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Open inflation scenario is attracting a renewed interest in the context of string landscape. Since
there are a large number of metastable de Sitter vacua in string landscape, tunneling transitions to
lower metastable vacua through the bubble nucleation occur quite naturally, which leads to a natural
realization of open inflation. Although the deviation of Ω0 from unity is small by the observational
bound, we argue that the effect of this small deviation on the large angle CMB anisotropies can
be significant for tensor-type perturbation in open inflation scenario. We consider the situation in
which there is a large hierarchy between the energy scale of the quantum tunneling and that of the
slow-roll inflation in the nucleated bubble. If the potential just after tunneling is steep enough, a
rapid-roll phase appears before the slow-roll inflation. In this case the power spectrum is basically
determined by the Hubble rate during the slow-roll inflation. On the other hand, if such rapid-roll
phase is absent, the power spectrum keeps the memory of the high energy density there in the large
angular components. Furthermore, the amplitude of large angular components can be enhanced due
to the effects of the wall fluctuation mode if the bubble wall tension is small. Therefore, although
even the dominant quadrupole component is suppressed by the factor (1− Ω0)

2, one can construct
some models in which the deviation of Ω0 from unity is large enough to produce measurable effects.
We also consider a more general class of models, where the false vacuum decay may occur due to
Hawking-Moss tunneling, as well as the models involving more than one scalar field. We discuss
scalar perturbations in these models and point out that a large set of such models is already ruled out
by observational data, unless there was a very long stage of slow-roll inflation after the tunneling.
These results show that observational data allow us to test various assumptions concerning the
structure of the string theory potentials and the duration of the last stage of inflation.

PACS numbers: Valid PACS appear here

I. INTRODUCTION

The recent observational data show that the universe
is almost exactly flat, Ω0 = 1 with accuracy of about
1% [1]. This result is in an excellent agreement with the
predictions of the simplest inflationary models [2]. How-
ever, in the context of string landscape scenario [3–5] it
is quite possible that our part of the universe appeared
as a result of quantum tunneling, after being trapped in
one of the many metastable vacua of string theory. In
many cases, tunneling can be described by an Euclidean
O(4)-symmetric bounce solution called Coleman-De Luc-
cia (CDL) instanton [6, 7]. Due to the symmetry of the
bounce solution, the expanding bubble has O(3, 1) sym-
metry. The bubble formed by the CDL instanton looks
from the inside like an infinite open universe [6, 7]. If
there was no inflation after tunneling, the interior of the
bubble becomes an almost empty curvature dominated
universe with Ω0 ≪ 1, which is ruled out by observa-
tions. However, if the universe experienced a sufficiently
long stage of slow-roll inflation inside the light-cone ema-
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nating from the center of the bubble, the universe almost
exactly flat, with Ω0 ≈ 1 [8–16].

If inflation inside the bubble is too long, the universe
will be absolutely flat, and hence we would be unable to
tell whether our part of the universe was produced by this
mechanism. Therefore one could argue that it would re-
quire significant fine-tuning to produce an open universe
with a minuscule but still observable deviation of Ω0 from
1, e.g. 1−Ω0 ∼ 10−2−10−3. However, this conclusion is
not necessarily correct. Freivogel et al. argued that long
stage of inflation in string theory may be improbable, so
it would be natural to have Ω0 ≪ 1 [17]. The only reason
why we do not live in such a universe is that formation
of galaxies would be disrupted by expansion of a curva-
ture dominated open universe, just as it is disrupted by
the existence of a cosmological constant [18]. This pro-
vides a possible anthropic explanation of the smallness of
the parameter 1−Ω0. According to [17], the probability
to observe the deviation from flatness 1 − Ω0 < 0.02 is
about 90%. This result was further strengthened in [19],
where it was shown that in a certain class of the prob-
ability measures, the probability to find a universe with
1 − Ω0 > 10−3 is only about 6%. One should bear in
mind that such estimates strongly depend on the choice
of the probability measure, which remains an unsolved
problem. However, these estimates suggest that one can
obtain an explanation of the observed flatness of the uni-
verse compatible with a relatively short stage of slow-roll
inflation inside an open universe. Therefore, it is not
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very improbable that 1 − Ω0 may be in the observable
range. The goal of our paper is to study possible ob-
servational consequences of the open universe scenario
with 1 − Ω0 ∼ 10−2 − 10−3 for the Cosmic Microwave
Background (CMB) anisotropy. We will focus on tensor
perturbations.

One should note that even though the basic idea of this
scenario is pretty simple, it is not easy to find a realistic
open inflation model in the single field inflationary sce-
nario. For example, the simplest potential which allows
inflation at φ > Mpl and has a metastable vacuum state
at large φ can be written as a sum m2φ2/2 − δφ3/3 +
λφ4/4, where m2, δ, λ > 0. An investigation of inflation
in this scenario demonstrated that V ′′ < H2 in the vicin-
ity of the barrier [20]. In this case the tunneling occurs
not through the barrier, but to the top of the barrier,
described by the so-called Hawking-Moss instanton [21–
25]. Then we will have eternal inflation at the top of the
barrier with V ′ = 0, V ′′ < H2, which leads to genera-
tion of density perturbations O(1) on the curvature scale.
Therefore if the subsequent stage of the slow-roll inflation
is short, we would see enormously large CMB perturba-
tions on the horizon. This would dramatically contradict
the results of the cosmological observations, unless the
subsequent stage of inflation is very long, which makes
the universe flat, Ω = 1.

It is possible to overcome this problem and find single-
field models where CDL instantons lead to tunneling and
subsequent inflation. Up to now, only one explicit model
of this type was proposed [26, 27], but the inflaton po-
tential of this model is quite complicated. The scalar
perturbations ignoring the self-gravity of these fluctua-
tions in single-field models has been considered in [10–
16]. As for the tensor perturbations, the studies in which
the perturbation of scalar field was neglected was done
in [28–31]. The general formula for the power spectrum
for the single-field open inflation was given in [32, 33].

It is much simpler to construct models with two fields,
where the stage of the slow-roll governed by one of the
fields is synchronized by the tunneling of another field,
see e.g. [20, 34–41]. However, synchronization of the tun-
neling in these models is only approximate. Therefore
the geometry of the universe inside the bubble is not ex-
actly described by the metric of an open homogeneous
universe. That is why these models were called “quasi-
open” [20].

