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Abstract

We study the structure of SU(5) F-theory GUT models that engineer additional U(1) symmetries. These are
highly constrained by a set of relations observed by Dudas and Palti (DP) that originate from the physics of
4D anomaly cancellation. Using the DP relations, we describe a general tension between unification and the
suppression of dimension 5 proton decay when one or more U(1)’s are PQ symmetries and hypercharge flux is
used to break the SU(5) GUT group. We then specialize to spectral cover models, whose global completions
in F-theory we know how to construct. In that setting, we provide a technical derivation of the DP relations,
construct spectral covers that yield all possible solutions to them, and provide a complete survey of spectral
cover models for SU(5) GUTs that exhibit two U(1) symmetries.



1 Introduction and Summary

Throughout the past few years, F-theory has emerged as a promising framework for engineering supersymmetric
GUTs in string theory [1, 2, 3, 4]. The main focus has been on SU(5) GUTs, where internal fluxes make it
easy to break the GUT group and remove Higgs triplets [3, 4]. Proton decay and large R-parity violation can
in principle be controlled through the introduction of symmetries [5, 6, 7]. Most of the current literature makes
use of U(1) symmetries for this purpose because they seem plentiful from many points of view. There are some
subtle issues associated with them [8] but by now the task of realizing U(1)’s is fairly well-understood for a
large class of F-theory compactifications [9, 10].

Already in the early days of F-theory model building, though, it became clear that hypercharge flux and
U(1) symmetries are nontrivially linked. For model-building, we would like to distribute hypercharge flux freely
among the matter curves but our ability to do this is strongly restricted when U(1) symmetries are present
[6, 11]. The nature of these restrictions can be quantified using the Dudas-Palti relations, which were first
observed by Dudas and Palti in a set of spectral cover models [12]'. Letting q;/q, denote the common U (1)

charge of 10’s/5’s that localize on a matter curve 2(113 / E(ga), the Dudas-Palti observation can be written as?

Y. @ /z“) Fr= ) /zg> Fy, (1.1)

10 matter curves, 1 10 5 matter curves, a

where Fy denotes the hypercharge flux. These relations have a physical origin in that they reflect the inability
of hypercharge flux to contribute to mixed U(1) anomalies in 4-dimensions [14]. As we shall review in section
2.1, this property of hypercharge flux seems to be a general one that applies to all SU(5) F-theory GUT models
regardless of how they are constructed so that (1.1) represents a general set of constraints. This is important
because (1.1) has strong implications for model-building. If we demand that the massless spectrum of our model
is precisely that of the MSSM, (1.1) implies that the only flavor-blind U(1) symmetry we can engineer is the
unique linear combination of U(1)y and U(1)p_r that commutes with SU(5)gur and preserves the MSSM
superpotential [12, 14]. This U(1), which we refer to as U(1),, has two related shortcomings: the operators
responsible for generating a p term and dimension 5 proton decay are both U(1),-invariant

1
W, ~pHyHg,  Wpims ~ KQ?’L- (1.2)

As is well-known, the ;¢ and dimension 5 proton decay problems are not completely unrelated. After all, W,
and Wpm 5 carry opposite charges under any U(1) that commutes with SU(5)guT and preserves the MSSM
superpotential. This means we can address both by insisting that our model exhibit a U(1) symmetry with
respect to which H,, and Hy do not carry exactly opposite charges. Such U(1)’s are typically referred to as PQ
symmetries and have played a prominent role in both local and global studies of F-theory GUTs in the past
(15, 16, 11]. Whenever a U(1l)pg symmetry is present, though, (1.1) forces the introduction of new charged
exotics into the spectrum that do not come in complete GUT multiplets. To make progress, one must find a
suitable mechanism to lift these exotics and deal with the consequences of their non-GUT nature.

1.1 F-theory GUTs with U(1)pg: Generalities

In this paper, we begin by exploring the implications of (1.1) for generic F-theory GUT models beyond the
simple statement that U(1)pg symmetries necessitate exotics. Of interest to us is the precise nature of the

1While this paper was in preparation, the work [13] appeared which studies constraints related to R-parity that arise in the
spectral cover models of [12]

2More generally, the anomaly cancellation argument of [14] leads to a generalization of (1.1) in which each integration over 3
is multiplied by an integer My that corresponds to the rank of a vector bundle associated to matter fields on ¥. We can always
absorb this factor by redefining the curve of integration as ¥ — Mx3 and this will be implicit in all of our formulae. This is
motivated in large part by the observation that My ’s different than 1 in spectral cover models arise when the matter curve in the
spectral cover is Myx-fold degenerate.



exotic spectrum and how (1.1) constrains it. While incomplete GUT multiplets will generically spoil unification,
certain combinations of them will not. If our exotic spectrum can be made to arise in such a combination, we
can reap the benefits of having one or more U (1) pg symmetries without paying any of the penalties that cause
a muddling of the unification picture.

Along with giving us the set of constraints (1.1), general anomaly arguments guarantee that the charged
exotics in U(1) pg models come in vector-like pairs with respect to SU(5)gur. This means that they can all
participate in cubic couplings to SU(5)gur singlets X; that carry U(1)pg-charge. If the singlets X; manage to
pick up nonzero expectation values, these couplings can allow the exotics to be safely lifted from the spectrum.
The simplest possible scenario is one in which a single field X is sufficient to lift all of the exotics. When this
happens the exotic spectrum can be parametrized by four integers M, N, K, and L as

SU(5) origin Exotic Multiplet Degeneracy
L (1,1)+1®(1,1)71 M+ N
1010 (§72)+1/6@(352)—1/6 M (1 3)
_ (3,1) 2/5®(3,1)19/5| M-N '
55 (3,1)11/3®(3,1)-1y3 K
(1,2) 100 (1,2) 41,0 K-L
For this parametrization to make sense, we must have
M > |N| K>0 K—-L>0 (1.4)

As we will demonstrate, (1.1) gives rise to a nontrivial relation between the singlet charge ¢x and a particularly
important combination of these parameters

qu, +qu, =9xA, A=N-L. (1.5)

What makes A important is that it precisely measures the non-universal shifts of 1-loop MSSM S functions
that arise from letting the exotics run in the loop®

A = 6by — bbs
(1.6)

% (56b1 + 38by — 83bs3) .

From this, we see that whenever qg, +qm, # 0, the net exotic spectrum is guaranteed to come in a combination
that splits unification. Note that this is stronger than simply saying that the exotics come in incomplete GUT
multiplets. It could have been that the net spectrum obtained by combining exotics from all matter curves
satisfied N = L. Interestingly, (1.5) tells us that this nice situation is not compatible with the presence of a PQ
symmetry.

Because it determines the U(1)pg charge of X, the relation (1.5) also has implications for dimension 5
proton decay. In general, when X picks up an expectation value we expect U(1)pg to be broken and Wpim 5 to
be regenerated with a suppression that goes like ((X')/A)™ for some n. In general we must take (X) fairly close
to A ~ Mgyt in order to deal with unification issues. If the charge of X is chosen correctly, though, we can
hope to recover some suppression of dimension 5 proton decay by making n large. Unfortunately, the relation
(1.5) between the U(1) charge of X, gx, and the combination A implies that the following operator is always

U(1)-invariant
A
%/cﬁe (%) QL. (1.7)

In other words, the degree n of the X/A suppression is the same quantity A that measures the distortion of
unification caused by the exotics. Because of this, any manipulation that we introduce to raise this degree will

3Equality of the first and second lines is just the statement that 56b1 — 36ba — 28b3 = 0 for exotics of the type (1.3). This was
previously noted in [11].



necessarily change the exotic spectrum in a way that increases the non-universality of the 1-loop 8 function
shifts (1.6). In this way, (1.5) codifies a general tension between unification and dimension 5 proton decay for
which no obvious solution is apparent*. It is a simple matter to generalize this analysis to situations in which
multiple singlet fields X; are needed to lift all of the exotics. As we demonstrate, the result is again a strong
tension between unification and proton decay.

To summarize, (1.1) introduces a tension between proton decay and unification by forcing incomplete GUT-
multiplets into the spectrum. The mass of these multiplets is set by the scale at which U(1)p¢ is broken and
hence by the scale at which Wpjy, 5 is regenerated. These statements have been known for some time. What
we have seen from a more detailed analysis of (1.1), however, is that it obstructs the most obvious ways to
reduce this tension by tying the effective U(1) charges of the exotic masses to the distortion of unification that
they induce. This reasoning is quite general in that it describes a tension but not necessarily the severity of
that tension. To see whether some combination of clever model building or tuning can alleviate it will require
a closer look at unification, which is already known to be somewhat spoiled in F-theory GUT models by effects
due to hypercharge flux [4, 17]. As has been suggested elsewhere [11], this may give us some room to maneuver
by allowing the effects of hypercharge flux and exotics to counterbalance one another. We hope to say more
about this issue in the future [18].

1.2 F-theory GUTs with U(1)pg: Survey

Before we can make a detailed study of how these problems may be dealt with, though, we first need to ask
a more important question. We expect the most desirable models to be those with the smallest A = N — L
allowed by proton decay considerations but do we even know which A’s can actually be realized? Beyond general
restrictions obtained from (1.1), exactly what exotic spectra can be achieved in explicit models? To address
this, we specialize to so-called spectral cover models where the rules for model-building are well-established.

After reviewing the basic structure and context of spectral cover models, we begin with a technical derivation
of (1.1) in that setting. We then establish that (1.1) represents essentially the only constraint on the distribution
of hypercharge flux by constructing spectral covers for all solutions to (1.1) that engineer 1 or 2 U(1) symmetries®
6. These build upon ideas used in the multiple U(1) model of [19] and represent significant generalizations of
the models in [12]. Each construction is specified up to a choice of holomorphic sections that must satisfy a
number of assumptions in order to avoid the development of isolated singularities of non-Kodaira type. We
clearly state these assumptions and a sample choice of sections that satisfies them for each model. We also note
that these sample choices are consistent with the local topological data required to embed the models into full
F-theory compactifications based on the geometry of [20]. Sample choices aside, though, the constructions of
Appendix C are general enough to serve as a starting point for building explicit examples of any spectral cover
model with a distribution of hypercharge flux that is consistent with (1.1).

Once we have established that there are no constraints on hypercharge flux beyond (1.1), we turn to a
survey of the possible exotic spectra that can arise in spectral cover models with both a U(1), and a U(1)pg
symmetry. We always insist on having an unbroken U(1),, in order to protect against dimension 4 proton decay.
The U(1)pg is allowed to be broken by the expectation value of precisely one singlet field, which we require to
give mass to all exotic fields. We perform the survey by looking at the spectrum induced by the most generic
distribution of hypercharge flux allowed by (1.1)7 combined with a completely general distribution of bulk flux.

4If A < —1 then the operator (1.7) cannot be generated because A appears in the numerator. In that case, however, the operator
AATL S d?0 X —2H, Hy arises and generates a p term that is far too large.
5 Actually, there are two other well-known constraints that supplement (1.1). These are D10 matter curves ifz(“ Fy =0 and
’ 10

2°8 matter curves ,a fE(_a) Fy =0 and they reflect the cancellation of the U(1)3 and SU(2)2U(1)y anomalies.
5

6We restrict to these cases because spectral covers with 3 U(1) symmetries are significantly more complicated and require a
substantial amount of ’topological tuning’ to avoid non-Kodaira singularities at isolated points, to say nothing for non-Kodaira
singularities along holomorphic curves. We expect that no new constraints beyond (1.1) control the hypercharge flux there as well
but we do not prove it. Spectral cover models with more than 3 U(1) symmetries cannot have a large top Yukawa coupling so
should not be considered.

TWe do not say anything about the condition fSGUT Fy ANFy = —2 that is needed to avoid exotic (3, 2)_5/¢’s or their conjugates



We do not impose any constraint on the bulk or v’-flux. This is motivated by past experience with y-fluxes
in which no obvious global obstructions on their distribution emerged. Despite our confidence to the contrary,
one should keep in mind that obstructions might arise when realizing some of these models in practice.

Once we have parametrized the hypercharge and bulk fluxes, we proceed to enumerate all cases in which
the expectation value of one singlet field, X, can lift everything except the matter content of the MSSM. In the
end, we find exactly 10 ‘models’. By 'model’ here we mean a specific identification of MSSM and exotic matter
curves. Within any such 'model’ there is a parameter space of possible flux values that leads to some variance
in the net spectrum of exotics. It is an empirical fact, however, that the combination A = N — L is fixed within
each of the 10 'models’ that we find. We can summarize key properties of the ‘models’ as follows

Model Number | Exotic Spectra | Dim 5
1,2,9 N-L=1 XQ3L/A\?
3,4 N-L=2 K>M X2Q3L/A3 (1.8)
5,6,7,8 L=2 M=N=0|X"2Q3L/A*
10 N-L=1 K—-—L=M/| XQ3L/A\?

The model number refers to the detailed list in appendix A. Note that the power of X responsible for generating
Whim 5 is exactly N — L in each case as we expected from general reasoning. Quite interestingly, only low values
of N — L seem possible. The maximal value A = 2 may not be enough to adequately suppress proton decay
but, as we have said, the additional spoilage of unification by hypercharge flux may give us enough wiggle

room to allow for smaller (X). The models we construct realise A = —2,1,2 and it is curious to note that
N — L = —1 does not seem to appear (as we have explained earlier A = 0 is ruled out by eq. (1.5)). We have
no good explanation for this fact. The possibility of achieving A = —1 is rendered more interesting by the fact

that this choice appears to be the most promising from the point of view achieving unification [18], though it is
plagued by other phenomenological issues. Let us stress that any patterns observed in (1.8) are intrinsic to the
spectral cover formalism. It may be possible that models constructed beyond this framework [21] can realize
more general N — L values.

Extending the survey to models with multiple singlet fields X; and possibly also multiple U (1) pg symmetries
could lead to interesting new possibilities. From a local model-building perspective, each singlet vev (X;) gives
us an extra parameter to tune. It can increase the likelihood of finding reasonable ranges of parameters but, on
the flip side, will probably require the resulting model to be even more finely tuned.

1.3 Outline

The rest of this paper is organized as follows. In section 2, we review the anomaly argument of [14] for the
Dudas-Palti relations (1.1) and discuss its general implications for the spectrum of exotics in F-theory GUTs
with U(1)pg symmetries. We then turn to spectral cover models in section 3. There, we review the spectral
cover framework, provide a technical derivation of (1.1) in that setting, and present in more detail the results
of the survey of spectral cover models with 2 U(1) symmetries. The details of the survey, along with the
construction of spectral covers that realize generic solutions to (1.1), are contained in the Appendices along
with other supplemental calculations.

2 Dudas-Palti Relations and General Implications

In this section, we describe some general features of F-theory GUT models that engineer U(1) symmetries as a
means of controlling the structure of 4-dimensional physics. We focus in particular on models that exhibit two
key features

e Internal “hypercharge flux” for breaking SU(5)gur — SU(3) x SU(2) x U(1)y

from propagating along Sgyur. It will be necessary to impose this as an additional constraint on any explicit model.



e One or more U(1) symmetries that commute with SU(5)gut and do not distinguish particles from different
generations®

At the heart of our considerations is a set of relations first noted by Dudas and Palti [12] in the context of
so-called ’spectral cover models’. The applicability of these relations to F-theory GUTs in general relies on the
observation of [14] that they reflect the inability of “hypercharge flux” to influence 4-dimensional mixed gauge
anomalies. After reviewing this argument, we describe the general implications of the Dudas-Palti relations
in models with U(1)pg symmetries. These include the existence of charged exotics that introduce a generic
tension between unification and proton longevity. We stress that the results of this section are quite general in
that they rely only on the anomaly cancellation argument of [14]. Because of this, the structure and constraints
that we derive should arise in any F-theory GUT model with U(1) symmetries regardless of how it might be
constructed®. In the next section, we will see explicit realizations of this structure in our survey of spectral
cover models with multiple U(1) symmetries.

