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Several relatively small-scale experimental setups, aimed on prototyping of future laser
gravitational-wave detectors and testing of new methods of quantum measurements with macro-
scopic mechanical objects, are under development now. In these devices, not devoted directly to the
gravitational-wave detection, Mach-Zehnder interferometer with pass-through Fabry-Perot cavities
in the arms can be used instead of the standard Michelson/Fabry-Perot one. The advantage of this
topology is that it does not contain high-reflectivity end mirrors with multilayer coatings, which
Brownian noise could constitute the major part of the noise budget of the Michelson/Fabry-Perot
interferometers.

We consider here two variants of this topology: the “ordinary” position meter scheme, and a new
variant of the quantum speed meter.

I. INTRODUCTION

Sensitivity of modern large-scale laser gravitational-
wave detectors [1–4] is limited by two groups of noise
sources. The first one comprises so-called “classical”, or
“technical” noises of different origin — thermal, seismic,
etc, which, in principle, can be reduced by cooling, us-
ing better materials, more sophisticated seismic isolation
and so on. The second one originates from the quan-
tum fluctuations of the light phase and amplitude inside
the interferometers. These noise sources — the shot noise
and the radiation pressure noise, correspondingly— obey
the fundamental limitation imposed by Heisenberg’s un-
certainty relation [5]. “Naive” optimization of the quan-
tum noise, which simply makes the shot noise and the
radiation pressure noise equal to each other, imposes a
so-called Standard Quantum Limit [6] of the sensitivity:

SSQL =
2~

MΩ2
, (1)

where SSQL is the equivalent position noise spectral den-
sity [49], M is the test mass and Ω is the observation
frequency. This limitation can be evaded using more
sophisticated measurement schemes (see, e.g. [7–12]),
which, probably, will be implemented in the third gener-
ation gravitational-wave detectors [13, 14].
The second-generation gravitational-wave detectors,

which are under development now [15–18], are typically
described as “quantum-noise limited” ones. However, in
the best sensitivity band (around 100Hz), the noise bud-
get will be dominated by one of the “classical” noises,
namely, by the thermal fluctuations of thickness of the
multilayer dielectric coatings of the interferometers mir-
rors [19–24].
All contemporary and planned large-scale

laser gravitational-wave detectors have the same
Michelson/Fabry-Perot topology, shown in Fig. 1. Two
arms here provide balanced scheme which suppresses the
laser technical noise, and the arms orthogonal placement
is dictated by the spatial structure of gravitational
waves. In this topology, transmittance of the end
mirrors (ETM) have to be as small as possible, while
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FIG. 1: Simplified scheme of the Michelson interferometer
topology of laser gravitational-wave detectors. ITM: input
test masses; ETM: end test masses.

the input mirrors (ITM) have to have some moderate
transmittance which depends on the required bandwidth
of the arm cavities (the typical values are T 2

ETM . 10−5

and T 2
ITM ∼ 10−2, respectively). Therefore, the end

mirrors have to have at least 2 - 3 times more coating
layers, than the input ones. Taking into account that
the coating thermal noise spectral density with good
precision is proportional to the coating layers number,
this means that it is the end mirrors produce the major
part of this noise.

Due to this reason, it was proposed several years ago
to replace the end mirrors by coatingless corner reflec-
tors [25] or by two-mirror reflectors [26]. Later anal-
ysis [27] showed, however, that the optical diffractional
losses introduced by the corner reflectors (about 10−4 per
bounce) severely limit performance of the known meth-
ods of overcoming the SQL .

In addition to full-scale laser gravitational-wave detec-
tors, several smaller scale interferometers not devoted di-
rectly to the gravitational-wave detection are under de-
velopment now [28–33], with the goal of testing different
aspects of future gravitational-wave detectors, in particu-
lar, new methods of quantum measurements with macro-
scopic mechanical objects. These devices have the same
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Michelson/Fabry-Perot topology of Fig. 1. However, in
this case, another topology can be used, which does not
contain the high-reflectivity end mirrors at all: the well
known Mach-Zehnder interferometer.

Similar to the Michelson/Fabry-Perot topology, Fabry-
Perot cavities can be placed inside the Mach-Zehnder in-
terferometer arms in order to increase the optomechani-
cal coupling, see Fig. 2. In this case, both input and end
mirrors of the Fabry-Perot cavities must have the same
moderate reflectivities created by means of a several re-
flective layers, instead of tens in the high-reflectivity end
mirrors, and, therefore, proportionally smaller coating
thermal noise.

The evident difference of the Mach-Zehnder/Fabry-
Perot topology from the Michelson/Fabry-Perot one is
that it has two output ports, with outgoing fields in both
of them carrying information about the mirrors motion.
In order to achieve a quantum noise limited sensitivity,
all this information has to be captured. Therefore, both
dark ports have to be equipped with photodetectors.

It can be noted, that in principle, Mach-
Zehnder/Fabry-Perot topology can be used in the
large-scale gravitational-wave detectors case too. How-
ever, in this case the second beamsplitter has to
recombine beams from the end mirrors separated by the
several kilometers distance. It is unclear, whether the
sensitivity gain provided by this topology justify the
corresponding technological hassles.