In the simplest models of this type, the universe in-
side the bubble has an island-like structure, since a suf-
ficiently large number of e-folds is possible only around
the maximum of density formed by the statistical fluctu-
ation. If we consider the simplest possibility that there is
no direct interaction between the tunneling field and the
inflaton field that drives inflation inside the bubble, these
models are troubled with large supercurvature perturba-
tions, especially when the energy scales before and after
tunneling are significantly different. The angular power
spectrum for the supercurvature perturbations are esti-

mated as [34, 35, 41] (see also [14])

ℓ(ℓ+ 1)

2π
C

(Λ)
ℓ ≈ κ

ǫinf

(

HL

2π

)2

(1− Ω0)
ℓ
,

where κ = 1/M2
pl = 8πG, HL is the Hubble rate on

the false vacuum side, and ǫinf denotes the slow-roll pa-
rameter during the standard slow-roll inflation. (In the
following, we often use the Planck units in which Mpl is
set to unity.) This amplitude of fluctuation has steep ℓ
dependence and is much larger than the ordinary slow-
roll power spectrum determined by the Hubble rate dur-
ing the open inflation unless 1 − Ω0 is extremely small.
Therefore we need to introduce some complications even
in two field models, in order to make them compatible
with observations [35].
Originally, the models of open inflation were proposed

in order to describe an inflationary universe with Ω0 ∼
0.3. The possibility that Ω0 ∼ 0.3 were eventually ruled
out from the CMB observations, but CMB observations
do not rule out the possibility that inflation after tun-
neling is sufficiently long and Ω0 is sufficiently close to
1. This fact gives a revived interest in the generation of
perturbation in these models from the point of view of
testing some of the predictions of the string landscape
scenario. Indeed, we will find that some models based on
CDL tunneling are consistent with the existing observa-
tional data for 1− Ω0 ∼ 10−3, but may be ruled out for
1− Ω0 ∼ 10−2. Furthermore, models of quasiopen infla-
tion, as well as the models leading to the Hawking-Moss
tunneling [21, 23, 24], may lead to very specific predic-
tions, which may allow us to test basic principles of the
string inflation scenario and to study observational con-
sequences of the decay of the metastable string theory
vacua. The general requirement to this class of model is
that 1− Ω0 must be extremely small, which means that
inflation after the tunneling must be very long.
The models to be studied in this paper will be quite

generic, but we will keep in mind some of the expected
features of tunneling in the landscape and the last stage
of the slow-roll inflation. In particular, a typical vac-
uum energy in the landscape can approach Planck den-
sity or density close to the scale of the grand unification,
even though of course there are many vacua with much
smaller energy density. Meanwhile, in many models of
slow-roll inflation based on the KKLT scenario of stabi-
lization of stringy vacua [3], the maximal Hubble con-
stant at the last stage of the slow-roll inflation cannot
be greater than the gravitino mass [42]. In such models,
the typical vacuum energy of the decaying metastable
vacuum in the open universe scenario is many orders of
magnitude greater than the energy density during the
last stage of the slow roll inflation.
In this paper we will concentrate on the investigation

of the models with the CDL tunneling and investigate
the CMB temperature fluctuations. We will focus on
tensor perturbations since tensor perturbations are more
sensitive to the value of the Hubble parameter and prop-
erties of tunneling than scalar perturbations. In the end
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FIG. 1: Schematic picture of the effective potential for infla-
ton in one-bubble open inflation scenario.

of the paper we will briefly discuss scalar perturbations
and their cosmological implications.
This paper is organized as follow. In Sec. II we de-

scribe the background evolution of the models of open
inflation in the context of the string landscape scenario.
There we introduce models with a rapid roll phase af-
ter the bubble nucleation. In Sec. III we first review
the method to evaluate the tensor perturbation after the
false vacuum decay, and apply it to our models to iden-
tify the typical signature in the CMB spectrum. Section
IV is devoted to summary.

II. BACKGROUND EVOLUTION OF THE

OPEN INFLATION MODELS IN THE

LANDSCAPE

A. Bubble nucleation

The system which we are going to consider consists of
a minimally coupled scalar field, φ with Einstein gravity.
As we mentioned in Sec I, the most important cosmolog-
ical consequence in string landscape was that there was a
tunneling event in our past. Let us consider an effective
potential V (φ) with a local minimum at φL, a slow-roll
inflationary plateau at φR and a point where the field
emerges at φ∗, as shown in Fig. 1. The action is given by

S =

∫ √
−gd4x

[

1

2κ
R− 1

2
gµν∂µφ∂νφ− V (φ)

]

. (1)

In this paper, we assume that the final tunneling tran-
sition occurs through CDL instanton. Let us consider
the O(4)-symmetric bounce solution [6, 7]. An O(4)-
symmetric bubble nucleation is described by the Eu-
clidean solution (instanton). The metric is given by

ds2 = dt2E + a2E(tE)
(

dχ2
E + sin2 χEdΩ

2
)

, (2)

FIG. 2: The Penrose diagram for the bubble nucleating uni-
verse when the inside of the bubble terminates in a de Sitter
vacuum.

and the background scalar field is denoted by φ = φ(tE).
The Euclidean background equations are given by

(

ȧE
aE

)2

− 1

a2E
=

κ

3

(

1

2
φ̇2 − V (φ)

)

, (3)

(

ȧE
aE

)·

+
1

a2E
= −κ

2
φ̇2 , (4)

φ̈+ 3
ȧE
aE

φ̇− V ′(φ) = 0 , (5)

where a dot represents differentiation with respect to tE.
The background geometry and the field configuration

in the Lorentzian regime are obtained by the analytic
continuation of the bounce solution. It is convenience
to use the coordinate η defined by dt = a(η)dη. The
coordinates in the Lorentzian regime are given by (see
e.g. [13, 34])

ηE = ηC = −ηR − π

2
i = ηL +

π

2
i , (6)

χE = −iχC +
π

2
= −iχR = −iχL , (7)

aE = aC = iaR = iaL . (8)

The Penrose diagram for this open FRW universe is pre-
sented in Fig. 2.
Typically, CDL instantons exist only if V ′′ > κV [22].

This condition, in combination with the requirement of
the subsequent long stage of the slow-roll inflation, re-
quires a very special choice of potentials in the single-
field models [26, 27]. Alternatively, one may consider
multi-field models [20, 35–37, 40].
In this paper, we will concentrate on the single-

field models and assume that the CDL instanton ex-
ists. Meanwhile, inflation typically requires V ′′ ≪ κV .
It is difficult to make these two conditions compatible.
Therefore one may expect that the slow-roll inflation
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does not start immediately after the CDL tunneling, and
there must be some intermediate stage of rapid rolling
down [26, 27].
This intermediate regime may last for a long time if the

field potential is steep after tunneling. In general, this
may be a typical situation during the tunneling in the
string landscape scenario. As we mentioned in the intro-
duction, the tunneling in the landscape may occur from
a metastable vacuum with a very high value of energy
density. Unless we have some specific knowledge about
this vacuum state, one may assume that the scale of the
energy density of this vacuum may be O(1) in Planck
units, or it may take some value on the grand unifica-
tion energy scale ∼ 10−10. Meanwhile in many models
of the slow-roll inflation based on string theory with vac-
uum stabilization, the Hubble constant must be smaller
than the gravitino mass [42]. Although it is possible to
avoid this conclusion, it is very hard to do it without
fine-tuning. If the gravitino mass is of the order 1 TeV or
lower, the corresponding vacuum energy density during
the last stage of the slow-roll inflation should be smaller
than 10−30, in Planck units.
Our knowledge of the string landscape is very incom-

plete, so one should not fully rely on the estimates given
above. However, on the basis of our present understand-
ing of the situation, one should not be surprised to have
a very long-lasting non-inflationary stage after tunnel-
ing, which should last until the large energy density of
the metastable vacuum state is reduced by many orders
of magnitude and the slow-roll inflation begins. We will
show that the behavior in the phase of the rapid rolling
down significantly affects the CMB power spectrum. In
the next subsection, we will investigate the field evolution
inside the open universe in the region R in Fig. 2.

