-zero branching

ratios, are not included in our model.
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TABLE III. Properties of M* = a;(1260), m2(1670), m2(2100) to which our model is fitted: Isospin

(I), spin (J), parity (P), and charge conjugation parity (C'); pole masses ; branching ratios (BR).

a1(1260) m2(1670) 72(2100)
I(JFY) (1) 1(27) 1(27)
Pole masses (MeV) 1230 — 2134 1672 — 130i 2090 — 313i
BR(M* — nfo) (%) 23 13 45
BR(M* — 7p) (%) 74 31 19
BR(M* — 7f2) (%) 2.5 56 35

spectator. We thus assume that the I'EY /2 is the imaginary part of the pole masses in
Table III, from which we can use the listed branching ratios BR(M* — cR) to calculate
BYW = BR(M* — cR) x TBWV.2 The resulting values of TBY as well as the pole masses
of M* are then used as data to determine the parameters of Fi.g), m-(p) [Eq. (47)] and
M?Y,. [Eq. (26)] by using Eqgs. (50), (59) and (60). Because we have more parameters than
the number of data, we use for simplicity the same cutoff for all of F ), r+(p) for a given
M*, and we only adjust the coupling constant C gy, . a+ Wwith the lowest allowed angular
momentum I, for cR; the other Ci.g), m+ are set to zero. The resulting parameters for
a1(1260), m(1670), and m(2100) are listed in Tables IV-VI.

The D° meson (1865 MeV, J¥ = 07) mainly decays weakly and thus three-meson scat-
tering effects have very little effects on its mass and width. We thus will only investigate
the Dalitz plot for the DY — 77~ 7% decay. The BABAR collaboration [19] presented the
Dalitz plot data for this process, and we utilize their observation that the D° — 7#F7=7°
decay is dominated by T" = 0 7p channel for simplicity. Thus we use the following param-
eters: C(r 1stp);,m+ = 1, and Ccry, - = 0 for other partial waves; Acg - = 1 GeV. We are
only interested in the difference between the Dalitz plots calculated with and without Z-
diagram, so this simple choice of parameters is sufficient. It turns out that this simple choice
of the parameters well reproduces the shape of the Dalitz plot presented by the BABAR
collaboration [19]. Clearly, the above procedure is just for a very rough estimate of bare

M* parameters. In the future, we should fit the Dalitz plot data directly. But the present

2 In data analyses with the Breit-Wigner parametrization of the M* decay amplitudes, the partial width
and the imaginary part of the M ™ pole masses are not related by I‘CBgv =BR(M* — cR) x T'BW. We use

this relation just for determining the parameters with this rough estimate.
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TABLE IV. Masses (MY;.), cutoffs (Ayr ), and couplings (C(WRZ_LI)Z’M*) of the bare M* =
a1(1260). The cutoffs and couplings are defined in Eq. (47). For C(WRiLI)l7M*, RF means the
i-th bare R state with the spin L and the isospin I, and [ denotes the orbital angular momentum
between R and 7. The second and third columns show the parameters for the unitary (isobar-fit)
model. The hyphens (—) indicate the unused parameters. See the text for the definition of the

isobar-fit model.

a1(1260)
Unitary model Isobar-fit model

MY, (MeV) 1687 1901
Arp v+ (MeV) 832 1073
C(WR?O)LM* 4.46 2.84
C(ﬂRgo)l’M* 341 —0.13
C(ﬂRP)O,M* 16.8 13.3
C(WRil)z’M* — 0.15
C(WR%I)O’M* —0.76 —10.0
C(WR%I)Q’M* — —0.17
C(ano)l,M* 10.4 7.37
C(ano)g,M* — —0.06

procedure is sufficient for our purpose in this paper.

B. Z-diagram effects on the pole positions of a;(1260), m2(1670), and m2(2100)

In Sec. IV A 2, we solved Egs. (50) and (51) to fit the pole positions for a;(1260), m5(1670)
and m5(2100) listed in PDG. Our fitted values are shown in the row labeled as “with Z” of
Table VII. When the Z-diagram mechanisms are turned off, which is achieved by replacing
the dressed vertex function F{.g), p« with the bare Fi.g), a+ in calculating ¥y-(E) [Eq. (51)],
the solution of Eq. (50) becomes the values shown in the row labeled as “without Z” of
Table VII.

