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Correlation functions of matrix-valued fields are not gatigrknown for massive renormalized field theories.
We find the largeN limit of form factors of the(1+- 1)-dimensional sigma model with §N) x SU(N) symme-
try. These form factors give a correction to the free-fieldragimation for theN = o Wightman function. The
method is a combination of the/ll-expansion of the S-matrix and Smirnov’s form-factor axsorive expand
the renormalized field in terms of a free massive Bosonic fisld — co.

PACS numbers: 11.15.Pg,11.15.Tk,11.55.Ds

I. INTRODUCTION

The planarity of Feynman diagrams in the lafdéimit of matrix theories [1] has convinced many people thas timit is
solvable. Unfortunately, little is known with precisionali the I/N-expansion of il x N)-matrix-valued field theories with
propagating degrees of freedofire. particles). Aside from maximally-supersymmetric, comfiai-invariant theories, the only
exceptions are (% 1)-dimensional quantum chromodynamics [2] and string n®udéth Chan-Paton factors [3]. Massive
matrix-field theories are not solvable by straightforwaadde-point approaches. The saddle-point method worksfonfield
theories whos&l = « diagrams are not just planar, but linear. In this paper, wkensmme progress by melding the lange-
expansion with the form-factor bootstrap. Perhaps ourtesull point to the solution of the planar limit in situatis where
this bootstrap does not work.

The S-matrix of the (1+1)-dimensional nonlinear sigma nhedd SU(N) x SU(N) symmetry is known. Unfortunately, its
form factors are not, with the notable exception of(8)Ux SU(2) ~ O(4)[4]. We study here the leading/l-expansion of
the form factors of this sigma model, also known as the ppialothiral model. The bare field is a mattikx), lying in the
fundamental representation of )( wherex’ andx! are the time and space coordinates, respectively, of (dirgnsional
Minkowski space-time. The action is

S— Zlgz /d2X rIuv TI’@HU (X)Tauu (X), (1.1)
0

wherep,v = 0,1, U (x) € SU(N) (that is,U (x) is anN x N unitary matrix of determinant one), and the metric is thafiaif
Minkowski spacen® = 1, n't = —1, n° = n'°=0. The action does not change under the global transformitim) —
VLU (X)VR, for two constant matriceg_, Vr € SU(N). We do not consider the addition of a Wess-Zumino-Wittemt&s this
action. The sigma model is asymptotically free. All the evide indicates that the Hamiltonian spectrum has a massgap
though no rigorous proof exists.

We study here the one-particle and three-particle fornofaaif the renormalized field operat(x) (there are no two-particle
form factors forN > 3). This field may be expressed in a theory with ultraviolétaffi A as

P(x) = Z(go.N) " H2U(x), (1.2)

wheregp is the coupling. The renormalization fact@f(go(A),A\) vanishes in the limi\ — c, where the running coupling
go(A) is defined so that the mass gap(go(A\),/\) is independent of\.

The S-matrix of the principal chiral model has been founaggshe integrable bootstrap [5], [6] and a subtle BeAmsatz
argument [7]. The essential ideas of the former approachtbegn a general classification of Nj-symmetric S-matrices for
vector particles [8]. One such S-matrix has no backwardesgag [9], hence the effective symmetry is )( The tensor
product of two of these vector-particle S-matrices yielis general S-matrix with SW) x SU(N) symmetry, up to a CDD
factor. The requirement of a sine formula for bound-statesesa (which follows from relativistic kinematics [10]) tiests the
form of the CDD factor.

In this paper, we combine the/lll-expansion of the S-matrix [6] with Smirnov’s axioms [11 dbtain the three-particle form
factors of the renormalized field operatbfx). The LSZ reduction formula is used to fix the overall normetiian [12].
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There is an obvious advantage using thi&ldxpansion to study correlation functions. Field theowéh unitary symmetry
have both fundamental elementanparticles and bound states. Particle masses are given Binghnéormula mentioned above:

sinyy 1 N—-1 1.3
m_mlsinlﬂ-[’r_ PR ’ ()
where each choice aof > 1 corresponds to a bound stateroélementary particles. These bound states reveal thenssatve
poles in S-matrix elements. Particles with- 1 make the determination of form factors difficult, thougbgmess has been made
[13]. The picture simplifies dramatically & — o, because the binding energy per particle number vanishes a3ymptotic
states of the S-matrix, with or N — r finite, consist only ofr = 1 particles and = N — 1 antiparticles, to any finite order
of 1/N. There are, however, bound states of infinite numbers of el¢any particles, which correspond to keepif$l = p
fixed, asN — o [14]. These bound states of infinitely many particles havesraNm (sinp)/m, which becomes infinite in
the 't Hooft limit, with my fixed. There are continuously many such bound states, sortfezisure of integration must also be
considered. We believe, however, that such bound statestdmontribute to theN — co Wightman correlation function; they
would produce unphysical cuts in momentum space. In annaltiee largeN limit (not the 't Hooft limit, which we examine
here), withmy / sin; ~ Nmy /T fixed, the parametar/N becomes continuous, playing the role of a third space-timedsion
[15].

