
This is the accepted manuscript made available via CHORUS. The article has been
published as:

Constraining the mixing matrix for the standard model with
four generations: Time-dependent and semileptonic CP

asymmetries in B_{d}^{0}, B_{s}, and D^{0}
Soumitra Nandi and Amarjit Soni

Phys. Rev. D 83, 114510 — Published 16 June 2011
DOI: 10.1103/PhysRevD.83.114510

http://dx.doi.org/10.1103/PhysRevD.83.114510


DZ10781

REVIE
W

 C
OPY

NOT F
OR D

IS
TRIB

UTIO
N

Constraining the mixing matrix for Standard Model with four generations:

time dependent and semi-leptonic CP asymmetries in B
0
d, Bs and D

0

Soumitra Nandi1 and Amarjit Soni2

1Physique des Particules, Université de Montréal,
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Using existing experimental information from K, B and D decays as well as electroweak

precision tests and oblique parameters, we provide constraints and correlations on the param-

eters of the 4X4 mixing matrix for the Standard Model (SM) with four generations (SM4).

We emphasize that some correlations amongst the parameters have important repercussions

for key observables. We work with a particular representation of this matrix which is highly

suited for extracting information from B-decays. In particular, in our parameterization for

SM4, we extend the hierarchical structure seen in SM with three generations (SM3) as an

expansion in powers of λ, the sine of the Cabbibo angle. Implications of the resulting con-

straints for time dependent and semileptonic CP asymmetries for D0, B0 and for Bs are also

given. While we show that the semi-leptonic asymmetries may be significantly enhanced in

SM4 over the SM, there are important constraints and correlations with other observables.

In particular, we find that despite significant enhancement in the semi-leptonic asymmetry

assl for Bs over the SM, it is very difficult for SM4 to account for the central value of the

recent D0 result, though given the large experimental error and other considerations, we do

not regard this as a problem for SM4. Regarding the gold-plated measurement of sin 2β via

SψKs
, while SM4 can remove the tension that SM shows, as a consequence of one of the

important correlations we find that the semi-leptonic asymmetry adsl for Bd gets appreciably

restricted in SM4. In this context we suggest that existing data from B-factories taken on

Υ(4S) and Υ(5S), and in the relevant continuum be used to constrain the semi-leptonic

asymmetries for Bd, Bs as well as their linear combination. Of course, the data from the

Tevatron and LHCb experiments can provide non-trivial tests of SM4 as well.

I. INTRODUCTION

In the past few years a number of tensions in the CKM fits for the Standard Model (SM) with 3

generations have been revealed [1–5]. There are quite serious indications that the “predicted” value

of sin 2β is larger compared to the value measured directly via the “gold-plated” ψKS mode by as

much as ≈ 3.3σ [6]. Of course, the value of sin 2β determined from the penguin dominated modes

tends to be even smaller compared to that from the ψKs mode and therefore that constitutes even
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a larger deviation from the SM predicted value [2]. There are other anomalies as well that appear

related. The difference in the partial rate asymmetries between B0 → K+π− and B+ → K+π0 is

also too large [7] to understand [2], though QCD complications do not allow us to draw compelling

conclusions in this regard [8]. But with the backdrop of the hint of presence of a new CP-odd

phase in the ∆S = 1 penguin dominated modes, it is highly suggestive that the direct CP problem

in K π modes is receiving, at least in part, contribution from the same new physics source.

There are also some indications from the CDF and DO experiments at the Tevatron [9]. While

the earlier indication of possible non-standard effects in Bs → ψφ seem to have weakened somewhat

at the higher luminosity around 6/fb now being used [10], D0 has announced a surprisingly large

CP-asymmetry in the same sign dimuons which they attribute primarily to originate from Bs →
Xsµν [11, 12]. From a theoretical standpoint if new physics exists in ∆S = 1 B-decays, then it

becomes highly unnatural for it not to exist in ∆S = 2, Bs mixings as well.

A simple extension of the SM with four generations (SM4) can readily account for such anoma-

lies [13–18]. Of course, even without these anomalies, SM4 is an interesting extension of the SM

worth study. The two extra phases that it possesses can give rise to a host of non-standard CP

asymmetries and in fact SM4 can significantly ameliorate the difficulties with regard to baryoge-

nesis that SM3 has [19, 20]. Besides, the heavier quarks and leptons of the 4th generation may

well lead to dynamical electroweak symmetry breaking and thereby become useful in addressing

the hierarchy problem without the need for supersymmetry at the weak scale [21–25]. Motivated

by these considerations we will continue our investigations of the physical implications of SM4. In

particular we will use all the known experimental constraints such as B → Xsγ, B → Xsl
+l−,

∆MBs , ∆MBd , K
+ → πνν, |ǫk| and electroweak precision constraints from Z → bb̄ as well as

oblique corrections [26, 27] as in our previous work [13, 14]. However, we will now use an explicit

representation of the 4X4 CKM matrix of [28] given long ago. Although our basic idea to keep

the elements of the fourth row as simple as possible is the same as in [28], but we are extending

the hierarchical structure of SM3 [29] to SM4 in our parameterization. We make this particular

choice as it is very well designed to extract constraints from B decays since it was shown in a series

of papers [28, 30, 31] that SM4 is highly susceptible to those decays. While physical results should

not depend on the parameterization used, we believe in practice this representation would lead to

a better determination of the underlying SM4 parameters.

