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Abstract

We design a supersymmetric SU(5) GUT model using A(54), a finite non-abelian sub-
group of SU(3)s. Heavy right handed neutrinos are introduced which transform as a three-
dimensional representation of our chosen family group. The model successfully reproduces
the hierarchical structures of the Standard Model and the CKM mixing matrix. It then
provides predictions for the light neutrinos with a normal hierarchy and masses such that
my1 ~ 5 X 1073 eV, My ~ 1 X 1072 eV, and my3 ~ 5 X 1072 eV. We also provide
predictions for masses of the heavy neutrinos, and corrections to the tri-bimaximal matrix
that fit within experimental limits, e.g., a reactor angle of —7.31°. A simple modification to
our model is introduced at the end and is shown to also produce predictions that fall well
within those limits.
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1 Introduction

The origins of the mass structure in the Standard Model (SM) is currently without explanation.
However, current neutrino oscillation data provides clues that a finite non-abelian symmetry
may be responsible. The oscillation evidence that we speak of comes in the form of the lepton
mixing matrix (Upnsp) [1], which plays the same role as the CKM matrix (Uegy,) for the quarks
[2]. The most promising and current theoretical fit of Uy,sp is called the tri-bimaximal lepton
mixing matrix (Usipi) [3], and it is in this form one is clearly lead to the possibility of a non-
abelian finite group being the key to solving what is often referred to as the Flavor Problem.

In this paper, we postulate a finite subgroup of an SU(3); family group: A(54)! is respon-
sible for the masses and mixing data observed 2. We reach the goal of creating a model by
way of the Froggatt-Nielsen (FN) formalism, which is an effective field theory suppressed by
some mass scale [9]. The mass scale of the FN formalism allows for the introduction of a single
parameter that controls the perturbative nature of the theory. The model is ambitious in that
we try to only use this one parameter throughout. Now, these details and more of the model
building process are laid out in several sections, which we now summarize.

In order that we produce experimentally viable results, it is essential to keep in mind all
experimental data and constraints. To this end, Section 2 serves a dual role as a summary of
the data to be reproduced and a discussion on how it should be accomplished. For the sake
of organization, the section splits the phenomenology into quark and lepton sectors. We list in
each what it is we want to reproduce from experimental results and how it can be done.

With these constraints, in Section 3, we give a closer look at A(54) and determine how it
may be implemented. We also discuss how and why we split the matter content into specific
representations of our flavor group. Then, under these choices, we make use of a toy model to
demonstrate how we satisfy the constraints found in the previous section.

The fourth section contains the model which, as a final result, can be summarized as coming
from SU(5) @ A(54) ® Z¢ ® Z¢ ® Zy. The underlying assumption of our model is that we have
supersymmetry at this scale. We, thus, show the super-potential for our theory and take a look
at the contributions to each sector. Here we find that the success of A(54): it can reproduce
all known data in these sectors, and as for the neutrino sector, the superpotential terms are
quite elegant and produce predictions. Specifically, we find a normal hierarchy structure with
the neutrino masses being: m,, 1 ~ 5 x 1073 eV, my2 ~ 1 x 1072 eV, and my3 ~ 5 X 1072 eV.
As for the angles, we find a reactor angle of 613 ~ —7.31°, with a post-dicted solar angle of
0 ~ 34.36°, and an atmospheric angle of Oy, ~ —45.15°.

The final section includes a simple modification to the model discussed above. We explore
the alteration and show that it, too, may provide a viable model by taking a specific example
and listing its predictions for the angles of the lepton mixing matrix.

2 Phenomenological Constraints

The goal is to produce phenomenologically correct Yukawa matrices for the quark sector and
at the same time produce viable neutrino masses and to leading order the tri-bimaximal lepton

"We choose A(54) because at the time in which this work was done a model for quarks and leptons charged
under this flavor group had not been explored.

2In the literature one can find many possible finite groups as the origins of the large mixing angles in the
lepton sector, e.g., for A4 [4], S4 [5], A(27) [6], and PSL2(7) [7]. There are also more general attempts to solving
the flavor problem, of which we list a few [8]



mixing matrix. As for the charged leptons, the choice of an SU(5) GUT will automatically pro-
duce a Yukawa from the down-quark sector. The focus of this section is then the phenomenology
involved in each matter sector and how to consolidate the data into mass matrices.

2.1 Quark sector

Current experiments allow for only two but important pieces of data. These come in the form
of the approximate masses for the quarks and the quark mixing matrix known as the CKM
matrix.

It is well known that by extrapolating mass data to the unification scale one can parametrize
all masses in terms of the Cabibbo angle \. ~ .226, producing the hierarchical structure
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Included above is the relation between mass of the tau lepton and bottom quark which are
approximately equal and the intra-family hierarchy, both the last relations in Eq. (2.1) and
Eq. (2.2) respectively.

The choice of an SU(5) model will guarantee the lepton masses and down-type quark masses
are in fact related and so ensure that the mass of the tau and bottom quark are identical. So
that with an SU(5) model we will try to reproduce, in the form of eigenvalues of two Yukawa
matrices, all the information found in Eq. (2.1) - (2.3).

The last experimental piece of data at our disposal is the CKM matrix. It is a mixing
matrix composed roughly out of differences in angles that occurs from diagonalizing the Yukawa
matrices of both quark sectors. The information contained there to third order approximation
is

1 Ae A3
Ubm ~ O [ =X 1T AN ] | (2.4)
A AN 1

A is the appropriate parameter found in the Wolfenstein prescription. Because of the very
nature of its origins there is a limit in how much information we can derive about the structure
of the quark Yukawas. Nevertheless, there are clues as to the texture structures and if we
add to these the necessary eigenvalues required we can limit the possible choices for Yukawa
matrices [10].

Taking all these constraints, and following guidelines found in [10] we find that at the very
minimum we would need

0 )\6 )\24 0 )\3 )\23
YR =0 A8 A a2, YO0 A A2 A2, (2.5)
Az4 )22 1 A2l 220 1

assuming that coefficients are of O(1) and the Yukawa matrices are labeled by their correspond-
ing quark charges. It should be noted that the above is a bit misleading, at least one of the (2, 3)



positions must be A2. Now, the model building will have to satisfy the hard texture constraints
given above and fall within the limits placed.

We do so not using the Cabbibo angle as our expansion parameter for the whole model but
instead § ~ .20. There is some arbitrariness to this, the only constraint being that § > .182 3,
but we have chosen the stated value so that the mass relations are consistent at energies of the
GUT scale of 2 x 106 GeV and its value must remain close to the Cabibbo angle if we expect
Eq. (2.5) to remain true.

2.2 Lepton sector

Unification via SU(5) will automatically produce information about the charged leptons once
the down-quark Yukawas are known. So we will only concentrate on both the neutral leptons
and heavy neutrinos.