B. Inflation in the open universe

In order to study the field dynamics inside the light-
cone emanating from the center of the bubble (region R),
it is useful to use the following identity:

d ln ρφ
d ln aR

= −3 (1 + wφ) , (9)

where ρφ = φ̇2/2 + V , pφ = φ̇2/2 − V and wφ ≡ pφ/ρφ.
The asymptotic boundary conditions at the nucleation
point are given by

aR(t) = t , φ̇(t) = −V ′(φ∗)

4
t . (10)

Thus, we have

1 + wφ = O
(

φ̇2

V

)

= O
(

ǫ∗H
2
∗ t

2
)

. (11)

where we have introduced

ǫ ≡ 1

2κ

(

V ′

V

)2

, (12)

FIG. 3: A schematic picture of the evolution of the spatial
curvature term (the dotted line in red), the kinetic term of
the field (the solid curves in blue) and the potential term of
the field (the dot-dashed curves in green).

and ǫ∗ = ǫ(φ∗). We have also introduced H2
∗ ≡

κV (φ∗)/3, which is not the expansion rate at t = 0.
This suppressed decrease rate of the energy density at
around t = 0 is caused by the large Hubble friction due
to the spatial curvature term. Hence, the field at t ≈ 0
rolls slowly even if the potential is steep. As the spatial
curvature term decays, eventually the potential energy
starts to dominate or the energy density starts to decay.
The potential dominance starts at t ≈ H−1

∗ while the
decay of the energy density starts when 1 + wφ becomes

O(1), i.e. at t ≈ ǫ
−1/2
∗ H−1

∗ . Thus, the scenario changes
depending on whether ǫ∗ is large or small compared with
unity. It is shown in Fig. 3 schematically how the evolu-
tion of the energy density depends on ǫ∗, assuming that
ǫ stays constant until the field falls down to a plateau of
the potential.
First, we consider the case with ǫ∗ ≪ 1. In this case

potential energy starts to dominate at t ≈ H−1
∗ after a

short curvature dominated stage, and there is no rapid
roll regime. Once the potential term dominates, 1 + wφ

becomes O(ǫ) as usual. Then, the energy density of the
field decays slowly unless the potential becomes steep
again at a later stage.
In contrast, if the potential is steep at the nucleation

point, i.e. ǫ∗ ≥ 1, the situation is different. As one can

see from Eq. (11), 1+wφ becomes O(1) at t ≈ ǫ
−1/2
∗ H−1

∗

before the potential starts to dominate. The energy den-
sity of the field starts to decay rapidly proportional to

a
−3(1+wφ)
R . During this rapid roll phase, 1 + wφ is esti-

mated as

1 + wφ = O
(

ǫ
κV

H2

)

. (13)

where we have used φ̇ = O(V ′/H). One can see that
the rapid roll phase lasts as far as ǫ ≫ H2/κV (& 1).
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When the field falls down to a plateau of the potential,
the velocity of the field eventually decreases. Then, the
slow-roll inflation starts and the curvature term becomes
completely irrelevant for the background expansion of the
universe. We denote the Hubble parameter at the onset
of this slow-roll phase by HR.
An interesting feature of the dynamics for a steep slope

is “tracking”, which means that the ratios among the
kinetic term, the potential term and the curvature term
are approximately constant. Suppose ǫ(φ) is a constant
for simplicity. This is exactly realized when the potential
is exponential-type:

κ

3
V (φ) = H2

∗ exp
[√

2κǫ∗(φ− φ∗)
]

. (14)

To see that an exact tracking solution exists in this case,
we solve Eqs. (3), (4) and (5) under the assumption

φ(t) ∝ ln t . (15)

Only if ǫ∗ > 1, one can solve these equations consistently
to find

aR,track(t) =
t

√

1− 1/ǫ∗
, (16)

φtrack(t) = φ∗ +

√

2

κǫ∗
ln

[

√

3

2
ǫ∗H∗t

]

. (17)

It is obvious that the above solution is an exactly track-
ing solution. Furthermore, one can show that it is an
attractor solution.
We should note that the tracking occurs even for

ǫ∗ = O(1). The difference from the case with ǫ∗ ≫ 1
is that the curvature term is subdominant for the expan-
sion of the universe in this case during the tracking phase.
This means that the curvature length is well outside the
horizon scale for ǫ∗ = O(1), while it remains comparable
to the horizon scale for ǫ∗ ≫ 1.
The above simplest example does not have a transition

to the late-time slow-roll phase. Here we introduce two
simple toy models, which have the transition from the
initial rapid roll phase to the late-time slow-roll phase,
and we discuss the tensor perturbation in these models
later.
The first model has the effective potential of the fol-

lowing type:

κ

3
V (φ) =

(

H2
∗ −H2

R

)

exp
[√

2κǫ∗ (φ− φ∗)
]

+H2
R , (18)

with H∗ ≫ HR. The potential of a similar-type of-
ten appears in supergravity and superstring theory. As
a concrete example, we will choose the parameters like
H2

∗ = 10−3M2
pl, H

2
R = 10−30M2

pl and φ∗ = 10Mpl. In
Fig. 4, the time evolution of the energy densities for
ǫ∗ = 0.1, 0.5, 1, 102 and 104 is shown. As is expected,
for ǫ∗ < 1 the field starts to decay slowly at t ≈ H−1

∗ ,
for ǫ∗ ≥ 1 it starts to falls down toward the slow-roll

plateau at t = ǫ
−1/2
∗ H−1

∗ and its energy density decays
in proportion to 1/a2R, i.e. tracking.

FIG. 4: The evolution of the energy densities in the region R
with the exponential-type potential defined by Eq. (18) with
ǫ∗ = 0.1, 0.5, 1, 102 and 104. The dotted line in red is the
contribution from the spatial curvature, the solid curves in
blue are the potential energy and the dot-dashed curves in
green are the kinetic energy.

FIG. 5: The same as Fig. 4, but when the potential of the
field is given by Eq. (19) with φ∗ = 9φR, 7φR, 5φR, and 3φR.