We will provide constraints and many correlations amongst the 6 real parameters and the 3

phases that enter the SM4. We will then apply this framework to study mixing induced CP

asymmetries S(Bd → ψKs), S(Bs → ψφ), S(D0 → f) (where f may be any self conjugate final
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state such as Ksπ
0, Ksω, Ksρ

0, π0π0, K+K−, π+π− etc.) and semi-leptonic asymmetries in D0,

B0, and in Bs.

In obtaining these constraints and implications we will allow mt′ to range from 375 to 575 GeV

as suggested by current hints from study of B-decays [13, 14]. An interesting aspect of SM4 is that

it is rather well constrained already. Thus, for example, while the semi-leptonic asymmetry in Bs

(assl) can be enhanced by as much as a factor of few hundreds over SM3 it still cannot account

for the central value of the recent D0 result [11] 1. Of course, that observation has only about

2-σ significance and therefore rather large errors but improved experimental results could certainly

rule out or confirm SM4, since the predicted range2 in SM4 for assl is between about (-0.005) to

(0.005). Note also that in SM4 sign of assl has to be the same as Sψφ. Furthermore, for Bd, a
d
sl can

only be larger by around a factor of three over SM3. These semi-leptonic asymmetries also have

interesting correlations with S(Bs → ψφ) and S(Bd → ψKs) respectively that should be testable.

As mentioned above one of the key difficulty for the CKM-paradigm of SM3 uncovered in recent

years is that the predicted value of sin 2β is too large compared to the measured one [1, 6]. We will

show here that SM4 tends to alleviate this tension appreciably but at the same time then it allows

to place an important bound on adsl through the correlation mentioned in the previous paragraph.

B-factories placed a bound on adsl [10] some years ago but by now they have considerable more

data. So an improved bound would be extremely worthwhile. In the past couple of years BELLE

also took substantial data on Υ 5S [33]. In fact that data could provide a very clean study of assl

as well as on Absl, which is defined as the linear combination of assl and a
d
sl [12], since that sample

provides a valuable source of this combination as well as an enriched sample of Bs. CDF, D0 and

LHCb should be able to provide very useful results on these semi-leptonic asymmetries. In fact

whereas the Tevatron pp̄ collider allowed D0 to yield the sum of adsl and a
s
sl, with the pp collider

at LHC, the LHCb collaboration plans to study the difference of these two asymmetries [34].

We should emphasize that in this series of studies on the 4th generation [13, 14], for simplicity,

and for definiteness, we have been making a tacit assumption that a heavy charge 2/3 and -1/3

1 Actually the D0 experiment [11, 12] reports a measurement of the linear combination, Absl, of the semi-leptonic
asymmetry in Bd, a

d
sl and the one for Bs, a

s
sl. They find Absl = −0.00957 ± 0.00251(stat) ± 0.00146(syst) which

is about 3.2σ away from the SM prediction, Absl(SM) = (−2.3+0.5
−0.6) × 10−4 [32]. Using the existing upper bound

from B-factories [10], adsl = −0.0047 ± 0.0046, D0 provides assl = −0.0146 ± 0.0075 which is just short of 2σ away
from 0 and so also from the vanishingly small SM predicted value, (2.1± 0.6) × 10−5 [32]. While the D0 result is
extremely exciting it is a very challenging experiment, in particular because the B-mesons are not being identified
or tagged. It is clearly extremely important to confirm their observation. For now we prefer to use the D0 results
on these asymmetries with caution till confirmed and therefore we confine our comparison to their result on assl,
wherein it is considerably diluted due to their use of the B-factory bound on adsl.

2 In arriving at this range, conservatively we have enlarged the theory error in
|Γs

12
|

|M
s,SM
12

|
to 2σ.
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quark doublet has weak interaction just like the previous three families allowing us to incorporate

these readily into a 4X4 mixing-matrix resulting from an immediate generalization of the 3X3 case.

Clearly if and when such a doublet of quarks is observed we will need to make detail tests on the

weak interaction properties of the new quarks to verify that this assumption is correct.

The paper is arranged as follows. After the introduction, in Sec. IIA and IIB we provide

information regarding the parametrisation and the constraints on the 4×4 CKM matrix by incor-

porating oblique corrections along with experimental data from important observables involving Z,

B and K decays as well as Bd and Bs mixings etc. In Sec. II C, we present the estimates of many

useful observables in the SM4. Finally in Sec. III, we present our summary.

II. NUMERICAL ANALYSIS

A. Parametrisation of VCKM4

We follow the idea of [28] in parameterizing the SM4 mixing matrix, then the elements of

fourth row such as Vt′d, Vt′s and Vt′b, which are more relevant for the discussion of b physics, will

be rather simple. However, our approach in parameterizing the elements of the SM4 mixing matrix

is different from that one used in [28]. We parameterized the SM4 mixing matrix in terms of the

nine parameters, λ, A, C, P, Q, r, δub, δt′d and δt′s, by expanding each element of the matrix in

powers of λ, the sine of the Cabbibo angle. In analogy with the Wolfenstein representation [29] for

SM3 we assume a hierarchical structure for SM4 and define

Vus = λ, Vcb = Aλ2, Vub = Aλ3 C e−iδub ,

Vt′s = −Qλ2 ei δt′s , Vt′d = −P λ3 ei δt′d , Vt′b = −rλ (1)

with the generalized 4 × 4 mixing matrix VSM4 as given in eq. 3. With the inputs |Vub| =