Comparing the two rows in Table VII, we see that the Z-diagram mechanisms can change

the pole positions significantly. In particular, the imaginary parts can be changed by 65 MeV
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TABLE V. Masses (MJ},.), cutoffs (Azpa+), and couplings (Clrpery, m+) of the bare M* =

m2(1670). For the description of the table, see the caption of Table. IV.

m2(1670)
Unitary model Isobar-fit model
MY, (MeV) 1877 1912
Axr v+ (MeV) 874 885
ClrRo0y, M 0.67 0.55
ClrRro0)y M 0.99 0.97
Clrrity, M+ —2.21 ~1.67
Clrrit)s M - -
Cirrity, M 0.50 3.58
ClrRytys, M- - -
Cllr 20y a1+ ~12.2 ~11.3

C(T(R%O)Q,M*

C(T(R%O);;,M*

for a;(1260) and 85 MeV for m5(2100) Accordingly, we expect that the extracted residues will
also be significantly changed. The extraction of the residues for unstable particle channels
is non-trivial, and is still being investigated, as explained in Ref. [48]. We thus do not have

results for the Z-diagram effects on the branching ratios in this work.

C. Z-diagram effects on Dalitz plots
1. DY = atg—q0

As discussed in Sec. IV A 2, we only include the bare D° — 7p vertex with (J¥ =07, T =
0,0 = 1) in this calculation, as guided by the analysis by the BABAR collaboration [19];
the 7 fy and 7 fy channels are coupled only through the final state interaction. The Dalitz
plot calculated from our unitary amplitude Ty +.-0 po(£ = Mpo = 1865 MeV) from using
Eq. (43) is shown in Fig. 4 (left panel). With an overall normalization factor, the pattern
of our Dalitz plot is similar to BABAR'’s data [19]. The sharp peaks (darker red) near the
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TABLE VI Masses (MY.), cutoffs (Ayra+), and couplings (Crpery, a+) of the bare M* =

m2(2100). For the description of the table, see the caption of Table. IV.

m2(2100)
Unitary model Isobar-fit model
MY, (MeV) 2189 2280
Az (MeV) 876 970
ClrRo0y, M —0.93 —0.70
CrRro0)y M —0.001 —0.34
Clrrity, - 2.45 1.65
Clrrit)s M - -
Clrrity, M 0.51 0.41
C(nRgl);;,M* — .
Clr 20y a+ ~11.9 ~10.1

C(WR%O)z,M*

C(WRfO)AL,M*

TABLE VII. Pole masses of a1(1260), m2(1670) and 72(2100). Here “with Z” denotes the results of
the full unitary model, while “without Z” denotes the results in which the Z-diagrams are turned

off from the full unitary model.

Pole masses (MeV)

a1(1260) m2(1670) 2(2100)
with Z 1230 — 213 i 1672 — 130 i 2090 — 313 i
without Z 1122 — 148 i 1661 — 127 i 2044 — 398 i

edges of distributions are due to the formation of a p resonance during the 3-7 propagation.
The almost empty center part is due to the destructive interferences along the symmetry

axes, supporting the assumption that the 7= 0 7p channel dominates the decay [62].
With the same parameters and overall normalization factor, we then calculate the Dalitz
Isobar

plot from T3, 1o(F) using Eq. (49) which does not include Z-diagram mechanisms;

namely only keep the first term in Fig. 2. In the right panel of Fig. 4, we show the ratios
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FIG. 4. (Color online) (left) Dalitz plot of D° — 777~7¥ decay; (right) Ratio of Dalitz plot

distributions with and without the Z-graphs.

between the results obtained from calculations with and without the Z-diagram. Clearly,
the Z-diagram mechanisms considerably change both the magnitudes and the shape of the
Dalitz plot. In most of the area, the ratios (measured by the darkness as indicated on the
right y-axis of the figure) are about 1.6. To see this more clearly, we show in Fig. 5 the
double differential decay width distribution, d*T'/(dM?2. _odM?_ ) defined in Eq. (B2), at
M2, o = 0.3 GeV2. We see that at the p resonance peaks, the magnitudes can be enhanced
by a factor of about 1.5 when Z-diagram mechanisms are included to satisfy the three-body
unitarity.