2.1 Anomaly Cancellation

It has been known for some time that our ability to distribute “hypercharge flux” along the matter curves
of an F-theory GUT is limited in models that engineer extra U(1) symmetries. This structure can be nicely
described by a set of relations first observed by Dudas and Palti [12] in the context of spectral cover models,
whose structure we shall review in the next section. Letting ¢;/q, denote the common U(1) charge of 10/5

fields on a matter curve 2(113 / Z(;), the Dudas-Palti observation can be written as [12]

Qi/ ) Fy = qa/ Fy. (21)
> af, > af,

10 matter curves, i 5 matter curves, a

It was demonstrated in [14] that this simple set of relations is related to the physics of 4-dimensional anomaly
cancellation. Because of this, we expect (2.1) to have general applicability to F-theory GUT models beyond the
spectral cover examples that initially motivated it.

For completeness, let us review how (2.1) arises from considerations of 4-dimensional anomaly cancellation.
The situation is particularly simple if we study F-theory compactifications on Calabi-Yau 4-folds that do not
require the introduction of G-flux to satisfy the quantization condition of [25]. In that case, we can consider
adding “hypercharge flux” into the game and no additional bulk G-flux. By construction, the “hypercharge”
flux does not induce a mass for U(1)y or, in fact, any other U(1) symmetries that we might engineer. As
a result, it cannot induce any gauge anomalies. Of particular interest to us are mixed gauge anomalies with
insertions of both MSSM and U(1) currents as these anomalies only receive contributions from the charged
fields that localize along matter curves. A simple calculation reveals that (2.1) is just the condition that one
needs to ensure that these mixed anomalies cancel [14].

Things are slightly more tricky if we are forced to introduce a background G-flux to satisfy the quantization
condition of [25] because that flux on its own will induce mixed anomalies while lifting our U(1)’s through the
Stiickelberg mechanism. We can argue as before, however, by noting that when we add “hypercharge flux” to
the game it will not change any of these anomalies. The reason for this has its origin in the 4-dimensional
Green-Schwarz mechanism, which cancels any gauge anomalies involving our extra U(1)’s that might be present
before we integrate them out. The basic ingredient of this mechanism is a 2-form axion cy that participates in

8That our U(1)’s are not ‘family’ symmetries is a necessary condition for realizing the flavor scenarios of [22, 23, 24].

9We are aware of only two loopholes to this. The first is the possibility that some new mechanism can be found to allow
“hypercharge flux” to influence 4-dimensional anomalies without also generating a U(1)y mass. No known set of couplings in
F-theory are capable of doing this and the absence of any spectral cover models that violate (2.1) strongly suggests, to us anyway,
that this possibility is not realized. The second is the possibility that our description of the spectrum of 10’s and 5’s is too limited.
We assume the structure obtained from smooth 10 and 5 matter curves but it may be possible to engineer more exotic combinations
of matter if, for instance, matter curves and/or Sgut itself exhibit exotic singular behaviors that go beyond the types that have
been considered so far.



4-dimensional couplings of the form
/COF/\F+C2/\F (22)

where F here can denote either a U(1) field strength or any of the MSSM field strengths and deyg = *dcs.
Because ¢y couples both linearly and quadratically to flux, it can propagate within tree level diagrams that can
cancel nontrivial contributions to gauge anomalies that arise from triangle diagrams. The co A F' term is also
important for a related reason; if it is present for a given field strength, the corresponding U(1) will become
massive via the Stiickelberg mechanism. Among our most important requirements, then, is the absence of any
coupling like ¢2 A Fy that could lift the U(1)y gauge boson.

In F-theory, the only way to get a 2-form axion in 4-dimensions of the type in (2.2) is from the reduction of
the RR 4-form Cy which, as the potential associated to D3-branes, is nicely SL(2,Z)-invariant. This 4-form is
an honest bulk field whose coupling to flux is well-known

/ CiNGAG (2.3)
Ys

where the integration is over our entire Calabi-Yau 4-fold, Y;. In the presence of a stack of 7-branes, like the one
that gives us SU(5)guT, we can rewrite the specific contribution to (2.3) that involves localized worldvolume
fluxes as the familiar coupling

/ CsNFAF (2.4)

7-brane worldvolume

When we have an internal “hypercharge flux”, we always generate the dangerous co A Fy coupling by reducing Cy
along 2-forms in Y4 unless Fy happens to be orthogonal to all such 2-forms. We can ensure this orthogonality by
choosing Fy to be a (1, 1)-form that is dual to a holomorphic curve [Fy| in Sgut that is trivial in the homology
of Yy [3, 4]. When Fy is of this type, though, any insertion of Fy into (2.4) gives a vanishing result so that Cj
has no direct coupling at all to this flux. This means that the coefficients of (2.2) in the 4-dimensional theory
are the same whether we introduce the “hypercharge flux” or not. It follows that the mixed 4-dimensional gauge
anomalies also cannot change when we turn on “hypercharge flux” and a simple calculation demonstrates that
(2.1) is nothing other than a mathematical statement of this condition [14].

2.2 ‘Uniqueness’ of U(1)p_

To see why (2.1) is so constraining, let us recall how “hypercharge flux” impacts the 4-dimensional spectrum.
Charged fields in the 10 or 5 localize along curves Y in the internal space and the number of chiral zero modes
in the SU(3) x SU(2) x U(1)y representation R is determined by an index theorem

nR_nE:/Ecl(vE@@L,XR):/E [cl(v2)+MEc1(L§R) (2.5)

where V5 is a bundle of rank My that encodes the “bulk” G-flux, ¢1(Ly) is roughly the “hypercharge flux”,
and Yy is the U(1)y charge of fields in the representation R. Because Vs and My are intrinsic properties of the
matter curve ¥, the only way to distinguish different SU(3) x SU(2) x U(1)y representations within an SU(5)
multiplet is through the “hypercharge flux”. To get a model with exactly 2 Higgs doublets, H,, and Hy, and a
set of matter fields that comprise complete SU(5) multiplets with common U(1) charges we need a distribution
of “hypercharge flux” in which

/ Fy = +1, Fy =1, / Fy =0 (2.6)
SH, ZH, any other matter curve ¥/

and My, = My, = 1. The DP relations (2.1) now tell us that any U(1) symmetry consistent with this
distribution of “hypercharge flux” must satisfy ¢s, — ¢z, = 0. Because gs, denotes the common charge of

fields from the 5 on ¥;, we see that the charge of H,, is qH, = —qz,, and hence that
qH, + 9H, =0. (27)



Up to normalization, there is only one U(1) symmetry that satisfies (2.7), commutes with SU(5), and preserves
the MSSM superpotential. That symmetry is the unique linear combination of U(1)y and U(1)p_r that
commutes with SU(5), which we denote by U(1),

|10y, 5v H, Hgy
UMy | 1T -3 -2 2

(2.8)

This argument is essentially the same one used in [12] to explain why none of their models had an unbroken
U(1)pg. As [12] further emphasize, we will face two important phenomenological problems in general if U (1),
represents the only control that we have over the theory. These are, respectively, the u problem and dimension
5 proton decay, which are associated with the operators

w | d*0H,H,; and 1 d*0 Q3L . 2.9
A

These operators carry opposite charges under any U (1) symmetry that preserves the MSSM superpotential so
their fates are related. In the absence of a symmetry to indicate otherwise, we expect u to be large and A~1Q3L
to be generated with A ~ MguT by massive Kaluza-Klein modes at the GUT scale without further suppression.

2.3 U(1)pg Symmetries and Exotics

Because H, H; and Q3L carry opposite charges under any U(1) symmetry that preserves the MSSM superpo-
tential, we can try to take care of both problems simultaneously by introducing one or more new U(1)’s that
satisfy

qm, +qm, #0 (2.10)

Symmetries of this type, which we refer to as PQ symmetries, have played a prominent role in past studies of F-
theory models [15, 16, 11]. From the DP relations (2.1), though, we know that the presence of such a symmetry
will not allow a distribution of “hypercharge flux” whose spectrum of non-GUT fields consists of exactly one
pair of Higgs doublets. If we insist on engineering all MSSM matter fields as complete GUT multiplets with
common U (1) charges, we will be forced to introduce new non-GUT multiplets in addition to the Higgs doublets.
These new fields represent charged exotics that must be dealt with in some way.

Anomaly considerations allow us to make an important observation about the structure of the new non-GUT
fields. In particular, the cancellation of U(1)3. anomalies in the presence of “hypercharge flux” leads to the

standard relations
> /,FYZO, > / Fy =0 (2.11)
gy

(a)
10 matter curves, ¢ 5 matter curves, a EE

which forces the non-GUT exotics to come in vector-like pairs with respect to SU(3) x SU(2) x U(1)y. Though
they will not be vector-like with respect to our additional U(1) symmetries, in general, this fact allows them to
participate in cubic couplings with MSSM singlets that carry appropriate U(1) charges

WD XifExotiqi?Exotic,i (212)

If enough singlets X; pick up nonzero expectation values then the exotics can be safely lifted from the spectrum.

Even though we can remove the exotics in this way, we must be aware of two potential phenomenological
problems that can arise [12]. The first is that the expectation values required to lift them may lead to a
stronger breaking of U(1) symmetries than we can allow. These U(1)’s are expected to become massive from
the Stiickelberg mechanism, which always allows for the possibility that U(1)-violating couplings are generated
by nonperturbative effects. One typically assumes that these violations are acceptably small. Expectation
values of scalar fields, on the other hand, can lead to larger violations depending on the physics that drives
them.

The second problem is that our charged exotics, even when lifted from the zero mode spectrum, can still
make significant contributions to the 1-loop g functions for the MSSM gauge couplings that spoil unification



depending on how massive they become. On general grounds, we expect a tension between proton decay, which
should favor depressed U(1)pg-breaking with small exotic masses, and unification, which should favor large
exotic masses.

2.3.1 The Exotic Spectrum

We could in principle solve both of these problems if given enough control over the exotic spectrum. Even
though the exotics on each individual matter curve will give non-universal shifts of the 1-loop g functions, it
could be that the net shift of all exotics happens to be universal. To see that this is not obviously far-fetched,
consider the generic spectrum on a 10 or 5 matter curve. Using index theory, the zero mode chiralities are seen
to follow a simple pattern [1, 2]

_ n(1,1) 1 ~ 1,1, =mi+n;
10 matter curve E(IZ()) < B2 T MB2) s T U (2.13)
@) 55 ~M81) 153 T i — T
5 matter curve B & "By~ BN T ka

=~ 2.14
5 N,2) 10 ~A,2) 11 ko —Lq ( )
This parametrization is useful because the n; and ¢, correspond roughly to the net “hypercharge flux” threading

the matter curves E(li()) and E(;), which are directly constrained by (2.1). By a standard calculation, one can

see that the combined spectrum from one 10 matter curve and one 5 matter curve gives a universal shift to the
1-loop MSSM g functions provided n; = £,. When n;, £, # 0, the spectrum is comprised of incomplete GUT
multiplets but nevertheless the special choice n; = ¢, eliminates any (1-loop) distortion of unification that they
might have caused, provided of course that their masses are nearly degenerate.

It is therefore not obvious at all that the non-GUT exotics we get from introducing a U(1)pg symmetry
have to cause a problem for unification. We might have to introduce a small tuning to make sure their masses
do not differ by very much but, even then, we could hope to make this automatic without excessive tuning by
ensuring that one singlet vev is sufficient to lift everything.

The question now is whether we have enough control over the exotic spectrum to make a scenario like this
work. Because the Dudas-Palti relations (2.1) restrict our ability to distribute “hypercharge flux”, they will
have something to say about the feasibility of this approach. To study their effect, we must first specify a
convenient parametrization for the exotics and their masses. We assume at the outset that all exotics are lifted
so we can start by identifying a subset of all cubic terms of the form (2.12) in which each exotic field couples
to exactly one singlet. Let us call these the ‘initial masses’ and any remaining couplings the ‘mixings’:

Wmasscs ~ Winitial’ mass T Wmixings (215)

This identification allows us to break the exotics into groups according to the singlet that provides their ‘initial’
mass. Such a separation is already useful but it will become more so if we can use the singlet vevs in Wepnitial mass
as an order of magnitude estimate for the actual exotic masses. This would be fine if there were no mixing
terms but, in the presence of the additional couplings, Wixings, this is not always possible. To illustrate this
simple point and how we deal with it, consider a collection of 2 vector-like pairs of exotics, fi/f1 and fa/fa
with couplings

W~ Xfife+Y(fifi + fafe) (2.16)

In this case, we would have
Winitial’ mass ™ Y(,flf_l + f2f2) Wmixings ~ Xflf_Q . (217)

Based on Wepitial’ mass alone, we would like to say that (Y') determines all exotic masses. Even in the presence
of Whiixings, this is a fine assumption in the absence of tuning provided (X) doesn’t get too large. If we have



(X) > (Y), however, we get a seesaw in the mass matrix and (Y) alone doesn’t accurately capture any of the
exotic masses. We can nevertheless obtain an effective form for the exotic masses that involves no mixings by
diagonalizing the mass matrix to leading order in (Y)/(X). The leading order mass eigenstates remain fi/f;
and fo/fo but we find effective masses

_ Y2
WCH'NXflfQ—Fnyfl-F... . (218)
If we like, we can define a new quantity Z = Y72 and write a set of mass couplings of the form (2.15) that

includes only ‘initial’ masses and no mixing terms.

More generally, the identification of ‘initial’ masses with actual exotic masses is reasonable, at least as
an order of magnitude estimate, provided there are no large hierarchies between singlet vevs appearing in
Weinitial’ mass and Whixing. In the presence of such hierarchies, though, we can always diagonalize the mass
matrix to leading order, in which case we obtain an effective set of mass couplings of the form (2.15) with no
mixings and such that all ‘masses’ are rational functions of our initial singlet fields'C.

In what follows, we will therefore always assume a mass term structure of the form (2.15) with Wiixings = 0
where the singlets X; may be rational functions of fundamental singlets rather than fundamental singlets
themselves. Once we have done this, we can associate to each X; the collection of vector-like pairs of exotics
that it lifts. A convenient parametrization for the fields of that collection is the following

n1,1), tTREy, = M; + P;
n(372)—1/6 + n(§,2)+1/6 = M;
NE,1) s T UB 1) 42ys = Mi — Ni (2.19)

n(§71)+1/3 + (3,1)_1/3 = Ki
n(1,2) 15 + N1,2) 112 = Ki—Li.
In other words, we say that X; gives an ‘initial’ mass to K; triplet pairs of exotics, K; — L; doublet pairs, and
so on. One might naively think that we should set P; = N; based on (2.13) but, as explained in Appendix B,
this need not be the case.
With this parametrization, we can study the implications of the DP relations (2.1) on the exotic spectrum

and the singlets that can remove them. As we show in Appendix B, the result actually takes a fairly simple
form

g, +am, = Y, ax.(Ni—L)= Y qx.(Pi—Li). (2.20)
Singlets X; Singlets X;
Implicit in this equation is the identity
> ax.(Ni—P) =0, (2.21)
Singlets X;

whose origin is the fact that the exotic spectrum on each 10 matter curve is controlled by two integers rather
than three (2.13).
2.3.2 Proton Decay and Unification

Using the parametrization (2.19) and the constraint (2.20), we can now make the general tension between
unification and proton decay quite precise. We start by computing the 1-loop  function shifts that are induced
by the collection of exotics whose mass is set by the singlet X;

1
0b1; =3M; + K; + 5 (6P, —8N; — 3Li)

0by; =3M; + K; — L; (2'22)

10The hierarchical separation is needed to ensure that the masses are rational functions of the initial singlets.
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Because we have 3 8 functions there is, in general, a 2-parameter family of distortions to unification. The above
results demonstrate that N; — L; and P; — L; correspond to one particularly simple choice of basis for this family

1
Ni — Lz = 5()271' — 5()311' = AZ(N) R — Ll = 6 (55()111 + 351)271' — 85()31) = AZ(P) . (223)

Already from (2.20) and (2.23) we can see that models with a U (1) pg can never realize our dream of engineering
a set of exotics that are lifted by just one singlet field, X, and induce a universal shift of the 1-loop g functions.
In the case of one singlet, (2.20) and (2.23) simplify to

qu, +qu, =qx(N—-L), N=P (2.24)

A:N—L:P—L:5b2—6b3:%(55b1+35b2—85b3). (2.25)

Because qp, + qu, # 0 and gx # 0, we see that N # L and hence that a distortion of unification is always
introduced. Further, a second consequence of (2.24) is that the following operator is always gauge invariant

%/d@ <%)A QL. (2.26)

While we might want to minimize the effect on unification by taking (X) to sit near the unification scale
A ~ Mgk ~ Mgy, we see that this effectively eliminates any hope we might have for suppressing dimension
5 proton decay. What we have found is an intrinsic tension between unification and proton decay that seems
unavoidable.