In this topology, all proposed methods of overcoming
the SQL can be used too. But its two output ports
provide an additional flexibility in implementation of
these methods. In particular, it can be converted into
the quantum speed meter [7], by adding two small mir-
rors into the centers of each of the Fabry-Perot cavities,
see Fig. 4. The main advantage of the speed measure-
ment is that it allows to overcome the SQL in broad
band simply by using homodyne detector with frequency-
independent homodyne angle. In the “ordinary” posi-
tion measurement case, sophisticated schemes which pro-
vide frequency-dependent homodyne angle or frequency-
dependent squeezing are required for this purposes [10].

The topology of Fig. 4 is simpler and more suitable
for implementation in relatively small-scale prototype
devices, than other proposed “flavours” of the quan-
tum speed meter: Doppler meter [34], “sloshing cavi-
ties” scheme [35, 36], and Sagnaq interferometer [11, 37].
However, instead of pure velocity information, it provides
information about sophisticated mix of all six mirrors po-
sitions and velocities [38]. We show here, that all the
irrelevant information can be suppressed by using suffi-
ciently small ratio of the central/end mirrors masses and
proper choice of the homodyne angles of the two detec-
tors.

The paper is organized as follows. In Sec. II, we cal-
culate quantum noise of the Mach-Zehnder/Fabry-Perot
interferometer and show equivalence of this topology to
the Michelson/Fabry-Perot one with ideally reflective end
mirrors. In Sec. III, we consider an implementation of

Quantity Description

Ω Observation (sideband) frequency

c Speed of light

M Arm cavities mirrors mass

L Arm cavities length

ωo Arm cavities eigen frequency

γ Arm cavities half-bandwidth

Ic Power circulating in each of the arm cavities

η Unified quantum efficiency

m Central mirrors mass in the speed meter scheme

TABLE I: Main notations used in this paper.

Bright
port 1

Dark port 1

PRM

xld xrd

xlu xru

Dark port 2

PRM

Bright
port 2

FIG. 2: The scheme of Mach-Zehnder/Fabry-Perot interfer-
ometer.

the quantum speed meter scheme based on the Mach-
Zehnder/Fabry-Perot topology. In Sec. IV we resume the
obtained results.
The main notations used in this paper are listed in

Table I. The Appendices contain all calculations which
are not necessary for understanding the main results of
this paper.

II. TWO-PORTS POSITION METER

Consider the Mach-Zehnder/Fabry-Perot interferome-
ter shown in Fig. 2. In this paper, we suppose that the
arm cavities here are tuned in resonance, and the input
and the end mirrors have the same transmittance T 2. In
this case, most of the optical power which enters the in-
terferometer through one of the bright ports (left in the
picture) leaves it through the second (right) bright port,
but some small fraction, proportional to the differential
displacement of the mirrors:

x =
xr − xl

2
, (2)

where

xl =
xld − xlu

2
, xr =

xrd − xru

2
(3)

(subscripts l and r stand for “left” and “right” mirrors,
and u and d — for “down” and “up” cavities), goes into
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Test object

x̂

Meter 1

Meter 2

F̂ fl
1

F̂ fl
2

x̂+ x̂fl
1

x̂+ x̂fl
2

Data processing

x̂+ x̂fl
eff

FIG. 3: Generalized scheme of the dual linear quantummeter.

the dark ports, where it can be detected. We assume
here that both dark ports are equipped by homodyne
detectors with the homodyne angles φ1,2.
Two additional power recycling mirrors (PRM), shown

in Fig. 2, in principle, are not necessary for the scheme
function. However, they allows to increase the optical
power circulating in the Fabry-Perot cavities (for the
same laser power and for the same finesse of the cavi-
ties).
It is shown in Appendix B that this scheme is equiva-

lent to two independent quantum position meters which
simultaneously measure position x of the same mechani-
cal degree of freedom, see Fig. 3. Output signals of these
meters can be represented as sums of the actual position
x of the test object and the corresponding measurement
noises x̂fl

1,2 (originated from the light shot noise):

x̃1,2 = x̂+ x̂fl
1,2 . (4)

Both meters also apply back-action noises F̂ fl
1,2 (fluctu-

ations of the radiation-pressure forces) on the test object.
Therefore, in spectral domain, the test object position
can be represented as follows:

x̂(Ω) = x̂0(Ω) + χ(Ω)[F̂ fl
1 (Ω) + F̂ fl

2 (Ω)], (5)

where x̂0(Ω) of the intrinsic motion of the test object,
that is the one independent on the meter noises (in par-
ticular, it can be the response on some external sig-
nal force which has to be detected), and χ(Ω) is the
susceptibility function of the test object (for example,
χ(Ω) = −1/(mΩ2) for a free mass m).
Spectral densities of these noises: Sx

1,2, S
F
1,2, and the

corresponding cross-correlation spectral densities SxF
1,2

are calculated in Appendix B, see Eqs. (B12). They have
exactly the same form as the quantum noises spectral
densities of the ordinary Michelson/Fabry-Perot interfer-
ometer, but with halved circulating power (note that here
two independent effective meters share the same optical
power). In particular, these spectral densities satisfy the
following uncertainty relation [6]:

Sx
1,2S

F
1,2 − |SxF

1,2 |2 ≥ ~
2 . (6)

with both sides being equal in the ideal case of no optical
loss (η = 1).