The main drawback of our approach is that bound-state diwrscare not analytic in powers of . In our view, this is
outweighed by the simplicity of the form-factor bootstraghe planar limit.

Our interest in this problem began with applications of ¢X&enatrices and form factors of the SU(sigma model to
(24 1)-dimensional SU{) gauge theories [16]. The quark-antiquark potential [17d ¢éhe gluon mass spectrum [18] can
be found at arbitrarily small, but anisotropic gauge caugplThere is, unfortunately, a crossover fré¢int 1)-dimensional to
(24 1)-dimensional behavior. A similar crossover is an obstaxlesing the form factors of the two-dimensional Ising spifdfie
to calculate critical exponents of the three-dimensiosiald model. Konik and Adamov were able to overcome this dsiteral
crossover for the Ising case with a density-matrix reakspanormalization group [19]. The triviality of the S-mia@sN — o
may help defeat the crossover for 3y gauge theories. The reason is that the energy eigensfates3lJ ), x SU(c)r Sigma
model are simply Fock states of Bosons, in the appropriaisb®ur hope is that this will make a real-space-renorrattin-
group approach feasible for the non-Abelian gauge theory.

We assume no previous knowledge of exact form factors. Tadereunfamiliar with integrable-bootstrap methods could
simply take the IN-expanded form of the S-matrix (in Equation (2.6) below) aithf. Otherwise, we recommend starting with
the summary by Zamolodchikov and Zamolodchikov [20]. Thektaf working through Reference [20] may be simplified by
consulting Reference [21] (especially for infinite-protiimemulas for the S-matrix) and the appendix of the first ofdRences
[17] (in which some results are derived from scratch). We aécommend Reference [10], in which the sine law is expthine
From there, the papers onN)- and SUN)-invariant theories of Berg et. al. [8] and Kurak and Swif3jashould be accessible.
With this preparation, the reader should be ready to folloevderivation of the S-matrix of the principal chiral mode, [6].

In the next section we discuss integrability and tH&ldexpansion of the principal chiral model. We find the matteneent
of the field operator between the vacuum and three-partivted precisely one-antiparticle, two-antiparticle) statSection 3.
We write the leading terms of two-point Wightman functiorSaction 4. The form factors may be thought of as an expansion
of the field operator in terms of a a free field, which we briefiscdss in Section 5. We present some conclusions and open
guestions in Section 6.

II. THE 1/N-EXPANSION OF THE SMATRIX AND THE FIELD ALGEBRA

The basic Wightman correlation function is
1
W (X) = N<0|Tm>(0)c1>(x)T 0), (2.1)
where the scaling field is defined by (1.2) and the normalization condition

(0] (0)bya0|P, 8,81, b1) = N~Y/285 5 Gy » (2.2)

where the ket on the right is a one particte<{ 1) state, with rapidityd (that is, with momentum componerpg = mcoshé,
p1 = msinh8) and we implicitly sum over left and right coloeg andb;, respectively.

The expression (2.2) is the most elementary form factos $imilar to the definition of the scaling field in the Ising nebd
[12]. We will determine the normalization of the other foratfors using (2.2) and the LSZ reduction formula. The legdon-
tribution to the Wightman function comes from the one-pdetintermediate-state approximation (or free-field agpnation)

1 rdé ; 1gi
W (0 = [ 5 @SS (0]0(0) g, P, 6,81, brinin (P. 6, a1, 1| P(0)fg00), (2.3)



wherem denotesm; and the sum over all repeated color indices is implicit. ¥o& 0, x' = +|x|, this is

1
W (X) = —Ko(m|X]).
() ~ 2Ko(mx)
Note that this expression is of ordgr/N)°. We are assuming that there is no contribution from the origarticle state
(withr =N—-1),i.e.

<0|(D(0)boao|A7 91 bl, al>in =0.

The S-matrix can be determined, assuming unitarity, fezation (the Yang-Baxter relation) and maximal analyyicithe
basicr = 1 excitations have two color indices from 1% One can view these excitations as a bound pair of two qudrks o
different color sectors (or alternatively as a quark in ooleicsector and an antiquark in the other). Such quarks caedaeded
as the elementary physical excitations of the chiral Gidegeu model [8], [9], [22].