(32.8± 3.9)× 10−4 and |Vcb| = (40.86± 1.0)× 10−3 taken at 1σ, constraints obtained on A and C

are given by

0.825 ≤ A ≤ 0.865, 0.32 ≤ C ≤ 0.42, (2)

while λ = 0.2205± 0.0018. The phase of Vub i.e δub can be taken as the CKM angle γ of SM3. We

do not have sufficient data to exclude the ranges like P < 1, Q < 1 and r < 1, therefore we treat

them as free parameters and then constrain them.
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B. Inputs

In our earlier papers [13, 14], to find the limits on some of the VCKM4 elements, we concentrated

mainly on the constraints that will come from non-decoupling oblique corrections, vertex correction

to Z → bb̄, BR(B → Xsγ), BR(B → Xs l
+ l−), Bd − B̄d and Bs − B̄s mixing, BR(K+ → π+νν)

and the indirect CP violation in KL → ππ described by ǫk; we did not consider ǫ′/ǫ as a constraint

because of the large hadronic uncertainties, in the evaluation of its matrix elements.With the

inputs given in Table I we have made the scan over the entire parameter space by a flat random

number generator “RAN1(J)” where “J” is the number of iterations. As mentioned in the previous

section we constrain the parameters A and C from the data on |Vcb| and |Vub|. Γ(Z → bb̄) and

the non-decoupling oblique corrections such as T4 are functions of |Vt′b|2 and |Vtb|2 or equivalently

functions of r or higher powers of r, thus we get direct constraint on r from these data. All the

other observables in Table I are functions of either λt
′

bs = Vt′bV
∗
t′s and λ

t
bs = VtbV

∗
ts or λ

t′

bd = Vt′bV
∗
t′d

and λtbd = VtbV
∗
td or both. Furthermore we can use unitarity relation, like λubq + λcbq + λtbq + λt

′

bq = 0

with q = d, s, to reduce the number of independent elements, therefore it is possible to constrain the

magnitudes and phases of these elements directly from the data as we did in our previous studies

[13, 14]. However, in this paper, we express all these elements in terms of new SM4 parameters

such as, P, Q, r, δt′d and δt′s of the 4×4 mixing matrix eq. 3 or equivalently we express all the

observables as functions of these parameters. We allow these parameters to vary randomly over a

broad range and finally constrain them from the data. After satisfying all the constraints we get

≈ 8× 103 data points in a multi dimensional parameter space for J = 2× 109.
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BK = 0.740± 0.025 [41–43] Rbb = 0.216± 0.001

fbd
√
Bbd = 0.224± 0.015 GeV [44, 45] |Vub| = (32.8± 2.6)× 10−4 a

ξ = 1.232± 0.042 [44, 45] |Vcb| = (40.86± 1.0)× 10−3

ηc = 1.51± 0.24 [46] γ = (73.0± 13.0)◦

ηt = 0.5765± 0.0065 [47] BR(B → Xsγ) = (3.55± 0.25)× 10−4

ηct = 0.494± 0.046 [48] BR(B → Xsℓ
+ℓ−) = (0.44± 0.12)× 10−6

∆Ms = (17.77± 0.12)ps−1 BR(K+ → π+νν) = (0.147+0.130
−0.089)× 10−9

∆Md = (0.507± 0.005)ps−1 BR(B → Xcℓν) = (10.61± 0.17)× 10−2

|ǫk| × 103 = 2.32± 0.007 T4 = 0.11± 0.14

κǫ = 0.94± 0.02 [49] b mt(mt) = (163.5± 1.7) GeV

aIt is the weighted average of V inl
ub = (40.1±2.7±4.0)×10−4 and V exl

ub = (29.7±3.1)×10−4 . In our numerical work

to follow, we increase the error on |Vub| by 50% and take the total error to be around 12% because of the appreciable

disagreement between the two determinations.
bWe tacitly assume that κǫ in SM4 is approximately the same as in SM3.

TABLE I: Inputs that we use in order to constrain the SM4 parameter space, when not explicitly stated,

we take the inputs from Particle Data Group [7]; for the lattice inputs see also [6].

From direct searches at the Tevatron, it follows that mt′ > 335GeV [35]. Taking into account

the limits from electroweak precision tests [36–39], perturbativity [40] and indications from our

studies [13, 14], plausible ranges for mt′ and mb′ can be taken as,

375GeV < mt′ < 575GeV , mt′ −mb′ ≈
(

1 +
1

5
ln

mH

115GeV

)

× 55GeV. (4)

Here the mass splitting depends on the higgs mass, however for simplicity we do not consider the

variation of higgs mass and take mass splitting to be ≈ 50GeV.