Two output signals (4) should be combined by the op-
timal data processing scheme, giving:

x̃sum(Ω) = ξ(Ω)x̃1(Ω) + [1− ξ(Ω)]x̃2(Ω)

= x̂0(Ω) + x̂sum(Ω) , (7)

where ξ(Ω) is the weight function which has to be opti-
mized and

x̂sum(Ω) = ξ(Ω)x̂fl
1 (Ω) + [1− ξ(Ω)]x̂fl

2 (Ω)

+ χ(Ω)[F̂ fl
1 (Ω) + F̂ fl

2 (Ω)] (8)

is the sum noise. It should be emphasized that trans-
formation (7) is a software operation which can be per-
formed post factum. Therefore, no limitations are applied
to the function ξ(Ω); in particular, this filtering can be
acausal one.
Spectral density of the sum noise x̂sum is equal to

Ssum = |ξ(Ω)|2Sx
1 + |1− ξ(Ω)|2Sx

2

+ 2ℜ
(

χ(Ω)
{

ξ∗(Ω)SxF
1 + [1− ξ∗(Ω)]SxF

2

}

)

+ |χ(Ω)|2(SF
1 + SF

2 ) . (9)

The minimum of this spectral density in ξ is equal to

Sx = Seff
x + 2ℜ[χ(Ω)Seff

xF ] + |χ(Ω)|2Seff
F , (10)

where

Sx
eff =

Sx
1S

x
2

Sx
1 + Sx

2

, (11a)

SF
eff = SF

1 + SF
2 − |SxF

1 − SxF
2 |2

Sx
1 + Sx

2

, (11b)

SxF
eff =

Sx
1S

xF
2 + Sx

2S
xF
1

Sx
1 + Sx

2

(11c)

are, correspondingly, spectral densities of the effective
measurement noise, the effective back action noise, and
the cross-correlation spectral density for this scheme. It
is easy to show, that if both meters are ideal quantum
noise limited ones, then the same is valid for the effective
combined meter.
Consider the symmetric particular case of the homo-

dyne angles equal to each other:

φ1 = φ2 = φ . (12)

If follows from Eqs. (B12), that it corresponds to two
identical meters:

Sx
1 = Sx

2 = 2Sx
eff , (13a)

SF
1 = SF

2 =
SF
eff

2
, (13b)

SxF
1 = SxF

2 = SxF
eff . (13c)
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where the effective noise spectral densities are equal to

Sx
eff =

~cL

16ωoIcγη

γ2 +Ω2

cos2 φ
, (14a)

SF
eff =

16~ωoIcγ

cL(γ2 +Ω2)
, (14b)

SxF
eff = ~ tanφ . (14c)

These spectral densities are exactly equal to the ones
of the Michelson/Fabry-Perot interferometer with the
same parameters, in particular, with the same unified
quantum efficiency η and the same half-bandwidth γ.
But while in the Michelson/Fabry-Perot case the inef-
ficiency 1− η is created by the photodiods quantum inef-
ficiency, losses in the optical elements, and transmittance

of the end mirrors, in the Mach-Zehnder/Fabry-Perot
case the last component is absent. Therefore, the Mach-
Zehnder/Fabry-Perot interferometer with symmetric ho-
modyne angles (12) is equivalent to the Michelson/Fabry-
Perot interferometer with ideally reflective end mirrors.

It should be noted, however, that in order to keep
the same value of the half-bandwidth γ, the arm cavi-
ties mirrors transmittances in the Mach-Zehnder/Fabry-
Perot interferometer must be twice as small as the ones of
Michelson/Fabry-Perot, because in the former case, both
input and end mirrors transmittances introduce equal
parts into γ.

Consider, for example, the Michelson/Fabry-Perot in-
terferometer with the input and end mirrors power trans-
mittances equal to T 2

ITM = 0.1 and T 2
ETM = 10−5. These

values can be considered as typical ones for the smaller-
scale prototype interferometer, similar to the AEI 10-m
interferometer [28, 29], and they can be created using
NITM = 5 and NETM = 18 layers of Ta2O5, respectively
(see, e.g., Eq. (2) of [39]), giving total number of Ta2O5

layers for each Fabry-Perot cavity equal to 23.

At the same time, in order to obtain the same value
of the bandwidth in the Mach-Zehnder/Fabry-Perot case,
all arm cavities mirrors have to have transmittance equal
to T 2 = 0.05, which corresponds to 6 layers for each mir-
ror and 12 layers total. This almost twice as small num-
ber of the coating layers translates to the proportional
decrease of the coating noise spectral density.