Next we show the S-matrix of two elementary particles of igens model, with incoming rapiditie8; and 6, (we use the
definition(p;j)o = mcoshd;, (p;j)1 = msinh#;, relating the momentum vectgy and rapidity6;), outgoing rapiditie®; ando,
and rapidity differencé = 6., = 6, — 6,. This is

Fop = Sop(|0]) 4TI5(6] — 61) 4TI5(6) — 65),

whereSep(|6]) is a function which acts on the quantum numbers of the pestifh some paperg(p; — pj) is written, in-
correctly, in place of #5(6; — 6;)). The quantitySer(|6|) is nearly always referred to as the S-matrix in the literatut is
explicitly given by

~ sin(6/2—mi/N)

FAO = Snezem )

Scon(8)L ® Scen(O)R, (2.4)

where Scen(8)Lr, for either the subscript L (left) or R (right), is the S-niatof two elementary excitations of the chiral
Gross-Neveu model:

(2.5)

Sean(6)=16/2m+ DI (-16/2m— 1/N) < 2ni P),

r(i6/2m+1—1/N)r(-i6/2m \~ N6

whereP switches the colors of the elementary Gross-Neveu pastidematrix elements for which one or both particles have
r > 1 can be found by fusion.

We shall define the generalized S-matrix to be (2.4) wéthreplaced by = 6,2, = 6; — 6,. This is consistent with the
definition given in Reference [23] (where it is called the ilary S-matrix).

The first few terms of the /IN-expansion of (2.4) are [6]

) 27 4
Sep(6) = [1+O(1/N?)] |1 NG(P® 1+1®P) 2zt @ Pl (2.6)
We can find the scattering matrix of one particle and one arttige Sap(8) from (2.6), using crossing.

There is are exceptional values &fwhere the particle-particle S-matrix does not become wstid — «. One of these
is at@ = 0. For vanishing relative rapidity, equation (2.4) yiel%(0) = —P® P, independently ofN; thus the expansion
(2.6) is not valid at9 = 0. A similar breakdown of the /IN-expansion a® = 0 occurs for models with Q{) symmetry [20],
[24]. This point corresponds to the threshsle: 4n?, wheres is the Mandelstam variable, related to the relative rapioijt
s=2m? + 2P coshd. At this threshold, both particles have vanishing momemthaé center-of-mass frame, and exchange their
left and right colors with probability one. In relativistszattering theory the S-matrix has a cut from shghannel threshold
s=4n? to s= o, and another cut from thtechannel thresholg= 4m? —t = 0 tos= —oo. Another exceptional value where the
S-matrix is not unity ad\ — « is 6 = 21 /N, where the = 2 bound state occurs. In the compl@plane, the first cut is the
image of the line ImB = 0, and the other cut is the image of the line &= 211 [20]. Between these two lines, in the interior
of the so-called physical strip, excluding bound-stateppthe expansion (2.6) is valid, which is sufficient for temaining
discussion in this paper.

The basic properties of particle states is encoded in theolatnhikov algebra. Let us introduce particle creationrapses
Ql,ﬁ(e)ab and antiparticle creation operat@(%(e)ba. This algebra is essentially a non-Abelian particle-stais relation:

do;cid
AB(61)aghy Ap(B2)agh, = Sep(B12) 2 i Ap(62)coy Ab(61)cyey
doco;d
Q[L(el)blal Q[L(ez)bzaz = Saa( elz)bi;i;b;glz Qll\(ez)dzcz Q[L(el)dlcl
AL(61)aghy Uh By, = Sap(B12) 220 AL (82)cc, AL (1), - (2.7)
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The Yang-Baxter relation is necessary as a consistencyitcmmébr (2.7). That is one way to understand why the abserice
particle production implies integrability.

An in-state is defined as a product of creation operatorsarotider of increasing rapidity, from right to left, acting tie
vacuume.g.

IP,61,81,b1; A, 62,b,82,. .. )in = AL (61)ayb, AL (62)byay -~ [0), Whereby > 6 > - (2.8)

Similarly, an out-state is a product of creation operatorghe order of decreasing rapidity, from right to left, agtion the
vacuum.

The expression (2.6) becomes unityNas» o, as we would expect. The algebra (2.7) thereby trivialigemsider the field

_ [de im0 coshg—imx! sinh@ t —im¥ coshg-+imxt sinh@
MO = [ 2= [mp(e)é +f(0)e ] , (2.9)
where®2(, is the destruction operator of an antiparticle. It is simghig adjoint of the operatdll;&. In the limit N — oo,
[QLA’p(G),QLL‘P(G)] — 411d(0 — 6'), with all other commutators approaching zero (the comnousare more complicated for

finiteN). The N x N-matrix-valued field operata¥i(x) is a massive free field. The form factors give the coefficierditan
expansion of the renormalized fiek(x) in terms of this field.