Our results shown in Figs. 4 and 5 indicate the need to re-analyze the D meson decays
data, with the three-body unitarity taken into account, to assess the results, such as CKM

matrix elements, obtained with the isobar model analysis [18-23].

2. a1(1260), 72 (1670), 72(2100) — 7ta 70

The decays of these three mesons have been analyzed by using the isobar models. Our
objective here is twofold. First we want to examine the Z-diagram effects on the Dalitz
plots. Second, we regard the Dalitz plot generated from our unitary model [Eq. (43)] as the
data, and fit them with the isobar model [Eq. (49)]. We refer to it as the isobar-fit model. In

this way, we have the two models that reproduce the same Dalitz plot. However, the decay
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FIG. 5. (Color online) Double differential decay width distribution [Eq. (B2)] of D® — a7 7"
decay at M3+7TO = 0.3 (GeV)2. The red solid curve is from the full unitary model while the blue

dashed curve is obtained by just turning off the Z-diagrams in the full model.

amplitudes from the two models are not necessarily the same, which we will examine. This
examination is particularly interesting in the context of the extraction of the CKM phase
from B and/or D decays. This is because the extracted v depends on the decay amplitudes,
particularly on its phase3. Thus the difference in the decay amplitude between our unitary
model and the isobar-fit model does matter. We examine this for the strong decays of a; and
7o, which is suggestive enough for the extraction of v with the isobar model analysis. Also,
we study how well the three-body unitarity is satisfied in the isobar-fit model. Our unitary
model satisfies it by definition (explicitly shown numerically later). A large violation of the
unitarity raise a concern about the reliability in extracted quantities with the isobar model
analysis.

We calculate the Dalitz plots at £ = Re[Mpg], for which we use Mg of the full model
listed in Table VII. The results from our full model [using Eq. (43)] are shown in the left
panels of Fig. 6 for a;(1260), Fig. 7 for m2(1670), and Fig. 8 for m2(2100). We see that they
have rather complex structure. This is due to the resonances of w7 scattering implemented
in the m-R Green function [Eq. (41)], and also interference among them as a consequence

of summing coherently 7R — 7rm partial-wave amplitudes as calculated in Eq. (43). For

3 There exists an alternative approach in which « can be determined model-independently [63-65] solely
from data, provided a large dataset is available. A feasibility study [65] showed that, with a dataset
available near future, the precision of v extracted with this approach is comparable to that obtained with
the isobar model analysis. Future high statistic experiments (super B factory, LHCb) make this approach

very interesting. 26
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. 0.45 . 45
I 0.4 I 4
2 1H 0.35 2 r 1H 35
N% 1 03 N% L 3
0] — 0.25 Qo = 2.5
NO-El 40 22 jél - 10 2
L H 015 % - 15
\ H 01 H 1
H 0.05 - 05
0 L Hoo 0 L Hoo
1 0 1
M2 +0 (GeV?) M2 0 (GeV?)

FIG. 7. (Color online) (left) Dalitz plot of m2(1670) — w7~ 7"; (right) Ratio of Dalitz plot

distributions with and without the Z-graphs. The unit is GeV =3,

example, two bands on M2, , ~ 0.6 GeV? and M?__, ~ 0.6 GeV? in Figs. 6-8 are due to
the p(770) resonance in the p-wave 77 scattering. A gap in M2, _, + M2 , ~ 0.6 GeV?
in Fig. 6 is due to the fy(980) resonance and opening of the KK channel. The Z-diagram
effects are rather different in different parts of the Dalitz plots. This can be seen from the
ratios between the Dalitz plots calculated with [Eq. (43)] and without [Eq. (49)] Z-diagram,
as shown in the right hand sides of Figs. 6-8.
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distributions with and without the Z-graphs. The unit is GeV 3.