III. TWO-PORT SPEED METER

The quantum speed meter version of the Mach-
Zehnder/Fabry-Perot interferometer is shown in Fig. 4.
It differs from the previous scheme by two additional
small mirrors located in the centers of the Fabry-Perot
cavities. Both surfaces of these mirrors should have re-
flective coatings with the transmittances equal to one
of the Fabry-Perot cavities main mirrors, and the short
Fabry-Perot etalons formed thus inside the additional
mirrors should be tuned in anti-resonance: the corre-

Bright
port 1

Dark port 1

xld xrd

xcd

xlu xru
xcu

Dark port 2

Bright
port 2

FIG. 4: The scheme of the Mach-Zehnder/Fabry-Perot quan-
tum speed meter.

Test object “x”

Test object ”y”

x̂

F̂ fl
x

ŷ

F̂ fl
y

Meter 1

Meter 2

v̂1

p̂fl1

v̂2

p̂fl2

v̂1 + v̂fl1

v̂2 + v̂fl2 Data processing

x̂+ x̂fl
eff

FIG. 5: Generalized scheme of the Mach-Zehnder/Fabry-
Perot quantum speed meter.

sponding optical length should be equal to

d =
λ(n+ 1/2)

2
, (15)

where n is an integer.
Quantum noise of this configuration is calculated in

Appendix C. It is shown, that it is equivalent to the gen-
eralized scheme shown in Fig. 5. Here two independent
meters (which correspond to two dark ports of Fig. 4)
interact simultaneously with two mechanical degrees of
freedoms, which correspond to the following mechanical
modes:

x = xc −
xr + xl

2
, y =

xr − xl

2
, (16)

where

xl =
xld − xlu

2
, xc =

xcd − xcu

2
, xr =

xrd − xru

2
(17)

(subscripts l, c, r stand for “left”, “central”, “right” mir-
rors, and u and d — for “down” and “up” cavities). Ef-
fective masses of these degrees of freedom are equal to

µ =

(

1

m
+

1

2M

)

−1

(18)

and 2M , correspondingly (M and m are the end and the
central mirrors masses, respectively).



5

In spectral picture, output signals of these two meters
can be represented as follows:

v1,2(Ω) = X1,2(Ω)x(Ω) + Y1,2(Ω)y(Ω) + vfl1,2(Ω) , (19)

where

X1(Ω) = γ − iΩ , Y1 = −iΩ , (20a)

X2(Ω) = −iΩ , Y2 = −(γ − iΩ) , (20b)

and vfl1,2 are the measurement noises. Correspondingly,
both meters together create two fluctuational forces act-
ing on the test objects:

F fl
x (Ω) = X∗

1 (Ω)p̂
fl
1(Ω) +X∗

2 (Ω)p̂
fl
2(Ω) , (21a)

F fl
y (Ω) = Y ∗

1 (Ω)p̂
fl
1 (Ω) + Y ∗

2 (Ω)p̂
fl
2(Ω) , (21b)

where p̂fl1,2 are the back-action noises. Spectral densities

Sv
1,2 and Sp

1,2 of the noises v
fl
1,2 and pfl1,2, together with the

cross-correlation spectral densities Svp
1,2 [see Eqs. (C29)]

satisfy the standard uncertainty relation similar to (6),

Sv
1,2S

p
1,2 − |Svp

1,2|2 ≥ ~
2 , (22)

again with the exact equality in the no-losses case of η =
1.
It follows from Eq. (19), that the first meter provides

information about the position of the “x” degree of free-
dom and velocity of the “y” degree of freedom, and the
second meter — about the velocity of the “x” degree of
freedom and position of the “y” degree of freedom. In or-
der to implement the quantum speed meter regime, the
position information has to be suppressed. It can be done
in the following way.
First, suppose that the end mirrors are very heavy

compared to the central ones:

µ

M
≈ m

M
→ 0 . (23)

(the general case of finite masses ratio will be considered
below). In this case, the end mirrors can be treated as
fixed ones, y = 0, and the measurement scheme reduces
to the one considered in the previous section: two meters
and one test object, see Fig. 3, with the noise spectral
densities equal to:

Sx
1,2 =

Sv
1,2

|X1,2|2
, SF

1,2 = |X1,2|2Sp
1,2 , SxF

1,2 = Svp
1,2 .

(24)

Thus, only one source of undesirable information re-
mains: the first meter providing position information
about the “x” degree of freedom.
Then, suppose that the first homodyne detector mea-

sures the amplitude quadrature of the outgoing light,
which corresponds to the homodyne angle

φ1 =
π

2
. (25)

This means that the first meter does not “see” the input
signal, but instead “sees” its own back action force. Its
noise spectral densities in this case have the following
structure:

SxF
1 → ∞ Sx

1 =
~
2 + |SxF

1 |2
ηSF

1

→ ∞ . (26)

Substitution of Eqs. (24, 26) into Eqs. (11) gives the fol-
lowing effective spectral densities:

Sx
eff = Sx

2 , (27a)

SF
eff = SF

2 + (1− η)SF
1 , (27b)

SxF
eff = SxF

2 . (27c)

They are almost exactly equal to the spectral densities
of the second meter alone. The only difference is the
small term in Eq. (27b) proportional to the quantum in-
efficiency 1− η. Therefore, the first meter with its unde-
sirable (position measurement) noises structure is virtu-
ally excluded from the measurement process: due to the
homodyne angle setting (25), it does not provide any in-
formation about the test object motion, and the optimal
data processing procedure almost completely removes the
results of the first meter back action from the output sig-
nal (while the real motion of the test object, of course,
is perturbed by both meters). Thus, this meter plays
the role of a “virtual mirror” which effectively closes the
corresponding output port of the interferometer.