The form factors are matrix elements between the vacuum ariitparticle in-states of the field operatdr The action of
the global-symmetry transformation dhand the creation operators is

D(x) — LP(X)VR, AL(8) — VaALOV, 2L (8) — VL AL(B)VR. (2.10)
Thus we expect that, for lardé, the condition
(O[®(0)|w) #0,
on an in-staté¥), which is an eigenstate of particle number, holds onl{#if containsm particles andn— 1 antiparticles, for

somem=1,2 .... Inthe next section, we will find these matrix elementsrfor 2 (them = 1 case has already been discussed
above).

111, MAXIMALLY-ANALYTIC FORM FACTORS

In this section we will study matrix elements of the fo{@®(0)|¥), where|W) is an in-state with two elementary particles
and one antiparticleé,e. m= 2. This matrix element is defined for general choices of rigpidHere are the form factors
corresponding to different orderings of rapidities:

(0] ®(0)ya, |A, B1,b1,a1; P, 82,82, b; P, 63, 83,b3)in = <0|q>( Dboao 20 (61)bya1 205 (62) aph, 25 (63)aghs |0),

1
= —N3/2 Fl(ela 627 93)66032 600b3 601b2 6a1a3 + N3/2 9]_, 62 93)66033 600b2 6a1a2 601b3
1 1
oz N3/2 F3(61’ 62 6‘?’)630a2 0b2 183 601b3 + N3/2 (615 62 63)68063 obs 601b2 5a1a2, (31)

for 6, > 6, > 63,

(0] ®(0)pya, |P, 61,21, b1 A, 2, b2, 80, P, 83, 83,b3)in = (0] D(0)pya0 A5 (62) apb, 2 (61)bya, A5 (63) aghs [0)

1 - 1
= W Fl(ela 627 93)66032 600b3 6[)1[)2 68.133 + N3/2 FZ 917 927 )66()33 600b2 6&132 601b3
1 1
oz N3/2 F3(61’ 62 6‘?’)630a2 0b2 183 601b3 + N3/2 (617 627 63)63033 ob3 601b2 5a2a1, (32)

for 6, > 6; > 63, and
<O| (D(O)boao |P elaala blr Pa 621 ag, bZ;Aa 637 b37a3>in = <O| q)(o)bOaO m;(ez)aZbZQ[L(es)a?’b?’mz(el)blal |O>
= (77 1(00,02.02) B, By By By + 75 201, B2 85) By B By oy
1
N3/2

5P 361, 62, 05) Gagay Gty GagasBoyby + 11375 7 (61, B2, 03) Bagag s oy By (3.3)



for 63 > 6; > 6,. We note that (3.1) is equivalent to

(0] D(0)byao |A, 61, b1,a1; P, 8,83, b3; P, 82,82, b)in = (0] D(0)pgay A (61)bya, A5 (83)aghs2b(62) aby [0),
1 1

N3/2 911 63 92)66032 600b3 6[)1b2 6&133 + N3/2 Fl 911 63 92)66033 600b2 6&132 601b3
1 1
N3/2 (61’ 63 62)630a2 ob2 133601b3 + N3/2 F3(617 63 62)68063 ob3501b25a1a2, (34)

for 6, > 65 > 6.

We generalize the form factor [23], so that (3.1), (3.2)3)3&nd (3.4) are valid without the inequalities on the argoisie
0123

In each of the expressions (3.1), (3.1), (3.1) and (3.4), ax lwritten the quantity on the right in a similar way. Eachha
products of Kronecker deltas is a possible covariant teofire global color symmetry. No other combinations arevedid for
N > 3, by equation (2.10).

Notice that Lorentz invariance implies that the scalar fiomsF, G andH are unchanged under an overall bo@st> 8; + A0,

j = 1,2,3. This means that the form factors depend only on differen€¢he rapidities. B

If we examine the contribution of these form factors to thgktinan functiorC(x), defined in (2.1), we see tht F andF
must be multiplied byN—%/2, as we have in (3.1), (3.1), (3.1) and (3.4). We will everlfushow in this section thefs 4, |53’4
andl53,4 are down by a further power ®f. This means we could have written (3.1), (3.2) and (3.2) Withcoefficient IN>/?
in front of the last two entries, instead of 4%/2. These are the coefficients of tensors where the both quamiambers of the
antiparticle coincide with both of those for the one of thetiptes. For the time being, however, we will trezyts, l53,4 andlfg’4
just like the other functions.