To see the Z-diagram effects more clearly, we show in Fig. 9 the double differential decay
width distributions [Eq. (B2)] for the decays of these three mesons at typical kinematics. By
comparing the red solid curves and blue dashed curves, we see that the Z-diagram effects
can significantly reduce the cross sections; in particular in the regions near the resonance
peaks of w7 scattering.

Now we examine differences between the unitary and isobar models if both fit the same
Dalitz plot. We treat the Dalitz plots in the left sides of Fig. 6-Fig. 8 as the data in fits
using the isobar model [Eq. (49)] by adjusting the coupling constants, cutoffs of the vertex
Fiery, v+ of Eq. (47). In the fits, we assign either 5% error for each point of the Dalitz plot
larger than 0.005 GeV~3, or error of 0.005 GeV~3 otherwise. We are able to get reasonably
good fits*. The resulting parameters for the isobar-fit model are rather different from the
unitary model as shown in Tables IV-VI. The quality of our fits can be seen by comparing
the dotted curves and the solid curves in Fig. 9. Accordingly, the decay widths to 7F7x~7°
channel calculated from two models using Eq. (31) (keeping only abc = 7+7~7") agree well,
as seen in the third, fifth and seventh columns of Table VIII. However, we see in the second,

fourth and sixth columns of Table VIII that the resonance pole positions from resulting

4 In most Dalitz plot analysis with the isobar model, a (constant) nonresonant background amplitude with
adjustable strength is included. Also, the M* — 7R couplings are in general complex in the isobar model
in order to partially take account of the missing interaction between the spectator and the paired mesons.
Because we obtained fits good enough for the following discussion, we do not include these degrees of
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FIG. 9. (Color online) Double differential decay width distributions [Eq. (B2)] of a;(1260) —
ata= 70 (top), ma(1670) — 7tz ~ 70 (middle), of 72(2100) — 7t7~ 7" (bottom). The red solid
curves are from the full unitary model while the blue dashed curves are obtained by just turning

off the Z-diagrams in the full model. The black dotted curves are from the isobar-fit model (see

the text for definition.).
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TABLE VIIIL. The pole masses and total widths decaying to 77" 7" states (I'y+,—0) of a1(1260),
m2(1670), and 72(2100). “Full” (“Isobar fit”) is the results of the full unitary (isobar fit) model.

M* a1 (1260) m2(1670) m2(2100)
Pole mass Pole mass " Pole mass
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
Full 1230 — 213i 375.4 1672 — 130¢ 157.8 2090 — 313¢ 219.0
Isobar fit 1230 — 100¢ 371.9 1672 — 974 151.2 2090 — 261¢ 217.0

isobar-fit model differ significantly from those of the unitary model from which the Dalitz
plot data are generated. Their imaginary parts can differ by more than 100 MeV for a;(1260)
and about 50 MeV for m5(1670) and m(2100), indicating a large violation of the three-body
unitarity. Note that the bare M* mass [MY,. in Eq. (26)] does not enter the calculation of
the Dalitz plots. Thus we choose MY,. for the isobar-fit model so that the real part of the
pole is the same as that of the unitary model.

Some hadron models predict that the hybrid mesons can have quite different branching
ratios from those of the ordinary mesons with radial excitations of the quark-antiquark
pair [66]. Thus the parameters, C g p+, in Tables IV-VI can provide important information
to distinguish the hybrid and/or exotic mesons from the ordinary mesons. The significant
difference in the parameters between the unitary and isobar models indicates that we should

use a unitary model to analyze the Dalitz plot distributions to search for the exotic mesons.