As a result, only one information channel remains: the
second meter which provides information about the ve-
locity of the central mirrors differential motion. The sum
noise spectral density of this measurement is equal to [see
Eqs. (C29, 24, and 27)]:

Ssum = Sx
eff − 2SxF

eff

µΩ2
+

SF
eff

µ2Ω4

=
~

µΩ2

{

1

Kη cos2 φ2

− 2 tanφ2

+K
[

1 +
(1− η)(γ2 +Ω2)

Ω2

]}

, (28)

where

K =
K0

1 + 4Ω4/γ4
, K0 =

32ωoIc
µcLγ3

. (29)

This spectral density has typical speed meter frequency
dependence, with the optomechanical coupling factor K
being asymptotically constant and reaching its maxi-
mum K0 at Ω → 0 (compare, e.g., with Eqs. (20, 21)
of Ref. [13]). Therefore, the following homodyne angle:

φ2 = arctan(K0η) (30)

provides broad-band low-frequency optimization of the
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FIG. 6: Plots of
µΩ2

~
Ssum [see Eq. (31)] for m/M = 0.01

(solid lines) and m/M → 0 (dots). For all plots, K0 = 2.

spectral density (28), which gives:

Ssum =
~

µΩ2

{

1

Kη

+Kη

[

16Ω8

γ8
+

1− η

η

(

2 +
γ2

Ω2

)]}

. (31)

It is easy to see that in the absence of the optical losses,
1 − η → 0, the residual back action noise (proportional
to K) can be very small at low frequencies, Ω < γ. How-
ever, similar to other speed meter implementations [13],
the additional term introduced in Eq. (31) by the optical
losses, diverges if Ω → 0 and therefore seriously limits
the sensitivity.
The sum noise spectral density for the general case

of arbitrary masses ratio m/M is calculated in Appendix
C 3, see Eqs. (C38, C40). In this case, the perturbation of
the “y” degree of freedom creates additional terms in the
sum noise spectral density which also diverge at Ω → 0.
However, m/M can be easily made much smaller than
the quantum inefficiency 1−η. Therefore, the sensitivity
degradation due to the end mirrors motion perturbation
can be made negligibly small in comparison with the one
caused by the optical losses.
In Fig. 6, spectral density (31) normalized by the SQL

spectral density ~/(µΩ2) is plotted for m/M = 0.01 and
for the asymptotic case m/M → 0, for the following
three values of the unified quantum efficiency: η = 0.95
(moderately optimistic), η = 0.99 (very optimistic), and
η = 1 (no losses at all). In all these cases, the value of
K0 = 2 is used. If, for example, 2πc/ωo = 1.064µm,
m = 10 g ⇒ M = 1kg, L = 5m (total arm length
2L = 10m), T 2 = 10−3 (these values are close to ones
planned for Hannover 10-m prototype experiment [28]),
then this K0 corresponds to Ic ≈ 15 kW.

It is easy to see, that influence of the “y” degree of
freedom is barely noticeable if η = 0.95, small if η = 0.99
and is significant only in the ideal lossless case η = 1.

It have to be noted that the reduced size of the cen-
tral mirror requires that the beam radius on this mirrors
also have to be reduced proportionally, in order to keep
diffraction losses at the same level. The reduced beam
radius means increased influence of Brownian and ther-
moelastic noises of the central mirror coating and bulk
[21]. However, estimates made in [40] show that this ef-
fect is more than compensated by the increased Standard
Quantum Limit (1) of the light central mirrors.

Another potential noise source is thermo-refractive
noise in the central mirrors bulk [41]. However, due to
the condition (15), the optical power penetrating into
the central mirrors will be as small as the power inside
the Fabry-Perot cavities end mirrors and the beamsplit-
ters. Therefore, due to the longer light path inside, it is
these elements will contribute the major part of the total
thermo-refractive noise.

IV. CONCLUSION

The brief estimate made above shows that in the Mach-
Zehnder/Fabry-Perot interferometer, the coating ther-
mal noise spectral density can be about twice as small
as in the similar Michelson/Fabry-Perot. Taking into ac-
count, that this gain is cumulative with the other pro-
posed methods of reducing the coating thermal noise:
in particular, broadened laser beams [42], better coating
materials [43], coating structure optimization [44, 45], it
is quite possible that together all these methods will al-
low to push the coating thermal noise below the quantum
noise.