In terms of experimental data the lepton sector does not share the same richness as the
quark sector, but we do have available to us two key pieces of data*. First, experimental results
have given us the mass squared differences [11]

Am3 ~ 75970 < 1075 eV?,  |Am3y| ~ 243 £.13 x 1073 eV? | (2.6)

notice that the second relation does not allow us to determine the exact hierarchical structure.
Nevertheless, a useful constraint that can be derived from the above is

B <347, (2.7)

the average value being ~ 32.0.
The second piece of experimental data comes in the form of the lepton mixing matrix U,
which we shall assume to be approximately the tri-bimaximal matrix

2

umnsp ~ Utri—bi = | — ——F= . (28)

Sl5l-5

The see-saw mechanism requires the existence of the regular neutral lepton Yukawa matrix
Y(© and an invertible Majorana matrix Yma; [13]. These together are needed for the light
neutrino mass approximation of

U2

Y, ~ T VO (Vo) t YOT (2.9)

where v is the usual electroweak vacuum value and M is the mass scale of the Majorana term
of the heavy right handed neutrinos. We can then diagonalize the above by U,ps, i.e.,

30ne can understand this limit by using the mass relation for the up-quark found in Eq. 2.3. We do not wish
that it go as 67, which occurs when the value of § is as small as it can be, viz., § ~ .182.

4Cosmological data also provide limits on the sum of neutrino masses and the size of the most massive
neutrino [12]

> mui < (17-20) €V, i=1,2,3, .04 < My neaviest < (07 —.70) eV .



T
yu = umnsp my umnsp :

(2.10)

The diagonal term m, will in general contain three different eigenvalues (masses) and after
selecting these eigenvalues we can produce the light neutrino matrix from the tri-bimaximal
matrix:

mi Ay Ag Ag
my, = mo = ), =| Ay Ag A1+ Ay — Ag R (211)
ms Ay Ap+ Ay —Ag Az

in which we have that

1 1 1
Al = 6(4m1 + 2m2), Ay = 6(—2’171,1 + 2’171,2), Ag = é(ml + 2mo + 3m3) . (2.12)

Thus the eigenvalues as functions of entries of ), are given as

mp = A1 — Ao, mg=A1+2A9, m3z =203 — A1 — Ay . (2.13)

3  Model building with A(54)

The focus of this section is to describe in some detail the strategy taken to produce our model.
We begin with an attempt to familiarize ourselves with A(54) by having a quick look at its
salient features. A complement to this section, i.e. with a more mathematical description of
this group, can be found in Appendices A-B.

In brief, Appendix A contains a comparison of the group itself to that of a similar group
A(27), which has been investigated as a flavor group [6], while Appendix B contains some of
the mathematical information regarding the group A(54) that a reader would want to know for
this paper.

Our model makes use of a supersymmetric SU(5) GUT theory. This, of course, has a direct
impact on how we build a theory under our flavor group. Now, although for the most part the
choice of GUT is somewhat arbitrary, an SU(5) theory has a method of unifying the charged
lepton and down-type quark masses in a simple elegant way. Our choice means that we must
place matter into specific representations under SU(5) [14], these are:

N~1, L, d~5 @Q,w e~10, . (3.1)

The L and @ are the SU(2) weak doublets and the remainder particles are the right handed
weak singlets.

3.1 A(54) as a flavor group

A glance at the appendix shows that the group has both two and three-dimensional represen-
tations. This translates into many options for assigning representations to the matter content.
Although all options can be explored, we wish to limit them, and for an SU(5) theory this can
be done by examining the mass of the top quark.



The origins of its mass is at tree-level, since its value seems close to that of vacuum ex-
pectation value (vev) of the Higgs particle. Ensuring this result satisfactorily for the three-
dimensional representation is very difficult if not impossible to do. To see that this is indeed
the case, let’s for the moment describe what would happen if we used such a three-dimensional
representation.

First, our model assumes that the top quark mass comes from the product of two ten-
dimensional representations of SU(5). Let’s assume that under our flavor group the X ~ 10
transforms as any of the four three-dimensional representations, i.e. 31, 32, 31, 32.°> Then the
interaction term responsible for mass produces no singlets but instead, schematically, a direct
sum of three-dimensional representations

X - X~ (31 @51)5 ® 32,4 , (3.1)

with the subscripts S for the symmetric combination and A for the anti-symmetric one. The
bar should be understood as the complex conjugate of whichever 3 is taken for X. In order to
get a singlet term we must have a flavon ¢ which transforms as either a 31 or a 3; depending
on the representation chosen for the 10 so that via the FN mechanism

%qﬁ X X, (3.2)

is the mass operator for the top quark, where ¢ is a coupling constant, M is the mass scale
for the mechanism, and we have suppressed the Higgs. In order to explain the mass of the top
properly the vev of the flavon field must be the same order as the mass scale, i.e., (¢) ~ M.
In terms of model building this fact is difficult to explain and it can be difficult to control
the interaction terms involving ¢. These difficulties are enough to make us avoid the use the
three-dimensional representation of A(54) to describe the up-quarks.

We have chosen instead to have the top quark be a singlet under the flavor group, i.e. X3 ~ 1,
while the two remaining flavors together form a two-dimensional representation (X, Xg)T ~ 2.,
r =1,2,3,4. Under this scheme we have a natural way to explain the mass of the top quark at
tree-level: X3X3H,, where H, is the up-type Higgs field. So we take the approach that both
quark sectors can be written in the same fashion just described. Our motivation for the choice
of 2@ 1 structure is two-fold.

First, if we had chosen instead that the 5 transform as 3 under A(54) it would be difficult
to control the power in § of any one entry in a Yukawa matrix without the danger of producing
that same power in another. An issue math then arise that same power is lower than the
power required. We refer the reader to Appendix B to confirm this. The second weaker reason
is simply that the Yukawas of both quark sectors are similar by having structures which are
copacetic with the use of two-dimensional representations. Texture zero structures that occur
in both quark sectors are easily achievable and can be understood as coming from the vevs of
the two-dimensional flavon.

We summarize our choice for the SU(5) matter content under A(54):

°Tt is the case that the labels of the flavor group representation will be boldfaced just like for SU(5). The
difference between the two, besides some obvious cases like the 5 and 5, is that those of the flavor group will
usually contain subscripts. These should not be confused with family indices, as in the case of SU(5) singlets,
which should be understood by context.



A(54
(101, 10,)7, 105 “LY 2, 1, (3.3)
— — — A
(517 52)T7 53 34) 27“7 17 p, r= {17 27 37 4}7
A _
(11, 1o, 13)7 2CY 3.0r3,, s=1, 2,

included above is the case where p = r. We now investigate the type of Yukawa matrices we
can produce based on our choice of representations. All the possibilities for the up-quark and
down-quark Yukawas are summarized with just two matrices respectively

“@N “@N
2p?2p > 2p%2r >
- = - =
(2,81)s® 114 I , and 24 B 24 I , (3.4)
N N
iS] iS]
1®2,=2, 1®1=1 122, =2, |1®1=1

where s’ s” = {1, 2, 3, 4}. The up Yukawa must always necessarily be the left case. While for
the down it may be either the right case when p # r # s’ # s, or the left when p = 7.

Recall that at the end of Section 2.1 it was mentioned that we shall try to reproduce the
texture structure and constraints of Eq. (2.5). In order to show how this can be accomplished
we will make use of a toy model that uses two matter fields, y, 1, and two flavons #; and 6-.
The goal is then to show how to obtain the texture structure we seek from matrices constructed
in the fashion shown by Eq. (3.4).