The second model is a variant of the potential for the
chaotic inflation:

κ

3
V (φ) = H2

R

(

φ

φR

)2

exp

[

φ2 − φ2
R

φ2
R

]

. (19)

The slow-roll parameter is given by

ǫ(φ) =
2

κφ2
R

(

φ

φR
+

φR

φ

)2

. (20)

Note that we will impose κφ2
R > 8 for the slow-roll in-

flation to occur at φ = φR. As with the exponential-
type potential, the potential of a similar-type also often
appears in supergravity and superstring theory. As a
concrete example, we will consider the case with H2

R =
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10−40M2
pl and φR = 7.5Mpl. In Fig. 5, the evolution of

the energy densities for φ∗ = 9φR, 7φR, 5φR, and 3φR is
shown. Since the field varies slowly near the nucleation
point, the chaotic-type potential Eq. (19) can be approx-
imated there by the exponential-type. Therefore one can

see that the tracking solution appears after t ≈ ǫ
−1/2
∗ H−1

∗

even in this chaotic-type potential.

III. CMB ANISOTROPY IN THE LANDSCAPE

A. Tensor power spectrum

We begin with reviewing how to compute the CMB
power spectrum due to tensor perturbation for single-
field models of one-bubble open inflation, following
Refs. [32, 33]. Assuming that the observer is at the center
of the spherical coordinates, the relevant tensor pertur-
bation is the even parity one. We introduce the variable
Up to expand the spatial metric perturbation

δgij = a2C(ηC)
∑

â
(T)
pℓmUp(ηC)Y

(+)pℓm
ij (χC,Ω) + h.c. ,(21)

where â
(T)
pℓm and Y

(+)pℓm
ij denote the annihilation operator

and the analytic continuation of the even parity tensor
harmonics on the 3-hyperboloid [43], respectively. The

function Y
(+)pℓm
ij is more explicitly expressed using the

orgindary spherical harmonics Ylm. In Sachs-Wolfe for-
mula we only need the χχ component, which is given
by

Y (+)pℓm
χχ (χC,Ω) =

1

cosh2 χC

fpℓ(χC)Yℓm(Ω) . (22)

Then, the time evolution equation for fpℓ(χC) is in a
model independent manner given by

[

− 1

cosh2 χC

d

dχC
cosh2 χC

d

dχC
− ℓ(ℓ+ 1)

cosh2 χC

]

fpℓ

=
(

p2 + 1
)

fpℓ . (23)

As a natural vacuum state after tunneling, we adopt
the Euclidean vacuum, which is specified by requiring
that the positive frequency functions are all regular at
χC = 0. Then, we have

fpℓ(χC) =

√

Γ(ip+ ℓ+ 1)Γ(−ip+ ℓ+ 1)

Γ(ip)Γ(−ip)

× 1√
coshχC

P
−ℓ−1/2
ip−1/2 (i sinhχC) , (24)

where Pµ
ν is the associated Legendre function of the

first kind. We have fixed the normalization constant
so that the analytic continuation of Y pℓm(χC,Ω) ≡
fpℓ(χC)Yℓm(Ω) to region R or L behaves as a spatial
harmonic function properly normalized on a unit 3-
hyperboloid.

The equation for Up is the same as the one for the
massless scalar field [28]:

[

1

a3C

d

dtC
a3C

d

dtC
+

p2 + 1

a2C

]

Up = 0 . (25)

It is also convenient to introduce another variable w
p,

which is related to Up by [32, 33]

Up = −
√

κ

p(1 + p2) sinhπp

1

aR

d

dtR
(aRw

p) . (26)

Then, the spatial eigenfunction w
p satisfies a simple

equation

[

− d2

dη2C
+ UT(ηC)

]

w
p = p2wp , (27)

with

UT(ηC) =
κ

2
φ′2(ηC) , (28)

where a prime represents differentiation with respect to
the conformal time. Since the effective potential UT is
clearly positive definite, there is no supercurvature mode
(bound state) in the tensor-type perturbation.
From the boundary conditions for the background so-

lution, we find that the potential UT vanishes at both
boundaries of the region C. Hence, the asymptotic so-
lutions of w

p are given by plane waves. We take the
two orthogonal solutions w

p
C(±) having the asymptotic

behavior

iwp
C(±) →

{

ρp±e
±ipηC + e∓ipηC , (ηC → ±∞)

σp
±e

∓ipηC , (ηC → ∓∞)
,(29)

as independent solutions. The reflection and transmis-
sion coefficients satisfy the Wronskian relations:

|ρp±|2 + |σp
±|2 = 1 , σp

+ = σp
− , σp

+ρ
p
− + σp

−ρ
p
+ = 0 . (30)

Using the relation between the coordinates (6), we an-
alytically continue Eq. (27) to the region R. Then, we
obtain the evolution equation for wp,

[

− d2

dη2R
+ UT (ηR)− p2

]

w
p = 0 . (31)

Similarly, the analytic continuations of the two indepen-
dent modes to the region R are given by

w
p
R(+) = eπp/2ρp+w̃

p + e−πp/2
w̃

p , (32)

w
p
R(−) = eπp/2σp

−w̃
p . (33)

where w̃
p is the solution of Eq. (31) that asymptotically

behaves like w̃
p → eipηR in the limit ηR → −∞. The

amplitude of the fluctuation is proportional to the sum
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of squares of these two independent modes, which is eval-
uated as

∣

∣

w
p
R(+)

∣

∣

2
+
∣

∣

w
p
R(−)

∣

∣

2

= 2

[

∣

∣

w̃
p
∣

∣

2
coshπp+Re

(

ρp+

(

w̃
p
)2
)]

. (34)

After the horizon crossing, a2H2 ≫ p2 + 1, Eq. (25)
implies that the amplitude of Up freezes. In terms of wp,
two independent solutions after the horizon crossing are
given by

w
p
1 ∝ a−1

R , w
p
2 ∝ a−1

R

∫ η

a2R(η
′)dη′ . (35)

Neglecting the decaying mode wp
1 , we denote the asymp-

totic behavior of w̃p as

w̃
p → −Hpe

ipηp

Ta−1
R

∫ η

a2R(η
′)dη′ , (36)

where Hp and ηpT are the amplitude and phase, respec-
tively. We note that pηpT vanishes in the limit p → 0

because w̃
p = w̃

−p.
Using Hp and ηpT, the even parity tensor power spec-

trum can be expressed as [32, 33]

p3

2π2
PT(p) ≡

p3

2π2

(

∣

∣Up(+)

∣

∣

2
+
∣

∣Up(−)

∣

∣

2
)

= 4κ

(

Hp

2π

)2
p2 cothπp

1 + p2

(

1− ypT

)

, (37)

where

ypT = − 1

coshπp
Re
(

ρp+e
−2ipηp

T

)

, (38)

essentially represents the effects of the bubble wall.
To summarize, in order to find the power spectrum for

tensor-type perturbations, one has to solve the scatter-
ing problem (27) in the region C to obtain ρp+ and the
evolution equation (36) in the region R to obtain Hp and
ηpT.
Our main focus in this paper is on the latter process.