Concerning the quantum noise, it has to be empha-
sized, that only two simplest configurations which do
not use the advanced techiques like optical springs [8, 9],
squeezed light [5], filter cavities [10, 12] etc were con-
sidered here. All these methods of shaping the quantum
noise, developed for the Michelson/Fabry-Perot topology,
can be used in the Mach-Zehnder/Fabry-Perot case as
well, with the additional flexibility provided by the two
output ports.
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Appendix A: Notations and approximations

High (optical range) frequencies are denoted by ω, and
low (mechanical range) ones by Ω. Typically, ω = ωp+Ω.
It is supposed that the following inequalities are fulfilled:

Ω, γ ≪ L

τ
≪ ωo . (A1)

The field amplitudes are presented as sums of large
classical values (denoted by capital roman letters) and
small quantum ones (denoted by small roman letter).
Only linear in these small quantum fluctuations and in
the mirrors displacements terms are kept. Two-photon
quadrature vectors [46, 47] are denoted by bold-face ro-
man letters:

â(Ω) =

(

âc(Ω)

âs(Ω)

)

, (A2a)

âc(Ω) =
â(ωo +Ω) + â+(ωo − Ω)√

2
, (A2b)

âs(Ω) =
â(ωo +Ω)− â+(ωo − Ω)

i
√
2

. (A2c)

In vacuum state, single-sided spectral densities of the
quadrature amplitudes are equal to 1.
In most cases, dependence of the field operators, as

well as of the mechanical positions and forces spectra, on
the frequencies ω, Ω is omitted below for brevity.
The “down” and “up” arms of the interferometers are

denoted by the subscript a = d, u.
All optical losses are modeled here by two grey filters

with the power transmittances η, placed before the de-
tectors:

q̂1,2 =
√
η b̂1,2− +

√

1− η n̂1,2 , (A3)

where n̂1,2 are the vacuum noises associated with these
losses.
The beamplitters are described by the following equa-

tions:
(

â1,2 d

â1,2u

)

=
1√
2

(

1 1

1 −1

)(

â1,2+
â1,2−

)

, (A4a)

(

b̂1,2+

b̂1,2−

)

=
1√
2

(

1 1

1 −1

)(

b̂1,2 d

b̂1,2 u

)

. (A4b)

Some other notations used in the Appendices and not
shown in Table I are listed below:

s = −iΩ , (A5)

Y =

(

0 −1

1 0

)

, (A6)

α =
2ωo√
γcL

. (A7)

η

a1+

b1+
a1− b1−

p1 q1

a1d

b1d

ed b2d

a2d

L+ xd

a1u

b1u

eu b2u

a2u

L+ xu

η

b2+

a2+

b2− a2−

q2 p2

FIG. 7: To calculation of the Mach-Zehnder/Fabry-Perot in-
terferometer quantum noises.

Appendix B: Quantum noise of the two-port

position meter

A more detailed scheme of the Mach-Zehnder/Fabry-
Perot interferometer is shown in Fig. 7. Input-output re-
lations for the Fabry-Perot cavities are derived, in par-
ticular, in paper [48]. In the case of the identical input
and end mirrors, they have the following form:

b̂1,2 a =
−sâ1,2a − γâ2,1a ± αγExa/

√
2

γ + s
, (B1a)

êa = i

√

γ

2τ

â1a − â2a + αExa/
√
2

γ + s
, (B1b)

where xa are variations of the Fabry-Perot cavities
lengths.
Combining Eqs. (A3, A4, B1), and switching to the

quadrature amplitudes notations, we obtain, that:

q̂1,2 = ±√
η

(

ĵ1,2 +
αγEx

γ + s

)

+
√

1− η n̂1,2, (B2a)

ê =
ed − eu√

2
= Y

√

γ

2τ

(

ĵ1 + ĵ2

γ − s
+

αEx

γ + s

)

, (B2b)

where

E =

(√
2E

0

)

, (B3)

x =
x1 − x2

2
, (B4)

ĵ1,2 = ∓sâ1,2− + γâ2,1−

γ + s
. (B5)

The photocurrents are proportional to

i1,2 ∝ ΦT

1,2q̂1,2 ∝ x̂fl
1,2 + x , (B6)
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where

Φ1,2 =

(

cosφ1,2

− sinφ1,2

)

, (B7)

φ1,2 are the homodyne angles, and

x̂fl
1,2 =

γ + s√
2αγE cosφ1,2

Φ+
1,2

(

ĵ1,2 ±
√

1− η

η
n̂1,2

)

(B8)

are the measurement noises.
The back-action forces, acting on the cavities mirrors,

are equal to

F̂ fl
a =

2~ωoE
+êa

c
. (B9)

The differential force is equal to [see Eq. (B2b)]

F̂ fl = F̂ fl
d − F̂ fl

u =
2
√
2~ωoE

+ê

c
= F̂ fl

1 + F̂ fl
2 , (B10)

where

F̂ fl
1,2 = −

√
2~αγEĵs1,2
γ − s

. (B11)

Suppose that â1,2− correspond to two non-correlated

vacuum noises. It is easy to show that in this case ĵ1,2 also
correspond to (some other) two non-correlated vacuum
noises. Therefore, two detectors outputs corresponds to

two independent meters with the noises defined by ĵ1,2.
It follows from Eqs. (B8, B11), that the noise spectral
densities of these meters are equal to

Sx
1,2 =

~cL(γ2 +Ω2)

8ωoIcγη cos2 φ1,2
, (B12a)

SF
1,2 =

8~ωoIcγ

cL(γ2 +Ω2)
, (B12b)

SxF
1,2 = ~ tanφ1,2 . (B12c)