As discussed above, the importance of using an unitary model can be seen more clearly
in comparing the M* — 7R amplitudes predicted by the two models. This is shown in
Fig. 10. The M* — 7R amplitudes generated from unitary model must be complex because
of multiple-scattering due to Z-diagram mechanisms, while those from isobar model can
be chosen to be real (cf. footnote 4). Their differences in real parts can also be very
different in some regions. The difference in the phase is more apparent. Even though non-
zero phase could have been used in the isobar-fit model, as has been done in most isobar
model analysis, the rather large dependence on the kinematics, which reflects the three-body
unitarity, is beyond the capability of the isobar model to simulate. As we have noted, the
phases of these amplitudes are crucial in using D meson decays to determine the phase v of

CKM matrix elements as a way to find physics beyond the Standard Model. The previously
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the full [isobar-fit] model defined in Eq. (46) [Eq. (47)] are shown by the red solid [blue dashed|

curves. The upper (lower) figure shows the absolute value (phase) of the vertices in arbitrary

scale (degrees). The figures on the left, middle and right columns are for a;(1260), m2(1670) and

m2(2100), respectively. The label in each figure specifies the cR state. We show the result for the

bare R = fy or p of the lowest bare mass and ¢ = m, and the relative orbital angular momentum

of the cR is specified by [g..
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TABLE IX. Comparison between the total decay width of bare M* (I's , %) and twice of the
imaginary part of the M* self-energy (—2Im([Xys+]). Both of 'y, -z and X+ are calculated at
E = Re[E)+|, where Ej« is a pole mass of a physical M* listed in Table VIII. “Full” (“Isobar

fit”) is the results of the full unitary (isobar fit) model.

M* a1(1260) 2(1670) 2(2100)
Dsrinki —2Im (-] Darink i —2Im([ -] Dsrinki —2Im ([ -]
(MeV) (MeV) (MeV) (MeV) (MeV) (MeV)
Full 379.8 379.7 234.7 234.8 413.7 413.4
Isobar fit 378.4 266.2 227.4 198.7 434.5 379.1

extracted v from BT — D° (or D°) K¥ — (K2r "7~ ) KT has the uncertainty from the isobar
model fitted to the D-decays. It is estimated to be 8.9° for Belle [23], 3° for BABAR [21].
Considering the difference in the phase, typically of 10° ~ 20° level, between the unitary
and isobar models, it would be highly desirable to analyze the data with the unitary model.

Finally, let us examine the extent to which the three-body unitarity is satisfied by each
model. We can examine this using Eqs. (31) and (32) which are satisfied by a unitary model.
Within our current model developed for a,(1260), m2(1670) and m5(2100) decays, the total
decay width (I's,. k%) is the sum of M* — 37 ('s;) and M* — 7KK (I',xx) widths. In
the row labelled by “Full” of Table IX, we can see that the unitarity relation is satisfied
within the numerical precision, as it should. On the other hand, for the isobar-fit model, the
unitarity is rather badly violated as seen in the fifth row of Table IX, which raises a concern

about the reliability of results obtained with the isobar model.

V. SUMMARY AND OUTLOOK

Starting with a model Hamiltonian with vertex interactions fu, g and I'cg s+ and two-
body interactions v g o, Where R and M* are the bare one-particle states and a,b, c are
light pseudoscalar mesons (7w, K, etc.), we have developed a unitary coupled-channels model
for three-mesons decays of heavy mesons and excited meson states. By fitting the empirical

amplitudes for meson-meson scattering such as 7w — 77, the vertex interactions fu r, which
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can generate resonances R in meson-meson scattering, are determined and used to predict
the one-particle-exchange Z-diagram mechanisms Z.p .gr(E). The scattering amplitudes
Tor r(E) are then calculated with Z. g .r(E) by solving a set of coupled-channels equations
with the three-body unitarity condition satisfied exactly. The final state interactions of
three-mesons from the decays of heavy mesons are then calculated from T g .r(E). In the
absence of the Z-diagram mechanisms, our decay amplitude is reduced to a form similar
to that used in the isobar-model. This allows us to investigate the extent to which the
commonly used isobar-model analysis is valid in extracting the properties of heavy mesons
from the Dalitz plots of the measured three-mesons distributions. For strong decays of a
heavy meson M*, we present formula and procedures for investigating the importance of
three-meson interactions in determining the resonance pole positions on complex energy

Riemann surface.