Let us now return to the possibility that multiple singlets X; play a role in lifting the exotics. For this, it is
useful to introduce separate notation for the the sum over AiN)’s or AEP)’S

AN — ZAZ('N)

2.27
AP) — ZAz('P) (2.27)

%

Just as (2.24) guaranteed the gauge invariance of (2.26) in the case of one singlet X, the more general condition
(2.20) implies that the following operators are always invariant under all U(1) symmetries

1 (~) 1 (N)
AA(N)/d49H[XiTAi } HyHa, AA(N)+1/d29 HXiAi

and similar for N < P. If we want to achieve an exotic spectrum that sits at a common mass and leads to
universal shifts of the 1-loop MSSM f functions, then we must have AY) = A(P) = 0. In this case, however,
any suppression of dimension 5 proton decay operators comes from ratios of the singlet vevs that determine
the exotic masses in the first place. Introducing hierarchies to achieve a suppression will necessarily split the

Q3L (2.28)

exotic masses into groups that each have AEN) # 0. Unification will be spoiled here because each such collection
induces § function distortions that are individually non-universal and the energy ranges over which they run
are hierarchically separated.

In the end, then, we find a general tension between unification and proton decay. That is not to say that the
issue cannot be circumvented through a combination of clever model-building and tuning. The most obvious
solution, however, would have been to engineer non-GUT multiplets that combine to yield universal 8 function
shifts. Sadly, it seems that this cannot be done without allowing unsuppressed dimension 5 proton decay.
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3 Spectral Cover and Dudas-Palti Relations

So far, we have encountered a number of general constraints on the structure of F-theory GUTs with U(1)
symmetries. It remains to be seen, however, whether additional surprises might be waiting for us when we start
to look at concrete models. Several examples have been constructed in recent years and, in all cases, they can
be successfully studied with spectral cover techniques. In the remainder of this paper, we perform a systematic
study of such spectral cover models with a particular focus on the allowed spectrum of exotics. We start
by reviewing the conventional methods for building global F-theory GUTs in the current literature and then
provide a direct technical derivation of the Dudas-Palti relations (2.1) in that setting. We then turn to a general
survey of spectral cover models that exhibit one or two U(1) symmetries and the most generic distributions of
hypercharge flux that are consistent with Dudas-Palti. In Appendix C, we provide ‘in principle’ constructions
for all such models that can be promoted to complete local and global models by making a suitable choices of
sections and using the procedure outlined below to embed them into honest F-theory compactifications.

3.1 Calabi-Yau 4-folds and Higgs Bundles

A complete F-theory GUT model is specified by the geometry of an elliptically fibered Calabi-Yau 4-fold Yy
along with a set of fluxes that controls the chiral spectrum. Though several different constructions have been
achieved in the literature [26, 20, 27, 28, 29, 6, 7, 11, 30, 31, 32, 33, 34, 35, 36], all of them follow roughly the
same basic strategy. We can start with a 3-fold B3 that will serve as the IIB compactification geometry and
identify a holomorphic divisor Sgut inside Bs that will support the charged degrees of freedom of our SU(5)
GUT. Letting z denote the holomorphic section on Bs whose vanishing defines SguT, we can then build our
Calabi-Yau 4-fold Y, by specifying a ‘Tate model’ for the elliptic fibration

y? = 2% + a2’ + agx2® + azyz? + asx’z + aswy, (3.1)

where x and y are sections of O(—2Kp,) and O(—3Kp,), respectively, and the a,, are sections of O((m —
6)Kp, + (m — 5)Scur). By construction, (3.1) exhibits the SU(5) singularity that we need along Sgur to
realize our SU(5)qur gauge group. Charged matter in the 10 and 5 representations can then be found along
‘matter curves’ of Sgur where the singularity type enhances to SO(10) or SU(6)

SO(10): z=a5=0 SU(6): z=apa? — asazas +asas = 0. (3.2)

Using insight from Heterotic duality, a set of G-fluxes for engineering chiral matter was recently identified in
[10] and a formalism for determining the chiral spectrum that they generate was presented. With this toolbox,
we can determine the full matter content and symmetry structure of the model directly in F-theory from the
choice of sections a,, and the collection of G-fluxes that are present. When the a,, are generic, we find a single
10 matter curve, a single 5 matter curve, and no symmetry other than SU(5)quT to control the physics.

Since the charged degrees of freedom localize near Sgur, it should not be necessary to talk about the
full compactification geometry to describe them. Rather, their low energy physics can be captured by an 8-
dimensional gauge theory that propagates along R*! x Squr and this, in turn, depends only on the geometry
(and fluxes) at small z. We can explicitly present the local geometry there by restricting each of the sections
am on Bs to corresponding sections b, on Sgur

a’mlchT =bm (3'3)

and writing
y? =23 4+ bo2® + boxz® + byyz?® + bya’z + bsay . (3.4)

The by,’s make their appearance in the local gauge theory description of the physics as parameters that control
a Higgs bundle [37, 38]. A heuristic way to see this is by noting that the geometry (3.4) appears to arise
from an FEgs singularity at generic points that is unfolded by the b,,’s to SU(5)gur. This unfolding has a
natural worldvolume interpretation: we start with an Eg gauge theory on R*! x Squyr and the b,,’s (along
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with the fluxes) specify a nontrivial configuration for the adjoint scalar ¢ (and gauge connection A) that breaks
Es — SU(5)gur. The resulting Higgs bundle takes values in the SU(5), commutant of SU(5)gur inside Eg
and the b,,’s are nothing more than the Casimirs of ¢

by ~ botre™ . (3.5)

In other words, the b,,’s tell us about the spectral data, or eigenvalues, of ¢ as we move along SqguT. When the
spectral data is generic, it is actually sufficient to determine the entire ¢ configuration up to gauge equivalence
[21].

An important check on this whole story is that the gauge theory description reproduces the matter curves,
symmetries, and chiral spectrum that we expect from a direct analysis of the F-theory compactification. To
see how ¢ influences the spectrum, we first recall that all matter descends from the adjoint of Fg, whose
decomposition under Eg — SU(5)guT can be succinctly written in terms of SU(5)guTt X SU(5) | representations
as

248 — (24,1) ® (1,24) ® (10,5) @ (5,10). (3.6)

The nontrivial configuration of ¢ generates masses for the bifundamental fields of this reduction that vary
as we move along Sgur. The wave functions of bifundamental fields localize where their ‘Sgyr-dependent’
masses vanish and it is this behavior that leads to the structure of matter curves that one directly observes in
the F-theory picture. To understand this in detail, it is often helpful to think in terms of the eigenvalues of ¢,
which can be diagonalized in a generic coordinate patch

tt 0 0 0 0
0 to 0 0 0 5

Gr~paten |0 0 t3 0 0 > ti=0 (3.7)
0O 0 0 t4 O i=1
00 0 0 ¢t

If ¢ were diagonal everywhere, such an expectation value would induce a mass proportional to ¢; for each of the
five 10’s, 10;,, of SU(5)guT that descend from the 248 in (3.6). The eigenvalues ¢;, as nontrivial holomorphic
sections, vanish along curves of Sgur in general, and it is along these curves that the 10;, wave functions
localize. One gets a similar story for the ten 5,4, fields in (3.6), which can be labeled by the combinations
t; +t; with ¢ # j that correspond to the weights of a 10 of SU(5) . In total, then, we get a naive picture that
includes five 10;, matter curves and ten gtﬂrt , matter curves that house matter fields with the corresponding
SU(5), weights.

In general, the story is not this simple because nothing requires the eigenvalues themselves to be globally
defined along SguT; only gauge invariant objects, like symmetric polynomials s, (¢;), need have this property.
Individual eigenvalues can be interchanged with one another through monodromies as we move throughout
Scur and this is precisely what happens when the b,, are generic holomorphic sections. The effect of this
monodromy action is crucially important because it impacts the structure of localized bifundamental fields as
well as the presence or absence of U(1) symmetries that might otherwise survive the breaking Es — SU(5)gur.

When the b,,’s are completely generic, the Higgs bundle exhibits a maximal monodromy group which, for
SU(5) 1, is the symmetric group on 5 objects. This identifies all 10;, fields, all gtiﬂj fields, and removes all
U(1) factors from SU(5) that could have remained from the underlying Fs. What we are left with is one 10
matter curve, one 5 matter curve, and nothing other than SU(5)gur to constrain the physics in general. This
is exactly what we expected from the geometry (3.1) for a generic choice of sections and, indeed, the explicit
description of matter curves from the Higgs bundle picture

0=bs~[]t:  0=nbobZ—babsbs + b3bs ~ [J(t: + 1)) (3.8)

i<j

matches the singularity enhancements of (3.2).
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In what follows, we will often be interested in Higgs bundles with a monodromy group that is nontrivial
so it will be helpful to have a way to directly visualize the monodromic structure. One useful object for
this is the spectral cover, which is a 5-sheeted cover of Squr inside the total space of the canonical bundle!'!
(Kseur = Saut)

C: 5085 + b283 + b382 + b4S + b5 =0. (39)

The five sheets of C roughly correspond to local eigenvalues ¢; and monodromies are manifested by the fact that
C is smooth and irreducible for generic b,,, with branch cuts connecting all of its sheets. The spectral cover is
of course useful for much more than visualizing monodromies as we will review in a bit.

3.2 U(1l) Symmetries and Spectral Cover Models

We now turn to the task of engineering geometries with extra U(1)’s that couple to the charged degrees of
freedom of our GUT. Actually obtaining U(1) symmetries of this type can be quite subtle in F-theory [8] but
recent progress [9, 10] has suggested one way to proceed when the geometry is built as a ‘Tate model’ (3.1). In
the language of [10], we consider an object in Yy referred to as the ’spectral divisor’!?

(fSD : a025 + agxz3 + a3yz2 + a4x2z +aszy =0 (3.10)

which reduces to the spectral cover of the Higgs bundle in a suitable local limit [10]. To see this, note that the
section
t== (3.11)

x

is meromorphic on Y, but restricts to a holomorphic section on éSD. In terms of ¢, we can write (3.10) as
aoz® + ast?23 + agt32® + agt*z + ast® = 0. (3.12)

We recover (3.9) by sending z,t — 0 while holding s = z/t fixed. In the same way that (3.9) tells us something
about the monodromic structure of the Higgs bundle, the behavior of (3.10) near z = 0 captures the monodromic
structure of the local geometry (3.4) when viewed as an ALE fibration over Sgur. Unlike (3.9), however, (3.10)
is a global object that tells us, in a sense, how this local structure fits into the full geometry of Y;. To get
an extra U(1) symmetry, the prescription of [9] and [10] is to choose the a,, so that Csp splits into multiple
components'3. When we do this, it is easy to verify that the matter curves (3.8) also split into factors and that
this splitting can be directly attributed to a reduction of the monodromy group of the local geometry (3.4).

When we choose the a,, in this way, the spectral cover of the gauge theory description (3.9) also splits into
multiple components. This immediately signals a reduction in the Higgs bundle monodromy group because the
eigenvalues associated to sheets of one component do not mix with those of the others. This also gives us some
intuition for the appearance of extra U(1) symmetries from the gauge theory perspective because a nongeneric
monodromy group will not project out all of the U(1) factors in SU(5), C Es. Unfortunately, this special
choice of a,,’s also introduces a slight ambiguity into the story that was recently emphasized by the authors of
[21]. While a generic choice of spectral data by, = am|sqyr uniquely specifies ¢ up to gauge equivalence, this is
no longer true when the b, are sufficiently nongeneric that C becomes singular, as it does when (3.9) factors.
Given such a collection of b,,’s one must therefore take more care in identifying the field configuration for ¢
that accurately captures the physics near SquyT.

One particularly natural possibility that requires us to make an additional assumption but requires no new
data is to use each component of C to specify a separate Higgs bundle of smaller rank. If C = C2C) splits into
quadratic and cubic factors, for instance, they uniquely determine U(2) and U (3) bundles, respectively. Provided
we choose the spectral data so that the coefficient by ~ botre in the full product C = C?C®) vanishes, these two

11 The canonical bundle arises here because ¢ itself is a section of this bundle.

12More specifically, what we mean by és p is the proper transform of (3.10) when the singularities of Y; are resolved.

13The U(1)’s are most easily seen in the M-theory language, where they come from reduction of C3 along suitable (1, 1)-forms in
Ys. The (1,1)-forms for our 'new’ U(1)’s are specified by suitable (*traceless’) combinations of the various components of Csp.
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bundles can be combined to yield an SU(5); bundle. Such bundles are said to be “block reconstructible” and
allow a naive extension of the eigenvalue-based analysis that we used to study the structure of generic SU(5)
bundles above. We will abuse language in this paper and refer to such bundles as “spectral cover bundles” and
the resulting models as “spectral cover models” even though one could in principle write a spectral cover for
a non-Abelian Higgs bundle that does not satisfy the “block reconstructible” property'4. Essentially all Higgs
bundles that have been studied in the F-theory literature are of this type. The reason is that they appear to
be the right Higgs bundles for describing the Calabi-Yau 4-folds that we know how to construct as Tate models
(3.1) with factored spectral divisor (3.10). The dictionary relating spectral data to local geometric moduli can
be used to compare the structure of matter curves and U(1) symmetries that we obtain from the local Higgs
bundle description and the 4-fold geometry (3.1). Even the chiral spectrum can be seen to match using the
formalism of [10].

Throughout the rest of this paper, we will focus on the local description based on geometries of the type (3.4)
or, equivalently, the 8-dimensional Fg gauge theory on R*! x Sqyt with Higgs bundle specified by a spectral
cover (3.9) and taken to be block reconstructible whenever (3.9) factors. When we talk about models with
extra U(1) symmetries in this way, we make an intrinsic assumption that our local model is embeddable into a
global one in which the global object (3.10) factors. This does not always have to be the case; as emphasized
in [8, 9, 10], our local model might indicate the presence of U(1) symmetries that are not actually present in
the global completion. This reflects the fact that local models only capture the physics of SU(5)gur-charged
degrees of freedom and do not know about the dynamics of GUT-singlet fields, which can break our U(1)
symmetries by attaining large expectation values.

3.3 Technical Matters and Matter Curves

We now turn to some technical details for how to work with “spectral cover bundles” with a particular focus
on the structure of matter curves. We refer the reader to [6] for a more complete discussion.

In spectral cover models, the effect of the monodromy group is to effectively quotient the spectrum by
removing the distinction between fields whose SU(5) weights lie in the same orbit. As a result, we get one
10,, field for each distinct orbit of the ¢;’s under monodromy with a similar story for 5, ,’s. This means that

we get one 10(“) for each component, C(*), of C while we get one g(ab) for each pair of components, C(® and
C®), of C where we allow for the case a = b when C(*) has multiple sheets. We emphasize this relation between
matter curves and components of of the spectral cover because the wave functions of charged fields are properly
described not on curves inside S but rather by suitable lifts of those curves to C. In what follows, we will use
the notation ¥ for matter curves inside S and 3 for the corresponding lifts to C.

The curves Y are most easily described as topological classes in the total space of the canonical bundle over
S, (Ks — 95), since this is the ambient space in which the spectral cover is defined. Following Donagi and
Wijnholt [38], one can perform computations by compactifying this space provided that care is taken to remove
any spurious contributions that arise at co. This compactified space, X = P(O @ Kg), takes the form of a
Pl-bundle over S and comes equipped with two sections, o and o, that satisfy ¢ - 0o = 0. We will use 7
to denote the projection map 7 : X — S. That our original space was (Kg — .S) is encoded in the fact that
000 = 0 + m*c1 where ¢; is the conventional shorthand for ¢ (5).