First we apply the scattering form-factor axiom, also achMgatson’s theorem. This axiom can be most simply understood
as the application of the Zamolodchikov algebra to the vataxpectation values in the first lines of equations (3.12)(&nd
(3.3) above. Itis essentially the assumption that we catimomthe function$, G andH outside the domaif; < 6, < 63, in
such a way that the Zamolodchikov algebra is satisfied. Famgke, if we apply Watson’s theorem on the incoming antiplart
with rapidity 6, and the incoming particle with rapiditp, on the left-hand side of (3.1) we find

(0] (0o Ap(B1)ayb; AA(B2)sa; AP (83)abs |0) = Sup(612)52 pags (0] P(O)bgan AA(B2)cc, Ap(B1)cyc Ab(B3)aghs 0)- (3.5)
The 1/N-expansion of the S-matrix element in (3.5) is

SAP(G:LZ)dZCZ:-Cldl _ [1_|_ O(l/NZ)]

a1by;boay

. [6326C26°lasl e

N262,

2n1

( 12,0 6t()122 5&1 + 6:522 5aC11 Oo;b, 5d1d2) — Oaq2, 01 By, 5d1d2‘| , (3.6)

whereb;, = i — 61, is the rapidity difference after crossing from thehannel to thé-channel. Inserting the explicit expressions
on the right-hand sides of (3.1) and (3.2) into (3.5) andrafoene work, we find

12 0 _2m 0
- o612 1—2m _Niefiz 0 1
(61,67, 65) = ° e TR F(el,ez,es>+o(—2) (3.7)
_2m 2mi 27 27 _2miy2
N612 (1- b2 ) Néi» Ny (-~ 912) 0 (1 612 )

where we have denoted the four-component vectors in theoabwiaye.g.

F1(61,62,63
F2(61,62,63

F3(641, 62,63
F4(61,62,63

In finding (3.7) some factors dfl appeared as a result of contracting indices. These factd¥soanceled some factors of
1/Nin the second and third terms of the S-matrix element in (3.6)
There are two more useful relations following from the ssatig axiom. These are

F(61,6:,65) =

N

dycq;c3d
(01 P(0) 520 21 (62) by 241 (83) s A (61 )by, |0) = Sap(613) SE 5% (0 (021 (62) it AR (B1) ey A5(3) o [0).



which may be re-expressed as

2mi 2mi
1—@5 0. 0 ~Néi
: o0 am o B s
T L I
N63 613 N613 613 813 1

and finally

(01D (0)ya0 AA(O1)bya, AD(02) s, Ab(03)aghs |0) = Spp(823) 221222 (0]D(0) g 24 (61) by 2 (8)cacs 2(62)c,010),
which reduces to
0 1 _2m  _ 2m

NB3 NB3
1L 0 - 1
F(61362763): _2m _ 2m 023 123 F(61,63,62)+O<m) . (39)
R
TNO3 N6 1 0

Now in (3.8), some factors of/N in S-matrix elements were canceled after summing over @sjlias we noted above for
(3.7). This did not happen in obtaining (3.9). The reasoad the particle-particle S-matrix (2.6) does not contcatbrs of
incoming particles; colors can only be exchanged.

Another of Smirnov’s axioms is the periodicity conditiorhi$ axiom is an application of crossing. Explicitly:

(0]D(0)pya 2, (B1)c, AL, (B2)c, -+ A, (B )y [0) = (0]D(0) gy AL, (B — 27 ), A/ (1), AT (Bw-1)cy ,[0), (3.10)

wherely, k=1,...,M is P or A (particle or antiparticle) an@ denotes a pair of indices (which may be writeg,, for Gy = P
andbyay, for Cc = A). A brief explanation of (3.10) follows. For more detailsgsReference [23]. Consider what happens when
a creation operator in front of the ket is replaced by an atatibn operator behind the bra by crossing. Consider thoeiven
expectation value of creation operators @@ )y,

<0|m|1(61)(31 q)(o)boao QLTM (GM)CM Q[erl(erl)CM,l T 'Q[;rz(ez)czm)connected
= (0]241, (B1)c, P(O)ogap A, (BM)cy 2!, L (Bu-1)oy_y 2], (62)c,/0)
— (0], (B1)c, P(0)byao|0) (01!, (B )oy 2] (Bu—1)cy, ;AL (62)c,/0) -