Appendix C: Quantum noise of two-port

interferometer with central mirrors

1. Arm cavity

a. Field amplitudes

Each of the arm cavities of the speed meter interferom-
eter shown in Fig. 4 can be presented as a sequence of two
identical Fabry-Perot cavities, see Fig. 8, top. Therefore,
it can be decribed by two sets of equations corresponding
to each of these Fabry-Perot cavities:

b̂1,2 a =
−sâ1,2a − γĝ1,2a + αγE1,2x1,2 a/

√
2

γ + s
, (C1a)

ĥ1,2 a =
−γâ1,2a − sĝ1,2 a − αγE1,2x1,2 a/

√
2

γ + s
, (C1b)

ê1,2 a = i

√

γ

2τ

â1,2 a − ĝ1,2a + αE1,2x1,2 a/
√
2

γ + s
, (C1c)

L+ xc − xl L+ xr − xcλ
2

(

n+ 1
2

)

a1

b1

e1 h1

g1

g2

h2 e2

b2

a2

M M
m

xl

xc
xr

FIG. 8: One arm of the two-port speed meter: top — optical
scheme, bottom — mechanical scheme.

[compare with Eqs. (B1)], and additional equations de-
scribing the coupling between them:

ĝ1,2 a = eiθĥ2,1 a . (C2)

Here

x1a = xca − xla , x2a = xra − xca , (C3)

E2 = eiθ(E1 ≡ E) , (C4)

and

θ =
π

2
+ πn (C5)

is the phase shift introduced by the central mirror. Note
that while the intermediate equations depend on whether
n is even or odd, the final ones do not. Odd n will be
used in the calculations below, giving

eiθ = −i . (C6)

Solution of these equations is the following:

b̂1,2 a =
−2s2â1,2 a − iγ2â2,1a ±

√
2αγE1,2v1,2 a

γ2 + 2γs+ 2s2
,

(C7a)

ê1,2 a = i

√

γ

2τ

(γ + 2s)â1,2 a − iγâ2,1a ±
√
2αE1,2v1,2 a

γ2 + 2γs+ 2s2
,

(C7b)

where

v1,2 a = X1,2xa + Y1,2ya , (C8)

xa =
x1a − x2a

2
=

2xca − xra − xla

2
, (C9a)

ya =
x1a + x2a

2
=

xra − xla

2
(C9b)

[see also Eqs. (20)].
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In the two-photons quadratures notations, Eqs. (C7)
has the following form:

b̂1,2 a =
−2s2â1,2 a − Yγ2â2,1 a ±

√
2αγE1,2v1,2 a

γ2 + 2γs+ 2s2
,

(C10a)

ê1,2 a = Y

√

γ

2τ

(γ + 2s)â1,2 a − Yγâ2,1 a ±
√
2αE1,2v1,2 a

γ2 + 2γs+ 2s2
,

(C10b)

where

E2 = −Y

[

E1 ≡ E =

(√
2E

0

)]

. (C11)

b. Radiation-pressure forces

Mechanical equations of motion for the mirrors are the
following:

Ms2x̂la = −F̂1a , (C12a)

ms2x̂ca = F̂1a − F̂2a , (C12b)

Ms2x̂ra = F̂2a , (C12c)

where

F̂1,2 a =
2~ωoE1,2ê1,2 a

c
(C13)

are the the radiation-pressure forces inside the left and
the right cavities. Therefore,

x̂a =
F̂xa

µs2
, ŷa =

F̂ya

2Ms2
, (C14)

where

F̂xa = F̂1a − F̂2a =
2~ωoEêxa

c
, (C15a)

F̂ya = F̂1a + F̂2a =
2~ωoEêya

c
, (C15b)

and

êxa =

√

2γ

τ

sYâ1a + (γ + s)â2a
γ2 + 2γs+ 2s2

, (C16a)

êya =

√

2γ

τ

(γ + s)Yâ1a − sâ2a
γ2 + 2γs+ 2s2

. (C16b)

[see also Eq. (18)]

2. The noises spectral densities

Return to the full two-arm scheme shown in Fig. 9.
Combining Eqs. (C10) for each of the arms with Eqs. (A3,

η

a1+

b1+
a1− b1−

p1 q1

a1d

b1d

b2d

a2d

a1u

b1u

b2u

a2u

η

b2+

a2+

b2− a2−

q2 p2

FIG. 9: To calculation of the Mach-Zehnder/Fabry-Perot
speed meter quantum noises.