In this language, the full spectral cover C (3.9) is a divisor inside X with topological class

C =50+ 7", (3.13)

where 7 is a divisor class in S that we are free to choose. In mapping the spectral data to algebraic deformations
of a local Calabi-Yau 4-fold Yy, the class n becomes identified with the combination 6¢; —t where —t is shorthand
for the normal bundle to S inside the base B3 of Yj.

For a generic spectral cover C, we expect 10 fields to localize whenver any of the eigenvalues of ¢ vanish.
Viewing the sheets as local eigenvalues, this means that the 10 matter curve should arise when C meets the

14We feel this language is justified because Higgs bundles that are not “block reconstructible” will require additional data, in
addition to that contained in the spectral cover, to specify and describe.
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section o

210 =C-o 210 =n—- 501 . (314)

The result for 379 agrees with the 10 matter curve in the local Calabi-Yau 4-fold specified by the same spectral
data [38, 39, 6] under the identification 1 = 6¢; — t. Similarly, the 5 matter curve corresponds to a locus where
t; +t; = 0 for some pair of eigenvalues ¢; and t; with ¢ # j. We can get this by considering the intersection
C N 7C where 7 is the involution that sends the holomorphic section V' associated to o from V' — —V. This
effectively multiplies all eigenvalues by —1 so that

CN7C D (t; =0 locus) + (¢; +t; = 0 locus) + (¢;,t; — oo locus) . (3.15)

The 5 matter curve can therefore be determined by removing the 10 matter curve and component at oo from
CN7C. The result is that

Ye=20-1"(8c1 —3t) +7"() - () Yg=28c; — 3t. (3.16)

When C splits into factors, the determination of matter curves is a straightforward generalization of the
above procedure. For instance, when C = C3)C®) for cubic and quadratic components C® and C(?)| the matter
curve for 10’s associated with orbits of the first three eigenvalues {1, t2,t5} is given by

5¢ =cB®no. (3.17)

The determination of 5 matter curves can be a bit tricker but is nevertheless completely straightforward. In all
cases, the matter curves in S can be matched to singularity enhancements of a local Calabi-Yau 4-fold whose

algebraic complex structure deformations are specified by the same spectral data as the spectral cover Higgs
bundle.

3.4 Dudas-Palti Relations

While U(1) symmetries are important for phenomenology, F-theory GUTSs typically make use of another crucial
ingredient. To break SU(5)gur down to the Standard Model gauge group SU(3) x SU(2) x U(1l)y, it is
conventional to introduce a nontrivial internal flux Fy- along the U(1)y direction. This mechanism is particularly
useful because the hypercharge flux can be used to lift any leptoquarks that might survive from SU(5)gur as
well as the triplet partners of the Higgs doublets H,, and Hy. In order to avoid lifting the U(1)y gauge boson,
however, this flux has to satisfy a particularly special condition: it must be dual to a curve inside S that is
trivial in the homology of Bs [3, 4]. This condition has important implications for how hypercharge flux can be
distributed among the matter curves. For instance, we immediately see that Fy - X = 0 for any curve X in S
that descends from a nontrivial divisor class inside B3. Because ¢; and t are both curves of this type, we have

Fy-Cley~t:Fy~’l7:O (318)

and hence

Z FyZ(Cl—t)'FYZO

10 matter curves, ¢ 0
. (3.19)
> Fy = (8¢; —3t)- Fy =0
5 matter curves, a Y5 (a)
It is well-known that these relations, along with the statement
3 3 DI 3 = 4 5¢; =0 (3.20)

10 matter curves, @ 5 matter curves, a
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combine to ensure that the resulting 4-dimensional theory does not exhibit any MSSM gauge anomalies.

In the course of building spectral cover models with U(1) symmetries, additional constraints on the distri-
bution of U(1)y flux arose. In early work [6] it was noted that models with a spectral cover that splits into
quartic and linear factors must have U(1)y flux on at least one 10 curve whenver U(1)y flux threads any of
the 5 matter curves!®.

More recently, Dudas and Palti [12] developed a framework for describing a large collection of spectral cover
models with multiple U(1)’s and observed an interesting pattern. Phrasing it in a language that does not

explicitly depend on spectral cover, we can write the Dudas-Palti observation as

> /2(“ Fr= ) qa/E Fy (3.21)
10

10 matter curves ,i 5 matter curves ,a 5()

where ¢;/q, is the common charge of all fields on the corresponding matter curve under one of the U(1)
symmetries that has been engineered. Recently, it has been shown that this relation, like (3.19) and (3.20), is a
consequence of 4-dimensional anomaly cancellation. In the following, however, we would like to give an explicit
technical derivation of (2.1) for spectral cover models.

3.5 Deriving the Dudas-Palti Relations for Spectral Cover Models

To proceed, consider a spectral cover with Neomp components so that (Neomp — 1) > 0 U(1) factors are retained
from the underlying Eg symmetry. Let us introduce some notation for the N¢omp components

c=Y cw (3.22)

and write their topological classes in X as

€] = ngo + 7*(8a) (3.23)
with
Y. Ma=5 > =n. (3.24)
components, a components, a

In general, each component C(*) gives rise to a distinct 10 matter curve from
S —g.c® =0 a2l (3.25)
associated to the fields 10(®. Explicit computation shows that, for our spectral cover
S8 = ¢, — nacr - (3.26)

Now, let us consider the 5 matter curves involving C(®. We get one matter curve, 2(;“) from C(®) N rC(®)
associated to the fields 5
to the fields 5“”. Both sheets of f](gaa) sit inside C(®) so its topological class will take the form

) We also get additional matter curves, 2(;), from C(® N7C® for i # a associated

3 (aa) — * (aa) * *
Yo =20t (EST) (%) - (%) (3.27)

On the other hand, only one sheet of 2(;0 sits inside C(®) (the other sits inside C(?)). The topological class of
that sheet is ) (i)
Yol =0t (Eg7) At (x) (%) (3.28)

151t was erroneously claimed in [6] that this property generalizes to all models with factored spectral covers. As we will explicitly
see later, this is not the case.
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With this information, let us now consider what results from the topological intersection'® of C(*) with the full
spectral cover C. In general, we have

cl.c= (10 matter curve in C(a)) + (5 matter curves in C(a)) + (component at oo in C(a)) . (3.29)

That we get a copy of the 10 matter curve in C(® reflects the fact that this curve sits in both C(® and C.
The component at co, on the other hand, represents the part of the spectral cover that lies along co in the
compactification X of the canonical bundle (Kg — S). As we said before, this component must be removed
when extracting matter curves as described, for instance, in [6]. The full component at oo for C - C is simply
304 - 71 and the part of this that sits inside C(*) - C is given by 304 - 7*&,'7. With this, we expect on general
grounds that

C@.C=g-|BiY +250 £ 38D 4 3nte, | 4+ (x) + 7t (%) (3.30)
i#a
Explicit computation, however, yields
CW.C = (ngo +7%,) - (50 +7*n)
. (3.31)
=0 (ngmn + 51" &) + 7 (%) - wlx)

Comparing (3.30) to (3.31) and making use of (3.26), we see that our matter curves must satisfy the relation

2y =250 + 35l (4 2e1) (3.32)
i#a

Because Fy is orthogonal to both 1 and ¢; (3.19), this implies that

Fy -39 = py (22%‘“) +3 Eé"“) . (3.33)
=1

This is a mathematical statement of the observation by Dudas and Palti of how hypercharge flux was
distributed on the matter curves of their models [12]. We get one equation for each component C(® of the
spectral cover with each side representing a sum over matter curves weighted by the SU(5); weight of that
component. Recalling that each U(1) is given by a traceless linear combination of these weights, though, it is
natural to ask what we get by taking the corresponding linear combinations of (3.33). Doing this, we get

S wFy 2 =D qFy - nY (3.34)

where ¢, (g;) denotes the U(1) charge of 10(®) (3(1)) fields and the sum over i now runs over all 5 matter
curves. This set of Neomp — 1 equations is precisely the version of the DP relations that we quoted in (2.1).
Because (3.33) consisted of Neomp equations, (3.34) seems to be missing one relation. This is obtained by simply
summing both sides over all components and leads to

Fy Y sl =R 50, (3.35)

which is a trivial equation; both sides vanish identically from (3.19) because ), 2(1%) =c —tand ), Eg) =
861 — 3t.

16We emphasize that this is a topological intersection. Strictly speaking, 5 curves sit inside C(®) N7C(®) where T is a Zy involution
on the ambient space. Since C(®) and 7C(®) are in the same topological class, we do not worry about this for topological intersections.
17 A review of these computations can be found in Appendix D.
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3.6 Survey

Our general analysis of the consequences of the DP relations in Section 2 showed that generically it will be
difficult to build models that are both consistent with unification and sufficiently suppress proton decay. In this
section we give a survey of solutions to the DP relations, and analyze them with respect to

e Unification
e Proton Decay
e ;-Term

The detailed analysis is provided in Appendix E and a summary of all models follows in the next subsection. The
survey is comprehensive for all models with two U(1) symmetries that can arise from spectral cover constructions
and has been summarized in the Introduction. In particular, this restricts the integers INV; and P; in (2.19) to be
equal. We constrain ourselves to models with at least two unbroken U(1)s as one will be broken subsequently
by the vev of the charged singlet, and we require at least another U(1) that is not affected by the singlet vev
and can protect against proton decay operators. Note that the U(1) symmetries are realized in terms of the
spectral cover C by requiring a factorization into n + 1 factors:

n+1
U@1)"  requires C=][c®. (3.36)

=1

Furthermore, when realizing these models, the only constraints on fluxes that we impose are the Dudas-Palti
relations, which will restrict the hypercharge flux Fy. There may be further restrictions on other fluxes, once
they are realized in a full-fledged global model, however, we do not impose such restrictions. In this sense, the
class of models in the survey may get even further restricted.

We presented the summary table already in Section 1.2. The salient features of the models were as follows.
Labeling the exotic spectrum as in Table 1.3 by the integers K, L, M, N, we show in Appendix E that the only
choices are as follows:

Models | Exotic Spectra | Dim 5
1,2,9 N-L=1 XQ3L/A\?
3,4 N-L=2 K>M X2Q3L/A3 (3.37)
5,6,7,8 L=2 M=N=0|X2Q3L/A*
10 N-L=1 K—-L=M| XQ3L/A?

In the appendices A and E we provide a detailed description of each of these models, including the U (1) charge
assignments as well as the detailed exotic content. The last column in this table summarizes which dimension
5 proton decay operators are still present in these models, where A is the high-scale relevant for these models.

The survey is performed systematically by first picking one of the two spectral cover factorizations, 2 + 2 + 1
or 3+ 1+ 1. For each factorization, there are several embeddings of matter and Higgs curves into the spectral
cover, and for each such matter curve assignment, there are flux and hypercharge flux choices. We systematically
analyze all such models, by first fixing a singlet with specific charges A; — A;, and then surveying which models
allow for all exotics to be lifted by veving this singlet. For each such singlet and matter curve assignment we
then present the most general flux and hypercharge flux assignment that is a solution to the DP relations (2.1)
and furthermore gives rise to a three-generation model.

Note that in models 5,6,7 and 8 the singlet’s vev will give rise to a large p-term due to the coupling

1

— [ d*0X*H, H,,

A / ¢
and so these models are clearly not good for particle phenomenology. Meanwhile, models 1,2,9 and 10 likely have
too large dimension 5 operators that are dangerous for proton decay. This leaves only models 3 and 4 deserving

of further investigation. Namely, computing the dynamical vev of X will answer the question if dimension 5
operators in models 3 and 4 are sufficiently suppressed.
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A List of Models

In this Appendix, we provide a list of the spectral cover models from our survey that could realize a U(1),
symmetry, a U(1) pg symmetry, and lift all charged fields except for precisely the matter content of the MSSM
by giving an expectation value to exactly one SU(5)qur singlet field. The models are of two basic types
depending on the factorization structure of the spectral cover. In all cases, we have three factors and we label
them as

c =c@cldcle) (A1)
For the two factorization structures, these labels correspond to factors of the following degrees
Factorization Structure | Deg of C(*  Deg of C¥  Deg of C(©)

2+2+1 2 2 1 (A.2)
341+1 3 1 1

The description of each model begins by identifying the singlet X whose expectation value will lift the non-
MSSM exotics. More specifically we list the SU(5), weights. We label 10s according to their corresponding
component so that 10™) localizes on the matter curve C(®) - ¢ and g(wy) localizes on a matter curve contained
in C®) N rCW. The SU(5), weight of 10 is denoted A, while that of 5 is denoted Az + Ay. Singlet
weights are of the form \; — A; for 4, j labeling some components of C. Note that singlets with weights A; — A;
and A\; — A; are conjugates of one another. We will only assume an expectation value to one singlet field; its
conjugate will not obtain a nonzero expectation value.

For each matter curve, we will provide the number of units of bulk G-flux, labeled G, and hypercharge flux,
labeled Fy, and then list the net chirality of the different zero modes that localize there. The fluxes, and hence
the spectra, will typically be parametrized by a number of integers whose ranges are specified explicitly. We
next identify the U(1) subgroups of SU(5), that are preserved in a notation that is hopefully clear from the
context. We write explicitly the U(1) charges of all fields and present the operator that can generate dimension
5 proton decay when the singlet X picks up a nonzero expectation value. Finally, we summarize the exotic
spectrum using the M, N, K, L parametrization of (1.3), which we repeat here for clarity

SU(5) origin Exotic Multiplet Degeneracy
o 1,1)11 @ (1, 1), M+ N
10910 | (3,2)11/6D (3,2)-1/6 M
_ (3,1) 23503, 1)493| M-N
5D5 (8,1)41/3® (3,1)_1/3 K (A.3)
(1,2) 106 (1,2) 412 | K-L
S5u (3,1)1/3 0
1,2) 1/ 1
SH (37 1)+1/3 0
(1,2) 12 1
For this parametrization to make sense, we must have
M>I|N| K>0 K-L>0 (A.4)
We now move on to the list of 'models’.
A.1 Model 1
This is a 24241 model with quadratic components C(® and C(¥ and linear component C(¢).
Singlet weight is Ag — A, (A.5)
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Matter Curve | G | Fy | (1,1) 41 | (3,2)4176 | (B, 1)_os3
109 <10y |3+G| P+1 [3+G+(P+1)| 3+G [3+G—(P+1)

( : A6
104 -G | -(P+1)| -G—=(P+1) -G -G+ (P+1) (A-6)
10(® 0 0 0 0 0

Matter Curve G FY (g, 1)+1/3 (1, 2)_1 2
5 & 5y 0 1 0 1
5 8y | Gea |P—1| Gug | (Gaa—P)+1
—(dd) (A7)
5 _Gad -P _Gad _(Gad - P)
5 0 0 0 0
5% LBy 3 0 3 3
where ~
Gai >0  (Gaq—P)>0 G>|P+1| (A.8)
1 000 0 10 0 0 0
0100 0 01 0 0 0
Ul:1~]0 0 1 0 o0 Ul)~|0 0 -1 0 0 (A.9)
0001 0 00 0 -1 0
0000 —4 00 0 0 0
Field | 10]\4 BAJ Hu Hd X | Q3L
Ul | 1 -3 -2 2 0 0 (A.10)
Ulp| 1 -1 -2 0 =2| 2
1
FXQ?’L is allowed (A.11)
Exotic Spectrum
M| N | K|L (A12)

G|P+1[Gau|P
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A.2 Model 2

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is Ay — Aq (A.13)
MC. | G | Fy | (1,1)41 | (3,2) 116 | (3,1)_a/3
109 10y [3+ G| P+Gaa+1 [34+G+(P+Gaa+1)| 3+G [3+G—(P+Gau+1)
104 —G | ~(P+Gaa+1)| =G —=(P+Gae+1) -G ~G+ (P+ Gaa +1)
10 0 0 0 0 0
(A.14)
Matter Curve | G Fy (3,1) 113 | (1,2)_10
g(aa) <~ 5H Gaa 14 Gaa Gaa -1
5V 8y | —Gua | P—1—Goa| —Glaa 1-P (A15)
54 -p 0 P '
5 0 0 0 0
_(de) —
5 By 3 0 3 3
where ~
Gaa >0  (=P)>0 G >|P+ Gao +1| (A.16)
1000 0 10 0 0 0
0100 0 01 0 0 0
U1)1~]0 0 1 0 0 Ul)y~]0 0 -1 0 0 (A.17)
0001 0 00 0 —-10
0000 —4 00 0 0 0