The subscript “connected” is included because the vacutemiediate channel is subtracted [23]. This expressiomeida- 1
incoming particles are absorbed by a “probe”, correspantiirthe operato®(0)p,a,- This probe then emits a single particle.
Consider the pair of particles, with labels 1 (the outgoiagiple) andvl. Under crossing, these both become incoming particles,
but with 61 replaced byg; — mi. The reason is thefl; — 8, — i preserves the relativistic invariargs; 1 = (p; + pj+1)2, and
tjj+1= (Pj — Pj+1)?, wherej = 2,...,M — 1, while interchanging the two invariargg, = (p1 + pw)? andtiy = (p1— pm)2.
Thus

<0|Ql|1(91)c1 q)(o)boao Ql'M (GM)éM Q[IM,l(eM—l)éNP1 o 'mlz(62)£2|0>connected
= (0/®(0)oga 1], (61 — ), 2, (B2)c, -+ i, (B )y [0) - (3.11)

Suppose that instead of interchanging the invariagisandtiu, we interchange the invarianss, = (p1 + p2)? andtyp =
(p1— p2). Then we find

<0|Ql|1(91)c1 q)(o)boao Ql'M (GM)éM Q[IM,l(eM—l)éNP1 o 'mlz(62)£2|0>connected
= (0]®(0)bya0211, (B2)c, 241, (B3)c, -+ 2, (Ow)cy 24, (61 + ), [0) (3.12)
The periodicity axiom (3.10) follows from (3.11) and (3.12)
Notice that integrability was not used to justify (3.10). eTperiodicity axiom follows from very general considerasdn
1+ 1 dimensions [25].
The periodicity axiom implies the three relations
<O|¢(O)boaoﬂj;(61 - Zm)blalm;(%)azbzﬂ;(%)asbs|0> = <0|q)(o)boaogﬂl;(ez)azbzm;(%)asbsm;&(el)blal|O>a
<O|q)(o)boaogl1|;(62 - Zm)azbzﬂ;(el)blalm;(%)asbs|0> = <0|q)(o)boaoml\(el)blalm;(%)astbm;(62)azb2|O>a
(01D (050 2D (62 — 27 ) oyt AP (63) a2 (61 )by 0) = (01P(0) e 24(63) s 20 (B1) by 25(62) g, 0),



which may be written as

F (61— 271, 6,,65) = F (64,6, 63),
I’::‘(ela 92_ 2ma 63) = F(ela 631 62)7
'E(ela 92_ 27-[], 93) = If(ela 931 62)1

respectively.
Our work is simplified by expanding the form factors in powefd/N:

F (61,05.05) = FO(01, 02, 05) + < F1(00,05,05) + -

(3.13)
(3.14)

(3.15)

(3.16)

and similarly forlf(el,ez,eg) and l§(61,62,63). We truncate this expansion to leading order, keeping &40, 6>, 63),

FO(61,0,,05) andF (61, 65, 63)
Combining (3.7) and (3.8) with (3.13), we find

. O+ 11 B3+
FO(61— 271, 6,,65) = —= BT F(61,6,,65),

912— T 913— T
OG0+ 1M B3+ T

F20(61_2m562563) = 912—711913—711 F20(61762763)7
_ o i 2
F9(61—2mi. 62.63) = (éjﬂ) F3(61,62.65)
N
6 2m 6060) = (G2t ) FH(61.660).

Thus the components of the form factor are periodic, exaapttiases. Furthermore, (3.9) implies that
FO(61,62,65) = F7(61,63,6,) , F3(641,62,63) = F(61,65,60).
The general solution of (3.17) and (3.18) is

F(61,62,63) = (B1p-+ 1) (613+ 1) '01(61,6,,65),
F2(61,02,65) = (B1o-+ i) (613+ 71i) '0u(61,65,6) ,
F(61,6,685) = (Biz3+ 1) 2g3(61,6s,63),
FO(61,6,,65) = (B12+ 1) 203(61,65,6)

where the functiong; andgs are periodic inb;:

01(61 — 21, 65,63) = 01(61, 62, 63) , 93(61— 271, 62,603) = g3(61,62,63) .

We now turn to the remaining periodicity conditions (3.143143.15). Combining (3.8) with (3.14), we find

012+ 3 )
T2 D, (61,6, - 27, 63) = F21 (61,6, 65)

O+ i
F3(61,6, — 27, 63) = F(61,62,65)

2
) FO(6r. 6, — 271, B) — FO(61, 65, 63) .

(912+ 3
612+ i

and combining (3.7) and (3.8) with (3.15) yields

i O13+ i
Fo(61,0,— 27, 6s) = —>— F01(61,65,6,),

913— T

-\ 2
(912““.) F(61,65,05),

912— n

6120+ 31 B3+ i
Oo+mi Gi3—i
B13+3m\° .