Detailed formulas for the above mentioned observables (Table I) can be seen from one of our

earlier papers [14]. In this paper, we do not impose SψKs = sin 2βeff as a constraint, we show SM4

prediction for SψKs and its correlation with the semileptonic asymmetry adsl. The expression for

the semileptonic asymmetry is given by

aqsl =
|Γq12|
|M q

12|
sinφq =

|Γq12|
|M q,SM

12 |
sinφq
|∆q|

, (q = d, s), (5)

where |Γq12|, |M
q
12| are the width and mass differences between heavy and light mass eigenstates of

Bq mesons, and the CP violating phase φq (q = d, s) is defined as

φq ≡ Arg

[

−M
q
12

Γq12

]

. (6)
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In eq. 5, ∆q parameterized the new physics effects in mixing and defined as

M q
12 =M q,SM

12 (1 +
M q,NP

12

M q,SM
12

) =M q,SM
12 ∆q. (7)

In the SM the CP phases are small, φd ≈ −4.3◦ and φs ≈ 0.22◦ [32], new physics can affect

the magnitude and phase of M q
12, hence ∆Mq and φq can deviate substantially from their SM

predictions. The semileptonic asymmetry is the function of the CP phase φq, |∆q| and the ratio

|Γq
12
|

|Mq,SM
12

|
(q = d, s). The SM predictions for Γq12 suffers from large theoretical uncertainties which

are ≈ 40% and 30% for Bs and Bd system respectively [32], however, in the ratio
|Γq

12
|

|Mq,SM
12

|
hadronic

uncertainties due to the decay constants fBq cancel to a large extent. In the Bd and Bs system

one has [32]

|Γd12|
|Md,SM

12 |
= (52.6+11.5

−12.8)× 10−4,

|Γs12|
|M s,SM

12 |
= (4.97 ± 0.94) × 10−3, (8)

with the theoretical error in both the cases ≈ 20%. However, to predict aqsl in any new physics

(NP) scenario one needs to constrain |∆q| from the data on ∆Mq eq. 7, therefore this gets limited

by the precision of the lattice calculations.

We also studyD0−D̄0 mixing in the presence of a fourth generation of quarks [16]. In particular,

we calculate the size of the allowed CP violation, which could be large compared to the SM, and

show its parametric dependence on CKM4 elements.

Within the SM, D0 − D̄0 mixing proceeds to an excellent approximation only through the

box diagrams with internal b and s quark exchanges. In the case of four generations there is an

additional important contribution to D0 − D̄0 mixing coming from the virtual exchange of the

fourth generation down quark b′.

The short distance (SD) contributions to the matrix element of the ∆C = 2 effective Hamilto-

nian can be written as

〈D̄0|H∆C=2
eff |D0〉SD ≡

∣

∣MD
12

∣

∣ e2iφD =
(

MD
12

)∗
, (9)

where

MD
12 =

G2
F

12π2
f2DB̂DmDM

2
WM

D

12 , (10)

with

M
D

12 = λ(D)
s

∗2
η(K)
cc S0(xs) + λ

(D)
b

∗2
η(K)
cc S0(xb) + λ

(D)
b′

∗2
η
(K)
tt S0(xb′)

+ 2λ
(D)
b

∗
λ(D)
s

∗
η(K)
cc S0(xb, xs) + 2λ

(D)
b′

∗
λ(D)
s

∗
η
(K)
ct S0(xb′ , xs) + 2λ

(D)
b′

∗
λ
(D)
b

∗
η
(K)
ct S0(xb′ , xb) ,

(11)
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where

λ
(D)
i = V ∗

ciVui (i = s, b, b′). (12)

For the QCD corrections we will use the approximate relations

η
(D)
b′b′ ≈ η

(K)
tt , η

(D)
b′b ≈ η

(D)
b′s ≈ η

(K)
ct , η(D)

ss ≈ η
(D)
bb ≈ η

(D)
bs ≈ η(K)

cc . (13)

Including the long distance part the full matrix elements are given by,

〈D̄0|H∆C=2
eff |D0〉 =

(

MD
12 +MLD

12

)∗ − i

2
ΓLD
12

∗
, (14)

〈D0|H∆C=2
eff |D̄0〉 =

(

MD
12 +MLD

12

)

− i

2
ΓLD
12 . (15)

Here ΓLD
12 and MLD

12 stand for long distance (LD) contributions with the former arising exclusively

from SM3 dynamics. These contributions are very difficult to estimate reliably. In our work we

scan flatly over the intervals [50, 51].

−0.02 ps−1 ≤MLD
12 ≤ 0.02 ps−1 , (16)

−0.04 ps−1 ≤ΓLD
12 ≤ 0.04 ps−1 . (17)

D0 − D̄0 oscillations can be characterized by the normalized mass and width differences

xD ≡ ∆MD

Γ̄
, yD ≡ ∆ΓD

2Γ̄
, Γ̄ =

1

2
(Γ1 + Γ2), (18)

with

∆MD =M1 −M2 = 2Re

[

q

p
(MD

12 −
i

2
ΓD12)

]

= 2Re

√

|MD
12|2 −

1

4
|ΓD12|2 − iRe(ΓD12M

D
12

∗
), (19)

∆ΓD = Γ1 − Γ2 = −4Im

[

q

p
(MD

12 −
i

2
ΓD12)

]

= −4Im

√

|MD
12|2 −

1

4
|ΓD12|2 − iRe(ΓD12M

D
12

∗
), (20)

where

q

p
≡

√

MD
12

∗ − i
2Γ

D
12

∗

MD
12 − i

2Γ
D
12

. (21)

For practical purposes it is sufficient to consider the time-dependent CP asymmetry Sf as [50]

Γ(D0(t) → f)− Γ(D̄0(t) → f)

Γ(D0(t) → f) + Γ(D̄0(t) → f)
≡ Sf (D)

t

2τD
, (22)
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parameter value parameter value

mD (1.86484± 0.00017)GeV τ̄D (0.4101± 0.0015)ps

fD (0.212± 0.014)GeV [55] mc(mc) (1.268± 0.009)GeV [57, 58]