Field |101\,{ 31\,{ Hu Hd X |Q3L

U(1)1 1 -3 -2 2 0 0 (A.18)
U(1)2 1 -1 -2 0 -2 2
%XQ?’L is allowed (A.19)
Exotic Spectrum
M | N | K | L (A.20)

G| P+Gaat1]|Gaa|Gaat+P
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A.3 Model 3

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is Ay — Aq (A.21)
M.C. | G | B | (1,1)44 | 3,2) 116 | (3,1)_as3
109 <10y [3+ G| P+1 [3+G+(P+1)| 34+4G [3+G—(P+1) (A.22)
104 -G | -(P+1)| -G—=(P+1) -G -G+ (P+1) ‘
10(® 0 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1/2
5 o5y |0 1 0 1
g(ad) Gad Gad Gad 0
=(dd) = (A.23)
5 —~ 5y _Gad _Gad -1 _Gad 1
5 By 134G P—Goa—-1| 3+4G |34C+Guu+1-P
5 G | —P+Gu+l| -G G —Gug—1+P
where R . ~
Gaa>0 G>0 G4+Gua+1-P>0 G>|P+1| (A.24)
1 000 O 10 0 0 0
01 00 0 01 0 0 0
ULy~|0 0 10 o0 ULz~ |0 0 -1 0 0 (A.25)
0001 0 00 0 —-10
000 0 —4 00 0 0 0
Field | 10]\4 31\4 Hu Hd X | Q3L
Ul 1 -3 =2 2 0] 0 (A.26)
Ul | 1 1 -2 -2 —2| 4
1
FX2Q3L is allowed (A.27)
Exotic Spectrum
M| N K L
| V| | (A.28)

G|P+1|Gu+G|P-1
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A.4 Model 4

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is Ay — Aq (A.29)
MC | G | Fy | (1,1)41 | (3,2) 116 | (3,1)_a/3
109 10y [3+ G| Gua+P+1 [34+G+(Gaa+P+1)| 3+G [3+G—(Gaa+P+1)
104 ~G | ~(Gaa+P+1)| =G~ (Gaa+P+1) -G ~G+ (Gua+P+1
10(®) 0 0 0 0 0
(A.30)
Matter Curve | G Fy (3,1) 113 (1,2) 1,2
5°Y 55 | Geaa | Gaat+1l | Gua ~1
=(ad)
5 Gaa _Gaa Gaa O
_ _ A.31
59 8y | 0 -1 0 1 (A1)
599 LBy |3+4G| P-1 | 3+G |3+G-(P-1)
5 -G |-r-1| -G —G+(P-1)
where R A R
Gwa>0 G>0 G—-(P-1)>0 G>|Gea+P+1| (A.32)
1 000 0 10 0 0 0
01 0 0 O 01 0 0 0
Ul)i~|0 0 1 0 0 Ul)z~]0 0 =1 0 0 (A.33)
0 00 1 0 00 0 -1 20
0000 —4 00 0 0 0
Field | 101\,{ 31\,{ Hu Hd X | QSL
Ul 1 -3 =2 2 0] 0 (A.34)
Ul | 1 1 -2 -2 -2 4
1
FX2Q3L is allowed (A.35)
Exotic Spectrum
M | N | K | L
. A.36
G| Gaa+P+1]Go+G|GratP—1 (A.36)
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A.5 Model 5

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is A\, — Mg (A.37)
M.(C). |G| Fy | (1,14 | (3,2)416 | (3,1) a3
10'¢ 3 0 3 3 3
109 0| 0 0 0 0 (A.38)
109 (0] 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1/2
g(aa) _Gad -1 _Gad _Gad +1
=(ad)
5 Gad 2 Gad Gad - 2
_ A.39
51 0 | -1 0 1 (A.39)
5l 3 |0 3
5% o |o 0 0
where
Gaq > 2 (A.40)
1 0 0 0 O 1 0 O 0 O
01 0 0 O 01 O 0 O
U1y ~f0o 0 1 0 o0 Ul)a~ |0 0 -1 0 0 (A.41)
0O 0 01 O 00 0 -1 0
0O 0 0 0 —4 0 0 O 0 O
Field | 1OM BAJ Hu Hd X | Q3L
Ul;| 1 -3 —2 2 0] 0 (A.42)
Ulp| 1 1 —2 —2 2| 4
1
FXT 2Q3L is allowed (A.43)
Exotic Spectrum
MIN| K | e

0]0|Gaa]?2
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A.6 Model 6

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is A\, — Mg (A.45)
M.(C). |G| By | (L)1 ] (3,2) 016 | (B,1) a3
10 | 3 0 3 3 3
109 10| 0 0 0 0 (A.46)
10910 0 0 0 0
Matter Curve G FY (3, 1)+1 3 (1, 2)_1 2
g(aa) _Gad _Gad +1 _Gad -1
5l Goa | 2Gas—2 | Gua 2 — Gaa
=(dd) (A.47)
5 0 —Gaqg+1 0 Goa—1
5 3 0 3 3
) 0 0 0 0
where
Gaa > 2 (A.48)
1 0 0 0 O 1 0 0 0 O
01 0 0 O 0 1 0 0 0
Ul)y1~]0 0 1 0 0 Uly~]0 0 =1 0 0 (A.49)
00 01 0 00 0 -1 0
0O 00 0 -4 0 0 O 0 O
Field | 1OM BAJ Hu Hd X | Q3L
Ul 1 -3 —2 2 0] 0 (A.50)
Ulp| 1 1 —2 —2 2| 4
1
FX”Q?’L is allowed (A.51)
Exotic Spectrum
VN KL w

0]0|Gaa]?2
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A.7 Model 7

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is A\, — Mg (A.53)
M.(C). | G | Fy | (1,1) 41 | (3,2)11/6 | (3,1)_9/3
10 | 3 0 3 3 3
109 10| 0 0 0 0 (A.54)
10910 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1/2
5% 0 | Gu-1 0 1 - Gag
—(ad
5! —Gaq | 2(1 — Gaa) —Gaa —2+4 Gaq
=(dd) (A.55)
5 Gaaq Gaa—1 Gaa 1
5 3 0 3 3
) 0 0 0 0
where
Gaa > 2 (A.56)
1 0 0 0 O 1 0 0 0 0
01 0 0 O 0 1 0 0 0
Ulyy~|0 0 1 0 0 Ula~|0 0 =1 0 o0 (A.57)
0O 0 01 0 00 0 -1 0
0 0 0 0 —4 0 0 O 0 0
Field | 1OM BAJ Hu Hd X | Q3L
U(1), 1 -3 -2 2 0 0 (A.58)
Ul 1 1 -2 —2 2| 4
1
FX”Q?’L is allowed (A.59)
Exotic Spectrum
M | N | K | L (A.60)

0]0]Gaa] 2
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A.8 Model 8

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is A\, — Mg (A.61)
M.(C). | G | Fy | (1,1) 41 | (3,2) 4176 | (3,1)_9/3
10 | 3 0 3 3 3
109 10| 0 0 0 0 (A.62)
10910 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1/2
5 0o |1 0 1
59 —Gaa | =2 | —Gaq —Gaa+2
—(dd) (A.63)
5 Gaa | 1 Gaa Gaa—1
5 3 |0 3 3
5 0 |0 0 0
where
Gaa > 2 (A.64)
1 0 0 0 O 1 0 0 0 0
01 0 0 O 0 1 0 0 0
Ulyy~|0 0 1 0 0 Ula~|0 0 =1 0 o0 (A.65)
0O 0 01 0 00 0 -1 0
0 0 0 0 —4 0 0 O 0 0
Field | 1OM BAJ Hu Hd X | Q3L
U(1), 1 -3 -2 2 0 0 (A.66)
Ul 1 1 -2 —2 2| 4
1
FX”Q?’L is allowed (A.67)
Exotic Spectrum
M | N | K | L (A.68)

0]0]Gaa] 2
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A.9 Model 9

This is a 24241 model with quadratic components C(* and C(® and linear component C(¢).

Singlet weight is Ae — Aq

(A.69)

M.C. | ¢ | Fy | (1,1) 11 | (3,2) 416 |
109 10y [3+ G| Guu+P+1 [34+G+(Guat+P+1)| 3+G |3+G—(Gaa+P+1)
10(4) 0 0 i 0 0 i
10 ~G | ~(Gaa+P+1)| =G~ (Gaa+P+1) e ~G+ (Gaa +P+1)
(A.70)
Matter Curve | G Fy B, D113 | (1,2)_1p0
5°Y 55y | Gea | Gaa+1 Glaa ~1
g(ad) Gad P Gad Gad - P (A 71)
599 LBy |3 0 3 3 '
5 By | —Gua | ~Gaa—1| —Gaa 1
5 —Gaa| -—P —Gad | —(Gea—P)
where R
Gaa >0  Gag>0  (Gaa—P)>0  G>|Gaa+P+1] (A.72)
-2 0 0 0 0 1 000 0
0 -2 00 0 0100 0
Ul1~|0 0 3 0 0 Ul)~|0 0 1 0 0 (A.73)
0 0 03 0 0001 0
0 0 0 0 -2 0000 —4
Field | 101\,{ 31\,{ Hu Hd X | QSL
Ul | -2 6 4 —4 0] 0 (A.74)
Ul | 1 2 -2 -3 -5| 5
1
EXQ?’L is allowed (A.75)
Exotic Spectrum
M | N | K | L
A.
G| Cuat P+1]Gao+Gaa | Gaa+ P (A.76)
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A.10 Model 10

This is a 34141 model with cubic component C(® and linear components C(¥ and C(¢).

Singlet weight is Ay — Aq (A.77)
M.C. | G | Fy | (1,1)41 | (3,2)41/6 | (3,1)_2/3
109 <10y [3+ G| Gua+1 [3+G+(Gaat+1)| 3+G |3+G—(Gaa+1) (A78)
104 —G | ~(Gaa+1)| =G —(Gaa+1) e, —G+ (Gaa +1) '
10 0 0 0 0 0
Matter Curve | G | Fy | B, Dy | (1,2) 1y
59 o5y | Gaa | Gaatl | Gua —1
5 By | —Gaa | —Gaa—1| —Gaa 1 (A.79)
5 By | 346G 0 3+G | 3+G
5 -G 0 -G -G
where R R
Gau>0 G>0 G>|Gaa+tl (A.80)
1 0 0 0 O 1 0 0 0 O
01 0 0 O 01 0 0 0
ULy~ [0 0 1 0 0 Ula~|0 0 1 0 0 (A.81)
000 1 O 0 00 =3 0
0 00 0 —4 00 0 0 0
Field | ]_OA[ 5@[ Hu Hd X | QSL
U1.| 1 -3 —2 2 0] 0 (A.82)
Ul | 1 1 -2 -2 -4 4
1
EXQ?’L is allowed (A.83)
Exotic Spectrum
M N K L
| | | (A81)

G| Guu+1]Gau+ G| Gua

B Exotic Spectra

In this appendix, we use the Dudas-Palti relations (2.1) to derive the constraint (2.20) on the exotic spectrum.
What makes this somewhat tricky is that we are not interested in net chiralities of exotics but rather the number
of vector-like pairs that we get by summing the exotic spectra from different matter curves.

Consider, for instance, the set of exotics that localize on a 5 matter curve, O The chiral spectrum is
determined by two integers, ko and £y, that encode the bulk flux and “hypercharge flux” as in (2.13) and (2.14).
Because k; and ¢; carry information about chirality, though, we cannot determine the net spectrum by simply

summing them over all 5 matter curves. This sum will yield the net chirality of exotics, which vanishes, rather
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than the net number of doublet or triplet pairs. To get information about the net spectrum itself, we need to
compute weighted sums

Z qi (n(g,:l)H/B - n(3,1)71/3) and Z i (”(1,2)71/2 - n(1)2)+1/2) ) (B.1)

5 matter curves, 4 5 matter curves, i

where ¢; is the U(1) charge associated to the 5 fields on a given 5 matter curve, ¥5 ;. The U(1) charge of

doublets and triplets from the 5 is g, while the U(1) charge of doublets and triplets from the 5 is —q,. This
means that the above computes the net number of doublets and triplets weighted not by their chirality but
rather by their U(1) charge

Z g (n(§71)+1/3 - n(3=1)71/3) = Z Qpntrips’p

5 matter curves, i Triplets of
charge Qp (BQ)
Z qi (n(l,z),l/2 - n(1,2)+1/2) = Z QpNdoubs,p
5 matter curves, i Igﬁgl)égtzgif

where Ndoubs,p and Nirips,p count the number of doublets or triplets irrespective of their chiralities. Let us
emphasize this by writing
Ndoubs,p > 0 Ntrips,p > 0. (B3)

Now, using (2.14) we recognize the difference of the right-hand sides in (B.2) as nothing other than the right-
hand-side of the Dudas-Palti relations (2.1)

Z QpNirips,p — Z QqMNdoubs,q = Z qi [(n(il)“/s - n(3-,1)71/3) - (n(172)71/2 - n(112)+1/2)}

Triplet Doublet 5 matter curves, i

charges Q, charges Qq
E Qi / Iy
=¥

5 matter curves, ¢

(B.4)

We can use similar reasoning to relate the left-hand-side of the Dudas-Palti relations (2.1) to the weighted spectra
of exotics that arise from 10 matter curves. To write the result, we use n 1), to denote the net number of

(1,1)41’s and (1,1)_1’s of charge Q,, and n(3 2) , and n3 1, for the similar numbers of (3,2)11/6’s/(3,2)_1/6"s
and (3,1)_2/3/(3,1)42/3’s, respectively. With this notation, we find two relations

Y. @nane— Y. Qieae= > Ga {(nmm —nan) - (”(3-,2>+1/G - n(ﬁ,z),w)}

(1,1) or cc (8,2) or cc 10 matter curves, a
charges Qp charges, Qq

= Z Qa/E(a)FY

10 matter curves,a 10
(B.5)
: : Qpn(3)2)7p - : : Qqn(?),l),q = : : da |:(n(372)+1/6 - n(§v2)—1/6) - (n(gvl)—Q/S - n(371)+2/3):|
(3,2) or cc (3,1) or cc 10 matter curves,a
charges, Qp charges, Q4
= § Qa/ Iy
E(a)
10 matter curves,a 10
(B.6)

32



Note that the right-hand-sides of both (B.5) and (B.6) are equivalent because the spectrum on each 10 matter
curve in (2.13) is controlled by two integers rather than three. In the end, we conclude that the Dudas-Palti
relations have the following direct effect on the non-GUT part of the spectrum

Z Qpntrips,p - Z Qqndoubs,q = Z Qpn(l,l),p - Z Qqn(3,2),p

Triplet Doublet (1,1) or cc (3,2) or cc
charges Qp charges Qq charges Q) charges, Qq
(B.7)
= Y Qa2 Y, Qe
(3,2) or cc (8,1) or cc
charges, Q) charges, Qq

Equation (2.20) is nothing more than a suggestive way of writing these relations. To derive it, let us assume as
in section 2.3 that that the exotics get their masses from a cubic superpotential of the form

Wo ~ Y Xi | D fexoticsis Fexoticij (B.8)
i J

in which it is assumed that each exotic multiplet appears exactly once. As discussed in section 2.3, this
superpotential must be a subset of the full superpotential since we assume all exotics are lifted from the
spectrum. Restricting to the couplings in Wy allows us to unambiguously split the exotics into groups according
to the singlets that they couple to'8. For each singlet X; in (B.8), then, we parametrize the set of vector-like
exotics that it couples to in (B.8) as in (2.19)

N1y, T ey, = M+ B
n3.2) 16 T B2, = Mi
NE1) s T B 42y = Mi = Ni (B.9)
NG 1) 1ye T B s = K
N1,2)_y 0 T 10(1,2) 11, = 8 — Li

We can now rewrite (B.7) using the fact that the U(1) charges of any two fields that couple to X; must sum to
minus the charge of X;, —¢x,. Remembering to add in the contribution from H, and Hg4, which are not lifted
by assumption, we find that (B.7) becomes

—qH, —qH, — Z ax; Li = — Z ax, Pi

Singlets, 1 Singlets, 1

—— > 4N

Singlets, i

(B.10)

which is nothing other than (2.20).