< - ) F9(61,6, — 27, 63)

(912+ 3
OG0+

2
) F40(61162_2m793) Fg(61792793) .

(3.17)

(3.18)

(3.19)

(3.20)

(3.21)
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The first of (3.20) and the first of (3.21) are the same equafitre last of (3.20) and the last of (3.21) are the same equatio
The second of (3.20) and the second of (3.21) are inconsistéess

F:?(GLGZ,GS) = Fz?(91162163) :Oa (322)

which we claimed at the beginning of this section. Thus thebipoles in (3.19) are absent. The conditions (3.20) ar&l |3
imply

91(61, 6> — 271, 83) = g1(641, 63,6).

The minimal choice of the form factor, with no unnecessargpor zeros, satisfying both Watson’s theorem and the gerio
icity axiom, is obtained by setting the functign(61, 65, 6,) equal to a constant:

0 01 0 01
Fr(882,65) = T )y 2002 %) = g e
We fix the constant with the annihilation-pole axiom.

The annihilation-pole axiom concerns the residues of faeotdrs at singularities. This axiom follows from the LSZuetion
formula. The derivation can be found in Reference [23], lmme clarification may be helpful to the reader. We take thd fiel
@ in the left-hand side of (3.1) on the mass shell, and compétetthie S-matrix. We first cross the antipartic®: — 6; — i
So now we are considering two particles, of rapiditlesand 83, in the initial state. These scatter and there is a partiabé (
antiparticle) of rapidityd; in the final state. There must also be a second particle inrihédtate, which corresponds to taking
@ on shell; we denote its rapidity iy. The reduction formula is

0Ut< Pa 911 a-17 blr F)a 601 aOa b0|F)1 621 a21 b2! P7 937a31 b3>in = OUI<P7 elaala bl|P7 927a21 b2>in 0Ut<F)a 601 aOa b0|F)a 631 a31 b3>in
+ 0Ut<P7 917 ala bl|F)a 637 a3a b3>in 0Ut<F)a 601 a07 b0|F)a 621 a-27 b2>in
+ VN [ dedmPeosti s (P 6, 2y, (9§ — OF + M) ®(X)ngay P, B2 B2 bz P B3, 20, Dain, (3.23)
where the factor/N comes from the normalization @ (2.3). The second term on the right-hand side of (3.23) Vemsisf

6, < 6. The right-hand side is the particle-particle S-matrixoedat, which can be directly compared with (2.6).
To evaluate the right-hand side of (3.23), we use the thedtsfor the Klein-Gordon operator [12]

(pL— P2 — p3)> — P = —8rr125|nh— smh— cosh% (3.24)

and for the covariant delta function

o

52(p1+ Po— P2 — Pa) (P1)+ + (Po)+ — (P2)+ — (P3)+] 8[(P1)- + (Po)— — (P2)— — (P3)-]

= Z61(p0)+ + (Po) — (Po): — ()] B1(P1);+ (o)t — () — (o))

N %‘(pi-)i_(p;i l5[(Dl)+—(|02)+] 6[(Pa)+ — (Po)+]

T I N EL s

_ 9(012)0(6s0) 5(615)5(620) 025

me|sinhfy3] ~ m?|sinh6y,| ’
where the components of each of the momenta along the ligtet atep.. = 2-1/2(po =+ p1) = 2-/2e*?. We hope the indices
cause no confusion; we have writtgm),, for the u™ component of the momentum of tHe particle.

Inserting (3.24) and (3.25) into (3.23), finally crossing thut-particle with rapidityg; back to an in-antiparticle witié, —
6, + i, gives the annihilation-pole axiom for the problem in thextion. Explicitly:

ReSoi, (0] P(O)ngag A, 61, by, a1; P 6z, 82, b . 63, 83, bs) = 2i(0| ©(0)pzy P, 63,83, b) | gy ouv, — S (629)|

Regg,,—— i (0] P(0)bya, |A, 61,b1,81; P, 62,82, 02, P, 83,83, b3) = 2i(0] ®(0) g, |P, 62,82, 02) [5a1a3501b3 Si;ﬁ;( 3)} -(3.26)
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The leading terms of each side of (3.26) are both of oNie¥2. Our final Lorentz-invariant expression for the lafydimit of
the one-antiparticle, two-particle form factor is

4an
(68,0 = P20 8.09) = (o fa )

F5(61,6,65) = F(61,65,65) = 0. (3.27)

The other functionéjo(el, 6, 63) andlé?(el, 6, 65) are the same a;ao(el, 6, 65), up to irrelevant phases (these phases disap-
pear upon evaluation of Wightman functions).

