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Nonzero masses for the active neutrinos – regardless of their nature or origin – arise only after
electroweak symmetry breaking. We discuss the parameterization of neutrino couplings to a Higgs
sector consisting of one SU(2)L scalar doublet and one SU(2)L scalar triplet, and allow for right-
handed neutrinos whose Majorana mass parameters arise from the vacuum expectation value of a
Standard Model scalar singlet. If the neutrinos are Majorana fermions, all Yukawa couplings can be
expressed as functions of the neutrino mass eigenvalues and a subset of the elements of the neutrino
mixing matrix. In the mass basis, the Yukawa couplings are, in general, not diagonal. This is to
be contrasted to the case of charged-fermions or Dirac neutrinos, where couplings to the Higgs-
boson are diagonal in the mass basis and proportional only to the fermion masses. Nonetheless, all
physically distinguishable parameters can be reached if all neutrino masses are constrained to be
positive, all mixing angles constrained to lie in the first quadrant (θ ∈ [0, π/2]), and all Majorana
phases to lie in the first two quadrants (φ ∈ [0, π}), as long as all Dirac phases vary within the entire
unit circle (δ ∈ [0, 2π}). We discuss several concrete examples and comment on the Casas-Ibarra
parameterization for the neutrino Yukawa couplings in the case of the type-I Seesaw Lagrangian.
We also comment on the case where SU(2)L fermion triplets replace the right-handed neutrinos.

PACS numbers: 14.60.Pq, 14.60.St, 13.15.+g

I. INTRODUCTION

While it is experimentally established that neutrino masses are not zero (see [1] for some overviews), the mechanism
behind them is unknown. Several distinct ideas have been pursued over the last few decades and the hope is that,
ultimately, experiments will equip us with enough information to figure out which one, if any, is correct.
The gauge quantum numbers of all fermion fields in the standard model are such that relevant fermion mass

operators are forbidden by gauge invariance, and fermion masses arise only after electroweak symmetry breaking. In
the case of charged fermions, masses are a consequence of Yukawa couplings between different chiral fermions and
the SU(2)L doublet Higgs scalar field. When this Higgs field acquires an expectation value breaking electroweak
symmetry, pairs of chiral fermions combine and acquire Dirac masses. Assuming that this scenario is correct, not
only are the fermions masses generated but one is able to make two well-defined predictions: at leading order, the
couplings between the propagating Higgs boson and the different fermions with a well-defined mass are (i) diagonal
and (ii) unambiguously determined by the fermion masses. For example,

LSM ⊃ −λe
αLαe

c
αH̃ +H.c., (I.1)

where Lα = (να, eα)
T are the lepton doublet fields, ecα are the (anti)lepton doublet fields and H is the Higgs doublet

scalar field, and λe
α are dimensionless Yukawa couplings. We choose a weak basis for the leptons such that the Yukawa

interactions are diagonal and α = e, µ, τ . When the Higgs field acquires a vacuum expectation value (0, v/
√
2)T ,

v = 246 GeV, the three charged fermions acquire masses mα = λe
αv/

√
2 and the couplings between the charged

leptons and the propagating Higgs boson h0 are mα/v, i.e., after electroweak symmetry breaking,

LSM ⊃ −h

v
(meee

c +mµµµ
c +mτττ

c) +H.c.. (I.2)

Masses for the active neutrinos (those that couple to the W and Z gauge bosons, νa = νe, νµ, ντ ), regardless of how
they are generated, must also arise as a consequence of electroweak symmetry breaking. Furthermore, new degrees of
freedom must be added to the Lagrangian in order to allow neutrino masses. For example, if one adds gauge singlet
(anti)leptons ni (i = 1, 2, . . .) to the Standard Model particle content and only considers the new Yukawa interactions

LD ⊃ −λν
αiLαniH +H.c., (I.3)

neutrinos also acquire Dirac masses and, as above, their couplings to the Higgs boson are diagonal in the mass-
eigenstate basis and proportional to the neutrino mass eigenvalues, which in turn are proportional the square-root of
the eigenvalues of the square of the Yukawa coupling matrix, λν(λν)†, as in the case of the charged fermions.
Life, however, can be more interesting. Since neutrinos are singlets of the unbroken U(1)em gauge symmetry,

they are, unlike all charged fermions, allowed to acquire Majorana masses. These may arise from several distinct
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SU(2)L × U(1)Y gauge invariant Lagrangians, which will be discussed in more detail in Sec. II. If that is the case,
the couplings between the neutrinos and the electroweak symmetry breaking sector (neutrino–Higgs sector) need not
be diagonal in the mass basis. It turns out, however, that the couplings are not independent parameters, even if one
allows for a very generic neutrino–Higgs sector. They are uniquely determined by the neutrino mass eigenvalues and
the elements of the lepton mixing matrix U . This statement is true as long as one takes into account all light degrees
of freedom, which may include several of the gauge singlet fermions, as we review in Sec. III.
Here we further pursue the connection between the leptonic mixing matrix, neutrino masses, and the couplings of

the neutrino–Higgs sector, concentrating on two issues, both related to how to properly parameterize the leptonic
mixing angles taking into account (i) that the neutrinos are Majorana fermions and (ii) that there may be light gauge
singlet fermions (sterile neutrinos). In the effective theory below electroweak symmetry breaking where all relevant
degrees of freedom are the neutrinos, the charged leptons, and the electroweak gauge bosons, the lepton sector is
parameterized by 3 charged lepton masses, 3 +N neutrino masses, where N is the number of light sterile neutrinos,
and 6 + 6N real parameters in the mixing matrix U . Of those 6 + 6N real numbers, half can be parameterized as
mixing angles θ and the other half as CP-odd phases. Of the CP-odd phases, 2 +N will be referred to as Majorana
phases φ and the remaining 1 + 2N as Dirac phases δ. See, for example, [2] for details and a pedagogical discussion
of some of the relevant issues. It was shown in [3] that all mixing angles can be chosen in the first quadrant, i.e.,
θ ∈ [0, π/2], all Majorana phases in the first two quadrants, i.e., φ ∈ [0, π}, while all Dirac phases must be allowed
to vary within the whole unit circle in order to cover all physically distinguishable possibilities, i.e., δ ∈ [0, 2π}. For
other discussions of this interesting issue from different points of view see also [4, 5]. See [6, 7] for earlier discussions.
Both the parameter counting and the allowed ranges above apply below the electroweak symmetry breaking scale

and in the absence of new interactions. For example, the number of physical parameters in the mixing matrix
depends on the fact that the sterile degrees of freedom are sterile so that one is free to perform “sterile–only” rotations
indiscriminately. We extend the analysis in [3] to include the neutrino–Higgs interactions and ask whether an extended
physical range, or new mixing parameters, are necessary. Naively, it is easy to see why the answer might be ‘yes’
since Yukawa couplings of different kinds may qualify as new interactions. For example, if Majorana masses for the
singlet fermions ni arise from Yukawa interactions with a gauge singlet scalar S that acquires a vacuum expectation
value (operators of the type yijninjS so Mij ∝ yij〈S〉) one should question whether “sterile–only” rotations can be
performed with impunity. We show in Sec. III that the results of [3] apply even when one takes interactions in the
neutrino–Higgs sector into account. Several examples are described in Sec. IV.
Our discussion will be mostly directed towards the formalism of neutrino masses and mixing with less concern

toward more practical issues. We will, for example, not discuss whether some of the processes analyzed here can be
observed in practice or how one may go about measuring some of the hard-to-get-to masses and mixing angles. On
the other hand, neutrino Yukawa couplings may play a significant role in the real world if Leptogenesis is responsible
for the baryon-asymmetry of the Universe. For this reason we describe in Sec. V the well-known Casas–Ibarra
parameterization of the neutrino Yukawa couplings [8] and comment on how it relates to the parameterization of the
neutrino–Higgs sector presented here.
For completeness, before concluding, brief comments on the similar but distinct case where the right-handed neu-

trinos are replaced by SU(2)L fermion triplets are offered in Sec. VI.