3.2 A quark sector toy model

We start with the notation that is used in this toy model and throughout other sections from
now on. So far we have decided that the representations of the matter content will be split
into 2 @ 1 flavor representations for reasons explained in the section before. So in order to
distinguish matter that transforms as a 2 from that transforming as a 1, our convention uses
an underline for doublets and no such underline for singlets, e.g., we write, for the left handed
quark SU(2) doublet

QE<81>N227 QEQ3N17 (3.5)
2

where it is understood that the subscripts on the @)’s denote flavor indices. As can be seen
the notation will be cleaner than using subscripts or superscripts to denote the differences in
representations. For the flavon fields the variable ¢ will be used for 3, 8 for 2, and o for
either the 11 or the 1 representations. Any subscripts found on the flavons will aid in simply
distinguishing among them.

Returning to our toy model, we shall assume that our fields should transform as shown in
Table 1:

The second flavon will be used for the case where we want to show with clarity a quadratic
term in flavons. For the purpose of brevity we will look at the Yukawa term for the down-type
quarks, but when possible we will discuss the up-type quark Yukawa as well. The reason for
looking at the down Yukawa is that it presents the most generic possible scheme since it allows
both the case where p =17 and p # r.



Table 1: Matter content and flavons for the toy model with p, r, s = {1, 2, 3, 4}.

Matter SU(5)  A(54) | Flavons, (vev) SU(5) A(54)

= <

) 5 2, 1 |6, (a b)" 1 2,
Ly 10 2, 1 |6 (¢ d)F 1 2,

A Yukawa matrix for the down quark can be built from the flavon interacting with the terms
X ¥, X¥, x¥, xt. Schematically the structure of the mass matrix is therefore

<ﬂ ﬂ’) (3.6)
XY xy) '

following the same partitioning scheme as in Eq. (3.4). With the all the above in mind we
shall now look at several cases involving different choices for relationships between the variables
p, 7, s. In each case we list the possible results and label them, only going up to quadratic order
in flavon fields. Greek letters not previously defined are just coupling constants, and multiple
such constants in front of a term indicate there are a number of different ways to get a flavor

invariant. The first case where p = r will be the case for our model and so we will spend some
time pointing out its important features.

e p =r. One should notice that this is the first case in Eq. (3.4). There are two possible
choices we can take for the flavon; either p =r =sor p =1 # s.

(i) p = r = s. The tree-level results allow for a non-zero term in the (3,3) position,
useful in the case of the top quark. However this is not the only allowed contribution,
since all the zero order contributions are

0 a O
0% : axv+Bxv—la 0 0. (3.7)
00 B

For a realistic model, we would not like the 2 x 2 locations occupied at this order.
To avoid these results, we are lead to conclude that x ¢ must be charged under some
symmetry that forbids it.

For first order contributions in flavons we have:

aa 0 b
OB): aby xyp+p0xv+8 0 xv—| 0 ab fal . (3.8)
p'b Ba 0

The reader should notice how the vevs contribute to the entries above. A choice of
a = 0 would mean that the (1,1) zero could be protected. For the up-quarks we
could instead have a = 6=2 and b = 0 in order to satisfy our texture constraint while
hoping that symmetries disallow any 2 x 2 terms.

A look at the Kronecker products reveals that the second-order in flavons can produce
doublets and two types of singlets.



O0): (o, B, 7)01 02 X Y+ pb1 O x ¥+ p/01 02 x 1+ 001 02 x v~ (3.9)
abd Bbe + vad pac
Bad + ~be aac pbd
plac p'bd o(ad + be)

The (o, B, ) is there because the associated term contains three different ways to
obtain a singlet, hence the three couplings (see Appendix B). It should be noted
that there are in fact two different but equivalent ways to perform the product of
the first term:

(01 X)(02 ¢) and (61 02)(x ¢) - (3.10)

Because they are equivalent, there will be no need to differentiate between them and
we shall make no effort in the future to do so.

For the up-quarks, if we for the moment assumed only one flavon, say 67 with b = 0,
we see that we respect the (1,1) zero while the (2,2) can be filled in. Via the FN
mechanism we are allowed to have that a ~ §% so that we can produce the textures
allowed in Eq. (2.5). Note that this is indeed realized in our model.

(i) p = r # s. The tree-level results should remain the same. The results differ from
above in that there are no possible first-order interactions.

The zeroth order terms are given by

O6°) : ax ¥+ Bx Y (3.11)

o9 o
o o9
S =)

The second-order results follows much in the same way as the case where p = r = s;

0 aad + Bbe 0
Ob?): (a, B)01 02 x Y +701 02 x ¢ — | abe + Bad 0 0
0 0 ~(ad + bc)

(3.12)
Once again there is an ambiguity about how to perform the product of the first term.
Direct calculation for all possible cases shows again that the ambiguity is irrelevant
because each product is equivalent. Notice that there are only two couplings, which
show that there are only two ways to produce singlets for this case.

e p #r. Now we have the second case of Eq. (3.4). Before we go on to discuss the two
possible choices, looking at Table 4, we find that

2p ® 27« = 231 @ 25”7 P ;é T ?é S/ ;é S” . (313)

The above has direct implications at tree-level since now there is only one result we can
have and that is



0 0 O
0@ : axv— |0 0 0] . (3.14)
0 0 «
As for the first order, a flavon can only transform as either the 24 or the 2,,. The specifics

will depend on the representations, but the results will be in one of four sets of possible
combinations where in each set only one matrix would be chosen:

aa 0 0 0 ab O
0 ab O or aa 0 O
0 0 0 0 0 0
OO): ab; x Y — , (3.15)
- aa 0 0 0 aa O
0 ab O or ab 0 0
0 0 0 0 0 0

where we list only two sets for brevity and the other two can be obtained by interchanging
a and b. The “or” is because there are two possible choices for representation of 61, a
theme that continues at second order:

aac 0 0 0 abd 0
0 «abd 0 or |aac O 0
0 0 ~(ad+ be) 0 0 ~(ad+ be)
O(0°) = aby O3 x Y+701 02 X b —
aac 0 0 0 «ac 0
0 «abd 0 or [abd O 0
0 0 ~(ad+ be) 0 0 ~(ad+ be)
(3.16)

where to get the other set of matrices one needs only to interchange the roles of the ac
terms with bd.

The above provides a small glimpse into the workings of two-dimensional representations.
Although not discussed above one can tell which entries provide texture zeros by clever choice
of vevs. With an understanding of the texture structure that A(54) can produce, we are now
ready to discuss our model.

3.3 Some remarks

We had mentioned in the beginning of the section that we would let the right handed neutrinos
transform as 3 of our flavor group. The choice is somewhat arbitrary, we could have easily
chosen the representation 31, 32, or 35. Regardless, their Clebsch-Gordan (CG) coefficients are
similar enough so that any choice would do with no clear advantage of one over the other.

As for the choice of two-dimensional representations for the matter content, there is some
arbitrariness to this too. A look at Appendix B, focusing on the CG coefficients, will reveal
that all two-dimensional representations under the case 2, ® 2, have the same result. The
only interesting feature occurs in the 2, ® 2, with p # r case. In terms of model building,
one could make use of the fact that such a product produces two different two-dimensional
representations. Even though this could be exploited in a clever fashion, the author has found

10




that using the same two-dimensional representation throughout requires less flavons and leads,
consequently, to a simpler model.