The model has been applied to investigate three-pions decays of a1(1260), m5(1670) and
75(2100), and D° mesons. It was found that the Z-diagram mechanisms can change sig-
nificantly the magnitudes and shapes of the Dalitz plots. For D° — 777~ 7%, the changes
in magnitudes can be a factor of about 1.6 in most of the phase space. For a;(1260),
m(1670) and m2(2100), the changes are about a factor of 1.3 ~ 1.6 in magnitudes in the
regions where meson-meson resonances fo(600), p(770) and f5(1270) dominate. We have
also examined differences between the unitary and isobar models for the case both of them
produce the same Dalitz plot. We have demonstrated that decay amplitudes from the two
models are significantly different, particularly in the phase. A proper estimate of the phase
is particularly important for extracting the CKM phase v from data of BT — D° (or D)
KF¥ — (KYr™n™)K¥ for which the D decay Dalitz plot is analyzed with a model. We
have also shown that the three-body unitarity is rather largely violated in the isobar model.
Finally, the resulting bare parameters which can be interpreted as characterizing the “intrin-
sic” quark-gluon substructure of heavy mesons are also very different between the unitary

and isobar models.

Our results strongly indicate the need of re-analysis of the D meson decays using a
unitary model to assess the results, such as the CKM matrix elements, obtained with the
isobar model analysis [18-23]. It is also important re-analyze the 3-meson decays of all
heavy mesons listed by PDG as a necessary step for establishing meson spectroscopy and

exploring the hybrid or exotic mesons in the near future at JLab, GSI, and other possible
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facilities. While the model presented in this work is more advanced than the models used
in the previous analysis of three-meson decays processes, improvements are needed to make
quantitative progress. We need to include the data associated with KK channels in de-
termining our parameters. The approach for extending our formulation to include effects
due to four-pions channels, which are considered to be important for determining scalar-
isoscalar (L = I = 0) resonances, should be developed. For B-meson decays, an appropriate
theoretical approach must be developed to describe mm amplitudes at high energies where
no data is available. Finally, our formulation is derived from applying a unitary transfor-
mation [67, 68] to a Hamiltonian defined within the relativistic quantum field theory. As
discussed in Ref. [39], this method, as well as many well-studied three-dimensional reduction
methods [69], is needed to derive tractable reaction models for solving complex reactions
involving many channels and three-particle final states, with the unitarity maintained. Nev-

ertheless, accuracy of these approximations should be investigated in the future.
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Appendix A: Relation between >.;;+ and M* decay amplitude

Here we derive Eq. (32). In the course of the derivation, we will see that Eq. (32) holds

true only when the T-matrix (7”) satisfies the unitarity relation. We start with the “decay”
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width TM™(E) of the bare M* (not the physical resonance state) defined by

I (E) =21Y 0(E — E, — By — Eo)|Tupe - (E)|%. (A1)

abc

The amplitude Type ar+ is defined in Eq. (14), and it can be written as
Toperr= = {abe|(1+ T'Go)H'|M*) | (A2)

where G is the free Green function, and the reaction T-matrix (7”) has been defined in

Eq. (5). By using Egs. (A1) and (A2) together with the unitarity relation
T —T" = —27iT'6(E — Hy)T", (A3)
and the equality
Go — Gl = —2mid(E — Hy), (A4)
we arrive at Eq. (32) as

TMY(E) =21 6(E — E, — Ey — E.) [Tupe s+ (E)[°

abc

— 27y 6(E — B, — E, — E.)

abc

— o (M*|H'(1 + GYT'N6(E — Ho)(1 + T'Go)H'| M)

(M |H'(1+ GYT"abe)|

= i [(M*|H'Go(1 + T'Go) H'|M*) — (M| H'(1 + GYT )Gl H'| M) |
— —2 Im [(M*|H'Go(1 + T'Go) H'| M*)]
= =2 Im[Sy-(E)]. (A5)

In the last step we have used the definition of ¥y« (E) given in Eq. (27).