B̂D 1.18+0.07
−0.05 [16, 56] mb(mb) (4.20+0.17

−0.07)GeV [52]

TABLE II: Values of the input parameters for D mesons used in our analysis.

which is given by

ηfSf (D) ≃ −
[

yD

(
∣

∣

∣

∣

q

p

∣

∣

∣

∣

−
∣

∣

∣

∣

p

q

∣

∣

∣

∣

)

cosϕ− xD

(
∣

∣

∣

∣

q

p

∣

∣

∣

∣

+

∣

∣

∣

∣

p

q

∣

∣

∣

∣

)

sinϕ

]

, (23)

where ηf = ±1 is the CP parity of the final state f . The SM3 prediction for ηfSf (D) is [16, 50]

[ηfSf (D)]SM3 ≈ −2 · 10−6 . (24)

Finally, the semileptonic asymmetry is defined as

aSL(D) ≡ Γ(D0(t) → ℓ−ν̄K+(∗))− Γ(D̄0 → ℓ+νK−(∗))

Γ(D0(t) → ℓ−ν̄K+(∗)) + Γ(D̄0 → ℓ+νK−(∗))
=

|q|4 − |p|4
|q|4 + |p|4 ≈ 2

(
∣

∣

∣

∣

q

p

∣

∣

∣

∣

− 1

)

. (25)

The world averages based on data from BaBar, Belle and CDF are given by [52–54]

xD =
(

0.98+0.24
−0.26

)

% , yD = (0.83 ± 0.16)% ,

|q/p| =
(

0.87+0.17
−0.15

)

, φ =
(

−8.5+7.4
−7.0

)◦
, (26)

ηfSf (D) = (−0.248 ± 0.496) % ,

with φ being the phase of q/p and the asymmetry ηfSf (D) defined in (22).

In addition to Table I the relevant input parameters for D0 − D̄0 mixing are given in Table II.

C. Results

Allowed ranges for different CKM4 parameters are given in Table III. Constraint on Vt′b or

equivalently on the new parameter r (i.e Vt′b = − rλ) is obtained from non-decoupling oblique

corrections (T4) and vertex corrections to Z → bb̄. We also note the allowed ranges for the

product of the different CKM4 elements, |λt′db| = |V ∗
t′dVt′b|, |λt

′

sb| = |V ∗
t′sVt′b| and |λb′uc| = |V ∗

ub′Vcb′ |,
obtained from our analysis; these are relevant to B0

d , Bs and D0 oscillations. Allowed ranges for

the corresponding phases and their correlations with the magnitude of the product couplings are

shown in Fig. 1. We note that values of |λt′sb| larger than 0.002 correspond to very narrow regions

of the phase δt′s (left panel, Fig. 1) close to 90◦ or 270◦, whereas that for δb
′

uc = δcb′ − δub′ (right
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parameter allowed range parameter allowed range

λ 0.2205± 0.0018 |Vt′b| < 0.12

C 0.32 → 0.42 |Vt′d| < 0.05

A 0.825 → 0.865 |Vt′s| < 0.11

γ (73± 13)◦ |Vub′ | < 0.05

r < 0.5 |Vcb′ | < 0.11

P < 5.0 |λt′db| < 0.002

Q < 2.5 |λt′sb| < 0.01

|λb′uc| < 0.0025

TABLE III: Allowed ranges of the CKM4 parameters obtained from our analysis.

panel) is close to zero when |λb′uc|>∼ 0.0008. Bd−Bd and Bs−Bs mixing are sensitive to the new

parameters [P, δt′d] and [Q, δt′s] respectively whereas K0−K0 and D0− D̄0 mixing are sensitive to

all these four new parameters and their parametric dependencies are given by,

λt
′

ds = V ∗
t′sVt′d = P Qλ5 ei(δt′d−δt′s)

λb
′

uc = V ∗
ub′Vcb′ = Qλ5

(

Q+ Pei(δt′d−δt′s)
)

(27)

respectively. In this framework it is quite natural to expect that there is a strong correlation

between K0−K0 and D0 − D̄0 mixing, as pointed out in the case of purely left-handed currents

[50, 59], D0 − D̄0 mixing is also correlated with the observables from Bd and Bs mixing and

decays. So the constraints obtained on the new parameters from the inputs given in Table I ,

especially ǫK and Br(K+ → π+νν̄), are helpful to find the allowed parameter space for λb
′

uc and

the corresponding phase difference δb
′

uc.