II. NEUTRINO HIGGS SECTORS

We will restrict ourselves to scenarios where the neutrinos end up as Majorana fermions and discuss only renor-
malizable Lagrangians that yield massive neutrinos. Unless otherwise noted, all fermion fields will be treated as
Weyl spinors and we will assume three active lepton generations and N gauge singlet fermions sometimes referred
to as sterile neutrinos or right-handed neutrinos. We will comment on the case where the right-handed neutrinos
are replaced by SU(2) triplet fermions in Sec. VI. When discussing couplings between different Higgs fields and the
leptons, we will always express the leptons in the mass eigenstate basis unless otherwise noted.∗

Neutrino Majorana masses can arise in a variety of ways. As mentioned in the introduction, the non-trivial
SU(2)L × U(1)Y quantum numbers of the active neutrinos mean that they can only acquire masses – of any kind –
after electroweak symmetry is broken and only via interactions to the physics responsible for electroweak symmetry
breaking, referred to here as the Higgs sector. Other than the Yukawa couplings described in Eq. (I.3), neutrino

∗ In order to consider processes involving neutrinos with a well-defined flavor, we simply have to add the different amplitudes for neutrinos
with a well-defined mass with the appropriate weights, taking the coherence of the different neutrino mass eigenstates in account when
applicable.
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masses will also arise in the presence of an SU(2)L Higgs triplet T with hypercharge +1 via the Yukawa interaction

LT ⊃ −gαβ
2

LαLβT +H.c., (II.1)

where g are dimensionless Yukawa couplings and gαβ = gβα. If, for example, the neutral component of T has a
vacuum expectation value† u, the active neutrinos acquire a Majorana mass matrix ma = gu [9–11]. In this scenario,
neutrino Majorana masses arise even in the absence of right-handed neutrinos ni. Small neutrino masses imply that
either the g couplings are very small (g ≪ 1) or that u is much smaller than the electroweak symmetry breaking scale,
u ≪ v. Electroweak precision data independently require u to be small, u ≪ v (for detailed analyses see, for example,
[12–14] and references therein).
Gauge singlet fermions, if present, are not constrained to be massless in the absence of electroweak symmetry

breaking. These are allowed to have relevant “right-handed neutrino” Majorana masses

LMR
⊃

MR
ij

2
ninj +H.c., (II.2)

whereMR are mass parameters andMR
ij = MR

ji . Eq. (II.2), combined with Eq. (I.3), leads, after electroweak symmetry
breaking, to massive neutral fermions which contain the three active neutrino degrees of freedom. It is easy to see that
lepton number is explicitly violated and that all massive neutrinos are Majorana fermions for generic values of λν and
MR. LSM + LD + LMR

consists of the most general renormalizable Lagrangian given the existence of gauge singlet
fermions, and is by far the most popular model for generating neutrino masses [15]. The relevant MR parameters are,
in general, quite unrelated to the phenomenon of electroweak symmetry breaking and are, experimentally, virtually
unconstrained [16–23].
It is sometimes the case that MR is a consequence of spontaneous symmetry breaking (this is the case, for example,

in left-right models). Here, we will simply consider that it arises from the Yukawa coupling between the ni fields and
a gauge singlet scalar field S,

LS ⊃ yij
2
ninjS +H.c., (II.3)

so MR = ys, where s = 〈S〉 and MR is defined in Eq. (II.2). As in the triplet case, Eq. (II.1), we will not worry about
the origin of 〈S〉 or the existence of potentially dangerous Goldstone bosons.
In general, we will concern ourselves with the most general LagrangianLSM+LD+LS+LT and the parameterization

of the Yukawa couplings λν , g, and y which couple the neutrinos (and sometimes the charged leptons) to different
scalar fields in T , S, and H . These are intimately connected to the neutrino masses and the mixing angles, as we
discuss in detail in the next section.
We have restricted our models to renormalizable Lagrangians, but could have extended it to include irrelevant

operators as well. For example, one could consider the possibility that some new very heavy physics, when integrated
out, led to the well-known Weinberg operator [24]:

L5 ⊃
g′αβ
2Λ

LαHLβH +H.c., (II.4)

in the flavor basis. Here g′ are dimensionless couplings, and Λ is a free parameter with dimensions of mass. Upon
electroweak symmetry breaking, this leads to an “active” neutrino mixing matrix (as in the triplet Higgs boson case)
ma = g′v2/Λ. In this case, we can also parameterize the neutrino–Higgs boson couplings g′ in terms of masses
and mixing angles. All results below that concern the triplet Higgs Yukawa coupling g can be applied upon proper
reinterpretation to the g′ couplings above. One need only make sure to stick to the proper effective theory. For
example, in the ultraviolet, the theory may contain two light and two very heavy right-handed neutrinos, both
coupling to the lepton doublets via Eq. (I.3). Upon integrating out the two heavy degrees of freedom the operator
Eq. (II.4) is generated. The Lagrangian in this case would consist of three active plus two sterile neutrinos which
couple via Eq. (I.3), plus Eq. (II.4).

† In this case, one must inquiry whether there are Goldstone boson degrees of freedom associtated to the potential spontaneous breaking
of lepton number. This issue does not concern us here but can be circumvented, for example, by including scalar potential terms that
explicitly violate lepton number (see, for example, [9]) .
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III. PARAMETERS AND PHYSICAL RANGES

The (3 +N)× (3 +N) neutrino mass matrix mν is symmetric (mν
αβ = mν

βα) and can be written as

mν =

(

(ma)3×3 (mD)3×N

(mD)TN×3 (MR)N×N

)

=

(

(gu)3×3 (λνv)3×N

(λνv)TN×3 (ys)N×N

)

, (III.1)

where we explicitly indicated the dimensionality of the different sub-matrices. We will make use of this sub-matrix
notation henceforth without indicating the dimensionality of the different parts whenever unambiguous in order to
avoid an index overload. As a symmetric matrix, mν can be diagonalized

mν = U∗mν
DiagU

†, (III.2)

where mν
Diag is a diagonal matrix with non-negative diagonal entries and U is a unitary matrix. In the weak basis

where the charged-lepton mass matrix is diagonal along with the charged current Wℓν couplings, U is directly related
to the neutrino mixing matrix that connects neutrino mass eigenstates to neutrino flavor eigenstates:

να = Uαiνi, (III.3)

where α = e, µ, τ, s1, s2, . . . and i = 1, 2, 3, 4, 5, . . .. We will stick to this weak basis unless otherwise noted. Gauge
boson interactions are parameterized by the gauge couplings and the elements of U . For example, the W -boson
coupling to a muon and a ν4 is proportional to Uµ4. Similarly, the Z-boson couplings to the different mass-eigenstates
are proportional to the elements of U and are not necessarily trivial if N ≥ 1 [10]. For example, the coupling of the
Z-boson to a pair of ν1’s is proportional to

∑

α=e,µ,τ

Uα1U
∗
α1 6= 1 (in general). (III.4)

Note that the sum above is restricted to the active neutrino flavors.
It will prove convenient to extract the Yukawa couplings by “chopping-off” different parts of mν . In detail,

(

g 0
0 0

)

=
1

u

(

1 0
0 0

)

mν

(

1 0
0 0

)

, (III.5)

(

0 0
0 y

)

=
1

s

(

0 0
0 1

)

mν

(

0 0
0 1

)

, (III.6)

(

0 λ
λT 0

)

=
1

v

[(

1 0
0 0

)

mν

(

0 0
0 1

)

+

(

0 0
0 1

)

mν

(

1 0
0 0

)]

, (III.7)

where 0 and 1 stand for, respectively, null matrices and identity matrices, respectively. The proper dimensionalities
of each sub-matrix can be inferred from Eq. (III.1). Using Eqs. (III.2,III.3)

νigijνj =
1

u

(

ν1 . . . ν3+N

)

UT

(

1 0
0 0

)

U∗







m1 0 0

0
. . . 0

0 0 m3+N






U †

(

1 0
0 0

)

U







ν1
...