Finally, now that we have opted to use the same 2 for our model, which one should be used?
Looking at Appendix B shows that taking the product of 21 x 31 produces CG coefficients that
contain powers of w = e2™/3  The same is true for the cases involving 2o and 23 with the sole
exception of 24. It should be possible to absorb the w into coupling constants, thus in effect
we have no real advantage of using one representation over another. However, for the sake of
clarity and simplicity we choose instead to use 24 and avoid the issue altogether.

4 The SU(5) ® A(54) model

The model has a supersymmetric background, and we assume that we are above unification scale
of SU(5) GUT. The matter content found in the standard model fits into SU(5) representations
as

X~10, ¥~5, N~1. (4.1)

For reasons discussed in Section 3.1 we chose to have both 5 and the 10, in two and one-
dimensional representations but kept the heavy neutrinos as three-dimensional, i.e.,

(Xl,Xg)T = K ~ 24, X3 =X 1; (\I’l, \IJQ)T = g ~ 24, \Ifg = ¢ ~ 1; N ~ 31 . (42)

Remember that the top quark mass was a motivation for using the singlet and doublet structure
for the 10. Aside from these assignments there are other charges that we have given these fields,
namely the Z§ ® Z§l ® Zy charges. The superscripts indicate that these charges are primarily
given to those fields that contain the associated right handed particle.

As we will show soon, the quark and charged lepton sectors are populated mainly by three
extra fields:

Ou ~ 24, Og~24, o~1, (4.3)

The letters as subscripts remind us that these fields are charged under a cyclic symmetry (Z,)
with a superscript of that same letter.

On the other hand, the neutral lepton sector is primarily populated by just two three-
dimensional flavons:

¢~31, ¢ ~31, (4.4)

once again indicating the appropriate A(54) charge. The final ingredients are the Higgs fields
which include both the five- and forty-five- dimensional representations of SU(5).
We may now present the super-potential, but without all the clutter of coupling constants,

Wmodel =W"+ Wd + Wclljirac + Wy,

majorana

(4.5)

where

11



w ~ xx Huy+ (0u X)X Hu + 0300 X)X Hu + (00 X)(0u X) Hu+ 60300 x)(0u x) Hu
w ~ x¢ Hq+ (0 x)¥ Hyq+ 60304 x) Hy+ x(0a V) Hq+ (0 X)(0a ¥) Hqg+ (6q ¥)(o x HF) ,
Wiirac ~ ¢YN Hy,+ (¢ )N H, ,

v

__majorana . 42 NN + ¢2 NN .
M ¢ +9
(4.6)

The value M is the Majorana mass scale that is to be determined at a later time. We have listed
only terms that contribute to lowest order in their respective matrix entries. The parentheses
have no bearing on how to take products under our flavor group, they merely indicate that
distinct fields have the correct cyclic charges to be neutral under those charges. For a summary
of the field content and their charges look at Table 2.

It should be stated that in Table 2 we could have included another cyclic symmetry Z3. For
this symmetry the N would be odd and so would the ¢ and ¢’ flavons. All other fields could
in principle remain neutral. The model however, does not seem to require the extra symmetry
and so we leave this symmetry out of the table.

The next three subsections will contain some of the finer details of our model. The first two
subsections include a look at the vevs of the new fields we have introduced and a detailed look
on how each of the super-potential terms populate their matrices. The last section presents the
final results of our model. These phenomenological results include the masses for both light
and heavy neutrinos as well as the expected corrections to the tri-bimaximal matrix.

4.1 Flavon content and vacuum expectation values

The vacuum expectation values of the flavon fields go as

(o) ~ e, (0) ~ (a1, ag)", (@) ~ (br, ba, b3)" (4.7)

where the exact vevs can be found in the table discussed above. As said in the introduction,

we make use of the FN mechanism, which means that each flavon vev will be suppressed by an

effective mass scale (M) of some gauged interaction at much higher energies. The suppressed
vevs then are postulated to go as

i ~ 5m+1

)

/ /
R I R S Uy R S R B (4.8)

~0 @ —, —=
M M M M
where m and n are integers. The value of m can be determined from the relative size of vs 4,
the vev of the Hy, to the vev vy5 4 of Hff’ by way of

<O'H§5> XX 5m’U457d ~ Us.d - (49)

For vys 4, the vev of H35, we assume that vs, > v45, > v45 4. The implicit assumption above is
that vs45 4 > vs5 4, otherwise we may lose our perturbative power by having a singlet with a vev
that is greater or equal to the FN scale M. Finally, we must mention the relative size between
U5,y to that of vs 4, we expect

cot(B) = =2 < O(8°) , (4.10)



Table 2: Field content and charges of our model with w = ¢ . There could be another
symmetry Zy but it is found unnecessary.

Matter SU(5)  A(54) Z3 74 Zy

N 1 3 1 1 1
¥, 5 24, 1 1, 1 —1, 1 1, 1
Xs X 10 2, 1 w, 1 1, 1 1,
Higgs

H,, Hy 55 1, 1 1, 1 1, 1 1, 1
HPB, HP 45,45 1, 1 w2, w 1, 1 -1, -1

Flavons, (vev)

O, (a1 0)" 1 2, W? 1 1
6a, (0 ab)" 1 2, 1 —1 1
o, (b b 0) 1 3 1 1 1
¢, v 00" 1 3 1 -1 1
Singlets , (vev)

7, ¢ 1 1 1 1 —1

which would satisfy the intra-family relationship m;/m;.

As for the value of n, it may be determined by the size of the baryon asymmetry our model
predicts from leptogenesis constraints on the lightest of the heavy neutrinos, M [15]. Current
approximate bounds limit the mass of M; > 108 GeV and, as we shall see at the end of this
section, this limit will restrict our possible choices for n such that n =1, 2, 3.

4.2 Quark Yukawas

The purpose of this section is to explore in detail the results written in Equation (4.6) for the

quark sectors. We shall limit our investigation to demonstrating the origins of all Yukawa tex-

tures and the necessary coupling constants. Each super-potential contains terms that produce

the leading order contribution to their Yukawa matrix. All other terms, including those which

are of O(6%) and higher for the up-quarks and O(6°) for the down-quarks, will be neglected.
The super-potential contributions making the up Yukawa matrix are given by

WY~ xx Huy+ a0y X)X Hu+ 80500 X)X Hu+ p(0u ) (00 X) Hy + (4.11)
v05(0 x) (0 X) Hu -

It should be stated that the SU(5) algebra requires that any contribution to the H.5 from the
10 must be anti-symmetric in flavor space. As a result, the only anti-symmetric combination
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(X x)a produces a 1;. Since there are no flavon 1; singlets, there are no devastating low order
contributions and the only contributions that can survive would be corrections to the Yukawa
matrices, e.g., the lowest order correction is 3 (o x x H2Y).