C Engineering Solutions to the Dudas-Palti Relations

Once we have arrived at the condition (3.34), it is natural to ask if it represents the only constraint on the
distribution of hypercharge flux in spectral cover models. There are, of course, two additional conditions that
we encountered earlier but repeat again here for clarity

Fy - Z 2@ =y Z E(gi) (C.1)

180f course there may not be a unique way to choose Wy in the end. We assume in this Appendix that a specific choice has been
made.
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While (3.34) reflects the cancellation of mixed MSSM and U(1) anomalies [14], (C.1) reflects the cancellation
of pure MSSM anomalies that involve U(1)y. We would like to claim that (3.34) and (C.1), which can both be
understood as a consequence of 4-dimensional anomaly cancellation, represent the only nontrivial restrictions
on the distribution of hypercharge flux in spectral cover models. More specifically, we will present “in principle”
constructions of spectral cover models with up to 2 U(1) symmetries that realize the most generic hypercharge
flux distributions allowed by (3.34) and (C.1). Such constructions are only models “in principle” because we
will be forced to introduce a variety of new sections; one must always check that these sections actually exist for
a given choice of SquT and normal bundle. In some cases, we will also have to make some assumptions about
the vanishing locus of pairs of sections in order to avoid singularities that are not of Kodaira type. Further
restrictions that extend (3.34) and (C.1) may arise if we make special requirements of Squr, for instance if we
insist that it be a del Pezzo surface, or the normal bundle of SquT inside Bs. We view these as “model-building”
restrictions, however, as opposed to physical obstructions like (3.34) and (C.1).

We now proceed to construct models with one and two U(1) symmetries. The models with two U(1)
symmetries represent generalizations of the constructions in [12].

C.1 Models with one U(1) Symmetry

We begin by considering models that engineer a single U(1) symmetry. Many explicit models of this type have
been constructed in the literature in both the local and global settings [29, 6, 7, 11, 30, 31, 33, 34, 36]. The
spectral cover must factor into two components in order to realize a single U(1) symmetry. These are two
possibilities for how this occurs and we treat each one in turn.

C.1.1 4+1 Factorization
We begin with a factorization into a quartic and linear piece
Cap1 =CHCY = (agV* + azV3U + a2 VU + a1 VU + aoU*?) (e1V + eoU) . (C.2)

In general, there will be two 10 matter curves and two 5 matter curves in such a model. The most general
distribution of hypercharge flux consistent with (3.34) and (C.1) is easy to determine and is described below

Matter Curve| Origin | Fy

10 c® -N

10 c® N (C.3)
=(44) '

5 cW—cW | -N

51 cw_c | N

We now describe a spectral cover construction capable of yielding precisely this configuration of hypercharge
flux. In addition to choosing the sections a,, and e,, we also have one choice of bundle that can be thought
of as choosing the topological class of say C). More specifically, we take the a,, and e, to be sections of the
bundles described below

Section | Bundle
am n—(m+1)c; — & (C4)
en (I—n)er +¢&

As we saw in (3.18), the hypercharge flux is orthogonal to both 1 and ¢; but it need not be orthogonal to £. In
principle, then, we can have
Fy-&=N (C.5)

for any integer V. It is in this way that we can distribute hypercharge flux along the matter curves. To actually
construct a model, however, we must first solve the traceless condition b; = 0 which, in this case, amounts to

aieg +ager =0. (06)
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To avoid a non-Kodaira type singularity, we are actually forced to assume that e; and ey do not simultaneously
vanish anywhere

[eo] - [e1] =0 (C.7)

so e; must divide a; and, correspondingly, ey must divide ag. We are therefore forced to introduce a new section
« in terms of which
ap = aeg a; = —ae; . (C.8)

We see that a must be a section of n — 2¢; — 2€.
With this, we now turn to the structure of our four matter curves

Matter Curve | Origin | Equation | Class | Iy
10 cW a4 n—>5bci —& | =N
10 cm el 13 N (C.9)
3(44) cW —c® ajeg + asazer + aseda | 29 —Tey — € | =N
3(41) cW —c a4e% + azeper + age% n—3c1 +& N

This gives an explicit realization of the hypercharge flux distribution in (C.3). To make everything completely
explicit, we now list all of the sections that are needed to build the model along with the corresponding bundles

Section | Bundle
Am n_(m+1)01—§
1
en (I —=n)er +¢ (€.10)
Q@ n—2c; —2¢

where m runs from 0 to 4 and n from 0 to 1. To obtain an actual model, we must specify a complex surface
Scgur along with bundles 1 and £ subject to the assumption that holomorphic sections in (C.10) all exist. By
this, we mean that the bundles appearing in (C.10) must all admit honest holomorphic sections. To avoid
non-Kodaira type singularities, we must also require that

[eo] - [e1] =0 (C.11)

or equivalently

ci(e1+€) =0 (C.12)
C.1.2 342 Factorization
We now consider a factorization of C into cubic and quadratic pieces
C342 = cB®c® = (a3V3 + a2V2U + CL1VU2 + a0U3) (62V2 +e VU + 60U2) . (C.l?))

Here, we expect to find two 10 matter curves and three 5 matter curves. The most general distribution of
hypercharge flux consistent with (3.34) and (C.1) is given by

Matter Curve Origin Fy
10® c® —M - N
102 c? M+ N
3(33) 6(3) _ C(g) M (014)
5% B —c@ | M-N
5% c2 _c@ N

At first glance, it seems difficult to realize a two-parameter family of hypercharge flux distributions because
it seems that we only have the freedom to introduce one new bundle, £, which determines the relative class
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between the factors C(3) and C(?). A closer glance at the traceless condition, however, will suggest additional
freedom. This condition takes a similar form to the previous example

aieg + apger =0, (015)

but here it is no longer necessary to require that ey and e; have no common zeroes. In particular, this means
that e; need not divide a;. We are free to take e; to be a product of the form e; = AB where A divides ey and
B divides a, leading to the solution

€eyg = éoA
e; = AB
T (C.16)
apg = —ai€o
a; = dlB

In choosing a bundle for A we have introduced a new parameter into the game. Let us make everything explicit
by writing all sections and their corresponding bundles

Section Bundle
as n—5c —&a—&B
as n—4c1 —&a—&B

ay n—3c1 —&a— 2B

€2 a+&B (C.17)
€0 c1+¢€B

A C1 —|— §A

B éB

The structure of our five matter curves is now easily determined

Matter Curve Origin Equation Class Fy

10 c®) as n—5c—€a—€p | -M - N
102 c? es Ea+ép M+ N
3(33) c® —c® asB + aség n—4cy —€a —-M
52 C® —C® | 4343(asB + aséo) + A2eq(ad + dra3B)

+2ajazAe3 + alel 2n—6c1+éa—Eg | M—N
5% c® _c@ B €n N

(C.18)

where we defined
M=Fy -€&a N=Fy - (. (C.19)

The entire 2-parameter family of solutions to (3.34) and (C.1) has therefore emerged. Note that this family
includes solutions with M + N = 0 that have no hypercharge flux on any 10 matter curves despite having
hypercharge flux threading some 5 matter curves. This possibility was missed in [6] but arises here for a
relatively simple reason. In [6], it was assumed that only the relative class of the spectral cover components
could affect the structure of matter curves. Here, we see another way to adjust the relative classes of matter
curves. Nominally, the 3(22) matter curve would be given by e; = 0 but, when ey and e; have A as a common
factor, the A = 0 part of that curve moves off to co. A corresponding factor then moves in ’from oo’ to contribute
to 3(32)19. Through this type of phenomenon the 5 matter curves are able to depend on combinations of &4
and &p that are different from the sum {4 + {p that enters into the 10 matter curves.

191n other words, different ways of solving the traceless condition can allow us to adjust how the component at oo of C(2) ~T(C(2) +
C®)) is distributed between C(?) - 7C(2) and C(2) N 7C3). Note that the net 'component at oo’ for C(2) N 7(C(2) 4 C3)) cannot be
similarly adjusted.
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As usual, to build explicit models we will need to choose Sgur, 1, £4, and £p subject to some assumptions.
In this case, all of the holomorphic sections in (C.17) must exist and, further, we must have that

a-(6a+&B)=0

in order to avoid the non-Kodaira type singularities that arise wherever A = e5 = 0.

(C.20)

C.2

We now turn to models that exhibit 2 U(1) symmetries. We again have two possibilities for the factorization
structure that we consider in turn.

Models with two U(1) Symmetries

C.2.1 24241

We begin with a factorization into two quadratic pieces and a linear piece
Cotar1 =CACHICWD = (aV? + a1 VU + agU?) (doV? + di VU + doU?) (e1V + eoU) . (C.21)

Here, we expect to find 3 10 matter curves and 5 5 matter curves. The most general distribution of hypercharge
flux consistent with (3.34) and (C.1) is given by

Matter Curve Origin Fy
10 c® —-M - N
10 c® M
10 c™ N
5% c®_c® | _M-N-P (C.22)
52 ce —cen M-Q
5022 e o P+Q
51 c»_c) |M+N+P-Q
51 c _c | _M-P+Q

For models with multiple U(1) symmetries, the traceless condition becomes significantly more complicated.

Here, it takes the form

b1 = ardpeg + drageg + eragdy = 0. (023)
One simple way to get a solution is to set
do = apeo dl = —ajijegp — aopeq . (024)

We don’t have much freedom to choose new bundles with this, though, so we take advantage of the scaling
properties of (C.23) to construct from this another solution

apg = VZLO

do = Vdoéo (C 25)
€yp = Véo '

dl = —Qléo — 61&0

It is easy to see that we will have two additional choices of bundle with this solution. To get a few more, let us
use the trick that we learned from the 342 factorization in section C.1.2. There, we learned that we can adjust
5 matter curves by splitting them into components and using our solution to the traceless condition to move
various components to and from co. In this case, the matter curves 3(22) and 3(2/2/) are given by the equations

a; = 0 and d; = 0, respectively. We can move a component off to oo by allowing a; and ag (respectively dy
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and dy) to have a common factor. This will introduce a topological tuning because this factor cannot have any
simultaneous zeroes with ag (d2) but this is something we will have to live with. From the scaling of (C.25),
we can start with any solution and obtain a new one by simultaneously rescaling both a; and ag (respectively
dy and dy). We therefore arrive at the following solution

apg = I/CNL()(Sa

ap = C~L15a
do = I/doéoéd (026)
di = —dy4 (dléo + eldo)
€y = I/éo
It is now a simple matter to write out the sections
Section Bundle
as n—>5c1 —& — &
ax n—4dcy —& — & — A,
ag ca—Ag+& &
1) A
e e C.27
dy &1 ( )
5,1 Ad
e1 )
éo 501+2§1+§2+Aa—Ad—7’]
v n—4c; — 26+ Ag— A,
and work out the matter curves
Matter Curve Origin Equation Class Fy
10(2) C(z) ag n— 501 — 51 — 52 —M — N
10®) c®) dy & M
10(1) C(l) €1 52 N
522 c® _c@ a1 N—dei—€6 —fo—ANy | —M-N—-P
5% c® —c@) (a1€0 + e1d0) c1 —Ag+& M—-Q
5(2 2/) C(z) - 6(2/) 5a5d81(d2&15a - leagadéo — C~L0a25d61)
—(d26q — a204€0)*v n—4der + Ag + Ay P+Q
5(21) 6(2) - C(l) CLQé%V + 5(161(&1&0 + Zloel) c1 + 51 + 52 + Aa — Ad M + N + P — Q
5 c@) —c dov — G161 n—dei —& —Ag+ Ay | —M-P+Q
(C.28)
where
M =Fy - &
N=Fy &
C.29
P=Fy- A, ( )
Q=Fy Mg

We have therefore managed to realize the entire 4-parameter family of solutions to (3.34) and (C.1) described
in (C.22). As usual, however, any explicit model must satisfy a few assumptions. In addition to requiring all of
the holomorphic sections in (C.27) to exist, we also need to ensure that

][] =0

[€0] - [ea] =0 [az] - [0a] =0
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in order to avoid non-Kodaira singularities. Equivalently, we need
=n—da -2 +A0—Aq) &
cL+ 26+ b+ Ay — Ay —
= (5e1 + 26 52 =) & (C.31)
= 501 —&)-A
=&

Let us give an example of 24241 factorization based on the 3-fold constructed in [20]. In this case
SquTr = dP5 and t = h. We can choose

51 = h — €1, 52 = €1 . (032)

Then, we obtain solutions
Ay =mg(h —e1 —ea) +nger + (mg — ng)ea

C.33
Ag = (ma —na)(h —e1 — 62) + pae2 ( )
Requiring that all bundles admit holomorhic sections we find constraints:
Ogma§47 Ogna§2; Ogma_na§2
(C.34)
ngdégv pd§1+ma—”a7 ma_na§1+pd
It is easy to find solutions of these constraints, for example:
pa=0, mg=mns+1, n,=0,1,2. (C.35)
C.2.2 3+1+1
Finally, let us turn to a factorization with a cubic piece and two linear pieces
Cap141 = COCVCY) = (a3V3 + aaV2U + a1 VU? + agU?) (diV + doU) (e1V + eoU) . (C.36)

We expect to find 3 10 matter curves and 4 5 matter curves. The most general distribution of hypercharge flux
consistent with (3.34) and (C.1) is given by

Matter Curve Origin Fy
10® c® ~M —- N
10M c M
10(1/) C(l/) N
5(59) C® —¢c® | —2(M+ N)—P (C.37)
50V C®_cW | 2M+N+P
5 C®_cun | M4+aN+P
51 cH_c | _M-N-P
The traceless constraint takes essentially the same form as the 24+2+1 example
b1 = aidpeg + diageg + e1agdy = 0, (038)
and we can start with a similar solution
ag = doeo a; = —d1€0 — d061 . (039)
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We can now follow a similar procedure to the 24241 example to construct more general solutions from this. In
so doing, we have to be a bit careful because d; and dy cannot have simultaneous zeroes and similar for e; and
eg. To proceed, we first scale ag, dy, and ey to get a solution of the form

do = VCZO
eyg = Véo
= . (C.40)
apg = doeol/
a1 = —(diéy + doer)
Now, we scale ap and a; to get the further solution
do = V(io
€y = Véo
< (C.41)
apg = 5ad060V
a1 = —0q(d1&o + doer)
It is easy to write out the sections
Section Bundle
as n—>5c1 — & — &
as n—4c1 — & — &
d &1
do n—3c1 —& — 26— A, (C.42)
€1 &2
éo 7’]—301—251—52—A
14 401+2§1—|—2§2+Aa—
Oa A,
and work out the matter curves
Matter Curve Origin Equation Class Fy
10(3) C(3) as n— 501 — 51 — 52 -M—-N
10 cm dy & M
101 c) el & N
5(33) c® —c® asdiég + agcioel + a3CZQé0V 2 —Ter —26 —26— A, | 2(M+N)—-P
56D CB® —cW | d2b.e1 — agdiv — asdov? 261+ & + A, 2M+N+P
5 CB® — | dy5,e? — v(azer + aszéor) & +26+ A, M+2N+ P
g(lll) C(l) C( ) dléo-i-cioel 7’]—301—51—52—Aa -M—-N-P
(C.43)
where
M=Fy-&
N=Fy - & (C.44)
P=Fy- A,

This realizes the entire 3-parameter family of solutions to (3.34) and (C.1) described in (C.37). Again, any
explicit model must satisfy a few assumptions. In addition to requiring all of the holomorphic sections in (C.42)
to exist, we also need to ensure that

V] - [di] = [V] - [ex] = [do] - [da] = [é0] - [ea] = O (C.45)
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in order to avoid non-Kodaira singularities. Equivalently, we need

=(4e1 +26 +26L+ A0 — 1) &
= (4e1 +26 +26L+ A0 — 1) - &

=M—=3c1—& =26 —Ay)- &
=(Mn—=3c1 =26 —& —Ay) &

Let us give an example of the 3+1+1 factorization based on the 3-fold constructed in [20]. In this case
Squr = dP> and t = h. We can choose

(C.46)

&1 =h—e1 —ey, S =e1,. (C.47)

Then,
Ay = (ng +2)(h—e1 — e2) + nger + 3ea, (C.48)

is a solution. Requiring that all bundles in eq 3.38 admit holomorhic sections we find: n, = 1,2, 3.