ν3+N






, (III.8)

νiyijνj =
1

s

(

ν1 . . . ν3+N

)

UT

(

0 0
0 1

)

U∗







m1 0 0

0
. . . 0

0 0 m3+N






U †

(

0 0
0 1

)

U







ν1
...

ν3+N






, (III.9)

νiλ
ν
ijνj =

1

v

(

ν1 . . . ν3+N

)

UT







(

1 0
0 0

)

U∗







m1 0 0

0
. . . 0

0 0 m3+N






U †

(

0 0
0 1

)

+

+

(

0 0
0 1

)

U∗







m1 0 0

0
. . . 0

0 0 m3+N






U †

(

1 0
0 0

)






U







ν1
...

ν3+N






. (III.10)
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The above expressions are the generalization of the familiar charged fermion–Higgs-boson couplings, e.g. Eq. (I.2)
in the case of charged leptons. Here, however, while the Yukawa couplings are unambiguously defined‡ from the
parameters in the neutrino mass matrix, they depend on both the neutrino mass eigenvalues m1,m2, . . . ,m3+N and
on the elements of the neutrino mixing matrix, U . They are, unlike the charged-fermion case, off-diagonal in the mass
basis. Note that in Eqs. (III.8,III.9,III.10) all Yukawa couplings are symmetric (3 +N)× (3 +N) matrices and that,
generically, all elements are nonzero.
Two notable special cases are the Dirac neutrino case (y = g = 0), discussed briefly in the introduction, and the

N = 0 case (or, similar that of λν = 0), where the active neutrinos get their masses exclusively from the triplet
Higgs-boson g-couplings. In this case, it is trivial to see that

νigijνj =
1

u

(

ν1 ν2 ν3
)

UTU∗





m1 0 0
0 m2 0
0 0 m3



U †U





ν1
ν2
ν3



 =
1

u
(m1ν1ν1 +m2ν2ν2 +m3ν3ν3) . (III.11)

We proceed to discuss how many parameters are required to describe all neutrino–Higgs couplings, and what ranges
these should cover in order to describe all physically distinguishable possibilities.

A. Sterile Neutrino Rotations

As far as the weak interactions are concerned, a redefinition of the sterile neutrino fields is clearly unphysical, as
argued, for example, in [3]. In more detail, if one redefines the neutrino flavor basis

















νe
νµ
ντ
νs1
...

νsN

















→



















νe
νµ
ντ
νs′

1

...
νs′

N



















=

(

13×3 03×N

0N×3 ΩN×N

)

















νe
νµ
ντ
νs1
...

νsN

















, (III.12)

where Ω is a unitary N×N matrix, the weak interactions in the mass basis are left untouched. Hence, the two mixing
matrices U and U ′ are equivalent when

U ′ =

(

1 0
0 Ω

)

U, (III.13)

for any unitary Ω. This redundancy allows one to reduce the number of physically observable mixing parameters
by N2 − N [2, 3]. It remains to show that this equivalence is respected when it comes to describing the Yukawa
interactions λν , g and y. This is easily done by noticing the following:

U †

(

1/0 0
0 0/1

)

U = U ′†

(

1 0
0 Ω

)(

1/0 0
0 0/1

)(

1 0
0 Ω†

)

U ′ = U ′†

(

1/0 0
0 0/ΩΩ†

)

U ′, (III.14)

where the compact notation A/B indicates matrix A or B. The same is true for the transpose of Eq. (III.14). From
trivial substitution into Eqs. (III.8,III.9,III.10), all gij , yij , λ

ν
ij are invariant upon U → U ′ for any unitary Ω. This

invariance is often evoked to choose a weak basis where MR (and hence y) is diagonal and real. In general, of course,
these states are not mass eigenstates.
Analogously, the Yukawa interactions are also invariant under purely active field redefinitions,

U ′′ =

(

Ωa
3×3 03×N

0N×3 1N×N

)

U, (III.15)

where Ωa is a unitary matrix. Such field redefinitions, of course, do not leave the weak interactions invariant,
Consequences of this redundancy will be discussed in Sec. IV. The invariance of the Yukawa couplings under these
“diagonal” flavor neutrino redefinitions is a straightforward consequence of the sub-matrix decomposition of the
different neutrino–Higgs couplings.

‡ The magnitude of the different couplings depends on three potentially unrelated energy scales, u, v, s. We will have nothing to say about
these other than v = 246 GeV while the other two are only poorly constrained.
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B. Parameter Ranges

Finally, we discuss the physically allowed range of the parameters in U , namely the mixing angles θ, the Majorana
phases φ and the Dirac phases δ. We follow the formalism developed in [3], to which we refer for more details. There,
it was shown that

U(θ, φ, δ) = PαU(θ′, φ′, δ′)Pi, (III.16)

where Pα and Pi are diagonal matrices whose entries are either +1 or −1 and θ, θ′, φ, φ′ and δ, δ′ are related via
specular-like reflections on the unit circle (θ′ = −θ, θ′ = θ + π, φ′ = φ + π, etc). The fact that Pα can be absorbed
by redefining the sign of the charged lepton mass eigenstates and Pi can be absorbed by redefining the sign of the
neutrino mass eigenstates allows one to identify different values of θ, φ, and δ and choose the physically inequivalent
range for all mixing angles, Majorana and Dirac phases such that all θ ∈ [0, π/2], all φ ∈ [0, π} while the δ ranges
cannot be constrained: δ ∈ [0, 2π}. Once the Yukawa interactions are also considered, one needs to check that the
equivalence used to reach this conclusion still applies.

Making use of the fact that Pi,α = P †
i,α and Pi,αPi,α = 1,

U †(θ, φ, δ)

(

1/0 0
0 0/1

)

U(θ, φ, δ) = PiU
†(θ′, φ′, δ′)

(

1/0 0
0 0/1

)

U(θ′, φ′, δ′)Pi, (III.17)

and

(

ν1 . . . ν3+N

)

UT (θ, φ, δ)

(

1/0 0
0 0/1

)

U∗(θ, φ, δ)mν
DiagU

†(θ, φ, δ)

(

1/0 0
0 0/1

)

U(θ, φ, δ)







ν1
...

ν3+N






=

(

ν1 . . . ν3+N

)

PiU
T (θ′, φ′, δ′)

(

1/0 0
0 0/1

)

U∗(θ′, φ′, δ′)mν
DiagU

†(θ′, φ′, δ′)

(

1/0 0
0 0/1

)

U(θ′, φ′, δ′)Pi







ν1
...

ν3+N






.

(III.18)

Hence, the same sign redefinition of the νi fields that renders θ, φ, δ and θ′, φ′, δ′ physically equivalent as far as the
weak interactions are concerned also renders θ, φ, δ and θ′, φ′, δ′ physically equivalent as far as the Yukawa interactions
are concerned.

IV. EXAMPLES

Here we discuss a few simple scenarios to illustrate the results presented in Sec. III. More specifically, we will write
explicit expressions for the Yukawa couplings in the mass basis and will describe some observables one could measure,
at least in principle, in order to access them.