Investigating the various possibilities for the tunneling
potential is beyond the scope of this paper. We simply
use the known results under thin-wall approximation [29].
For a thin-wall bubble, the effective potential UT is char-
acterized by two constant parameters, ηW and ∆s:

UT(ηC) ≈ ∆sδ(ηC − ηW) , (39)

It can be shown that ηW and ∆s are expressed in terms of
the vacuum energies and the surface tension of the wall,
S1 =

∫

dtCφ̇
2, as

∆s =
2

√

(α+ 1)2 + 4β
, (40)

ηW =
1

2
ln

(

[
√

(α + 1)2 + 4β + α+ 1]2

4β

)

, (41)

with

α =
4(H2

L −H2
∗ )

κ2S2
1

, β =

(

2H∗

κS1

)2

, (42)

where HL =
√

κV (φL)/3 and H∗ =
√

κV (φ∗)/3.
In terms of ηW and ∆s, we can solve the equation for

the mode function (27) to obtain the reflection coefficient
ρ+:

ρp+ =
−ie2ipηW∆s

2p+ i∆s
. (43)

From Eq. (30), the transmission probability from the

false vacuum is given by
∣

∣σp
+

∣

∣

2
= 1/[1 + (∆s/2p)2]. From

this expression, we find that efficiently reflected at the
wall are only low frequency modes with p . ∆s/2, which
are thought to be interpreted as the wall fluctuation [29].
Notice that the reflection rate at p = 0 is unity. Without
this reflection by the wall, the square amplitude of fluc-
tuation is divergent. In this sense, one might be able to
interpret that the so-called wall fluctuation mode repre-
sents the penetration of the waves from the false vacuum
side, and its amplitude is reduced if the wall efficiently
reflects back the waves. Substituting the expression (43),
the spectrum becomes

p3

2π2
PT(p) = 4κ

(

Hp

2π

)2
p2 cothπp

1 + p2

×
[

1− (∆s)2 cos[bpp] + 2p∆s sin[bpp]

[4p2 + (∆s)2] coshπp

]

, (44)

where bp := 2 (ηW − ηpT). Once parameters ηW ,∆s and
the late-time asymptotic value of w̃p are fixed, we can
immediately calculate the power spectrum using this for-
mula. The power spectra for the tensor-type perturba-
tion are shown in Fig. 6 for (α, β) = (100, 1), (1, 100),
(10−3, 10−3) and (1, 1), setting Hp = HR and ηpT = 0. As
a reference, we plot the spectrum for Hp = HR, ∆s = ∞
and bp = 0, which we denote by “plain spectrum” in this
paper, as a dashed curve in black in the same figure.

B. Effects of inflation in the open universe

Now we move on to the problem to solve the evolution
equation (36) in the region R to evaluate Hp and ηpT.

1. Slow-roll case

We begin by the case with ǫ∗ ≪ 1. From the discus-
sion in Sec. II B, there is no rapid roll phase for ǫ∗ ≪ 1,
and the the field kinetic term is always irrelevant for the
cosmic expansion rate. In this case one can neglect the
potential UT in the field equation for the mode function
w

p (31). Hence, wp behaves like a plane wave and its
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FIG. 6: The power spectrum due to tensor-type perturbation.
The solid curves are, from top to bottom, for (α, β) = (100, 1),
(1, 100), (10−3, 10−3) and (1, 1), setting Hp = HR and ηp

T = 0.
The dashed curve in black is the spectrum for ∆s = ∞ and
bp = 0, which we call “plain spectrum”.

amplitude stays constant. The scale factor will also be
approximated by aR ≈ −1/HRη in this case. Then, from
Eq. (36), we findHp ≈ HR and ηpT ≈ 0. Namely, the plain
spectrum is obtained. As seen from the formula (44), the
amplitude of tensor perturbation is basically scale invari-
ant (PT ∝ p−3) whose amplitude is determined by the
Hubble rate inside the bubble, except for the modes near
p = 0. For the modes with p . ∆s, there is suppression
due to the reflection by the wall as mentioned earlier,
and hence the spectrum PT does not grow indefinitely
for small p. In Fig. 6, we plot the power spectrum due
to tensor-type perturbation with Hp = HR, η

p
T = 0 and

various tunneling parameters α, β.
This result tells us that there is no memory from the

high energy false vacuum in large p modes. In other
words, the high frequency modes simply stay in the adi-
abatic vacuum state irrespective of the presence of the
bubble wall and the initial high energy vacuum.
This can be also understood as follows. It will be nat-

ural to assume that the partial wave Up typically has the
amplitude of O (H∗/Mpl) as a memory of the high energy
false vacuum when the physical wavelength is as short as
H−1

∗ . At this initial time the scale factor will be given

by aR,init =
√

p2 + 1/H∗. On the other hand, the freeze-
out of the amplitude of Up occurs at around the horizon
crossing time, at which the scale factor is estimated as

aR,final =
√

p2 + 1/HR. As the scale factor evolves from
aR,init to aR,final, the amplitude of the tensor-type per-
turbation Up before the horizon crossing decays in pro-
portion to 1/aR. Hence, the amplitude frozen after the
horizon crossing would be estimated as

p3/2
∣

∣Up

∣

∣≈ H∗

Mpl

aR,init

aR,final
≈ HR

Mpl
. (45)

The amplitude of the spectrum is solely determined by
HR independently of the initial value of the Hubble pa-

Ε* = 0.5

Ε* = 0.8

Ε* = 1

Ε* = 10

Ε* = 102

Ε* = 104
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10-39

10-31

10-23

10-15

10-7

10

p

P
T
Hp
L�

4Κ
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FIG. 7: The tensor-type power spectrum with the
exponential-type potential Eq. (18). The solid curves are,
from top to bottom, the spectrum with ǫ∗ = 0.5, 0.8, 1, 10,
102 and 104. Here we set α = 1 and β = 1 as typical pa-
rameters for which the contribution from the wall fluctuation
mode is negligible small. For comparison, we also plot the
plain spectrum in the gray.
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FIG. 8: The same as Fig. 7, but the potential of the field is
given by Eq. (19) with φ∗ = 9φR, 7φR, 5φR, 3φR, and 2φR.

rameter H∗. This rough estimate explains the model-
independent behavior of the tensor perturbation spec-
trum in the high frequency region.