In Eq. (4.11) the Greek letters a, 8, p, 7 are couplings which also aid in identifying where
each term contributes to the up Yukawa matrix:

0~ Bot
VD~ 0| 465 pst as? | . (4.12)
Aot ad? 1

The down-quark sector is a bit more complex, for we include both contributions due to the
regular Higgs H; and the Hfl‘r’. Both contributions will be added to produce a single Yukawa
matrix, and so below we only include those terms that are leading in their sum. Primes on
Greek letters are for the couplings that occur in this case, and so the terms we have are

W~ xp Hy+ o/ (0, x)¥ Ha+ B'05(0. X)) Hy+ B"x (04 ) Hy (4.13)
+(7s V) (0u X)(0a ¥) Ha+p' (04 ¥)(0 x HP) ,

with (7', v") meaning that there are two ways to produce singlets, each with their own couplings.
In terms of 4, we have

0 & pe 0 0 0
i xol| v 0w | vE 0|0 g 0 | @1
gy 01 0 0 0

Finally, with all the above results, one can construct the Yukawa matrices from the well known
results of SU(5) GUT models [16]:

y@/3) %(2/3), (4.15)
y(=1/3) Y5(—1/3) +YA55—1/3)7
Y(—l) _ Y5(_1/3)T _3. Y4(5_1/3) )

4.3 Neutrino masses
A similar procedure as outlined in [17] is followed here. We postulate the addition of two new
terms to the super-potential of the MSSM:

WY = LH,Y YN + MNY,,,;N. (4.16)

The Majorana term also comes with a mass scale M which we suppose can come from a higher
energy scale. The matrices Y(© and Y,nqj are the same Yukawa and Majorana matrices as
defined in Section 2.2 and seen in Eq. (2.9). We designed the model to produce the above with
the assumptions that the flavors of N together form a 3; under our flavor group. To accomplish
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the task, we employed the use of two three-dimensional representations ¢ and ¢, whose details
can be found in Table 2.
Our model, Eq. (4.6), produces the Dirac term

Wclljirac ~ ¢¢W H, + (¢/ %)N Hy 5 (417)

rewritten here for convenience. The resulting Yukawa matrix is

0 0 o
1
Y(O)zﬁ 0o v o0 |. (4.18)
by b 0

In the above there are no coupling constants included, because they are of O(1) and can be
simply absorbed by their respective vevs. In principle, it would be possible to get tri-bimaximal
mixing in the case that O(b)) # O(b1). However, if this is the case, and it is carried through to
the Majorana matrix, then the light neutrino matrix ), would contain entries that are sums of
various powers in §. A somewhat simple calculation will show that this is true.

In cases like these, it is difficult to diagonalize by U,.;_pi, since either careful cancellations
are needed in the various powers in § or some explanation for the complexity of the coupling
constants should be given. To avoid such a complication, it is found best to assume that
O(b)) = O(by). In fact, its found that much more elegant results can arise when one assumes
that ) = by and so this is the assumption we shall make.

The Majorana contributions terms, found in Eq. (4.6), are

v

—majorana . »2 NN + ¢2 NN . (4.19)
M
The Majorana matrix is then
v a o p o 0 0
ggz]% o a p|l+10 0 o . (4.20)
pp B 0 p 0

The unprimed Greek letters correspond to couplings for the ¢ and primed letters for ¢'. Do not
confuse these parameters for those written down in the quark sector. Just as before, they are
coupling constants resulting from the number of ways one can get a singlet term. Notice that
the vevs of the flavons are included, but found within §2" by Eq. (4.8). The best choices for
the parameters above seem to be

a=0c=0, p=-B=p =1, |/|=.100=+.004 . (4.21)
The parameter o’ can control the value of ratio of the mass squared differences found in Eq. (2.7).
The choice of |o/| = .1 produces exactly the ratio of 32 that fits current data.
4.4 Phenomenological Results
We have successfully produced Yukawa matrices with entries of the same order as we had sought

in Eq. (2.5). We have even produced a set of matrices for the neutrinos that together produce
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a light neutrino matrix that can be diagonalized by the tri-bimaximal matrix. Here we take
things a step further and try to reproduce the SM results and find values for neutrino sector.

The first step is to reproduce the results of the SM extrapolated to the energy scale of
2 x 1016 GeV [18]. We have seen that for the quark sector, based on our super-potential terms,
there are ten parameters to be determined. One of these parameters is found to be irrelevant
and so left equal to one (the (1,3) and (3, 1) entries of the up Yukawas). We are then left with
nine that are chosen such that they reproduce masses and the CKM matrix which means only
seven constraints and so two free parameters. The last two parameters are chosen such that
they at the same time respect the mass of the down-quark (due to higher order corrections) and
also fit the limits of the experimental results for the solar angle of the lepton mixing matrix.
Our model has some sensitivity to the values of the final parameters which explains the errors
we placed on the predicted angles.

As for the neutrinos, we have discussed these free parameters and because of the constraints
imposed both by data and the tri-bimaximal matrix, we have only one parameter (what we
called o/ in the neutrino analysis).

Quark Sector:

0 1.166 54 2.768
Y3 ~ | 1.168 5 —1.85% ], my~vsy 2.36* ) (4.22)
5 —1.862 1 1
and
0 563 5ot 604
YYD & | 2363 562 66|, ma~usg 562 : (4.23)
—55 0 1 1

Diagonalization also reproduces a CKM matrix (Uggy,) consistent with data extrapolated to the
GUT scale.

Lepton Sector: SU(5) with Hj® guarantees our successful reproduction of the masses

0 —.30% —.56 264
YD & [ 563 —1.562 0 . Me A Usg 1.562 . (4.24)
50t —66% 1 1

As for the neutrinos, we have found that

/

0 1
0 2], ld]=.10, (4.25)
2 -1

Q

001
YO0 1 0f, Y=o
110

)

Using the light neutrino approximation and using o/ = 4-.10 we obtain

2 0 A A 2 A

U5u U5u
Voo A 1 1+A|, mya 2 2A : (4.26)
IMANN 144 -1 ZMA 24+ A

where we remind the reader that m, is the scale for light neutrino masses. The value of A is
such that A =~ .22 for o/ = —.10 and A ~ —.18 for o/ = .10. We predict that the mass scale M
is
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M ~3x10% GeV | (4.27)

a value that is one order away from our GUT model scale. Results that follow are independent
on the sign of o/. Both the corrections to the tri-bimaximal matrix and the masses of the light
neutrinos (normal hierarchy) are predicted to be

ve) =~ .83Jv1) + .57e) — . 13|vs), My~ 5x 1073 eV
V) ~ —ATjn) + .B3lve) — . Tlvs), mya~1x 1072 eV | (4.28)

lvr) =~ —.33v1) + .64]vs) +.70|v3), my3~5x 1072 eV
where we want to make it clear that

my2 my,3

=92 ,
my1 my1

)

=10, and > my; = 65x1072 €V . (4.29)
7

While we predict that the masses for the heavier neutrinos are

9.7 x 10'2 GeV
My gy = 52" 2.2 x 104 GeV : (4.30)
3.4 x 10 GeV

i.e., two masses are nearly degenerate. As mentioned earlier, the value of n could be chosen
such that the masses are consistent with limits posed by leptogenesis responsible for the baryon
asymmetry [15],

M, =9.76" %102 GeV >10° GeV — n= 1, 2, 3. (4.31)

Because the corrections for the tri-bimaximal matrix are obtained from diagonalization of
the charged lepton Yukawa, care must be taken so that the angles obtained are well within
experimental limits [11]:

013] < 11.4°, 0y ~ 344371357 36.8° < O < 53.2° . (4.32)
With the above in mind, we predict (and postdict) that

013 ~ —7.317082° 0 ~ 34467102 % Oum =~ —45.157090 . (4.33)

We should mention that the reactor angle (613) is somewhat large. The origin for this is the
(1, 3) position of the charged lepton Yukawa, which leads to a rotation angle (from diagonalizing
the Yukawa) “f13” that is comparable to the “f15” rotation angle. Now we can track the phases
by following the guidelines given in [19], which provides methods for determining how many
free phases there are and where in the Yukawas they may be located. We then find that the
(1,3) position for the charged lepton Yukawa could have a phase. So the reactor angle, being a
sum of two comparable angles (as stated earlier) with a phase difference between them, could
be such that in general 0° < —613 < 7.31°.