A. One Active, One Sterile

In the case of only one active (νe) and one sterile neutrino (νs), along with one charged lepton (e), the 2×2 neutrino
mixing matrix U is parameterized by one mixing angle θ and one Majorana phase φ,

U =

(

cos θ sin θ
− sin θ cos θ

)

·
(

1 0
0 eiφ

)

, mν
Diag =

(

m1 0
0 m2

)

. (IV.1)

The 2× 2 Yukawa matrices, written in the mass basis, are

g =
1

u

(

m1 cos
4 θ +m2e

−2iφ cos2 θ sin2 θ cos θ sin θ
(

m1e
iφ cos2 θ +m2e

−iφ sin2 θ
)

cos θ sin θ
(

m1e
iφ cos2 θ +m2e

−iφ sin2 θ
)

m1e
2iφ cos2 θ sin2 θ +m2 sin

4 θ

)

, (IV.2)

y =
1

s

(

m1 sin
4 θ +m2e

−2iφ cos2 θ sin2 θ − cos θ sin θ
(

m1e
iφ sin2 θ +m2e

−iφ cos2 θ
)

− cos θ sin θ
(

m1e
iφ sin2 θ +m2e

−iφ cos2 θ
)

m1e
2iφ cos2 θ sin2 θ +m2 cos

4 θ

)

, (IV.3)

λν =
1

v

(

2 sin2 θ cos2 θ
(

m1 −m2e
−2iφ

)

− cos θ sin θ cos 2θ
(

m1e
iφ −m2e

−iφ
)

− cos θ sin θ cos 2θ
(

m1e
iφ −m2e

−iφ
)

−2 sin2 θ cos2 θ
(

m1e
2iφ −m2

)

)

. (IV.4)
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νi

νi

νiνi νi

νi

νi

νi

h
0

Z

νj

νj

FIG. 1: Three level diagrams that mediate the decay of a neutrino mass eigenstate νj into three neutrino mass eigenstates νi.

All Yukawa couplings are invariant under θ → θ + π since all coefficients are in fact functions of 2θ.§ Furthermore,
all Yukawa couplings are invariant under θ → −θ or φ → φ+ π as long as one redefines the relative sign between the
ν1 and ν2 fields. These are exactly the “symmetries” explored in [3].
It is interesting to ask what happens in some well-known cases. If lepton number is conserved, gij = yij = 0, ∀i, j,

and the two Weyl fermions merge into one Dirac neutrino. In this case, the parameters are as follows: m1 = m2 = m,
θ = π/4, φ = π/2 and one can quickly check that, indeed, gij = yij = 0, ∀i, j. On the other hand, λν

ij = 0 when i 6= j,
while the diagonal elements |λν

11| = |λν
22| = m/v, as expected of the Yukawa coupling of a Dirac fermion in the mass

basis.
If there are no Higgs triplets, g = 0 and we are faced with the familiar type-I seesaw Lagrangian [15]. g = 0

implies a non trivial relationship between m1,m2, and U , which translates into m1 cos
2 θ + e−2iφm2 sin

2 θ = 0 or
φ = π/2 and tan2 θ = m1/m2. In the popular limit m2 ≫ m1, we recover the well-known results: ν1 ∼ νe,
ν2 ∼ νs, y22 ∼ m2/s ≫ y12,11, and |λν

12| ∼ θm2/v ≫ λν
11,22. The last statement is the well-known seesaw relation:

(λνv)2 ∼ m1m2, or m1 ∼ (λνv)2/m2 [15].
The couplings g, y, λ determine the strength of processes involving the propagating Higgs boson fields. These are,

in general, linear combinations of the degrees of freedom in H , T , and S. For example, if T and S mixing with H can
be ignored, the off-diagonal Standard Model Higgs boson coupling to neutrinos can be written as

− 1

2v
sin 4θeiφ

(

e−2iφm1 −m2

)

h0ν†1ν
†
2 +H.c., (IV.5)

and the matrix element squared for h0 → ν1ν2 (assuming it is kinematically allowed) is

|iM|2 =
1

2v2
sin2 4θ(m2

1+m2
2−2m1m2 cos 2φ)× (m2

h−m2
1−m2

2)+
1

2v2
sin2 4θ((m2

1+m2
2) cos 2φ−2m1m2)× (2m1m2).

(IV.6)
The partial width Γ(h0 → ν1ν2) is in general nonzero and uniquely determined by the neutrino masses and the
elements of the neutrino mixing matrix (including the Majorana phase φ).
Other processes mediated by the Yukawa interactions include some neutrino decays. For example, the process

ν2 → ν1ν1ν1 (assuming it is kinematically allowed) is mediated by both Higgs and Z-boson exchanged, as depicted
in Fig. 1. In practice, given the minute size of the active neutrino masses, the Z-boson exchange dominates in most
cases of interest. On the other hand, the ν2 → ν1γ decay, which happens at the one-loop level, can be interpreted
as a pure electroweak process if T and S are not available and all the charged Higgs-scalar degrees of freedom get
“eaten” by the massive gauge bosons.

§ Remember 2 sin2 θ = 1− cos 2θ and 2 cos2 θ = 1 + cos 2θ.
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B. One Active, Two Sterile

In the case of only one active (νe) and two sterile neutrinos (νs1 , νs2) along with one charged lepton (e), the 3× 3
neutrino mixing matrix U is parameterized by two mixing angles θ12, θ13 and two Majorana phases φ1, φ2.
The small number of mixing parameters is a consequence of the fact that one is free to rotate in the νs1 , νs2 space

without impacting the weak interactions, which only depend on Ue1, Ue2, Ue3. This can be verified explicitly if we
choose to parameterize U in the usual way [25],

U = R23(θ23)R
13(θ13, δ)R

12(θ12) ·





1 0 0
0 eiφ1 0
0 0 eiφ2



 , and mν
Diag =





m1 0 0
0 m2 0
0 0 m3



 , (IV.7)

where

R23(θ) =





1 0 0
0 cos θ sin θ
0 − sin θ cos θ



 , R12(θ) =





cos θ sin θ 0
− sin θ cos θ 0

0 0 1



 , R13(θ, δ) =





cos θ 0 sin θeiδ

0 1 0
− sin θe−iδ 0 cos θ



 . (IV.8)

Complete expressions for the Yukawa couplings are on the long side and are not presented here. We do, however,
invite readers to check that the “symmetries” identified in [3] are indeed present in this case. Here we compute the
intermediate products

U †





1 0 0
0 0 0
0 0 0



U =





cos2 θ12 cos
2 θ13

1
2e

iφ1 sin 2θ12 cos
2 θ13

1
2e

i(φ2+δ) cos θ12 sin 2θ13
1
2e

−iφ1 sin 2θ12 cos
2 θ13 sin2 θ12 cos

2 θ13
1
2e

i(−φ1+φ2+δ) sin θ12 sin 2θ13
1
2e

−i(φ2+δ) cos θ12 sin 2θ13
1
2e

i(φ1−φ2−δ) sin θ12 sin 2θ13 sin2 θ13



 ,

U †





0 0 0
0 1 0
0 0 1



U =





sin2 θ12 + cos2 θ12 sin
2 θ13 − 1

2e
iφ1 sin 2θ12 cos

2 θ13 − 1
2e

i(φ2+δ) cos θ12 sin 2θ13
− 1

2e
−iφ1 sin 2θ12 cos

2 θ13 cos2 θ12 + sin2 θ12 sin
2 θ13 − 1

2e
i(−φ1+φ2+δ) sin θ12 sin 2θ13

− 1
2e

−i(φ2+δ) cos θ12 sin 2θ13 − 1
2e

i(φ1−φ2−δ) sin θ12 sin 2θ13 cos2 θ13



 ,

(IV.9)

and note that the g, y, λν depend on these matrices (plus their transposes) and mν
Diag. It is easy to see that, since U

is unitary, the two equations in Eqs. (IV.9) add up to the identity matrix. All mixing angle dependency is captured
in Eqs. (IV.9). As advertised, the unphysical “sterile” mixing angle θ23 is nowhere to be found, along with the
unphysical Dirac phase δ, which can be defined away via φ2 → φ2 − δ. In summary, all Yukawa couplings can be
uniquely determined once one knows the three neutrino masses m1, m2, and m3, the two Majorana phases φ1, φ2,
and the two mixing angles θ12 and θ13. In the absence of right-handed neutrinos (or, say, if all λν vanished) none of
the mixing angles would be physical and the remaining Yukawa couplings (g, yij) would depend only on the neutrino
mass eigenstate.