In Fig. 2 (upper-left panel) we show the correlation between P and Q, larger values of P

corresponds to lower value of Q and vice versa. We obtain such a correlation mainly due to the

constraints from ǫK and Br(K+ → π+νν̄), although the upper bound on P and Q is coming from

the Bd and Bs data ( see Table I). The expressions for ǫK and Br(K+ → π+νν̄) are sensitive

to λt
′

ds i.e using these inputs we will get direct constraint on λt
′

ds; as indicated in eq. 27 λt
′

ds is

proportional to the product of P and Q. Therefore we will get direct constraint on the product

not on individual P or Q and this is the reason why they follow the correlations shown. Similar

correlation is possible between Vt′d and Vt′s since they are proportional to P and Q respectively. We
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FIG. 1: Fourth generation parameter space; left panel shows the variation of |λt′sb| = |V ∗
t′sVt′b| with the phase

δt′s of Vt′s, whereas right panel shows it for |λb′uc| = |V ∗
ub′Vcb′ | with δb

′

uc, the phase difference between the

phase of V ∗
ub′ and Vcb′ .

also show the correlations between some other CKM4 elements 3 ; the plot of |Vt′s| as a function of

|Vcb′ | (lower-left panel) shows that |Vt′s| ≈ |Vcb′ | since leading order contribution to both the terms

is proportional to Q. However, the plot of |Vt′d| as a function of |Vub′ | (upper-right panel) shows

such a relationship only when P >> Q since the leading order contribution to |Vt′d| is proportional
to P whereas that for |Vub′ | is proportional to a linear combination of P and Q, see eq. 3. For

relatively smaller values of |Vt′d|, of O(10−3), |Vub′ | could be as high as 0.02; this is possible when

Q > P or alternatively when |Vt′s| >∼ 0.025 (middle-right panel, Fig. 2). It also shows that larger

values of |Vub′ | are still possible which correspond to P >> Q i.e for smaller values of |Vt′s|. Similar

feature can be observed in the correlation between |Vub′ | and |Vcb′ | (lower-right panel). Middle-left

panel of Fig. 2 shows the correlation between |Vt′d| and |Vcb′ | which is similar to the correlation

between P and Q since leading order contribution in |Vcb′ | is ∝ Q and that for |Vcb′ | is ∝ P .

The expressions for the product of CKM4 elements |λt′db| and |λt′sb| are given by

|λt′db| = |V ∗
t′dVt′b| = Prλ4

|λt′sb| = |V ∗
t′sVt′b| = Qrλ3, (28)

whereas that for |λb′uc| can be obtained from eq. 27 by taking its modulus, and we see that when

P << Q it is ≈ Q2λ5. In Fig. 3 we show the correlations between the products of CKM4 elements;

upper-left panel shows the correlation between |λt′db| and |λt′sb| which is similar to the correlation

3 Flavour data allows us to get direct constraints on various products of CKM4 elements. The bounds on individual
CKM4 element are obtained using the constraints on the product couplings. Data for non-decoupling oblique
corrections helps to get tighter constrain on |Vt′b| which helps to constraint |Vt′s/d| from the bound on |λt

′

s/db|.
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FIG. 2: Correlations between different new CKM4 elements.

between P and Q (upper-left panel Fig. 2), as expected since the slope of the curve is given by

Q
Pλ

. In the upper-right panel of Fig. 3 we show the correlation between |λt′db| and |λb′uc| and note

that |λb′uc| could be as large as 0.0025 when |λt′db| is very small (say < 0.0005) i.e when P << Q

and vice versa. The most interesting one is the correlation between |λt′sb| and |λb′uc| (lower-panel
Fig. 3); it shows an almost linear relationship between them which is prominent for larger values

of |λt′sb| i.e for larger values of Q due to strong Q2 dependence of |λb′uc|. It plays an important role

in understanding the correlations between the CP asymmetries in Bs and D system; below we will
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FIG. 3: Correlations between different CKM4 product couplings, |λt′db| = |V ∗
t′dVt′b| and |λt′sb| = |V ∗

t′sVt′b|
(upper left panel), |λt′db| and |λb′uc| = |V ∗

ub′Vcb′ | (upper right panel), |λt
′

sb| and |λb′uc| (lower panel).

discuss it in detail. The final remark from these discussions is that the allowed parameter space for

the new CKM4 parameter space are highly correlated; random choices of the CKM4 parameters

should not be done, in fact chosen values should be consistent with the appropriate correlations.

Let us move to next part of our discussion where we show the effect of the fourth generation

on different observables related to Bd, Bs and D system. As mentioned previously SM4 is quite

different from most extensions of the SM in the sense that it is highly constrained. This motivates

us to search for observables that can be used to confirm or rule out SM4. With this in mind we

study the CP asymmetries SψKs , a
d
sl, Sψφ and assl and correlations among them.

In Fig. 4 (upper-left panel) we show CP asymmetry SψKs as a function of λt
′

db and note that

SψKs can go down to ≈ 0.4 or can reach around 0.9 for large values of the product coupling

|λt′db|; so agreement with or appreciable deviation from the present experimental measurement are,

in principle, both possible. We do not get any noticeable correlation between SψKs with the

phase δt′d of λt
′

db. Finally, we note that though SM4 allows |∆d| to have values within the range

0.65<∼|∆d|<∼1.25 (eq. 7), it does not have any noticeable correlation with SψKs . In the upper-right
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panel of Fig. 4 we show the semileptonic asymmetry adsl (eqs. 5 and 8) as a function of SψKs . We

see that while, in principle, in SM4, −0.002<∼ adsl
<∼ 0.002, the experimental bound on SψKs allows

only adsl
>∼ − 0.001. Recall that SM has a bound, (−4.8+1.0

−1.2) × 10−4 as shown by the black band

in the Fig. 4 (upper-right panel). Thus in SM4, adsl can be large by a factor of about 2 or 3; even

more importantly the correlation between adsl and SψKs can be very useful for testing the SM4.
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FIG. 4: Various correlations in SM4 are shown. Variation of CP asymmetries with the magnitude of the

product couplings; SψKs
as a function of |λt′db| (upper-left panel), Sψφ as a function of |λt′sb| (lower-left panel).