Appendix B: Dalitz plot

Here we summarize the formulae for calculating Dalitz plots. The differential decay width
of a heavy meson M* (E: mass; Sy/+: spin) at rest decaying to three (pseudo) scalar mesons,
M*(0,E) — a(p,) + b(p,) + ¢(p,), where we consider only (pseudo) scalar mesons for the

final state, can be expressed as

1 d®p d*py d*p B
dF * — —— a c Ma c * 2
M BE @r2E(p2) @ 2Es(pr) BRV2E(p0) B 41 = e
X (2m)'S(E = Eq(pa) = By(p) — Ee(p))6*(0 = fa — 7 — BL), (BL)
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where Mg a+ 1s the invariant amplitude of the decay; B is the Bose factor for the final
mesons. For example, when the three final mesons are identical, B = 1/3!. With a vari-
able transformation, we obtain the double differential decay width distribution (Dalitz plot
density) for the unpolarized decay given by

d?T p 1 1 B )

M e rr+
dm?2,dm?,  (2m)3 32E3 2S5y + 1 SZ: [ Masear
M*

(B2)

Y

where mg, (mye) is the invariant mass of the ab (bc) pair. The invariant amplitude is related

to the decay amplitude defined in Eq. (23) or Eq. (43) by

Mabc,M* = - (271-)3\/@\/2Ea (pa) \/2Eb (pb) \/QEC(pc)Tabc,M* . (B?))

The meson labels a, b, ¢ specify the momentum (p,.), the mass (m,), and the isospin (¢,) of
the meson x = a, b, c.
Next, we summarize relations between kinematic variables. For a given value of m?2,, the

range of mZ, is determined by its values when pj, is parallel or anti-parallel to p.:

2
(e = (B + B2 = (VB =i = B2 =)

2
(mi i = (B + B2 = (VB — i+ JEZ =) (B4)
with
* 1 2 2 2
by = S (Mg, — mg +my),
. 1
B = 5o (B = iy 4 i), (B5)

being the energies of the particles b and ¢ in the center-of-mass frame of the ab pair, respec-

tively. For a given set of my, and my,., the momenta of the final particles are

po = 5157 — (e + maPI[E2 — (e — m )7,
pe = 5T — (s + mOPIEE — (o — m?),
po = B —mi = \/(E — B, — E.)? —m},
08 0o = 2p,11pb (E - E,~E)’ —m ;- pi, (B6)

where 6, is the angle between p, and p;,. Taking p, on the xz-plane, we have
Pa = Pa(sinb,, 0, cosb,),
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Do = (€08 O, Sin Oy, cOS Pypy + Sin O, OS Oyp, SIN Oy SN Dy,
— sin @, sin 0,4, oS Gqp + cos O, cos byy),
Pe = —Da — Db, (B7)
where ¢, is the azimuthal angle of py which is obtained by rotating p, around y-axis by

—0,. To calculate the differential decay width for the unpolarized decay [Eq. (B2)], one may
set 0, =0 and ¢y, = 0.

Appendix C: Z-diagrams

1. Definition

—

The matrix element of the Z-diagram for a transition process, R(—p.)+c(p.) — R (—pw)+
d(pe), is given by

<R/(_ﬁc’v Sf%’v tf’%’); C/(ﬁc’v 07 tz’>|ZC”(E)‘R(_ﬁ07 87%7 tf’%); C(ﬁcv 07 ti)) =
<R,(_ﬁc’> sj{’a t?%’) |fR’7C”C|C(ﬁca O> ti); C/,(ﬁC’U Oa ti”))
y 1
E — Ec(pc) - EC’(pc’) — B (pC”) + i€
X <C/ (ﬁc’a Oa ti’)7 C” (ﬁc”a 0? ti”)|fc’c”,R|R (_ﬁca S?{a t?{)> (Cl)

