aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Fourth generation bound states
Koji Ishiwata and Mark B. Wise

Phys. Rev. D 83, 074015 — Published 14 April 2011
DOI: 10.1103/PhysRevD.83.074015


http://dx.doi.org/10.1103/PhysRevD.83.074015

CALT 68-2821

Fourth Generation Bound States

Koji Ishiwata and Mark B. Wise
California Institute of Technology, Pasadena, CA, 91125 USA

We investigate the spectrum and wave functiong'gf bound states for heavy fourth generation quatks (
that have a very small mixing with the three observed geimgrabf standard model quarks. Such bound states
come with different color, spin and flavor quantum numbeiscéthe fourth generation Yukawa couplingy ,
is large we include all perturbative corrections to the ptiéd between the heavy quark and antiquark of order
/\3/N6/167r2 where N. is the number of colors, as well as relativistic correctisoppressed byv/c)?. We
find that the lightest fourth generation quark masses fockvhi bound state exists for color octet states. For
the the color singlet states, which always have a bound, statanalyze the influence that the Higgs couplings
have on the size and binding energy of the bound states.

I. 1.INTRODUCTION have a different value faB — L than the standard three genera-
tions. (HereB and L are baryon number and lepton number.)

Among the mysteries of nature is the number of generalf B — L violation is small then the mixing between fourth
tions. We observe three generations, however there could [eneration quarks and the standard thr_ee generationsHs sup
a fourth generation if the masses of the quarks and leptorfy€Ssed. For example, a fourth generation of quarks and lep-
are beyond our present experimental reach. Data from th ns with both b_aryon and lepton n_umber minus three times
Tevatron (under some circumstances) restricts the magses ose of the ordinary three generations of quarks gnd Iept(_)n
thet' andd’ quarks in a fourth generation to be greater than®@" cancel the.baryon and lepton number anomalies allowing
about350 GeV. For some recent studies see [1]. A strong!"0Se Symmetries to be gauged [15].
constraint on the masses of fourth generation quarks comes
from precision electroweak physics. Heavy fourth generati
quarks contribute to th8 parameter and to the parameter.
Their large contribution to thé parameter rules out a fourt

Heavy fourth generation quarks feel a strong attractive
force from Higgs exchange in both th&’ andq’q’ channels
h that gives rise to bound states [16]. If the fourth generatio
generation with degenerateand?d’ quarks. However they quarks have a very small F‘“X"‘g with th_e /ordinary quarks,
also contribute to the parameter and Kribst. al. showed they Carl, b/e Iorig_en_ough Iived tha,t bougig’ states decay
that an acceptable combined fit to precision electroweak datthroyghq ¢’ annihilation and not via decay to a lower gen-
can be achieved, for example, with a mass splitting of abouﬁ:at'on quark and & boson. In this case th? production of .
50 GeV between fourth generation quarks in the mass rang ese bound states at the LHC may have important experi-
350 —700 GeV [2]. See also see the earlier work in [3]. Large mental consequences. Furthermoredfzé bo.und states may

be long very lived. References [16—-19] discuss some other

splittings may also be possible [4]. For a more recent discus i ; )
sion of electroweak fits see [5-7]. Interesting possible physical consequences of a heavyhfour

. . Y - eneration.
In addition, there is a “unitarity upper limit” on fourth gen g

eration quark mass of abobif0 GeV [8, 9]. This does not, _ Inthis paper we focus on the physics of #i¢/ states. Here

however, necessarily forbid heavier quark masses. Rather |y explore the role of perturbative corrections supprebged
indicates that higher order perturbative corrections beeo 5 2 /1672, anday, (hereN, is the number of color and, is
C q, 7 S C 'S

important at this mass [10]. Dynamical considerationseath strong coupling constant), as well as relativistic colice on

than unitarity give an upper bound of abutleV. This is  yhe the spectrum and wave functions of th¢ bound states.