C. Two Active, One Sterile

In the case of two active (νe, νµ) and one sterile neutrino (νs) along with two charged leptons (e, µ), the 3 × 3
neutrino mixing matrix U is parameterized by three mixing angles θ12, θ13, θ23, two Majorana phases φ1, φ2, and one
Dirac phase δ. Here, there are no redundant sterile neutrino field redefinitions that allow one to reduce the number
of mixing parameters as far as the weak interactions are concerned.
Here we choose to parameterize U in a slightly unorthodox way, namely,

U = R12(θ12)R
13(θ13, δ)R

23(θ23) ·





1 0 0
0 eiφ1 0
0 0 eiφ2



 , and mν
Diag =





m1 0 0
0 m2 0
0 0 m3



 , (IV.10)

where the matrices R12,13,23 are defined in Eq. (IV.8). Eq. (IV.10) is to be contrasted to Eq. (IV.7). As in the previous
subsection, complete expressions for the Yukawa couplings are long and are not included. As before, we quote the
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results for

U †





0 0 0
0 0 0
0 0 1



U =





sin2 θ13
1
2e

i(φ1+δ) sin 2θ13 sin θ23 − 1
2e

i(φ2+δ) sin 2θ13 cos θ23
1
2e

−i(φ1+δ) sin 2θ13 sin θ23 cosθ13 sin
2 θ23 − 1

2e
−i(φ1−φ2) cos2 θ13 sin 2θ23

− 1
2e

−i(φ2+δ) sin 2θ13 cos θ23 − 1
2e

i(φ1−φ2) cos2 θ13 sin 2θ23 cos2 θ13 cos
2 θ23



 ,

U †





1 0 0
0 1 0
0 0 0



U =





1 0 0
0 1 0
0 0 1



− U †





0 0 0
0 0 0
0 0 1



U. (IV.11)

From the expressions above, it is clear that, in the mass basis, none of the Yukawa couplings g, y, λν depend on the
“purely active” mixing angle θ12 or the physical Dirac phase δ which can be defined away via φ1 → φ1−δ, φ2 → φ2−δ.
This is in spite of the fact that the weak interactions do depend on both θ12 and δ. In summary, all Yukawa couplings
are uniquely determined once one knows the three neutrino masses m1, m2, and m3, the two Majorana phases φ1, φ2,
and only two of the three mixing angles, θ13 and θ23. Yukawa interactions do not depend on θ12 or δ. In the absence
of right-handed neutrinos (or, say, if all λν vanished) only the mixing angle θ12 would be physical (along with the
Majorana phase φ1) and the remaining Yukawa couplings would depend only on the neutrino mass eigenvalues.

D. More than One Active, More than One Sterile

In the case of several active and sterile neutrino states, it is possible to express all Yukawa couplings in terms of the
neutrino mass eigenvalues, all the Majorana phases, and only a subset of the physical mixing angles and Dirac phases.
This is a consequence of the equivalence, as far as the Yukawa interactions are concerned, described in Eq. (III.15).
As a concrete example, consider two active and two sterile neutrinos. The physical mixing parameters are: five mixing
angles, two Dirac phases and three Majorana phases. Of those, the Yukawa interactions do not depend on one mixing
angle and one Dirac phase. If we define U as

U = UDR23R14R13R24Pφ =

(

Ωa
2×2 02×2

02×2 Ω2×2

)







1 0 0 0
0 cos θ23 sin θ23 0
0 − sin θ23 cos θ23 0
0 0 0 1















cos θ14 0 0 sin θ14e
iδ

0 1 0 0
0 0 1 0

− sin θ14e
−iδ 0 0 cos θ14









·







cos θ13 0 sin θ13 0
0 1 0 0

− sin θ13 0 cos θ13 0
0 0 0 1













1 0 0 0
0 cos θ24 0 sin θ24
0 0 1 0
0 − sin θ24 0 cos θ24















1 0 0 0
0 eiφ1 0 0
0 0 eiφ2 0
0 0 0 eiφ3









, (IV.12)

the unphysical parameters in Ω2×2 (one angle and one phase) and the physical parameters in Ωa
2×2 will be explicitly

absent from all y, g, λν in the mass basis.

V. COMMENT ON THE CASAS–IBARRA PARAMETERIZATION

Of particular interest is the so-called type-I seesaw Lagrangian. In the language developed in Sec. II, this corresponds
to gij = 0, ∀i, j. We also constrain the discussion to the case where S is not a propagating field but instead lepton
number is explicitly broken by Majorana mass parameters for the gauge-singlet fields, MR. In this case

mν =

(

0 λνv
(λνv)T MR

)

. (V.1)

In the limit that the elements of MR are much larger than those of λνv, one can diagonalize mν perturbatively.
Following the notation in [20],

U =

(

V Θ
−Θ†V 1

)

, (V.2)

Θ = V
√

diag(m1,m2,m3)R
†[diag(m4,m5, . . .)]

−1/2, (V.3)
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where V is a unitary 3×3 matrix, m1,m2,m3 are the light neutrino masses and m4,m5, . . . are the heavy ones. RN×3

is a complex orthogonal matrix RRT = 1 and we assume N ≤ 3.¶ This very useful parameterization is due to Casas
and Ibarra [8] and aims at separating the “light” mixing parameters, contained in V , from the “heavy” ones, contained
in R. In this case, one chooses all “light” parameters to be independent along with the heavy mass eigenstates so that
the “heavy–light” mixing parameters are not generic but constrained due to the gij = 0, ∀i, j constraint of the type-I
seesaw Lagrangian. The more general case gij 6= 0 but giju ≪ m4,m5, . . . has also been discussed in the literature
[26] but here we will stick to the type-I case presented above.
A quick parameter counting is in order. Assuming N = 3 for concreteness, mν contains, after all field redefinitions,

18 real independent parameters. After diagonalization, we are left with 3 light masses, 3 heavy masses (6 real
parameters), V is parameterized by three mixing angles, two Majorana phases and one Dirac phase (6 real parameters),
and the 3 × 3 complex orthogonal matrix is parameterized by three complex “angles,” which translate into 6 real
parameters. Not surprisingly, the total is 18, as required. Note that this is much less than the number of parameters
for a generic 6 × 6 mν which requires 6 masses and 24 real parameters in the mixing matrix U . The constraint
gij = 0, ∀i, j imposes 12 nontrivial relations among the 30 parameters, reducing the parameter space to 18.
In the mass basis, the Yukawa interactions are given by, at leading order in mlight/mheavy:

λν =
1

v

(

03×3

√

diag (m1,m2,m3)R
T
√

diag (m4,m5, . . .)
√

diag (m4,m5, . . .)R
√

diag (m1,m2,m3) 0N×N

)

+O
(mlight

v

)

,

(V.4)
where mlight = m1,m2,m3, mheavy = m4,m5, . . .. As expected, the Yukawa couplings in the mass basis are indepen-
dent of the “active” mixing angles in V and only depend on the “active–sterile” mixing angles. In the Casas–Ibarra
parameterization, these are parameterized by the neutrino masses and R. On the other hand, in the flavor basis, the
entries of the 3×N Yukawa matrix are given by (see, for example, [20]),