Here ¢’ is the exchanged meson; s% (t%) is the z-component of the spin (isospin) of the
particle R; tZ is the z-component of the isospin of the particle ¢; pov = —p. — pw. The

vertices are expressed by

<C,(ﬁc’7 Oa tz’)7 C”(ﬁc”a 07 ti”)|fc’c”,R|R (_ﬁca S;{a ti{)) -

JR(pc’ y Pe'ts QC) <tc’tz1tc”tz// ‘th§3>Y;Rs% (éc)fc’c”,R(QC)u (CQ)
<R/ (_ﬁc’a S?{’a t?{/) |.fR’,c”c|C (ﬁca 07 ti)a CH (ﬁc”a 07 ti”» =
JR’ (pca Dety QC’) <tc”t§”a tctz |tR’t§2/ >Y:;?,372, (QC’)fR’,c”c(qc’)- (03)

The above equations are the same as Eq. (44), and f is related to the 77 model [Eq. (35)]
through Eq. (39). Here ¢. is the meson momentum in the center of mass of the two-meson
(") sub-system from the R(—p.) — ¢ (pe) + ¢’ (per) decay. The factor Ji appears as a
result of the Lorentz transformation of the vertex, and is given by

B Ex(qZ)Ec” (qy)mR
JR(pmvpC”7 Qy) - J E’I(pm)EWCH(]Dc”)EJR(py)7

(C4)
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with x,y = ¢ or ¢/. Using the Lorentz transformation, we have

(Tc = ﬁc’ - p(_ﬁcaﬁc’)ﬁc = ’icﬁc + )‘cﬁc’a (05)
_(Tc’ - ﬁc - p(_ﬁc’aﬁc)ﬁc’ = ’ic’ﬁc + )‘c’ﬁc’- (06)
where
=N 1 ﬁ : ﬁ:c
p(P7 w) - = = — - - Em(pm) ) (07)
§(P,p2) | §(P,p2) + Ep(pe) + Eer(|P — pil)
and
N — . 2 -
§(P.5) =\ [Bpn) + B (1P - i) - P2 (cs)

The signs attached to p, and g in Eqgs. (C5) and (C6), and the ordering of isospins in the
Clebsch-Gordan coefficients in Egs. (C2) and (C3) matters for the phases of the p <> 77
interaction, and are taken consistently with the pm7 interaction Lagrangian. To take phases

appropriately is important for giving the correct phases to the amplitudes.

2. Partial wave decomposition of Z potential

We define the partial-wave expansion of Eq. (C1) as

<R/(_ﬁc’7 SZR’v t%’); Cl<ﬁc’7 07 ti’)‘Zc”(E> |R(_ﬁcv 57%7 t%% ¢, (ﬁcv 07 t§)> =
SN (rtRtAZTT?) (tpetihtots | TT?)
TT? JJ? U'l'=11*

X (1P spsi| JT?Y (U1 s 53| JJT7)

. x (o )¢ JPT
XYy (pc’)YE,lz (pc)Z(c'R’)u J(cR) (per, pe)- (C9)

Performing some manipulations, we obtain

Zeih T ey (perspe) = (=) =05 [0t + 1) (2t + )W (totrtter; torT)

X (—1)*% \/(2sp + 1)(2sp + 1)(21 + 1)(20 + 1)

(25p + 1)!(2sp + 1)!
(20 ) (255 — 20)!(20)! (255 — 21)!

Xy (2j+1)(2L’+1)(2L”+1)$

laly, L', L" 5

l/ la L [ lb L SR—lb j L SR/—la j L
X

000 00 0 0 00 0 00
A ¥ I L L | osp—1, J
x ’ T El o (Cl0)
SR/—la J SR/ SR—lb J SR L SR/—laj
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where we have used (—1)"*/+sr+sr = 1 from the parity conservation. We have introduced

F;“’lb and B defined by

1t BP;(x)
Flot — —/ dz J _ C11
! 2/ E— Ec(pc) - Ec’ (pc’) - Ec” (pc”) + 1€ ( )
B = J(pes pery @) [l 5 () T (Per Do, @) F 10 ()
X ()\c’pc’>la (Hc’pc>sR/_la ()‘cpc’>sR_lb (Hcpc)lb (QC>_SR (QC’>_SR, ) (Cl2>

where P;(z) is the Legendre function of the degree j.
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