17



Table 3: Changes to the field charges from previous model.

Matter SU(5) A(b4) Zy% Z§ Z
X 10 1 11 -1
P 5 1 1 1 -1

Flavons, (vev)

¢7 (bl bl O)T 1 §1 1 1 —1

5 A possible modification

We present here a modification to our previous model that is based on the possibility that
the flavor singlets of the matter content may be charged under the Z5 of our previous model.
Table 3 contains only the changes we expect to make to the model.

Notice that one of the 3 flavons that was previously neutral is now odd by necessity (unless
we change the neutrino terms) under the Z, charge. As for the super-potential, the major
changes are the terms that contribute to the 1 x 2 and 2 x 1 blocks of the Yukawa matrices, no
changes are found for the neutrino terms.

Winodet = W + we + Wclljirac + er;mjorana ) (51)
where
we ~ xx Hy + (0, X)(U xX) Hy + 95(% X)(U X) Hy + (04 X)(eu X) Hy, + 95(% X)(eu X) H,,
we ~ x¢ Hy+05(x ¢ H) + (0 x)(0a ¥) Hq+ (0u x)(0q ¥) Ha+ (6a ¥) (0 x HP?) ,
Wclljirac ~ (bT/JN Hu + ((b/ ¢)N Hu )

v

Wmajorana ~ ¢2 W—l— (b/g W
(5.2)

The vev M§™F! of the o field still depends heavily on the relative size of the two down-type
Higgs’ vevs. Since we cannot know for sure the value of these, all we can do is to write down
the form of the Yukawa matrix as a function of m:

0 756 B5m+5
Y5(2/3) ~ O 766 pét  admt3 || (5.3)

,8 5m+5 a 5m+3 1

and
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0 7/53 0 0 0 0
ol e 0 0|, Y5 R0 0 08 a8 | (54)

preFtm 01 0 0 0

We have decided to keep the same Greek letters as before because they still correspond to the
same terms of our previous model with the sole exception of o/ which now originates from the
45 Higgs. We take as a concrete example the case where m = 1:

0 2560 o6 0 562 0
Y@ ~ 0| 2558 2350 54 |, YOI 20| 683 562 1362 | . (5.5)
L LI | —46° 0 1

Leaving out many of the details and keeping all other results the same, the mixing angles for
this case of our model become

013 ~ —1.057280 7 0, ~ 344870527 0, ~ — 4447+ .01° . (5.6)

6 Conclusion

The goal of this paper was to create a model for an SU(5) GUT that can reproduce all known
data with the use of a flavor group A(54). We began with the SM in the form of mass hierarchies
and one mixing matrix. With these in mind, we found constraints, Eq. (2.5), on the form of
the texture structures the quark Yukawa matrices must have.

A look at the flavor group and the aid of a toy model allowed us to see how one can possibly
reproduce these texture structures. The lepton sector, as far as neutrinos are concerned, was
obtained with a minimalist approach of introducing only the fewest number of new flavons and
fairly simple vev structures. From these principles we have succeeded in producing a viable
model for neutrinos that can satisfy all constraints provided by experiments.

Finally, we provided a possible alternative that would be viable for more strict assumptions
as to the relationship between the vevs of the H,; and Hfl‘r’. The model should be considered in
every respect as viable as the first one, but contains the bonus of needing less parameters.
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Appendix
A A comparison of A(54) with A(27)

There is a great deal of similarities between these two groups, but A(27) has has been used as
a flavor group in a number of investigations. Likely this has been the case because, as we shall
show here, its structure is not as complex as that of A(54). The richness in its structure actually
starts with its presentations which shares all the same features of A(27) but with the addition

of two conjugations and two second-order elements. To see this let’s look at the presentation
for A(27) [20]:

A27) ~ (Z3® Z3) ¥ Z3 : ad = = d =1, (A1)
cd = de,
aca™! = ¢ 'd7!, ada”! = c.

We clearly see that there are three third-order elements and as expected two of them commute.
A look at Table 4 shows that the group includes nine one-dimensional and two three-dimensional
representations. Now the presentation of A(54) [21] is:

A(54) ~ (Z3® Z3) x S3: a® = b2 = (ab)? = & = d&® = 1, (A.2)
cd = de,
aca™' = ¢ 'd7, ada”! = ¢,

beb! = d7',  bdb' = 1.

It is clear from the above that A(54) has not only third-order operators but also second-order
ones, which adds to its complexity. As a result, looking at Appendix B, one sees that it has not
only one and three-dimensional representations but also two-dimensional representations.

A summary of these facts and a quick description of the Kronecker products is contained in
Table 4 found below.

Table 4: Summary of some of the differences between A(27) and A(54). The values r, s, p, t =
1,2,3,4

A(27) A(54)

nine 1- and two 3-dimensional reps. | two 1-, four 2-, and four 3-dimensional reps.
2p®2r:28@2tap7&r7&37§t
33=33393 2,02, =1®2,)sD114

3©3=>5"1 3©3=33303

3®§:(1 or 11)@21@22@23@24

20



B Flavor symmetry A(54)

The flavor group under consideration is a special case of A(6n?), where n = 3. A complete
study of A(6n?) can be found in Ref. [21]. From this source we may obtain the character table,
Kronecker products, and the Clebsch-Gordan coefficients. We list some results here, specifically
the character tables and Kronecker products.

B.1 Character table

The character table reveals a rich structure behind this group. One clearly sees that there are
one, two and three-dimensional representations. Notice that the three-dimensional representa-
tions are complex, where the conjugates are indicated by a bar.

Character table of A(54)

n=3 1c¢; 1M 1c® 60, 6c” 6tV 6c? 90 oc{h ocl?

1 1 1 1 1 1 1 1 1 1 1
1, 1 1 1 1 1 1 1 -1 -1 -1
2 2 2 2 2 —1 -1 —1 0 0 0
2 2 2 2 -1 -1 2 -1 0 0 0
23 2 2 2 -1 -1 -1 2 0 0 0
24 2 2 2 -1 2 -1 -1 0 0 0
3, 3 3w 3w? 0 0 0 0 1 w? w
3, 3 3w? 3w 0 0 0 0 1 w w?
3, 3 3w 3w? 0 0 0 0 -1 —w? —w
3, 3 3w? 3w 0 0 0 0 -1 —w  —w?

2mi

Table 5: w =¢e73.