similar to the upper bound on the Higgs scalar mass [11, 12]\e find that the perturbative and relativistic correctionsé
A heaVy fourth generation can destabilize electroweak Symg Significant impact on wave functions and spectrurﬂ/qf

metry breaking (see [13] for a review). According to the re-pound states.

cent work in [14], if there is no new physics (apart from the

fourth generation) below &eV, the Higgs mass should be  Theg’¢’ bound states can be in a color singlet or color octet
roughly equal to or larger than fourth generation quark masgonfiguration. For the color octet states we find the lightest
in order to avoid the instability. Of course there could b&ne fourth generation quark masses for which a bound state ex-
particles beyond the fourth generation fermions beld#® ists. In any color singlet configuration there is always arttbu
that get a large part of their masses from electroweak symmestate. Therefore we discuss the impact of the Higgs coupling
try breaking. For example, scalagsthat have a term in the to the heavy quarks on the shape of the wave functions for the
scalar potentiaySTSH'H get a contribution to the squares pound states and the bound state binding energies. In the nu-
of their masses equal ?/2 (v ~ 246 GeV) and such in-  merical analysis, we sometimes show results for values,of
teractions could help stabilize the Higgs potential. that are below the experimental limit 860 GeV or above

It is easy to imagine simple physical mechanisms that sup500 GeV where we expect perturbation theory to be of lim-
press the mass mixing between the heavy fourth generatiated use. Our excursion in to these regimes is for pedagbgica
guarks and the three generations of standard model quark®asons and does not mean we dismiss the constraints from
For example, the fourth generation quarks and leptons couldxperiment or the limitations imposed by perturbativity.



my, = 130 GeV, this Hamiltonian has af-wave bound state
for formy > 583 GeV. In this section, we compute perturba-
tive corrections and relativistic corrections to the Haamilan.
We also give the QCD potential at orderaaf for color singlet
and color octet configurations.

FIG. 1: Diagrams of Higgs self energy (left) afid boson vacuum

polarization (right). A. A. Perturbative Correctionsto the Potential

Enhanced by the Number of Colors

I. I1.HAMILTONIAN Here we include perturbative corrections to the potenfial o
q'q state of ordefV.\?, /167>, These arise from the heavy
Since precision electroweak physics favors a small valuefofourth gehne;ann quar_k cpntnbutlon to the Higgs bo_som sel
\(myy — myr)/(my +me)| (heremy andmy, are masses of energyx. (_p ). They will give a correction to the I_eadlng or-
# andy’, respectively), we work in the limit where the heavy der potgntlal. For pedagogical reasons we also includesterm
fourth generation quark masses are equal,my; — my — proportional to the top quark Yukawa_squared but set.therothe
guark masses to zero. (In the numerical results we will see th

mg . It is straightforward to add in the effects of the differ- K contribution i liible.) E ing th :
ence between the heavy fourth generation quark masses. ( quark contribution 1S negligi e.) Expressing the
coupling squared in terms of the quark mass squared-and

discuss the impact of a fourth generation quark mass syjitti : .
at the end of this paper.) Then the leading order Hamiltoniar"iJIII the perturbative corrections enhanced by a factoNof

for heavy quark bound states from Higgs scalar exchange is come from th? Higgs scalar self energy andi#idoson vac-
uum polarization.

p? e—mAT Let us consider Higgs propagator. It is determined by
HO = - (\/iGFmgf) ) (1)  the one-loop calculation of quark loop diagram (see left on
My 47r .
Fig. 1),
wherep andx (r = |x|) are momentum and relative coordi- , N
nate in the center of mass frame, ang is the Higgs scalar Dn(p®) = i1+ 7 (3)
mass. In momentum space the leading potential from tree- p?—m? — Eh(p2)
level Higgs exchange is
with
~ \/ﬁGme,
Vip)=——5—7 ) < A2N.
p2+m} ¥ (p?) = Z —léﬁQ [L7(p?) = LL (m},)
. q=t',b’t
Here we have expressed the heavy quark Yukawa coupling, ¢ 9
Ay, in terms of the Fermi constant and the heavy fourth (- m%)dL<(P ) ] _ @)
generation quark mass. Using the variational method based o dp*  Ip2=m2
a trial wave function? < e~"/® [16] and taking, for example,
|
Here the functiond.? andLZ are defined by
LY (p?) =p?p3 [log(}f—ﬁ) — iw] 4m§ < p?
Li(p*) =< LL(p?) = —2p*°tan—! (%) 0<p?*<4m? , (5)