2. Rapid roll case

Next we consider the models with the long-lasting
rapid roll phase in the region R. In Fig. 7, we
present the computed tensor perturbation spectra for
the exponential-type model defined by Eq. (18), setting
α = 1 and β = 1 as typical parameters for which the
contribution from the wall fluctuation mode is negligible
small. As seen from the figure, the spectra are quite dif-
ferent from the plain spectrum, for which we neglect not
only the contribution of the wall fluctuation mode but
also the effect of the field dynamics in the region R. The
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power spectrum for ǫ∗ = O(1) increases sharply for small
p, i.e. highly red-tilted. As we discussed in Sec. II B, in
this case the curvature length is well outside the horizon
size during the tracking phase. Since the amplitude for
small p depends on the value of the Hubble rate at the
time when the curvature scale starts to deviate from the
horizon size, it keeps the memory of the high expansion
rate of O(H∗) at the onset of the rapid roll phase. There-
fore the squared amplitude for small p is proportional to
O(κH2

∗ ). In contrast, the wavelength of the modes with
sufficiently large p stays inside the horizon size during
the tracking phase. Only after the field arrives at the
slow-roll plateau, these modes cross the horizon. Thus,
the squared amplitude of the modes with large p becomes
O(κH2

R). For this reason, the spectrum for ǫ∗ = O(1) is
steeply red-tilted.
By contrast, if the potential is extremely steep, ǫ∗ ≫

1, at the nucleation point, the field starts to roll down
rapidly before the curvature term becomes irrelevant for
the expansion of the universe. As long as the potential
continues to be steep enough, the curvature length stays
comparable to the horizon size. If this remains to be the
case until the field reaches the slow-roll plateau, even the
amplitude of the modes with p . 1 is governed by the
Hubble rate at the slow-roll plateau, HR. Therefore there
is no significant enhancement of the amplitude for small
p in this case.
Finally, the spectrum for ǫ∗ ≪ 1 can be understood

in the usual manner. The spectrum is similar to the one
presented in Fig. 6, in which the field dynamics in the
region R is neglected. The same plot for the chaotic-type
model defined by Eq. (19) is shown in Fig. 8. As with the
exponential-type model, the spectra for ǫ∗ = O(1) have
large enhancement for small p, while the spectra with
ǫ∗ < 1 are similar to the one presented in Fig. 6. As the
initial position φ∗ is increased, the magnitude for large
p decreases because it is normalized by the the Hubble
parameter at the nucleation point H∗, which becomes
larger.

C. CMB temperature anisotropy

We translate the spectrum for tensor-type perturba-
tion obtained in the preceding subsection into CMB tem-
perature anisotropies, following the discussion given in
Ref. [29]. The large-angle CMB temperature anisotropies
due to tensor-type perturbation are simply evaluated by
the Sachs-Wolfe formula

∆T

T
(n̂) = −1

2

∫ η0

ηLSS

dηδg′ij
(

η, xi(η)
)

n̂in̂j , (46)

where η0 and ηLSS, respectively, denote the conformal
time at the present epoch and that at the last scattering
surface, n̂i is the unit vector along the observer’s line-
of-sight and xi(η) = (η0 − η) n̂i represents the photon
trajectory.

Since we are interested in the anisotropies on large an-
gular scales, we consider only those modes that enter the
Hubble horizon after the universe becomes matter domi-
nated. Thus, we set the scale factor to a(η) = cosh η− 1.
The conformal time then can be written in terms of the
density parameter Ω0 and the redshift z:

η(z) = 2arccosh

√

1 +
Ω−1

0 − 1

1 + z
, (47)

where we have neglected the effect of the dark energy.
The evolution equation for U is given by [44]

U ′′
p + 2

a′

a
U ′
p + (p2 + 1)Up = 0 . (48)

The above equation can be solved exactly to give

Up(η) = Up(0)Gp(η) , (49)

where Up(0) is the initial amplitude of fluctuations given
by Eq. (37) and

Gp(η) =
3
(

cosh
(

η
2

)

sin pη
2p − sinh

(

η
2

)

cos pη
)

(1 + 4p2) sinh3
(

η
2

) , (50)

is the growing mode function. Now, we decompose the
temperature anisotropies in terms of the spherical har-
monics:

∆T

T
(n̂) =

∑

ℓ,m

∫ ∞

0

dp

(

∆T

T

)

p,ℓ

Yℓm(n̂) , (51)

where

(

∆T

T

)

p,ℓ

Yℓm = −1

2
Up(0)

×
∫ η0

ηLSS

dη G′
p(η)Y

pℓm
χχ (η0 − η,Ω) , (52)

and the radial-radial component of the tensor-type har-
monic function Y pℓm

χχ (χ,Ω) is given by

Y pℓm
χχ (χ,Ω) =

√

1

2(p2 + 1)

(ℓ + 2)!

(ℓ − 2)!

×
∣

∣

∣

∣

Γ(ℓ+ 1 + ip)

Γ(1 + ip)

∣

∣

∣

∣

P
−ℓ−1/2
ip−1/2 (coshχ)

sinh5/2 χ
Yℓm(Ω) . (53)

The temperature anisotropies are usually expressed in
terms of Cℓ, the multipole moments of the temperature
autocorrelation function, defined by

〈

∆T

T
(n̂)

∆T

T
(n̂′)

〉

=
1

4π

∑

ℓ

(2ℓ+ 1)CℓPℓ(cos θ) , (54)
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FIG. 9: The multipole moments for the tensor type per-
turbations for the exponential-type potential Eq. (18) with
ǫ∗ = 0.5, 0.8, 1, 10 and 102. Again we set α = 1 and β = 1
as a representative case.
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FIG. 10: The same as Fig. 9, but when the field potential is
given by Eq. (19) with φ∗ = 9φR, 7φR, 5φR, and 3φR.

where cos θ = n̂ · n̂′. Then, the multipole moments for

the tensor-type perturbation C
(T)
ℓ are given by

C
(T)
ℓ =

∫ ∞

0

dp

〈

∣

∣

∣

∣

∆T

T

∣

∣

∣

∣

2

p,ℓ

〉

=
1

8

(ℓ+ 2)!

(ℓ− 2)!

∫ ∞

0

dp
PT (p)

p2 + 1

∣

∣

∣

∣

∣

Γ(ℓ+ 1 + ip)

Γ(1 + ip)

∣

∣

∣

∣

∣

2

×
∣

∣

∣

∣

∣

∫ η0

ηLSS

dηG′
p(η)

P
−ℓ−1/2
ip−1/2 (cosh(η0 − η))

sinh5/2(η0 − η)

∣

∣

∣

∣

∣

2

. (55)

We will discuss possible observational signatures in the
CMB temperature anisotropies in the open inflation sce-
nario revived in the context of string theory landscape
that prefers a moderately small value of 1 − Ω0. The
value of Ω0 depends rather sensitively on the underlying
scenario. The prediction for the value of Ω0, based on the
primordial distribution of the number of the e-folds of the
inflation inside the bubble and the anthropic bias, was in-
vestigated in [17, 19]. There is a big uncertainty because
the resulting distribution of the value of Ω0 strongly de-

pends on the choice of the probability measure, but their
estimates implies that it can be natural that 1−Ω0 is in
the marginally observable range. For this reason, we fo-
cus on the case that 1−Ω0 is in the observable range, e.g.
from 10−3 to 10−2, and evaluate the CMB anisotropies
for the previously introduced two toy models.
The computed CMB temperature power spectra for

the exponential-type and chaotic-type models are shown
in Figs. 9 and 10, respectively. Again we set α = 1 and
β = 1 as a representative case in which the contribution
from the wall fluctuation mode is negligible small. One
can see that the tensor CMB angular power spectrum for
small ℓ behaves like (1 − Ω0)