D Some Spectral Cover Technicalities

In this appendix, we describe how to compute the ’components at oo’ that must be removed from C(® . 7C
when computing matter curves for C(* a component of the full spectral cover C. This is all well-known and we
include this appendix only for illustration. Let us start by recalling the nature of the net component at co. We
can write generic 5-sheeted spectral cover as

C=bsV5 + b, VAU 4+ b3V3U? 4 b VU + boU® (D.1)
The locus C N 7C is described by the equations
0="U (boU" + boU?V? + by V'*)

0=V?(bsU? + b5V?) (D2)
The 10 matter curve is the solution
Y10: U=0b;=0 (D.3)
The 5 matter curve is given by
Yo boU* + boUV2 + by V* = 03U +b5V2 = 0 (D.4)

which is easily seen to be a 2-sheeted cover of the curve bob2 — babsbs + b3bs = 0 inside Sgur. What remains is
the ’component at oo’ that must be subtracted off, namely

3x [V =by=0] (D.5)

where we have explicitly indicated the multiplicity of 3 with which this component appears. The homological
class of this component is simply?°
3000 TN (D.6)

20Note that we could, in principle, artifically move some parts of 3 off to infinity by allowing bp and b3 to have common factors.
There are several reasons to expect that this does not change our identification of the part of C N 7C that corresponds to ¥z. In
particular, even though we artifically moved some component of Yz off to oo, that component should still be considered part of
the 5 matter curve. One can see this by looking at the singularity structure of the local Calabi-Yau geometry that the b, specify
as the equation for the SU(6) enhancement locus does not change when b3 and bg have a common factor. Alternatively, we can
look directly at the antisymmetric spectral cover, Cy2 g, in terms of which the 5 matter curve is just Cy2 g - o [38]. Nothing special
happens when b3 and bp carry a common factor other than the splitting of this matter curve into a few components. In what
follows we will just assume generic b3 and bg. Similar concerns enter when discussing the so-called ’components at oo’ associated
to C(@) N 7C below.
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Let us now turn to C(*) N7C for components C(™ of varying degree n. In general, we can write such a component
as
dp V" + ..+ doU™ (D.7)

for some sections d,,. The net homological class of C(™) is
C™ =no 4 ¢, (D.8)

where dj is a section of the bundle &, on Sgur. What we want to see explicitly is that the 'component at oo’
of C™ N 7C that must be removed in the course of computing matter curves is simply

3000 : W*gn (D9>
Since the full spectral cover C is in the class
C=50+7"n (D.10)

we know that

Y tu=n (D.11)

components

D.1 Linear and Quartic Components

Let us now start by considering a linear component C) so that

C=(diV +doU) (asV* + a3V>U + a2V2U? + a1 VU? + agU*)

D.12
CY =d\V +doU (D-12)

The traceless condition implies that
ardo + apdy =0 (D.l?))

Note that the quartic piece could factor further. Whether or not this actually happens, though, will not have
any effect on the analysis that follows. We can study C(Y) N7C by starting with 7C and repeatedly utilizing the
relations doU = —d,V and a1dy + agd; = 0. Doing this, we find an explicit equation for C() N 7C that takes
the form

0=doU+d1V
3 5 5 (D.14)
= d1V (G2U — a3UV + G4V )
From this, we see that the ‘component at oo’ is simply
3x [V =dy=0] (D.15)
which is in the class
3000 - TEY (D.16)

We can also immediately read off the component at co of C) - 7C since we can just take C to be the quartic
factor in (D.12). With our above analysis, it is clear that it is in the class

3000 T (N —&1) = 3000 - T4 (D.17)
because & + &4 = 7 from (D.11). We can also write directly the equations for C® N 7C as

0 = agU* + a1 U3V + ayU?V? 4+ a3UV3 + a,V*

D.18
=V? (a3doU? + azd1 U? + ayd, V?) (D-18)

from which (D.17) also follows.
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D.2 Quadratic and Cubic Components

Let us now turn to the cases of quadratic and cubic factors C? and C®®). To study a quadratic factor C(?) we
write

C = (a2V? + a1VU + agU?)(e3V?3 + eaV2U + e VU? + eU?)

D.19
C? = ayV2 4+ a1 VU + agU? (D-19)

where traceless tells us that
ajeg + apel = 0 (DQO)

The cubic piece could factor further but this will not affect the analysis that follows for C(?). We can now write
simple equations for C(?) N 7C by starting with 7C and repeatedly using the defining equation for C as well as
the traceless condition (D.20) to further simplify things. In the end, we find

0=aoU? +a UV + asV?

=V3 (—(2&261 + 2aieq + aoeg)U2 +a1esUV — CL263V2) (D-21)
The part that must be subtracted when determining matter curves is precisely
3x [V =ay=0] (D.22)
which is in the class
3000 - & (D.23)

Now, it is a simple matter to compute C®® - 7C. The reasoning above does not depend on whether C(?)
factors further so we know that the component at oo that must be removed from C® - 7C is just

300 (N —&2) = 3000 - TEs (D.24)
We can also write directly the equations for C*) N 7C as

0= aoU? + a1 UV 4 axUV? + a3V

D.25
=V? ((are2 + apes + aze1)U? + azesV?) ( )

from which (D.24) also follows.

E Survey

This appendix gives a detailed list of properties of the models and an account of how we arrived at the list of
models given in the survey in Appendix A. Recall that we consider models with two U (1) symmetries, and thus
there are two types of factorizations of the spectral cover, i.e. 2+2+1 and 34141, which we now discuss in
turn.
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E.1l1 24241

We now discuss in detail how we arrive at the models in Appendix A. We begin with the spectral covers that
factor as 2 + 2 + 1. A generic solution to the Dudas-Palti relations here takes the form

Matter Curve Fy
10 —M—N
10(® M
10(© N
5 ~M-N-P (E.1)
5led) P+Q
(dd) M—0Q
5o M+N+P-Q
5 ~M-P+Q

There are three types of charged singlets that can break one of our U(1)’s through an expectation value.
In turn, they have weights £(A\, — Ag), £(Aa — Ae), and £(Ag — Ac). To make our analysis systematic, we will
consider in turn what kind of models we can get by letting one of these singlets pick up a nonzero vev. The
second and third cases are related by symmetry so it will be sufficient to consider only the first two.

E.1.1 Singlet with weight \; — A\,

A singlet with weight £(\, — Ag) will be unable to lift any exotics on the 10(®) curve so we must set N = 0.
Doing this, the spectrum on each matter curve is as follows

Matter Curve | (1,1)+1 | (3,2)+1 6 | (g,l)_g 3

101 Go— M Ga Go+M
10(d) Gg+M Gy Gg— M (E2)
10(® G. G. G.
Matter Curve (g, 1)+1 3 (1, 2)_1 2
5 Gaa Goa+ M+ P
5 Gl Gat — P~ Q
=(dd) (E.3)
5 Gad Gu+Q—-M
g(ae) Gae Gae + Q -M-P
5 Gie |Ga+M+P—Q

We must put 103, on one of 10 or 10(?, Without loss of generality, let us put it on 10(*). This means

. —(aa)

that 5z must live on the curve 5 .
Because all three generations of 10, live on 10(%), any exotics that localize there must have the same
chirality as the 10,; fields. We therefore have two choices. If there are exotics on 10(*), then in order to lift

them the sign of our singlet weight is fixed to
Weight of singlet is Ag — A4 (E.4)

We shall investigate this possibility for now and return to the case A\, — Ay with no exotics on 10(*) later.
When the singlet weight is Ay — A4, the allowed mass terms are

X1010" 4+ x5 50D 4 x5 V5 4 x5 50 (E.5)
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To get a top Yukawa coupling we must put H, on g(aa). There can be no excess of up-type doublets because

they do not participate in the allowed mass coupling. We therefore see that
Gaa+M+P:_1 (E6)

For the assignments of the remaining 5 matter curves there are several possibilities. Note, however, that
the net chirality of both doublets and triplets on 59 and 5

5 or 5. In each case, the assignment of 5,/ is fixed by the desire to get a down type Yukawa coupling.
We consider each of these possibilities in turn.

is vanishing. This means that 5z must lie on

e 5 =5 and 5 — 5
In this case we need three 5’s on g(de). There can be no excess of 5’s there because they do not participate
in the mass term. As a result, we have

Gie=3 Gae=0 Q=M+P (E.7)

(ad)

We need at least one down-type doublet on 5 to play the role of H;. There can be an excess of these

doublets in principle because they can be lifted through the mass term. The net chirality on g(ad) and
5 has to be +1, though so we find

[Gia+Q — M)+ [Gua—P—-Q]=1 — Gia+Gea—Q =1 (E.8)

Turning now to the triplets, there are two cases to consider. We can have down-type triplets on g(ad) that

(dd) (aa)

. In this case, we cannot have any triplets on 5 . The other option

(aa)

pair with up-type triplets on 5

is to have up-type triplets on 5(®® that pair up with down-type triplets on 5 . In this case, we cannot

dd)

have any triplets on 3( . We summarize the two cases below.

— Down-type triplets on 5ed)
In this case, we must have

Goa=—Ggqa >0 Gaa =0 (E9)
The condition (E.8) becomes
Q=-1 (E.10)
while (E.6) implies
M+P=-1 (E.11)
which is consistent with (E.7). Summarizing, we have
Matter Curve | G |  Fy | (1,1)41 | 83,2116 | (B,1)_ay3
10 3+G| P+1 |3+G+(P+1)| 3+G [3+G—(P+1) (E.12)
10(@ -G |-(P+1)| -G—(P+1) -G ~G+(P+1) '
10 0 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1 2
5 0 1 0 —1
5o Goa |P=1| Gug | (Gea—P)+1
> dd) (E.13)
5 _Gad -P _Gad _(Gad - P)
5 0 0 0 0
5% 3 0 3 3
where B
Gua >0 (Gad—P)ZO GZ|P+1| (E.14)



— Up-type triplets on 5l
In this case, we must have

Gaoa = —Gaqg >0 Gaa=0 (E.15)
The condition (E.8) becomes
Gaa = _(Q + 1) (EIG)
while (E.6) implies
Goo=—(M+P+1) (E.17)

which is consistent with (E.7). Summarizing, we have

MC.| G | Fy | (1,1) 41 | (3,2)41/6 | (3,1)_a/3
109 [34+ G| P+Gaat+1l [3+G+P+Gaa+1)| 3+G |[3+G—(P+Gau+1)
109 | -G | =(P+Ga+1)| —G—(P+Gaa+1) -G ~G+ (P+Gaa+1)
100 | 0 0 0 0 0
~ (E.18)
Matter Curve | G Fy (3, 1)y1/3 | (1,2)_10
57 Goa | 1+ Gaa Gaa -1
5 Goa | P—1=Gaa| —Gaa 1-P
() 0 _p 0 P (E.19)
5 0 0 0
5 3 0 3 3
where ~
Gaa>0 (=P)>0  G>|P+Gaa+1] (E.20)
e 5y =5 and 5y — 5"

With this assignment, we need one down type doublet on g(dd) and there can be no excess of these doublets

because they do not participate in the mass term. This means that
Gia+Q—-M=1 (E.21)
in addition to the condition we had before from up-type doublets on 5(¢®)

Gaa+P+M=—1. (E.22)

Our 5,/’s sit on g(ae). There can be an excess of down-type doublets and triplets here because they can
be paired with up-type doublets and triplets on 5(4€). In general, we must have

Gae=3+G Gae=—G G>0 Q>M+P=—(1+4Ga,) (E.23)

where we included the information from (E.6).

Turning to the triplets, we again have two cases depending on whether 5o

triplets.

houses up- or down-type

— Down-type triplets on 5l

In this case, we must have
Gog=—-G4a >0 Gaa = 0. (E.24)
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The resulting fluxes and spectra are

MC| ¢ | B | D | B2usw]| G s
109 [34+G| P+1 [3+G+(P+1)| 3+G [3+G—(P+1)
109 | -G | —(P+1)| -G—(P+1) -G -G+ (P+1)
109 | 0 0 0 0 0
Matter Curve | G Fy (3,1)41/3 (1,2)_1 /0

5l 0 1 0 1

59 Gad Gad Gad 0

59 —Glaa —Gaq—1 —Glaa

5 340 P-Gaa—1| 3+G |3+CG+Guat1-P

5 -G | -P+Gu+1| -G GGy —1+P

where R A R
Gaa >0 G>0 G+Guq+1—-—P>0 G>|P+1].

— Up-type triplets on 5 Iy this case, we must have
Gaa == _Gad Z 0 Gdd =0

The resulting fluxes and spectra are

(E.25)

(E.26)

(E.27)

(E.28)

MC.| G | Fy | (1,1)41 | (3,2) 416 | (3.1)_a/s
109 |3+4+G| Gaa+P+1 [34+G+(Gaa+P+1)| 3+G [3+G—(Gaa+P+1)
109 | —G | ~(Gag+P+1)| =G —(Goa +P+1) -G —G+ (Gaa+P+1
100 | 0 0 0 0 0
B (E.29)
Matter Curve | G Fy (3,1)41/3 (1,2) 12

5 Gaa | Gaa+1 | Gua -1

500 Gaa | ~Gua | —Gaa 0

g(dd> 0 1 0 (E.30)

5 3+G| P—1 | 3+4G |3+4G—(P—-1)

5 -G |-p-1)| -G —G+(P-1)

where

Gawa>0 G>0 G—(P-1)>0 G>|Gaa+P+1].