λν
αi =

1

v

[

V ∗
√

diag (m1,m2,m3)R
T
√

diag (m4,m5, . . .)
]

αi
. (V.5)

Here α runs over the active neutrino flavors (say, νe, νµ, ντ ) while i runs over the sterile neutrino “flavors” (from 1 to
N).
Eq. (V.2), since it treats active and sterile degrees of freedom differently, casts U in an unusual form (compared,

say, to Eqs. (IV.7,IV.10,IV.12)). For example, there are no “Majorana Phases” associated (as discussed in [27]) to
the heavy masses m4,m5, . . .. Instead, these are included in R. In addition, the parameters in R are complex “mixing
angles” such that the magnitudes of its elements are not bound (unlike the elements of U , whose magnitudes are
constrained to be less than 1).∗∗ It is, hence, difficult and perhaps not illuminating to discuss the range of parameters
within R that allow one to cover all physically distinguishable possibilities. V , on the other hand, is the familiar
active leptonic mixing matrix and, as such, we would like to make sure it can be parameterized in the standard way
[3]: θ12,13,23 ∈ [0, π/2], δ ∈ [0, 2π}, φ1,2 ∈ [0, π}. Fortunately, Eq. (V.2) allows for that, as long as one also properly
defines the physical range for the parameters of R.
As already discussed, V (θ, φ, δ) = PαV (θ′, φ′, δ′)Pi where P are diagonal matrices with diagonal elements equal

to ±1. If Pi (i = 1, 2, 3) and Pα (α = e, µ, τ) can be “rotated away” by properly redefining the charged lepton and
neutrino fields, than one can reduce the parameter space down to the one listed above. Following this strategy here
one gets:

U(θ, φ, δ) =

(

V (θ, φ, δ) V (θ, φ, δ)m1/2R†M−1/2

−M−1/2Rm1/2 13×3

)

, (V.6)

=

(

PαV (θ′, φ′, δ′)Pi PαV (θ′, φ′, δ′)Pim
1/2R†M−1/2

−M−1/2Rm1/2 13×3

)

,

=

(

Pα 0
0 13×3

)(

V (θ′, φ′, δ′)Pi V (θ′, φ′, δ′)m1/2PiR
†M−1/2

−M−1/2Rm1/2 13×3

)

,

=

(

Pα 0
0 13×3

)(

V (θ′, φ′, δ′) V (θ′, φ′, δ′)m1/2PiR
†M−1/2

−M−1/2Rm1/2Pi 13×3

)(

Pi 0
0 13×3

)

,

=

(

Pα 0
0 13×3

)(

V (θ′, φ′, δ′) V (θ′, φ′, δ′)m1/2PiR
†M−1/2

−M−1/2RPim
1/2 13×3

)(

Pi 0
0 13×3

)

,

¶ In the case N > 3, it is easy to write an equivalent version of Eq. (V.3) in terms of a different complex orthogonal matrix.
∗∗ The seesaw approximation requires the elements of Θ ≪ 1 so, in practice, the elements of R are bound to be smaller, in magitude, than

√

mheavy/mlight.
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where m1/2 ≡
√

diag(m1,m2,m3) and M−1/2 = (diag(m4,m5,m6))
−1/2 and we are constraining the discussion to

N = 3. While Pα and Pi can be absorbed by redefining the charged-lepton and neutrino mass eigenstates, one ends
up equating θ, φ, δ with θ′, φ′, δ′ only if, at the same time, one also changes R into R′ = PiR. This indicates that if
one chooses the range of parameters in the active leptonic mixing matrix in the standard fashion, one must be sure to
properly parameterize R and explore the full physical range of its parameters. This is similar to the case of θ13 and
δ when N = 0 (no sterile neutrinos). One can either choose θ13 ∈ [0, π/2] and δ ∈ [0, 2π} or θ13 ∈ [−π/2, π/2] and
δ ∈ [0, π}, as discussed in [3, 28, 29].
It is instructive to consider a concrete example. If there are two active and two sterile neutrinos, one can write,

using the matrices defined in Eq. (IV.12),

U = R23R14R13R24







cos θ12 sin θ12 0 0
− sin θ12 cos θ12 0 0

0 0 1 0
0 0 0 1






Pφ. (V.7)

We further multiply U from the left by diag
(

1, 1, e−iφ2 , e−iφ3

)

, which leaves the rest of the Lagrangian unchanged
upon simple field redefinitions. In the limit θ13, θ14, θ23, θ24 ≪ 1, U is given by Eq. (V.2), where

V =

(

cos θ12 sin θ12
− sin θ12 cos θ12

)(

1 0
0 eiφ1

)

, Θ =

(

θ13e
iφ2 θ14e

i(δ+φ3)

θ23e
iφ2 θ24e

iφ3

)

. (V.8)

In the type-I seesaw, not all of these parameters are independent. Using the Casas–Ibarra parameterization,

Θ =





√

m1

m3

cos θ12C ∓
√

m2

m3

sin θ12e
iφ1S

√

m1

m4

cos θ12S ±
√

m2

m4

sin θ12e
iφ1C

−
√

m1

m3
sin θ12C ∓

√

m2

m3
cos θ12e

iφ1S −
√

m1

m4
sin θ12S ±

√

m2

m4
cos θ12e

iφ1C



 , (V.9)

where C and S, are the complex parameters in R,

R† =

(

C S
∓S ±C

)

, (V.10)

C2 +S2 = 1. The ± sign is worthy of a few sentences. Since R is an orthogonal matrix, its determinant can be either
+1 or −1. There is no way of parameterizing R as a single function of continuous complex parameters and cover both
determinants so the two discrete choices for the sign need to be included. There are, however, choices for the ranges
of the other parameters that render both possible determinants of R physically equivalent. A simple one is to allow
φ1 ∈ [0, 2π} instead of φ1 ∈ [0, π}, as is typically the case [3]. This choice was made, for example, in [30, 31]. It is
easy to see that + → − combined with φ1 → φ1 + π leaves Θ unchanged. There are potentially other choices. Since
we haven’t specified the physical range of S and C, it is easy to note that + → − and C → −C or S → S lead to an
overall sign change to one of the two columns of Θ. Such a change is not physically observable.
We now compute the lepton asymmetry ǫ3 generated in the decay of a ν3. ǫ3 is related to how large a baryon

asymmetry the universe acquires in the case of thermal leptogenesis [32–34].

ǫ3 =
Γ(ν3 → HL)− Γ(ν3 → H∗L̄)

Γ(ν3 → HL) + Γ(ν3 → H∗L̄)
≃ 3

8π

Im{(λν(λν)†)212}
(λν(λν)†)11

m3

m4
, (V.11)

where we assume m1,m2 ≪ m3 ≪ m4 (see, for example, [34]) and λν is expressed in the flavor basis, Eq. (V.5). In
Fig. 2 we depict ǫ3 as a function of the Majorana phase φ1 for m2 = 2m1, m3 = 100m1, m4 = 1000m1, θ2 = π/5,

C =
√
2e−iπ/6 and S = 31/4e−i3π/4 (note C2+S2 = 1) and the two distinct values for the determinant of R = ±1, see

Eq. (V.10). All possible distinct values of ǫ3 can be obtained (assuming all other parameters fixed!) if one allows for
both values of det(R) and varies φ1 ∈ [0, π} (Fig 2-top) or if one fixes det(R) and varies φ1 ∈ [0, 2π} (Fig 2-bottom).
The exact same effect can be obtained by changing the sign of either C or S. For example, by keeping all other
parameters fixed, including det(R), but allowing for C =

√
2e−iπ/6

and C = −
√
2e−iπ/6 one also obtains the plot

depicted in Fig 2-top (black line for C =
√
2e−iπ/6, red [grey] for C = −

√
2e−iπ/6).