Correlations between the time dependent mixing induced CP asymmetries and semileptonic CP asymmetries

for Bd and Bs are shown in upper and lower right panel respectively. Blue horizontal and vertical bands

are the corresponding experimental ranges. In the upper-right panel SM allowed band (thick dark) is shown

in SψKs
vs adsl plane. In the lower-right panel the red and blue regions correspond to

|Γs
12

|

|Ms,SM
12

|
with the

uncertainties taken at 1σ and 2σ respectively and grey horizontal band corresponds to the experimental

range for assl and the vertical band is that for CP asymmetry.

Similarly, in the lower-left panel of Fig. 4 we are showing the allowed regions for the CP

asymmetry Sψφ in Bs → ψφ as a function of |λt′sb|, for 375GeV < mt′ < 575GeV , Sψφ is bounded
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by −0.60 < Sψφ < 0.60 4, the explicit dependence on mt′ has been shown in our earlier papers

[13, 14]. It is also interesting to note that its magnitude increases with |λt′sb|; precise measurements

of Sψφ will be helpful to put tighter constraints on |λt′sb| and the corresponding phase. Recently CDF

and DO have updated their measurement of the CP-violating phase with data sample corresponding

to an integrated luminosity of 5.2 fb−1 and 6.1 fb−1 respectively. The allowed 68% C.L ranges are

[60, 61]

φψφs ∈ [−0.04,−1.04] ∪ [−2.16,−3.10] , CDF

∈ −0.76+0.38
−0.36 (stat)± 0.02(syst) DO. (29)

The corresponding 1σ ranges for Sψφ = sinφψφs are given in Table IV.
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FIG. 5: Correlation between Sψφ and |∆s| (eq. 7).

In the lower-right panel of Fig. 4 we show the correlation 5 between Sψφ and assl (eq. 5) with

|Γs
12
|

|Ms,SM
12

|
(eq. 8) taken at 1σ (red) and 2σ (blue) of the theory error. We note that its magnitude

increases with Sψφ as well as with the ratio
|Γs12|

|Ms,SM
12

|
, as expected from eq. 5. It is also important

to note that assl is inversely proportional to |∆s|. As shown in Fig. 5, |∆s| has a strong correlation

with Sψφ, we note that the values like |∆s| ≈ 0.7 are allowed for larger values of |Sψφ|. Therefore

assl is expected to get an additional boost for lower values of |∆s| when |Sψφ| reaches its maximum

4 Actually the limit is |Sψφ|<∼ 0.56, it is rounded up to 0.6.
5 The plot corresponds to negative solution for Sψφ, we do not show the points corresponding to the positive solution
of Sψφ for which one should get a region symmetric to that shown in the figure.
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value (≈ 0.5). The maximum allowed ranges in SM4 are thus given by

|assl|<∼ 0.004,
|Γs12|

|M s,SM
12 |

@1σ,

<∼ 0.005,
|Γs12|

|M s,SM
12 |

@2σ. (30)

Perhaps by taking the theory error on
|Γs12|

|Ms,SM
12

|
at 2σ we are exhibiting overabundance of caution.

Be that as it may, it is clear that although SM4 can increase assl over SM3 by over two order of

magnitude, SM4 has difficulty actually reaching the central value of the D0 result. Given that

the D0 results on assl is only ∼ 2σ, and considering the fact that this is an extremely difficult

measurement we do not believe at this point it is a concern for SM4. In our opinion fragility of

the experimental result suggests independent verification is essential 6.

In Table IV we summarise the allowed ranges for different CP observables in SM4, it includes

time dependent CP asymmetries in Bd → ψKs, Bs → ψφ as well as the semileptonic asymmetries

associated with Bd and Bs system (eq. 5). We also mention the corresponding experimental ranges

and SM3 predictions obtained with the inputs given in Table I.

CP observable SM3 Exp SM4 ranges

SψKs
= sin 2βd 0.739 ± 0.049 0.67 ± 0.02 0.40 → 0.90

Sψφ = sinφψφs -0.04 ± 0.002 [-0.04,-0.86] CDF - 0.60 → 0.60

[-0.37,-0.90] DO

adsl (−4.8+1.0
−1.2)× 10−4 -0.0047 ± 0.0046 > -0.002

assl (2.1± 0.6)× 10−5 - 0.0146 ± 0.0075 -0.005 → 0.005 (eq. 30)

ηfSCP (D) ≈ −2 · 10−6 −0.248± 0.496% −0.01 → 0.01

asl(D) ≈ 1 · 10−4 −0.6 → 0.6

TABLE IV: Allowed ranges of different CP observables related to Bd, Bs and D
0 systems in SM3 and SM4;

current experimental status is also given.

In Fig. 6 we show the correlation between the real and imaginary parts of the short distance

(SD) contribution to D0 − D̄0 mixing. Note that the magnitude of Im(MD
12) could be as high as

0.6%, which could be negative or positive; very small number of points are allowed for Re(MD
12) < 0,

however, it could be as high as 0.032. These findings are in good agreement with Ref. [16].

In Fig. 7 we plot real (left panel) and imaginary (right panel) parts of the SD contribution to

MD
12 as a function of |λb′uc| and note that in both the cases its magnitude increases with the product

6 Lack of identification of B mesons is a very serious concern for this experimental result, see also footnote 1
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coupling. In the case of the real part almost all the allowed points are for Re(MD
12) > 0, however,

in case of imaginary part we have both positive and negative solutions. As noticed before (Fig.