ℓ, while it agrees with the
scale invariant inflationary tensor spectrum for large ℓ.
Compared with the amplitude of the tensor perturbation
for the slow-roll inflation at H ≈ HR, there is significant
enhancement for small ℓ due to the field dynamics in the
region R for ǫ∗ . 1. Hence, we find that, unless ǫ is
not extremely large, rapid rolling down affects the CMB
spectrum at low ℓ significantly.
It is known that the spectrum Eq. (55) can be approx-

imately decomposed into two pieces:

C
(T)
ℓ = PW C̃

(W)
ℓ + C

(T,res)
ℓ , (56)

where PW C̃
(W)
ℓ represent contributions due to wall fluc-

tuations:

PW =

∫ ∞

0

dpPT(p) , (57)

C̃
(W)
ℓ =

(ℓ + 2)!(ℓ!)2

8(ℓ− 2)!

×
∣

∣

∣

∣

∣

∫ η0

ηLSS

dηG′
0(η)

P
−ℓ−1/2
−1/2 (cosh(η0 − η))

sinh5/2(η0 − η)

∣

∣

∣

∣

∣

2

. (58)

We have also introduced C
(T,res)
ℓ , which corresponds to

the continuous spectrum due to standard tensor pertur-
bations, as the residual piece of the spectrum. The pre-
vious plots presented in Figs. 9 and 10 are basically cor-

responding to C
(T,res)
ℓ .

The effect of the wall fluctuation mode is rather easy
to investigate analytically, and in many cases it is more
important than the continuum modes. To see observa-
tional signatures when the deviation of Ω0 from unity is
small, it will be useful to expand quantities with respect
to 1 − Ω0. The spectrum due to the wall fluctuations
given by Eq. (58) reduces to

ℓ(ℓ+ 1)

2π
C̃

(W)
ℓ ≈ (ℓ+ 2)!(ℓ+ 1)!

800π(ℓ− 1)Γ(ℓ+ 3/2)
(1− Ω0)

ℓ . (59)

Unless 1 − Ω0 is close to unity, the effects of wall fluc-
tuation mode mainly appear in the quadrupole of CMB
temperature fluctuation.
The amplitude of the wall fluctuation mode can be

also evaluated analytically. As seen in Figs. 6, 7, and 8,
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the integral (58) is dominated by the contribution from
p around 0. Thus, we expand PT(p) around p = 0 as

1

2π2
PT(p) ≈

4κ

π

(

H0

2π

)2
1

p2 + (∆s/2)2

×
[

1−
(

b0∆s

2

)

sin[b0p]

b0p
+

1

2

(

b0∆s

2

)2 sin2
[

b0p
2

]

[

b0p
2

]2

]

,

(60)

where we assumed that p ≪ 1 but the combination b0p is
not necessarily small. Notice that bp = 2(ηW − ηpT) also
depends on the field dynamics in the region R through ηpT,
which can be large. Substituting Eq. (60) into Eq. (57),
we find that the amplitude due to wall fluctuations can
be approximated by

PW

2κH2
∗

≈ 1

∆s

(

H0

H∗

)2

f

(

∆sb0
2

)

, (61)

with

f(x) = 2e−(x+|x|)/2 − 1 + x . (62)

This expression (61) is valid even if ∆s|b0| is large. The
expression contains exponential but, in fact, f(x) is just
x − 1 for x ≫ 1, while f(x) ≈ x + 1 for x . 1. There-
fore, PW only weekly depends on η0T. Roughly speak-
ing, the above expression indicates that the amplitude of
the wall fluctuations can be significantly enhanced only
when (H0/H∗)

2/∆s is large. Small ∆s can be realized
for a small wall tension S1 since ∆s is roughly estimated
as ∆s ≈ κS1/2H∗ when HL and H∗ are the same order.
An interesting observation is that the amplitude of wall
fluctuation also depends on H0. Therefore, when the con-

tinuum contribution C
(T,res)
ℓ for small ℓ is enhanced due

to the evolution inside the region R, the wall fluctuation
mode is also enhanced.
It is shown in Fig. 11 how the amplitude of C

(T )
2 de-

pends on ǫ for the case of the exponential-type model
defined by Eq. (18). The value of 1 − Ω0 is fixed to
10−3 here. In these plots the magnitude is rescaled by
multiplying ∆s. This figure shows that the power for the
quadrupole increases for small ∆s precisely in proportion
to 1/∆s for ǫ∗ & 1 as expected. For ǫ∗ . 1, the contri-
bution from continuum becomes significantly large. As a
result, the magnitude becomes larger for a smaller value
of ∆s.
It may be noted that both modes at p ≈ 0 and at

p & 1 contribute to the CMB quadrupole, but the former
modes physically represent the wall fluctuation degree of
freedom. Therefore they might have a property similar
to the scalar-type perturbation. Thus these two different
contributions might be distinguished by looking at the
CMB polarization.
If a model predicts large enhancement of low ℓ modes

due to tensor perturbation, such a model may contradict
the current observation. This gives a constraint on the
model building based on string theory. We are interested

Α = Β = 105

Α = 105, Β = 1

Α = Β = 104

Α = Β = 103

Α = Β = 102

0.2 0.5 1.0 2.0
10-19

10-16

10-13

10-10

10-7

10-4

Ε*

C
2H

T
L
D

s

2
Κ

H
*

2

FIG. 11: CMB quadrupole amplitude as a function of ǫ∗
for various values of (α, β): (102, 102), (103, 103), (104, 104),
(105, 105) and (105, 1). They corresponds to ∆s ≈ 2× 10−2,
2× 10−3, 2× 10−4, 2× 10−5 and 2× 10−5, respectively. The
value of 1−Ω0 is fixed to 10−3. Here the amplitude multiplied
by ∆s is shown. Therefore these plots clearly show that the
quadrupole amplitude scales like 1/∆s for ǫ∗ & 1.

in the case when H∗ is close to Planck scale but inflation
in the region R occurs at sufficiently low energies. We
also require 1−Ω0 is not extremely small. As advocated
by Freivogel et al. [17], this may be achieved naturally in
the string landscape.