E.1.2 Singlet with weight \, — Ay

(E.31)

Now that we have exhaustively analyzed the case where the singlet weight is Ay — A4, let us return to the other

possibility
The singlet weight is A, — Ag

(E.32)

Because 10, is on 109, any exotics on 10(*) must come from the 10 so that their weight is A, and they

cannot be lifted by our singlet. This means that we must choose
M=N=0
Further, the allowed mass terms are

Xg(ad)5(aa) + Xg(dd)5(ad) + g(de)5(ae)
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For the assignments of 55 and 5,;, there are several possibilities. Note that the net chirality of both doublets
(de) . . . . .
, which can only pair up with one another via a mass term. This

(

and triplets are identical on 5 and B

. =(ad
means that we cannot put Hy on either of these curves. We are also unable to put Hy on 5 ) because down

(aa)

type doublets there can pair up with up type doublets on 5 via the mass term. As a result, our only option

1S
5y — 5% By 5 (E.35)

There are now four choices depending on whether we have down type or up type triplets and doublets on g(ad)

e Down type triplets and down type doublets on g(ad)
In this case, we must have exactly 1 down type doublet and zero down type triplets on 5% The net
chirality of doublets on 5% and 5 must then be -1. We find
Gad = _Gaa >0 Gdd =0 Gaa +P=-1 Q =1 (E36)

Finally, we note that exotics on 5 must come from the 5 because they represent an excess beyond the
three generations of 5); that we put there. Among other things, this means that the U(1)y flux through

5 and 5% must vanish
P=1 (E.37)
In the end, we have 3
M(C) |G Fy | (1,11 [ 3,2)41s6 | B 1)—gys
10'% | 3 0 3 3 3
E.
109 10| 0 0 0 0 (E.38)
1000 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1/2
g(aa) _Gad -1 _Gad _Gad +1
=(ad)
5 Gad 2 Gad Gad - 2
_ E.39
5.1 0 | -1 0 1 (E.39)
5 3 |0 3
5 0 | 0 0 0
where
Gaa > 2. (E.40)

e Down type triplets and up type doublets on g(ad)

In this case, we must have exactly one up type doublet on 5(%®) and zero triplets on g(dd). Further, the

net chirality of doublets on 5D and 3 must be +1. We find

Gad = _Gaa > 0 Gdd =0 - Gad +P=-1. (E41)

Finally, we note that exotics on g(ae) must come from the 5 because they represent an excess beyond the
three generations of 55, that we put there. Among other things, this means that the U(1)y flux through

5% and 5°® must vanish

Gaoa — Q — 1. (E.42)
This leads to

M(C) |G Fy | (1,11 [ 3,2) 416 | B 1)—gys

109 [ 3] 0 3 3 3

109 | 0| 0 0 0 0 (E.43)
109 0] 0 0 0 0



Matter Curve G FY (g, 1)+1/3 (1, 2)_1/2
g(aa) _Gad _Gad +1 _Gad -1
g(ad) Gad 2Gad -2 Gad 2 - Gad
(dd) (E.44)
5 0 —Gaqg+1 0 Gea —1
oo 3 0 3 3
5 0 0 0 0
where
Gaag > 2. (E.45)
(ad)

Up type triplets and down type doublets on 5
(@) and exactly 1 down type doublet on 5% The net

" and 59

In this case, we must have zero triplets on 5

chirality of doublets on 5 and 5 must be -1 while the net chirality of triplets on 5ld
must be 0. This all leads to

Gia=—Gaa >0  Gua=0  Gaa+Q=1 (E.46)

Finally, we note that exotics on g(ae) must come from the 5 because they represent an excess beyond the
three generations of 55, that we put there. Among other things, this means that the U(1)y flux through

5 and 5°® must vanish

P—-1+Gg=0. (E.47)
This leads to

M(C) |G| By | (L)1 [ (3,2) 4176 | (By1) a3
10'¢ 3 0 3 3 3
109 0| 0 0 0 0 (E.48)
1090 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1/2
50 0 | Gu-1 0 1—Gaa
—(ad
5! —Gaa |21 —=Gaq) | —Gaa | -2+ Gag
2 (E.49)
5 Gaq Gaa — 1 Gaq 1
5l 3 0 3 3
54 0 0 0 0
where
Gaa > 2. (E.50)

Up type triplets and up type doublets on g(ad)

In this case, we must have 0 triplets and 1 up type doublet on 5 The net chirality of triplets on 5l

and g(dd) must be 0 while the net chirality of doublets must be 1. This leads to

Gdd - _Gad > 0 Gaa =0 P=-1 (E51)

Finally, we note that exotics on g(ae) must come from the 5 because they represent an excess beyond the
three generations of 55, that we put there. Among other things, this means that the U(1)y flux through
=(ae) =(de) .
5 and 5 must vanish

Q=-1 (E.52)

49



This leads to

M(C) |G| By | (L)1 [ (3,2)41/6 | (3,1) a3
109 [ 3] 0 3 3 3
E.53
109 | 0| 0 0 0 0 (E.53)
109 {01 0 0 0 0
Matter Curve G FY (g, 1)+1 3 (1, 2)_1 2
5 0 1 0 1
g(ad) —Gaa | =2 —Gaa —Gaq+2
(dd) (E.54)
5 Gaa 1 Gaq Gagqa—1
5l 3 |0 3 3
5l 0 | o 0 0
where
Gaa > 2. (E.55)

E.1.3 Singlet with weight +(\, — \.) with 10;; on 10(®

Because our singlet treats states with weights A, and A, differently, the choice of where 10), fields localize
becomes important. In this subsection, we take the 10y, fields to localize on 10(%). We cannot lift any zero
modes that localize on 104 so it better be that the flux there vanishes. This means that M = 0. The spectrum
on each matter curve, in this case, is as follows

Matter Curve | (1,1)41 | (3,2) 4176 | (3,1)_2/3

10@ G,— N G, Go+ N
10 0 0 0 (E-56)
10t Ge+ N G. Ge— N
Matter Curve (g, 1)+1/3 (1, 2)_1/2
5 Gaa Goo + N+ P
=(ad)
5 Gad Gad - P - Q
=(dd) (E.57)
5 Gaa Gad + Q
g(ae) Gae Gae + Q -N-P
5 Gle Gae +P - Q
There are now two subcases depending on the sign of the singlet weight.
e Singlet weight is A\e — A\,
In this case, the allowed mass terms are
X10@T10 4+ x5*5le) 4 xFD5de), (E.58)

Note that 5% does not participate in any mass couplings.

Consider now the assignment of 5 matter curves. To get a top Yukawa coupling, we must get H, from

5(@@)  To get a bottom Yukawa coupling, we can then place 5y; and 5y on either the pair g(ad)/g(de) or

the pair g(ae)/g(dd).
Suppose first that we put 5,//55 on the pair 5l /g(de). Because fields on these two curves can only get

mass by pairing with one another, we see that the net chirality of triplets on both must be 3 while the
net chirality of doublets must be 4. This amounts to the conditions

Gaad + Gge = 3, -2Q =1. (E.59)
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Because @ is an integer, we see that there are no solutions.

We are therefore forced to put 5, /55 on the pair 5 / 5, Regardless of which of the two possibilities
)
must both

must be down type in order to participate

for this assignment we have, the net chiralities of both doublets and triplets on g(ad) and g(de
vanish. Further, we know that all doublets and triplets on g(ad)

in the mass coupling while those on g(de) must be up-type. This means that
Gaqg — Gge > 0, Goa — P >0, Q=0 (E.60)
Now, because ) = 0 there can be no U(1)y flux threading 5. We are therefore forced to take
5u =5 By 5. (E.61)

The down-type doublets on g(ae) do not participate in the mass coupling so there must be exactly one
of those. We can have up-type triplets there that become massive by coupling to down-type triplets on

g(aa). Of course, the up-type doublets on g(aa) do not enter into the mass term so we better have exactly
one of those as well. All of these conditions mean that

GaaZ—GanO, Gaa+N+P:17 Goe — N —P=-1 (E62)

where these equations exhibit one redundancy.

Taking everything together, the fluxes and spectra are as follows

Gaoo = —Gaqg >0, Ggq = 0. (E.63)
The resulting fluxes and spectra are
MC | G| Fy | (1,1)41 | (3.2)41/6 | (3.1) /3
109 [34 G| Gaa+P+1 [34G+(Gaa+P+1)| 3+G [3+G—(Gaa+P+1) (B.64)
109 | 0 0 i 0 0 i 0 '
10 | -G | ~(Gaa+P+1)| =G~ (Gaa+P+1) -G ~G+ (Gaa + P +1)
Matter Curve | G Fy B, D115 | (1,2)_1p0
g(aa) Gaa Gaa + 1 Gaa _1
(ad)
5 Gad P Gad Gaqa — P
_ E.65
5 3 0 3 3 (E.65)
g(ae) _Gaa _Gaa -1 _Gaa 1
g(dE) _Gad -P _Gad _(Gad - P)
where ~
Gaa Z 07 Gad Z 07 (Gad - P) Z 07 G Z |Gaa + P + 1| (EGG)

Singlet weight is Ay — Ae

In this case, we cannot lift any potential exotics on 10(*) since they must come from a 10. As a result,
we have

N =0. (E.67)

The mass terms of interest are therefore

Xg(ae)5(aa) + Xg(d€)5(ad). (E68)
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As before, the presence of a top Yukawa coupling means that we must get H,, from 5(**). To get a bottom

Yukawa, coupling, we can then place 53; and 5 on either the pair g(ad)/g(de) or the pair g(ae)/g(dd).

Suppose first that we put 55, /55 on the pair 5l /g(de). Because fields on these two curves can only get
mass by pairing with one another, we see that the net chirality of triplets on both must be 3 while the
net chirality of doublets must be 34+1=4. This amounts to the conditions

Gad + Gge = 3, -2Q = 1. (E.69)

Because () is an integer, we see that there are no solutions.

We are therefore forced to put 5,/ /55 on the pair 5 / 5, Regardless of which of the two possibilities

for this assignment we have, the net chiralities of both doublets and triplets on g(ad) and g(de) must vanish.
Further, we know that all doublets and triplets on g(ad)

mass coupling while those on g(de) must be down type. This means that

must be up type in order to participate in the

Gae + Gaqg > 0, Gge + P >0, G=0. (E.70)

(dd

Now, because @ = 0 there can be no U(1)y flux threading 5 ). We are therefore forced to take

(dd)

5u — 5 5y — 5. (E.71)

Any down type doublets on g(ae) will pair with up type doublets on 5(%®) though, making it impossible
to obtain massless H, and Hy. We therefore conclude that
There are no viable models with singlet weight A, — Ac. (E.72)

E.1.4 Singlet with weight +(\, — \.) with 10;; on 10(®

As in the last case, we cannot have any exotics on 10 so we must have M = 0. The spectrum on each matter
curve with this choice is given by

Matter Curve | (1, 1)+1 | (3, 2)+1 6 | (g, 1)_2 3
10 G, — N Ga Go+ N
10(@ 0 0 0 (E.73)
10(® G.+N G. G.— N
Matter Curve (g, 1)+1 3 (1, 2)_1 2
5 Gaa Gega+ N+ P
£(ad)
5 G, Gea— P—Q
> dd) d 4 (E.74)
5 Gad Gaa + Q
g(ae) Gae Gae + Q -N-P
i Gae Gae+P —Q

The chiralities of exotics on 10® can in principle be arbitrary so we cannot conclude anything about the

sign of the singlet weight at this point.

(dd (

Because 10, is on 10(%), we must get H, from 5 ). Further, we know that 5 dd) does not participate in

any mass terms for either sign of the singlet weight. This means that we must have

Gag=0 Q=-1. (E.75)
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Let us turn now to the 5’s. In order to get a down type Yukawa coupling we must put 55, and 55 on either
g(aa)/g(de) or g(ae)/g(ad). Note that in neither case can fields on the 5, matter curve couple to 55 matter
curve through the mass term. Wherever we put 5,7, it must be that the net chirality of doublets and triplets
on this curve and the one that it couples to via the mass term is 3. Take a closer look at the curves that can
be connected by singlet vevs, though

5 5l gled) 5, (E.76)
The net chiralities of triplets and doublets on g(aa) and g(ae) are Guq + Gae and Ggaq + Gee + Q, respectively.
Since Q = —1, these can never be equivalent. Similarly, the net chiralities of triplets and doublets on 5 and
g(de) are Goq + Gge and Gogq + Gge — 2Q), respectively. Again, since Q = —1 these can never be equivalent. We
therefore see that
There are no viable models with singlet weight + (A, — A) and 105, on 109, (E.77)
E.2 3+1+1
A generic solution to the Dudas-Palti relations here takes the form
Matter Curve Fy
10@ ~-M -~ N
10 M
10 N
5 ~2(M +N) - P (E.78)
5% 2M + N + P
5 M+2N +P
51 ~M-N-P

In order to get a top Yukawa coupling we must always realize 105, on 10(*) and H, on 5, Without loss
of generality, there are two choices of singlet weights that we can take as £(A, — A\g) and £(Ag — A\e). We treat
each of these in turn.

E.2.1 Singlet with weight +(\, — \;)
A singlet with this weight will be unable to lift any exotics on the 10(®) curve so we must set

N =0. (E.79)
Doing this, the spectrum we get on each matter curve is as follows

Matter Curve | (1,1)41 | (3,2)1176 | (3,1)_2/3

10 Gy — M G, Go+M
10(4) Ga+ M Gy Gy— M (E.80)
10 G. G. G.
Matter Curve | (3,1)11/3 | (1,2)_1/0
5l Goa Goa +2M + P
5l Gaa | Gaa — (2M + P) (E.81)
g(ae) Goe Gae — (M + P)
5 Gie | Gae+ (M +P)
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In addition, any exotics on 10(*) must come from the 10 since they arise as excesses of zero modes in addition
to the three generations of 10;,’s that localize there. If we have any such exotics, the singlet weight must be

Singlet weight is Ag — Aq. (E.82)
We focus on this case for now, which gives rise to the mass terms

XlO(a)E(d) +Xg(aa)5(ad) +Xg(a€)5(de)' (E83)

Because H,, localizes on g(aa) and up type doublets do not participate in the mass term, the number of doublet
zero modes there must be exactly -1
Gaa +2M + P =—1. (E.84)

To get a down type Yukawa coupling we must put 55 /5, on 5l /g(ae). If we put 557 on 5l

) )

, though, we

encounter a problem. Fields on g(ad become massive by pairing with fields from g(aa , where our Higgs doublet

H, lives. The net chirality of doublets on g(aa) and g(ad) is equivalent to the net chirality of triplets, though,
so it is impossible to get the desired spectrum, which has a net chirality of 3 triplets and 3-1=2 doublets.

Suppose we instead put 537 on 5. In this case, Hy goes on 5 Down type doublets on 5 4o not
participate in the mass term, though, so we must have exactly 1 such zero mode there. This implies that

Gaa — (2M + P) = 1. (E.85)

)

We can have up type triplets on 5D that pair with down type triplets on 5% This leads to

Gaa = _Gad > 0. (E86)

(

We turn finally to the 5,7 fields on 5 ) The net chirality of both doublets and triplets on 5 and 5de)

must be 3 which leads to A R
Gae =3+ G, Gae = —G, M+ P =0. (E.87)

where

G > 0. (E.88)

In the end, we therefore find the following lone possibility for the spectrum and fluxes

Gaa - _Gad Z 07 Gdd =0. (ESQ)
The resulting fluxes and spectra are
M.C. | G | Fy | (1,1)41 | (3,2) 4176 | (3,1)_a/3
109 134G | Gaat+1 [34G+(Gua+1)| 3+G [3+G—(Gaa+1) (E.90)
109 | —G | —(Gaa +1) | =G~ (Gaa + 1) -G —G 4 (Gaa +1) '
10 | 0 0 0 0 0
Matter Curve | G | FY | (g, 1)+1 3 | (1, 2)_1 2
g(aa) Gaa Gaa + 1 Gaa -1
5 Gua | ~Cua—1| —Cua 1 (E.91)
5(*) 3+ G 0 3+G | 346
5 -G 0 e -G
where R R
G >0, G >0, G > |Gaa + 1] (E.92)



Let us now return to the possibility of singlet weight A\, — A4. In this case, we cannot lift any exotics from
10 curves so both M and N must vanish. The mass terms take the form

50D g (aa) n x5 g (ac) (E.93)

A top Yukawa coupling forces us to put H, on 5. A bottom Yukawa coupling then requires that 51 /5 be
placed on . Either way, we must have at least one non-exotic massless down type doublet on g(ad).

5led) /g(ae)
Because of the mass term, we cannot simultaneously keep a massless up type doublet on 5(%®) and a massless

down type doublet on 5?50 we conclude that
There are no viable models with singlet weight A\, — A4. (E.94)
E.2.2 Singlet with weight +(\; — A.)
A singlet with this weight will be unable to lift any exotics on the 10(*) curve so we must set
M+ N =0. (E.95)
Doing this, the spectrum we get on each matter curve is as follows

Matter Curve | (1,1)+1 | (3,2)+1 6 | (g,l)_g 3

10(@ Ga Ga Gq
10(9 Ga+M| Gy | Gi—M (E.96)
100 G.— M G. Ge+ M
Matter Curve | (g, 1)+1 3 | (1, 2)_1 2
5 Gaa Gaa + P
g(ad) G od Gos— M — P (E.97)
5 Gae | Gaet+M—P
5% Gae Gge + P
When the singlet weight is +(Aq — A.), none of the fields on g(aa) or g(de) can participate in any mass terms.

)

Since we must have H, on g(aa in order to get a top Yukawa coupling we must take

Gaa=0 P=—1. (E.98)

When we do this, however, the zero modes on 5 cannot comprise a complete GUT multiplet. We are therefore

(de)

forced to put 57 on 5 . This is impossible, though, because the absence of triplets on 5 forces

Gae =0 (E.99)

(

which, along with P = —1, leads to an up type doublet on 5 de). We therefore see that

There are no viable models with singlet weights + (Ag — A¢). (E.100)
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