3), |λt′sb| has a linear relationship with |λb′uc|; a tighter constraint on |λt′sb|, which is possible to get

by reducing the errors in the measurements of Bd or Bs observables, will be helpful to put tighter

constrain on D0 − D̄0 mixing.

In Fig. 8 we plot the time dependent CP asymmetry ηfSCP (D) (eq. 23) and the semileptonic

asymmetry asl(D) (eq. 25) in the D system as a function of the phase of q
p
(eq. 21) and | q

p
|

respectively; it could be directly compared with the correlations shown in [16]. We note that with
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the present experimental bound on the phase of q
p
(eq. 26), the magnitude of ηfSCP (D) could be

enhanced up to the present experimental bound. On the other hand with the present constraint

on | q
p
|, asl(D) could be reduced to −0.6; again these results are also in agreement with Buras et.

al [16].
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FIG. 9: ηfSCP (D) as a function of |λb′uc| (left panel), asl(D) as a function |λb′uc| (right panel).

In Fig. 9 we plot SCP (D) and asl(D) as a function of |λb′uc| and note that the magnitude of both

may increase with |λb′uc|; SM3 predictions and the allowed ranges in SM4 for the corresponding

observables are summarised in Table IV. As discussed before (Fig. 4), the magnitude of Sψφ

increases with the corresponding product coupling, we also noticed that |λb′uc| increases with |λt′sb|
which indicates a definite correlation between Sψφ and ηfSCP (D) [16]. In the near future if we are
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able to put tighter constraints on |λt′sb|, we will be able to get strong limit on ηfSCP (D) and asl(D)

due to fourth generation effects.

III. CONCLUSION

This paper represents a continuation of our study of some of the properties of SM4, Standard

Model with four generations. One feature of SM4 that distinguishes it from practically all other

beyond the Standard Model scenarios is that it is highly constrained. Recognizing this, we have

few objectives in mind for this work. Firstly we want to quantitatively ascertain how well SM4

is able to address a key anomaly for the Standard Model, i.e. SψKs . We also want to see how

well SM4 can address the semi-leptonic asymmetries that have been much in the news recently.

Simple intuitive arguments suggest that the CP asymmetries in SψKs and adsl should be strongly

correlated and similarly, Sψφ and assl.

Furthermore, we want to see how best experimental information can be used to extract the

parameters of SM4 as efficiently and accurately as possible. With this in mind we are using

a particular representation of the 4×4 mixing matrix which is specifically designed to be very

effective in extracting information on the parameters of SM4 from B-decays, supplemented by

extending the hierarchical nature as for SM3, since many B-decay modes are highly sensitive to

SM4. Of course, we understand that physics will not depend on which representation of 4×4 mixing

matrix one uses. Recall, though, that even for the simpler case of the SM, a number of different

representations have been studied over the past few decades.

Using the specific representation for the 4×4 mixing matrix mentioned above we obtain con-

straints and correlations on its elements using available data from K, B and D decays as well as

electroweak precision tests and oblique corrections and allowing the mt′ mass to range from 375 to

575 GeV. Constraints obtained are then used to study the mixing induced and semi-leptonic CP

asymmetries in Bd, Bs and in D0. Although SM4 allows S(Bd → ψKs) to be closer to experiment

thus alleviating a key difficulty for SM3 that has been found in recent years and SM4 also allows

adsl to be bigger by a factor of O(3), these two observables are strongly correlated. Thus while SψKs

can be ≈ 0.707, simultaneously SM4 restricts |adsl|<∼ 0.0015. The B-factories have a lot more data

7 SψKs provides a clean measurement of sin 2β and it is well known that in SM the contamination due to QCD or
electroweak penguins is small (less than a few percent [62]) in this decay. Although the effects are sub-dominant,
SM4 can contribute to the decay b → cc̄s through the penguin diagrams and the overall effects are expected to be
below 5%. Due to the weak mass dependences of the Wilson coefficients the contributions from the QCD penguins
(PSM4
QCD) in SM4 are expected to be small compare to PSM3

QCD since there is an additional suppression of order λ2
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since they studied this asymmetry some years ago [10]; it would be very worthwhile to update this

bound as it could provide a very useful non-trivial test of SM4.

In contrast to adsl, a
s
sl can be a lot bigger in SM4, and of opposite sign, than in SM3 where

it is essentially negligible. Therefore, it would also be very useful to constrain this asymmetry

as well as the linear combination (Absl) [11] of the two. Interestingly, the large same sign dimuon

asymmetry recently discovered by D0 [11] implies a rather large central value for assl. This has

the same sign as in SM4 though the central value of the D0 result is somewhat larger than

the expected range in SM4; however, the significance of the D0 result is only about 2 σ on assl.

We therefore do not believe it is wise to pay too much attention to the central value given the

size of the experimental error (≈ 50%). These asymmetries should be a high priority target for

experiments at the Tevatron as well as at LHCb. In recent years Belle also has taken appreciable

data at the Υ(5S) which should be used for placing bounds on these asymmetries. In the future,

these asymmetries should also be a very useful target at the Super-B factories.

Note Added: Very recently Ref [63] presented constraints on SM4 using a completely different

representation of the 4X4 mixing matrix [64].
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