where

4m§ 4m3 mg
/8 = 1-— —p2 s b = —p2 —1 and ZCq = W (6)
h

The derivative ofL% (p?) evaluated ap* = m? is

dLL (p*)
dp?

, = 1—dag + 24z, — 1(1 4 22,) tan ™' (1/ /4, = 1). (7)

p2:mh



Finally, usingMS subtraction (with the number of space-time dimensiers 4 — €), 6" is given as

v (p?) AN, 2 u? dLL (p?)
ho_ _ Z q <
o= dp? lp=m? = Bt 1672 {_(Z + 1og(mg)) —2 dp? lp2=m3 | ®

Expanding the factor." (p?) in a power series im? — m3, it ¢
is clear from its definition in Eq. (4) that it first contribstat
order(p® — m3?)2.
In the numerator of the Higgs propagator the factoris h
divergent. This divergence is cancelled in the potentialaf
express the fourth generation quark Yukawa couplik@sjn
terms ofG rm?2,. The resulting correction to the Fourier trans- , !
form of the potential is

Q)

)
S

2
v «(p) = — \/§Gqu,§. 9) FIG. 2: t-channel Higgs exchange
per p2 ¥+ m}%
Here the perturvative corrections in the denominator of the d 7 q 7
Higgs propagator can be negligible. This arises because of a \/
cancellation between the three terms in Eq. (4). Here we have ,
used the expansions, _ P}
8 m?
LL(mj) =m] <—8—|—§m—g—|—...), (10) /\\
) q (l, q/ q/ q/
dr? 8
dL<(p”) = 4., (11)
dp2 p2=m3 3
8 p? FIG. 3: s- andt-channel neutral fictitious scalar exchange.
q

Here we takeN, = 3. The divergences in" andIl%,y; (0)

Even though expansions we used in Egs. (10)-(12) are aIOpI(':'anceled. Egs. (9) and (16) are the main results of thismsecti

cable form; < 2mg, we have checked numerically that
the denominator of the Eq. (9) is a good approximation when

my, ~ mg . On the other hand, the factérin the numerator B. B.Reativistic Corrections

of the potential is given by

My (0)

§ =0+ AU 13
+ (13)

Here IT};y;, (p?) is the transverse part off’ boson vac-
uum polarizationtlyyw, .. (p?), defined byllyw, . (p*) =

Gy (p?)+- - - . ForIll,,,, (0) there are two contributions

(see right on Fig. 1)1}y, (0) = TI{}, . (0) + 1T}y, (0) @and
these are

202, N, (2 2
T P e H
HWWq, (O)/MW = 62 (6 +In <m§/>> , (14)

NN, (2 B2\ 1
T 2 _ AdVe (2 1 1
Wy (0)/ My, = 1672 < +1In (mtg) + 2) (15)

€

Using the above results, one obtains

2N, N,
§=—C< A2 € )2
4872 Z at 32727t
q=t',b’,t
_V2Gp , | TV2Gp

m s my.
2wz 1 1672 ¢

(16)

Relativistic corrections to the potential come from expand
ing the spinors in the Higgs scalar exchange diagram and from
including the contributions from longitudinal gauge boson
and the “fictitious scalars” itR: gauge. We choosg= 1 so
that the longitudinal gauge boson contribution vanishdsge T
corrections appropriate for the grousédwave bound states
are given here. For discussions of how the relativisticemrr
tions to the potential are derived from Feynman diagrams see
Refs. [20, 21].