Finally, we compare the parameterization in Sec. III (“our parameterization”) to the one proposed by Casas-Ibarra
and widely used in the neutrino literature, especially when it comes to studying leptogenesis. Our parameterization
treats all neutrinos on the same footing, and expresses the neutrino Yukawa couplings in terms of quantities – masses
and mixing angles – which can, at least in priciple, be measured in weak processes independent from the Higgs
interactions. The Casas-Ibarra parameterization makes use of an intermediate quantity – the R matrix – which is not
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FIG. 2: ǫ3, as defined in Eq. (V.11), as a function of the Majorana phase φ1 for m2 = 2m1, m3 = 100m1, m4 = 1000m1,

θ2 = π/5, C =
√
2e−iπ/6, and S = 31/4e−i3π/4, in arbitrary units. In the top panel, det(R) = +1 (black curve) and det(R) = −1

(red [grey] curve) clearly lead to different values of ǫ3. In the bottom panel we fix det(R) = +1 and double the φ1 range.
The vertical dotted line corresponds to φ1 = π. It is clear that the imagine of φ1 ∈ [π, 2π} is the same as the imagine of the
det(R) = −1, φ1 ∈ [0, π} points in the top figure.

directly observable but instead bridges the active–sterile mixing angles and Yukawa couplings. For this reason the
Casas–Ibarra parameterization has led to some confusion in the literature. As an example, it renders parameterizing
the neutrino Majorana phases, including their physical ranges, more subtle, as we discussed above.
The Casas–Ibarra parameterization, in its most popular form, is aimed at the so-called type-I seesaw scenario, and

is only valid in the limit when the mostly sterile neutrinos are much heavier than the mostly active ones. On the other
hand, it takes advantage of the zero sub-matrix in the top left-hand corner of mν so that all its parameters are, for the
most part, independent. Our parameterization, on the other hand, is valid for a more general neutrino–Higgs sector,
and, of course, is valid in the specific case of the type-I seesaw. In the latter case, however, our parameterization is
somewhat cumbersome because the different parameters (masses and mixing angles) are no longer independent. One
easy way to see this is that, in the absence of a Higgs triplet, the neutrino masses and mixing angles must satisfy the
constraint gij = 0, ∀i, j, where gij are defined by Eq. (III.8), modulo the triplet vacuum expectation value, u.

VI. BRIEF COMMENTS ON SU(2)L TRIPLET FERMIONS

In this section, we briefly comment on the case where the N right-handed neutrinos ni are replaced by N SU(2)L
triplet fermions ti with zero hypercharge. If the Standard Model is augmented to include these fermion triplets, it is
well-known that the doublet neutrinos will, in general, also acquire masses [35], of the Dirac or Majorana type. This
is easy to understand. The neutral (neutral here refers to electric charge) components of the triplets behave, as far as
their Yukawa couplings are concerned, like right-handed neutrinos. After electroweak symmetry breaking, the neutral
components of the triplets can combine with the Standard Model neutrinos via Dirac masses and, since the triplets
have no hypercharge, their neutral components are allowed Majorana masses whose values are, a priori, not related
to electroweak symmetry breaking.
Phenomenologically, fermion triplets are, unlike right-handed neutrinos, constrained to be heavy (masses above

100 GeV). Furthermore, they are also constrained to only mix weakly with the fermion doublets. For a recent
summary and a discussion of recent constraints and references, see [36]. Partially for these reasons, here we will only
comment on the parameterization of the Yukawa couplings involving fermion triplets. In particular, our main purpose
is to show that, like in the right-handed-neutrino case, one can express the lepton–Higgs boson couplings in terms of
all fermion masses — here both charged and neutral — and elements of the mixing matrices. As the discussion below
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will illustrate, the situation here is much more involved. For example, there is more than one weak mixing matrix,
and one is allowed to introduce a new Yukawa interaction.
The new Lagrangian will contain all the terms discussed in Sec. II with properly modified (ni → ti, SU(2) con-

tractions such that all terms are gauge invariant) versions of Eqs. (I.3,II.3). Furthermore, the presence of the Higgs
triplet T allows for a new class of Yukawa interactions,

LcT ⊃ −kαie
c
αtiT

∗, (VI.1)

where kαi (α = 1, 2, 3, i = 1, 2, . . . , N) are dimensionless Yukawa couplings. After electroweak symmetry breaking, the
neutral fermion Majorana mass matrix is given by Eq. (III.1) with the right-handed neutrinos appropriately replaced
by the neutral components of ti. The Dirac mass matrix mℓ for the charged leptons is modified from its Standard
Model form. In the flavor basis,

mℓ =

(

(me)3×3

√
2(mD)3×N

(m′D)TN×3 (MR)N×N

)

=

(

(λev)3×3

√
2(λνv)3×N

(ku)TN×3 (ys)N×N

)

, (VI.2)

where the mass term in the Lagrangian reads ℓα(mℓ)αβℓ
c
β , where α, β = 1, 2, . . . , 3 + N . As was done earlier, we

explicitly indicated the dimensionality of the different sub-matrices.
The neutral lepton mass matrix is, as before, symmetric and can be diagonalized via

mν = U0∗mν
DiagU

0†, (VI.3)

where mν
Diag is a diagonal matrix with non-negative diagonal entries and U0 is a unitary matrix. As usual, the charged

lepton mass matrix can be rendered diagonal with the help of two unitary matrices:

mℓ = ULmℓ
DiagU

R†, (VI.4)

where mℓ
Diag is a diagonal matrix with non-negative diagonal entries and UL,R are unitary matrices. The mass

eigenstates for neutral and charged leptons are obtained by properly “absorbing” U0,L,R:

να = U0
αiνi, ℓα = UL

αiℓi, ℓcα = UR
αiℓ

c
i . (VI.5)

In the scenarios discussed in the previous sections, the unitary matrices equivalent to U0,R,L are not all physical.
Indeed, as is well-known only a combination of U0 and UL, which we referred to as U (the neutrino mixing matrix,
Eq. (III.3)) is physical. Here, the situation is quite distinct since ti, unlike the ni, are charged under SU(2)L×U(1)Y
and couple to the W and Z bosons.
It is instructive to write down the terms in the Lagrangian that couple the different lepton flavors to the W and Z

bosons. Schematically, they are proportional to

(

ē µ̄ τ̄ t̄−1 . . . t̄−N
)

(

13×3 0

0
√
2× 1N×N

)

/W
+

















νe
νµ
ντ
t̄01
...
t̄0N

















+H.c., (VI.6)

(

ēc µ̄c τ̄c t̄+1 . . . t̄+N
)

(

03×3 0
0 1N×N

)

/W
−

















νe
νµ
ντ
t̄01
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(

ēc µ̄c τ̄c t̄+1 . . . t̄+N
)
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, (VI.9)

(

ν̄e ν̄µ ν̄τ t̄01 . . . t̄0N
)

(

13×3 0
0 0N×N

)