B.2 Kronecker products

In order to build a theory with invariant quantities, it’s necessary to know how products of
representations break down into irreducible representations:

1,1, = 1

L®2 = 2 21 ®2] = (1+21)S+(11)A 2,02, = (1+22)S+(11)A
1,02, = 29 2192, = 25+ 2 29 ® 23 = 21 +24
Loz = 2 S0 Z 2t 202 -  2+2
1,024 = 24 2192 = 242 29031 = 31+ 32

1, ®31 = 39 21 §1 - g’l + 2’2 2,03 = 3, + 3
1,23 = 3 2103 = 31+ 3 290392 = 31+ 32

1, ®3, = 3 21 §2 - g’l + 2’2 2R3y = 3, + 3

5 5 21 ®32 = 31 + 32
1,03, = 3
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23 Q23 = (1+23)5+(11)A

2,92 = 2+ 2, ;iggj‘ _ (1+§‘i)i§2(11)f‘
23®§1 - §1+§2 2,03 = 31+ 3
Zes = St 2,03, = 31+ 35
23®§2 - ?—’1+§2 24®32 = 314—32
23039 = 31+ 39

3131 = (314+31)g+(32)4

3131 = 1+2+2,+23+24

313 = 314—324-32

3103y = 17+21+25+23+24

393 = (B1+31)g+(32)4

33 = 1+21+2,+23+24

B.3 Clebsch-Gordan Coefficients

We first must define a vector space of each of the irreducible representations. These will demon-
strate how a vector transforms under the generators a, b, and c¢ of the irreducible representations:

I i) T3 wrl I X9 T3 w~xr1
. 2 9 .
31 To | = |x3 | , 22| , [|wW22| , 31 To | = |xz3 ]| , 22| , W ,
T3 T o T1 b I3 c T3 T o 1 b T3 c
i) X9 —XI3 wxy X X9 —XI3 w23:1
. 2 9 .
39 : To | — | I3 s —T9 s w T9 s 39 : To | — | I3 s —T9 s w9
T3 r/ —T1/) r3 /. T3 r/ —Ti/) r3 /) .
2
T Wwxl T2 I T wTy T2 w~T1
21 : — 2 3 ) 3 22 : — 2 3 ) )
) V) a I b X9 . ) W T a I b w9 c
. T W ) W . I I xT9 W
23 . = 2 ) ) 2 ) 24 . = ) ) 2 ’
T2 W~ x9 o T b W~ x9 c T2 X9 a I b W~ x9 ¢

Lo (@) = (), (o), (),

With the above mappings defined, it becomes possible find the outcomes of taking the product
of any two representations. The list below is not exhaustive, but we include those that are
important to this paper.

e r®y: 11 ®1; =1

TRY=u1xy . (B.1)

o rRY: 11 ®2, =2, r=1, 2, 3, 4.
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rRy:

TR yY:

rRy:

TR yY:

rRy:

rRy:

TR yY:

rRy:

TR yY:

x®y:<xy1> . (B.2)

2,02, =1®2,.)s®(11)a

(1 T2Y2 1
TRY = ﬁ(myz + x2y1) D <$1y1 . @ ﬁ(%yz — T2y1) L (B.3)
21 ®29=23D 2
TRy = <x2y2> @ <x1y2> . (B.4)
T1Y1 T2Y1
21 ®23 =222
TRy = <:132y2> @ <x2y1> . (B.5)
T1Y1 T1Y2
21 Q24 =29 23
cQy = <x1y2> <x1y1> (B 6)
T2Y1 T2Y2
2:®23=21D2
TRy = <:172y2> ® <x1y2> . (B.7)
T1Y1 r2Y1
29024 =213 23
cQy = <x1y1> o <x1y2> ‘ (B.8)
€T2Y2 T2Y1
23024 =21 D 29
TRy = <1171y2> @ <x1y1> . (B.9)
T2Y1 2Yy2

219031 =31D3
2131 =3P 39

1 T1Y1 + Wl Tay 1 T1Y1 — Wl Tay
— | wz1y2 + wa2y2 | B —= | wxr1y2 —wx2ys | . (B.10)
V2 W2z V2 2 _
1Y3 + T2y3 W T1Ys — T2Y3

TRy =

2,31 =3P 3

1 [*1ys + x2oy2 1 [*1Y3 — T2y2
TRY= 7 r1y1 + x2y3 | @ 7 T1y1 — T2y3 | - (B.11)
T1Y2 + T2Y1 T1Y2 — T2Y1
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e rXy: 24®§1 2316932

1 [T1Y2 + 22ys3 1 [ T1y2 — T2y3
TRY = 75 | T + a2y | © 75 | P e | (B.12)
T1Y1 + T2Y2 T1Y1 — T2Y2
e xRy 31 ®3I = (gl @gl)s@ (gg)A
T1Y1 1 [ %2y + x3Y2 1 [ %2Y3 — T3y2
TRy = || 292 7 r3y1 + T1Y3 ® 7 T3Y1 — T1Y3 : (B.13)
x3ys3 T1y2 +x2y1) | g T1y2 —T2y1) | 4
e r®y: 31®§1 =102 ©20D 23D 2y
TRy = 1 (T1y1 + T2y2 + 23y3) @ 1 <:131y1 Wiy + nggyg) (B.14)
V3 V3 \wziyr + w?aoys + 133 '

1 (wlyz + wrays + wx3y1> & 1 <x2y1 + wirsys + wx1y3>
T3Y2 + w?Tay1 + WT1Ys V3 \T2y3 + w2r1ys + wrsyr

V3

1 (3331/2 + zoy1 + 331@/3)
V3 \T2ys3 + x1y2 + x3Y1)

e rXY: 31®32:§2@§2@§1

T1Y1 1 [T2ys + 23Y2 1 [T2Y3 — T3y2
TRy = (2202 | ® 7 r3y1 + x1y3 | D 7 T3y — T1y3 | - (B.15)
T3Y3 T1Y2 + T2 T1Y2 — T2Y1

e ry: 31®§2:11@21@22@23@24

3
1 [ z1ys + wzoys + wrsy; 1 [(—zoy1 — w?T3y2 — wT1Y3
S — ) O — 0
V3 \—Z3y2 — w Y1 — wT1Y3 V3 \ T2y3 +w Ty + wrsys
1 <—9€3y2 — Loy — $1y3>
T2Yy3 + T1Y2 + T3Y1

RV

1 1 T + w?x + wx
voy = Gt toan) @ o (TR G

e xRy 31031 =(31D31)sD(32)4

T1Y1 1 [ %2y +T3y2 1 [%2Y3 — T3Y2
r@y= ||z | @ 75 | ey + 113 @ 75 | T s : (B.17)
x3ys3 T1y2 +x2m1) | g T1y2 —T2y1) | 4

24



References

1]

Z. Maki, M. Nakagawa, S. Sakata, Prog. Theor. Phys. 28, 870-880 (1962).
B. Pontecorvo, Sov. Phys. JETP 6, 429 (1957).
B. Pontecorvo, Sov. Phys. JETP 26, 984-988 (1968).

N. Cabibbo, Phys. Rev. Lett. 10, 531-533 (1963).

M. Kobayashi, T. Maskawa, Prog. Theor. Phys. 49, 652-657 (1973).

P. F. Harrison, D. H. Perkins and W. G. Scott, Phys. Lett. B 530, 167 (2002) [arXiv:hep-
ph/0202074].

E. Ma and G. Rajasekaran, Phys. Rev. D 64 (2001) 113012 [hep-ph/0106291].

G. Altarelli and F. Feruglio, Nucl. Phys. B 720 (2005) 64 [hep-ph/0504165].

G. Altarelli and F. Feruglio, Nucl. Phys. B 741 (2006) 215 [hep-ph/0512103].

G. Altarelli, F. Feruglio and Y. Lin, Nucl. Phys. B 775 (2007) 31 [hep-ph/0610165].
G. Altarelli, hep-ph/0611117.

S. F. King and M. Malinsky, Phys. Lett. B 645 (2007) 351 [hep-ph/0610250].

G. Altarelli, F. Feruglio and C. Hagedorn, JHEP 0803 (2008) 052 [arXiv:0802.0090].

P. Ciafaloni, M. Picariello, E. Torrente-Lujan and A. Urbano, Phys. Rev. D 79 (2009)
116010 [arXiv:0901.2236].

M. C. Chen and S. F. King, JHEP 0906 (2009) 072 [arXiv:0903.0125].
T. J. Burrows and S. F. King, Nucl. Phys. B 835, 174 (2010) [arXiv:0909.1433 [hep-ph]].