IV. THEWIGHTMAN FUNCTIONIN THE'T HOOFT LIMIT

We can use the result of the previous section to find an imprexpression for thé&l = c« two-point Wightman function
(2.2):

1 /d6 :
W(X) = N n MO oS8 —xsinnd) (0| @b(0) .4, [P, 6, a1, ba)inin (P, 0, a1, by ®(0)p,, 10)
N / do, / do, % % M2 1 (0" coshe; —x'sinhd)) (0] ®(0)pyay |A, B1,81,b1; P, 62, 82,02, P, 63,83, b3)in

X in <A7 el,a]_,bl,P,62,a.2,b2;P,93,33,b3| qD(O);;OaO |0> + - ) (41)

where, as in (2.3), we sum over repeated color indices.

All of the one-antiparticle, two-particle form factors ayen by (3.27) up to an irrelevant phase. When summing ovier ¢
indices, we find that contributions quadratic in eitfi€ror F are of order one. The mixed contributions, linear in befrand
F20 are down by a power of/IN. We therefore drop the latter contributions. Thus the esfmam(4.1) is

W(x) = %T/deeim(xocoshefxlsinhe) I %T/O@g M1 0 coshd) sinhG) (g2 | p2y-1(g2 L g2yl (4.2)

The first term on the right-hand side is the free-field appration, discussed in Section 2. The result (4.2) should bermely
good at large distances, as contributions from more intdiae particles fall off more quickly. Unfortunately, wergeot
recover the short-distance behavior predicted by pertiobéheory. It is necessary to sum over all intermediatstt obtain
the Wightman function for smaX. In other words, all the form factors df are needed to compare with the perturbative result.

V. THE CORRESPONDENCE WITH A FREE FIELD

The renormalized field can be written in terms of the Zamahikinv particle-creation operators, and their adjointgétter
these form the Faddeev-Zamolodchikov algebra, which weald@iscuss here). At largd, these are the standard operators
used to build a free compléxe x co)-matrix fieldM(x) in (2.9).

Examining the definitions of the functiofs F andF gives an expansion fab(x):

1
D(X)bgay = WM(X)boao

_ 1 /(d39 [Q[A(el)alblelm)pCOShGI |m><15|nh61_|_91‘r(91)a1b1 |m>9cosh@1+imxlsinh61]

N3/2 )
« 2|[2[P(62)b2 2elm)?coshez imx sinh@, +2[T(92) |m>9cosh@z+imxlsinh62]
X [Ap(63)psa e|m>Pcosh(93 |mx13|nh93+2[1“( ) |m>Pcosh(93+|mxlsmh93]
383

4 01+ 612) /g ©(613)
612+ m‘)7(T613+ m‘)( - m’) ( ) (oo ot B o+ o oty e i)

912—7'!1 913—Tl'|
. (5.1)
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where@ is the step function®(8) = 0, for 8 < 0 and®(0) = 1, for 8 > 0, and the operatof% and2" are expressed in terms
of the free field as

AL (B)pa = (2micoshg) / dxt @mecoshdr—imxsinho: 5" g (50),

AL(8)ap = (2micoshg) /dx1 g coshey —imd sinhey 57 (501 (5.2)

and their adjoints. The matrix elements of this expressioh) (between the vacuum bra and an in-state ket are unchiénged
suppress the creation operators. The creation operamreaded, however, for matrix elements of (5.1) to satigigsing.

VI. CONCLUSIONS

To summarize, we found exact form factors for the (1+1)-disienal principal chiral model at largé. We expanded the
two-point Wightman function in terms of these form factdfmally, we identified an underlying free matrix field openail (x),
and discussed how the renormalized field can be obtained¥tGm

The 1/N-expansion of the principal chiral model is quite differémm the expansion of vector models, such as thB)O(
sigma model. The renormalized field of a vector model is afied@, asN — .

There is little difference between the free massive fidlc) and the classical master field of the lafgéimit. The response
of this field to a source is the same, whether or not it is quedti

The ingredients to find higher-order corrections in thiéldexpansion (3.16) are already in Section 3. This problenméeu
investigation.

It would be interesting to understand form factors for iatss with more particles. The number of functions rapidtyéases
with more particles. Nonetheless, two-antiparticle, ¢hparticle form factors seem possible to obtain. It may lae &l the
form factors can be found. This would yield the complete sdmlanar diagrams and a direct comparison with perturbation
theory could be made.

We have not discussed operators other than the renorméilédh this paper. It seems possible to find the form factdrs o
currents and the energy-momentum tensor by similar methods
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