A4), we obtain, that

q̂1,2 =
√
η
−2s2â1,2− − Yγ2â2,1− ± 2αγE1,2v1,2

γ2 + 2γs+ 2s2

+
√

1− η n̂1,2 , (C17)

where

v1,2 = X1,2x+ Y1,2y , (C18)

x =
xd − xu

2
, y =

yd − yu
2

, (C19)

[see also Eqs. (20)], and the differential radiation-pressure
forces are equal to

F̂ fl
x,y = F̂u x,y − F̂d x,y =

2
√
2~ωoEêx,y

c
, (C20)

where

êx =
êdx − êux√

2
=

√

2γ

τ

sYâ1− + (γ + s)â2−
γ2 + 2γs+ 2s2

, (C21a)

êy =
êdy − êuy√

2
=

√

2γ

τ

(γ + s)Yâ1− − sâ2−
γ2 + 2γs+ 2s2

. (C21b)

Introduce two new noises:

ĵ1,2 =
−2s2â1,2− − Yγ2â2,1−

γ2 + 2γs+ 2s2
. (C22)

In these notations,

q̂1,2 =
√
η

(

ĵ1,2 ±
2αγE1,2v1,2

γ2 + 2γs+ 2s2

)

+
√

1− η n̂1,2 ,

(C23)

êx =

√

2γ

τ

X∗

1Yĵ1 +X∗

2 ĵ2

γ2 − 2γs+ 2s2
, (C24a)

êy =

√

2γ

τ

Y ∗

1 Yĵ1 + Y ∗

2 ĵ2

γ2 − 2γs+ 2s2
, (C24b)
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The photocurrents are proportional to

i1,2 ∝ ΦT

1,2q̂1,2 ∝ v1,2 + v̂fl1,2 , (C25)

where

Φ1 =

(

cosφ1

− sinφ2

)

, Φ2 =

(

sinφ2

cosφ2

)

(C26)

(the second homodyne angle is redefined as φ+ π/2 → φ
for the notations consistency),

vfl1,2 =
γ2 + 2γs+ s2

2
√
2αγE cosφ1,2

ΦT

1,2

[

ĵ1,2 +

√

1− η

η
n̂1,2

]

.

(C27)
Using the noises (C22), the back-action forces (C20)

can be rewritten in the form (21), with

p̂fl1 = − 2
√
2~αγE

γ2 − 2γs+ 2s2
ĵs1 , (C28a)

p̂fl2 =
2
√
2~αγE

γ2 − 2γs+ 2s2
ĵc2 . (C28b)

Similar to Eq. (B3), if â1,2−, correspond to two non-

correlated vacuum noises. then ĵ1,2 also correspond to
two non-correlated vacuum noises. In this case, spectral
densities of the noises v̂1,2 and p̂1,2 are equal to

Sv
1,2 =

~

µKη cos2 φ1,2
, (C29a)

Sp
1,2 = ~µK , (C29b)

S1,2
vp = ~ tanφ1,2 . (C29c)

[see also Eqs. (29)].

3. Quantum noise of the two-port speed meter

If φ1 = π/2, then the output signals of the first (aux-
iliary) and the second (main) homodyne detector output
are proportional to [see Eqs. (C25, C27)]:

i1 ∝ a =
v̂fl1

tanφ1

∣

∣

∣

∣

φ1→π/2

, (C30a)

i2 ∝ x+
Y2y + vfl2

X2

= x̂0 + x̂fl +
F̂ fl
raw

µs2
, (C30b)

where x̂0(Ω) of the intrinsic motion of the test object,

x̂fl =
vfl2
X2

(C31)

is the measurement noise, recalculated as the equivalent
fluctuational displacement of the “x” degree of freedom,

F̂ fl
raw = F̂ fl

x + κ
Y2

X2

F̂ fl
y = G1p̂

fl
1 + iΩG2p̂

fl
2 , (C32)

is the “raw” back action noise (it takes into account per-
turbation of the “y” degree of freedom, but not the in-
formation provided by the auxiliary detector),

κ =
µ

2M
, (C33)

and

G1 = γ(1 + κ) + iΩ(1− κ) , (C34a)

G2 = 1 + κ
γ2 +Ω2

Ω2
. (C34b)

It follows from Eqs. (C29), that spectral densities of
the noises (C30a, C31, and C32) are equal to

Sx =
~

µΩ2K cos2 φ2

, (C35a)

SxF = ~G2 tanφ2 , (C35b)

Sa =
~

µKη
, (C36a)

SaF = ~G1 , (C36b)

SF
raw = ~µK

(

|G1|2 +Ω2G2
2

)

. (C36c)

Note that the auxiliary output a is correlated with the
back raw action force F fl

raw, but is not correlated with
the measurement noise xfl. Is this case, the optimal date
processing (7) will affect only the effective back action
noise, giving the following spectral density:

SF
eff = SF

raw − |SaF |2
Sa

= ~µK
[

(1− η)|G1|2 +Ω2|G2|2
]

. (C37)

The corresponding sum noise spectral density is equal to

Ssum = Sx − 2SxF

µΩ2
+

SF
eff

µ2Ω4

=
~

µΩ2

{

1

Kη cos2 φ2

− 2G2 tanφ2

+K
[

(1− η)|G1|2
Ω2

+G2
2

]}

. (C38)

If κ ≪ 1, then the homodyne angle

φ2 = K0(1 + κ)η (C39)

provides the sum noise minimum of in the broad fre-
quency band γ

√
κ ≪ Ω ≪ γ. In this case,

Ssum =
~

µΩ2

(

1

Kη
+Kη

{[

(1 + κ)
4Ω4

γ4
− κ

γ2

Ω2

]2

+
1− η

η

[ |G1|2
Ω2

+G2
2

]}

)

. (C40)
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