D. Aristizabal Sierra, F. Bazzocchi, I. de Medeiros Varzielas, L. Merlo and S. Morisi, Nucl.
Phys. B 827, 34 (2010) [arXiv:0908.0907 [hep-ph]].

L. Merlo, Nucl. Phys. Proc. Suppl. 188, 345 (2009).
F. Feruglio, C. Hagedorn and L. Merlo, JHEP 1003, 084 (2010) [arXiv:0910.4058 [hep-ph]].
Y. Lin, L. Merlo and A. Paris, Nucl. Phys. B 835, 238 (2010) [arXiv:0911.3037 [hep-ph]].

C. S. Lam, Phys. Rev. Lett. 101 (2008) 121602 [arXiv:0804.2622].
C. S. Lam, Phys. Rev. D 78 (2008) 073015 [arXiv:0809.1185].
C. S. Lam, arXiv:0907.2206 [hep-ph].

B. Dutta, Y. Mimura and R. N. Mohapatra, Phys. Rev. D 80, 095021 (2009)
[arXiv:0910.1043 [hep-ph]].

F. Bazzocchi, L. Merlo and S. Morisi, Nucl. Phys. B 816, 204 (2009) [arXiv:0901.2086
[hep-ph]].

F. Bazzocchi, L. Merlo and S. Morisi, Phys. Rev. D 80, 053003 (2009) [arXiv:0902.2849
[hep-ph]].

B. Dutta, Y. Mimura and R. N. Mohapatra, JHEP 1005, 034 (2010) [arXiv:0911.2242
[hep-ph]].

25



[6]

[14]
[15]

[16]

[17]

E. Ma, Mod. Phys. Lett. A 21, 1917 (2006) [arXiv:hep-ph/0607056].
I. de Medeiros Varzielas, AIP Conf. Proc. 903, 397 (2007) [arXiv:hep-ph/0610351].

I. de Medeiros Varzielas, S. F. King and G. G. Ross, Phys. Lett. B 648, 201 (2007)
[arXiv:hep-ph/0607045].

E. Ma, Phys. Lett. B 660, 505 (2008) [arXiv:0709.0507 [hep-ph]].

S. F. King and C. Luhn, Nucl. Phys. B 820 (2009) 269 [arXiv:0905.1686].
S. F. King, C. Luhn, Nucl. Phys. B832, 414-439 (2010). [arXiv:0912.1344 [hep-ph]].

F. Plentinger, G. Seidl, Phys. Rev. D78, 045004 (2008). [arXiv:0803.2889 [hep-ph]].

A. Adulpravitchai, A. Blum, M. Lindner, JHEP 0909, 018 (2009). [arXiv:0907.2332 [hep-
ph].

S. F. King, C. Luhn, JHEP 0910, 093 (2009). [arXiv:0908.1897 [hep-ph]].

H. Abe, K. -S. Choi, T. Kobayashi, H. Ohki, M. Sakai, [arXiv:1009.5284 [hep-th]].

C. D. Froggatt and H. B. Nielsen, Nucl. Phys. B 147, 277 (1979).

L. J. Hall and A. Rasin, Phys. Lett. B 315, 164 (1993) [arXiv:hep-ph/9303303].

P. Ramond, R. G. Roberts and G. G. Ross, Nucl. Phys. B 406, 19 (1993) [arXiv:hep-
ph/9303320).

R. G. Roberts, A. Romanino, G. G. Ross and L. Velasco-Sevilla, Nucl. Phys. B 615, 358
(2001).

K. Nakamura et al. [Particle Data Group], J. Phys. G 37, 075021 (2010).

C. Amsler et al. [Particle Data Group|, Phys. Lett. B 667, 1 (2008).

P. Minkowski, Phys. Lett., B67:421, 1977.

M. Gell-Mann, P. Ramond, and R. Slansky, in Sanibel Talk, CALT-68-709, Feb 1979,
hep-ph/9809459 (retroprint), and in Supergravity (North-Holland, Amsterdam 1979).

T. Yanagida, in Proceedings of the Workshop on Unified Theory and Baryon Number of
the Universe, KEK, Japan, Feb 1979.
H. Georgi and S. L. Glashow, Phys. Rev. Lett. 32, 438 (1974).

W. Buchmuller and M. Plumacher, Phys. Lett. B 389, 73 (1996) [arXiv:hep-ph/9608308|.
W. Buchmuller, Acta Phys. Polon. B 32, 3707 (2001) [Lect. Notes Phys. 616, 39 (2003)].

W. Buchmuller, P. Di Bari and M. Plumacher, Annals Phys. 315, 305 (2005) [arXiv:hep-
ph/0401240).

W. Buchmuller, R. D. Peccei and T. Yanagida, Ann. Rev. Nucl. Part. Sci. 55, 311 (2005)
[arXiv:hep-ph/0502169].

H. Georgi and C. Jarlskog, Phys. Lett. B 86, 297 (1979).

G. G. Ross, Reading, USA: Benjamin/Cummings ( 1984) 497 P. ( Frontiers In Physics,
60).

C. Luhn, S. Nasri and P. Ramond, Phys. Lett. B 652, 27 (2007) [arXiv:0706.2341 [hep-ph]].

26



[18]

[19]
[20]

[21]

H. Arason, D. Castano, B. Keszthelyi, S. Mikaelian, E. Piard, P. Ramond and B. Wright,
Phys. Rev. Lett. 67, 2933 (1991).

H. Arason, D. J. Castano, B. Keszthelyi, S. Mikaelian, E. J. Piard, P. Ramond and
B. D. Wright, Phys. Rev. D 46, 3945 (1992).

D. J. Castano, E. J. Piard and P. Ramond, Phys. Rev. D 49, 4882 (1994) [arXiv:hep-
ph/9308335].

H. Arason, D. J. Castano, E. J. Piard and P. Ramond, Phys. Rev. D 47, 232 (1993)
[arXiv:hep-ph/9204225].

M. Lindner, M. Ratz and M. A. Schmidt, JHEP 0509, 081 (2005) [arXiv:hep-ph/0506280].
C. T. H. Davies et al., Phys. Rev. Lett. 104, 132003 (2010) [arXiv:0910.3102 [hep-ph]].
S. P. Martin, arXiv:hep-ph/9709356.

A. Kusenko and R. Shrock, Phys. Lett. B 323, 18 (1994) [arXiv:hep-ph/9311307].

C. Luhn, S. Nasri and P. Ramond, J. Math. Phys. 48, 073501 (2007) [arXiv:hep-
th/0701188].

J. A. Escobar and C. Luhn, J. Math. Phys. 50, 013524 (2009).

27