Then, first of all, a very small ǫ∗ is not compatible
with the above scenario because the slow-roll inflation
phase starts before the energy density decays sufficiently.
This means that the amplitude of the tensor perturba-
tion is too large. When ǫ∗ ≫ 1, the contribution to the
CMB spectrum from the tensor perturbation is largely
suppressed by the factor (H0/H∗)

2. Even if ǫ∗ = O(1),
there is a suppression factor (1−Ω0)

ℓ. On the other hand,
there is a possible huge enhancement factor ∼ 1/∆s due
to the wall fluctuation mode, which can be very large if
the wall tension is small. However, one cannot choose a
very small ∆s in the present context when H∗ is close to
the Planck scale. An extremely small ∆s is in conflict
with the requirement that the bubble nucleation rate is
sufficiently suppressed in order to avoid too large a sig-
nature of bubble collisions in our observable universe.

The above three factors, the values of ǫ∗, ∆s and 1−Ω0

basically control the amplitude of the CMB spectrum for
small ℓ due to the tensor perturbation, which is observa-
tionally constrained to be not too large. We should stress
that the constraint from the tensor contribution can be
avoided if one can arrange the potential slope after the
bubble nucleation to be sufficiently steep, i.e., if ǫ∗ ≫ 1.

In this paper, we did not study how the factor coming
from the tunneling process, which is 1/∆s in the thin wall
case, is related to the tunneling potential beyond the thin
wall approximation. For example, we did not discuss the
case that the energy density at the nucleation point is
already largely reduced, in spite of the high false vacuum
energy. Such a tunneling process cannot be described by
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the thin wall approximation. We will come back to this
issue in our future publication.

IV. SUMMARY

The inflation scenario with Coleman-De Luccia (CDL)
tunneling, the so-called open inflation has attracted re-
newed attention in the context of string landscape. The
most important cosmological consequence in the string
landscape is that it is likely that there were a sequence
of tunneling events in our past and our universe is pro-
duced inside a bubble.
In this paper we focused on those models that experi-

ence the CDL tunneling followed by the last inflation be-
fore the beginning of our hot Friedmann universe inside a
nucleated bubble. Our interest was in the landscape sce-
nario in which the energy density at the nucleation point
is close to the Planck scale, while a much lower energy
scale is preferred for this last inflation inside the nucle-
ated bubble. We also assumed a moderately small 1−Ω0

preferred from a perspective of the anthropic probability
distribution. Under these assumptions we examined the
CMB temperature anisotropies due to the tensor-type
perturbation.
We considered single-field models, assuming that the

condition for the presence of a CDL instanton V ′′ > κV
is satisfied around the potential barrier. In this case it
seems difficult to imagine that such a potential is con-
nected to the one that satisfies one of the slow-roll con-
ditions V ′′ < κV immediately after tunneling. Therefore
it seems fairly natural to have some intermediate stage
of rapid rolling down after tunneling. We found that
a rapid-roll phase significantly modifies the power spec-
trum of the tensor-type perturbations. In particular, the
behavior of the power spectrum strongly depends on the
slow-roll parameter at the nucleation point, ǫ∗, where
ǫ ≡ (V ′/V )2/(2κ) as defined in Eq. (12).
When ǫ∗ . 1, there is no rapid-roll phase. Then, the

high rate of cosmic expansion near the nucleation point
is imprinted in the low ℓ components of CMB and the
spectrum becomes red-tilted. Such a feature would con-
tradict the observed CMB spectrum if the the potential
energy at the nucleation point were sufficiently high and
1− Ω0 were not extremely small.
As we noted in Introduction, if the transition were

driven by the Hawking-Moss instanton, which is the case
in the inflationary models with the simplest polynomial
potential m2φ2/2− δφ3/3+λφ4/4, the large angle CMB
fluctuations would be significantly enhanced due to the
scalar-type perturbations. Such models would contradict
current observations, unless the last stage of inflation af-
ter the tunneling is very long. A similar conclusion is
valid for the quasi-open scenario, which involves more
than one scalar field [20]. This scenario seems much eas-
ier, if not easiest, to implement in string theory, as com-
pared to other options.
Thus one of the important conclusions is that we are

already testing string theory landscape against observa-
tions, and we already know quite a lot about the struc-
ture of the potential, assuming that inflation after tun-
neling is rather short. Note that this assumption [17]
is based on a specific choice of the probability measure
in eternal inflation, and on some additional assumptions
about the inflationary potentials in the landscape. Our
analysis shows that we can either rule out a large class
of inflationary potentials which at the first glance seem
quite reasonable, or we can rule out the assumption that
a long stage of the slow roll inflation is improbable.

By contrast, when ǫ∗ ≫ 1, we have a rapid-roll phase
after the bubble nucleation. In this case, the CMB spec-
trum behaves as if there is no memory of the high energy
regime. Namely, the magnitude of CMB spectrum is ba-
sically determined by the slow-roll inflation at low ener-
gies, which succeeds the rapid-roll phase. Therefore the
tensor perturbations tend to be negligible, which is con-
sistent with observations. We also note that the scalar-
type perturbations are expected to be more sensitive to
the evolution of the field. Since the power spectrum
for gauge-invariant spatial curvature perturbation will be
roughly given by (H2

R/φ̇)
2, one can expect that the ampli-

tude of the scalar perturbations will be suppressed during
the rapid-roll phase. Since this effect occurs at the first
stages of inflation after the tunneling, it may lead to sup-
pression of the large scale adiabatic perturbations [26, 27]
This tendency seems to fit well with the observed sup-
pression of the CMB quadrupole moment [45].

The above conclusion is slightly modified by the pres-
ence of the wall fluctuation modes. When the wall ten-
sion S1 is much smaller than Mpl

√
ρ∗, where ρ∗ is the

energy density at around the tunneling, the wall fluctu-
ation modes enhance the low ℓ components in the CMB
spectrum in proportion to S−1

1 (1 − Ω0)
ℓ. Therefore a

possible observational signature of the wall fluctuation
modes is basically in the CMB quadrupole. The ampli-
tude due to the wall fluctuation modes is also influenced
by the value of ǫ∗ in the same manner as that due to the
continuous modes. In particular, the contribution of the
wall fluctuation modes is negligible for ǫ∗ ≫ 1 as shown
in Fig. 11.

To summarize, in the context of string theory land-
scape, the current observational data already constrain
the shape of the potential such that the slow-roll param-
eter ǫ = (V ′/V )2/(2κ) right after tunneling should be
large, ǫ∗ ≫ 1 unless 1 − Ω0 is extremely small. A large
value of ǫ∗ also reduces the contribution of the wall fluc-
tuation modes to the CMB spectrum, hence seems to be
even preferred from the observed suppression of the CMB
quadrupole.

In this paper, we focused on tensor-type perturbations.
We found that the effect of the evolution of the inflaton
inside a nucleated bubble affects the tensor-type power
spectrum significantly. We also discussed expected signa-
tures in the scalar-type perturbations based on previous
work in the literature. Using these expected features in
the CMB spectra, we can say that we are already testing



13

models of inflation in the context of string theory land-
scape. To make more definite predictions and test the
landscape, detailed studies on the scalar-type perturba-
tions are necessary. We plan to come back to this issue
in the near future.
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