/Z

















νe
νµ
ντ
t̄01
...
t̄0N

















, (VI.10)

where aL,R, b+,− are well-known dimensionless couplings of the different chiral fermions to the Z boson (for example,
aL ∝ −1/2 + sin θW , where θW is the Weinberg angle). Once one rotates to the mass basis,∗ it is easy to see that,
in general, there are “off-diagonal” couplings for both the W and the Z bosons. These are a function of well-known
quantities (gauge couplings plus real numbers that depend on the fermion representation) and the matrices U0,L,R

defined earlier.
At this point, it is instructive to count the number of physical degrees of freedom and, for concreteness, we will

concentrate on the N = 3 case. In the “flavor basis,” the Yukawa sector is parameterized by 78 parameters: 2×9 = 18
in λe, λν , and k (each), 2 × 6 = 12 in y and g (each). Field redefinitions allow one to remove 27 of these, leaving a
total of 51 free parameters. Subtracting out the 12 fermion masses (six charged leptons, Dirac fermions, six neutrinos,
Majorana fermions) one is left with 39 mixing angles and phases distributed among UR,L,0. Keeping in mind that a
6×6 unitary matrix has 36 independent parameters, it is clear that many of the parameters in UR,L,0 are not physical,
and several of the physical parameters are “shared” among the different matrices. A more detailed discussion of how
to properly parameterize weak mixing phenomena in the case of the Standard Model augmented by triplet fermions
is beyond the ambitions of this paper.
In order to render this discussion parallel to the one we led in the previous sections, we will proceed as follows. We

will refer to U0,L,R as the mixing matrices, in the sense that they can, in principle, be determined from the W and Z
boson couplings.† We now proceed to quickly show that all Yukawa couplings (λe,ν , y, g, k) can be written in terms of
the fermion masses and the elements of the mixing matrices. The couplings g, y and λν have already been computed:
they are given by Eqs. (III.8,III.9,III.10) once we replace U by U0. For the charged lepton Yukawa couplings, we
follow a very similar route. As before, we can write

(

λe 0
0 0

)

=
1

v

(

1 0
0 0

)

mℓ

(

1 0
0 0

)

, (VI.11)

(

0 0
kT 0

)

=
1

u

(

0 0
0 1

)

mℓ

(

1 0
0 0

)

. (VI.12)

Using Eq. (VI.4), it is easy to see that all Yukawa couplings, in the mass basis, can be written in terms of fermion
masses and some of the elements of the mixing matrices U0,L,R, identical to what was done in order to write down
Eqs. (III.8,III.9,III.10).
Parallel to the right-handed neutrino case, the Yukawa couplings do not depend on all of the independent physical

parameters necessary to parameterize U0,L,R. For example, “pure–doublet” and “pure–triplet” rotations do not
contribute to any of the Higgs–lepton interactions. Incidently, the weak neutral current processes are also invariant
under these field redefinitions. As far as UR is concerned, “pure–doublet” and “pure–triplet” rotations are completely
unphysical, i.e., they can also be “rotated away” from the charged-curent weak interactions. These invariances are
reflected in the parameter-counting discussed briefly above.

∗ We can still refer to the charged-lepton mass eigenstates as e, µ, τ, . . . , t−N , and the neutrino mass eigenstates as ν1, ν2 . . . , ν3+N without
any loss of generality.

† Note that some of these parameters are “Majorana phases.” These can, in principle, be observed in weak processes that violate lepton
number.
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Finally, it is curious to note that the Yukawa couplings λν and y contribute to both mν and mℓ. This means that
λν and y can be parameterized either in terms of neutrino masses and elements of U0, or in terms of charged-lepton
masses and elements of UR,L. This, in turn, implies non-trivial relations among these observables. Again, these
relations are reflected in the parameter-counting discussed briefly above.

VII. CONCLUSIONS

Active neutrino masses, like all Standard Model charged-fermion masses, only arise after electroweak symmetry
breaking. This is true regardless of the nature of the neutrinos or the mechanism responsible for their finite masses. If
the mechanism of electroweak symmetry breaking can be captured by the vacuum expectation values of scalar fields,
fermion masses arise due to the interactions between the fermions and these scalar fields.
In the case of the charged-fermions in the Standard Model, charged-fermions will couple to the propagating Higgs

boson in a mass-diagonal way, and the magnitude of these couplings is proportional to the individual charged-fermion
masses, as is well known. This is also the case of neutrinos if they are massive Dirac fermions. In this case, of course,
the Standard Model Lagrangian is augmented to include at least two Standard Model gauge singlet Weyl fermions,
the so-called right-handed neutrinos.
If the neutrinos are Majorana fermions and if right-handed neutrinos are propagating degrees of freedom, the

couplings of neutrinos to the Higgs sector will depend not only on the neutrino masses but also on a subset of the
mixing parameters that define the full neutrino mixing matrix. Furthermore, in the neutrino mass-eigenstate basis,
the couplings are not necessarily diagonal. We discussed in detail how to properly parameterize the couplings of
the neutrino–Higgs sector. We find that neutrino Yukawa couplings are well-defined functions of all the neutrino
mass eigenvalues and the “active–sterile” mixing parameters in the full neutrino mixing matrix. Furthermore, we
can still choose to constrain the ranges of the parameters that define the elements of the mixing matrix to the ones
that are required in order to properly describe the weak interactions (see, for example, [3–5]). This means if we
choose all neutrino masses to be positive, allow all mixing angles to lie in the first quadrant (θ ∈ [0, π/2]), and
allow all Majorana phases to lie in the first two quadrants (φ ∈ [0, π}) we will properly parameterize all physically
distinguishable outcomes for processes involving interactions between all leptons (including right-handed neutrinos)
and gauge bosons or Higgs bosons, as long as all Dirac phases are allowed to vary within the entire unit circle
(δ ∈ [0, 2π}). This result applies not only to the lepton couplings to the Standard Model Higgs doublet but can be
extended to include a Higgs boson SU(2)L triplet and a Higgs boson Standard Model singlet. This is true as long as
all elements of the neutrino mass matrix are proportional to the vacuum expectation values of these different scalar
fields.
Unlike the quark mixing sector, many of the potentially physical parameters in the lepton mixing sector are

completely unknown. We don’t know whether there are right-handed neutrinos, Higgs-boson triplets, or Higgs-
boson singlets, we don’t know whether neutrinos are Majorana fermions, and we don’t even know the magnitudes of
the mostly-acitve neutrino masses. We only know that there are at least three neutrinos, and we have measured two
mass-squared differences and the values of two mixing angles. We can infer that a third mixing angle exists, along
with a Dirac phase, although both of them could be zero.
Regardless of all the uncertainty, many of the hypothetical parameters, if they exist, play a pivotal role in poten-

tially important processes, including leptogenesis, expectations of supersymmetric theories for charged-lepton flavor-
violating processes, etc. For this reason we discussed relations between the parameterization discussed here and the
Casas–Ibarra parameterization, and discussed the physical range of the parameters in the latter case.
In conclusion, the issue of properly parameterizing both the gauge and Yukawa sectors and understanding how to

access the entire allowed parameter space is particularly important in the neutrino sector. We also have empirical
evidence that it is an issue that often leads to misunderstanding among even seasoned neutrino phenomenologists and
to confusing statements in the neutrino literature. We hope our results will help clarify some of the confusion.
Finally, we will emphasize some important provisos. The results presented here apply assuming that, other than

the Yukawa interactions highlighted above, there are no new interactions involving active or sterile neutrinos. If,
for example, the right-handed neutrinos couple to some singlet fermion S in a way that these new couplings y′ are
not related to the right-handed neutrino Majorana mass parameters MR

ij , the y′ couplings will not depend only on
neutrino masses and mixing angles but will also depend on some extra parameters. In the conclusions above, we also
assume that the new neutrino degrees of freedom are Standard Model gauge singlets. As briefly discussed, if one were
to enlarge the particle content of the Standard Model by including fermionic SU(2)L triplets with zero hypercharge,
nonzero neutrino masses would be generated [35], but the neutrino mixing space would be modified since fermion
triplets also couple to the W and Z boson.
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[20] A. de Gouvêa, arXiv:0706.1732 [hep-ph].
[21] D. Gorbunov and M. Shaposhnikov, JHEP 0710, 015 (2007).
[22] A. Atre, T. Han, S. Pascoli and B. Zhang, JHEP 0905, 030 (2009).
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