Expanding the spinors for thechannel Higgs exchange di-
agram (shown in Fig. 2) gives the relativistic correctiorite
potential,

~ e (p > )

V;el.Higgs(p) =
4 2+ m2

(17)

Neutral fourth generation bound states can exist in the fla-
vor stateg’t’ andb’b’, can be in color singlesl] and octets
(8), and furthermore they can have spin zero and one. Since
we are working in the limitn,, = my/, it is convenient to de-
compose the flavor structure into heavy quark isodpia 0



4

b L where My, is W boson mass. Here plus and minus sign cor-
respond td = 1 and 0 channels, respectively.
Finally there is the usual relativistic correction to theddic

_ energy,
7 Tiel = —722/ (4?; ) . (21)
¢ i ? ¢
FIG. 4: t-channel charged fictitious scalar exchange. C. C.QCD Potential
d 7 There are also contributions to the potential from one-gluo

exchange (Fig. 5). They are attractive in the color singlet
channel and repulsive in the color octet channel but are spin
and flavor independent, and given as

Vit (r) = —%as (1) , (22)

r

1 1
V(;()SC)D(T) =G0 <;> . (23)
FIG. 5: Gluon exchange.

There are always bound states in the color singlet channel
because the strong interactions confine. In the octet cthanne
here are no bound states without the Yukawa potential from
iggs exchange. In our numerical work we evaluateat the

boson massy;(Mz) = 0.118.

(e, (Tt +0'V)/v/2) andI = 1 (i.e, (F't' — b'V')/\/2). So
far the contributions to the Hamiltonian have not depende
on the bound states heavy quark isospin, color and spin quan,
tum numbers. However, the contributions we consider now
do depend on these quantum numbers. We therefore attach
the superscripttC' = color, I = heavy quark isospin, S =
heavy quark spin) to the potential. Since these eight states

characterized by, I, S) do not necessarily form bound ) ) ) _
states, hereafter we call them “channels”. In this section we discuss the ground statevave states in

Exchange of the neutral “ fictitious scalar” (which we call the various color, heavy flavor isospin, and spin channdis. T
P% in thet-channel (left on Fig. 3) gives spin-dependent po-Hamiltonian for this system is

tential, but is independent of the color and flavor. We find
that, H=HO 4+ H(l), (24)

I, 111. NUMERICAL RESULTS

V2Gr  p? where
= — 0 18

wherelM z is Z boson mass, and for spin orfe(1) = —1/3,
and for spin zero2(0) = 1. This contribution is attractive
in the spin one channel and repulsive in the spin zero chann
Thes-channelP° exchange (left on Fig. 3), on the other hand
gives a repulsive potential which only occurs in tie 1, 0)
channel,

f/(S) (p)

PO t-channe
H(l) = dyel + Vpcrt + ‘/rcl.HiggS + VPO,t—channeI
+VP0,s—channeI+ VPJr + VQCD- (25)

P\'/Ve use the variational method, minimizing[a] =

(Y| H )/ (|) for trial wave functions) oc e="/%. In order

for the v/c expansion to make sense, we restrict our analysis
to wave functions that give an expectation valuepéym?2,

- (1,1,0) 3vV2GF that is smaller than 1/3. This ensures that higher orderg@rm
VPO,s-channeKP) —1_ M%/(4m§,) : (19) thev/c expansion which we have neglected are not important.

) ) This means that,
It is enhanced by a factor ¥, = 3, compared with other

relativistic corrections to the potential. a?>3 /mg,. (26)
The final relativistic correction to the potential comesifiro
t-channel exchange of the charged fictitious sc&tar which Before discussing the numerical results, we give the for-

is depicted in Fig. 4. Itis independent of color but depentls 0 mula for £[a] in each channel. The expectation values of the
spin and on flavor since it mixes &’ andb’b’ channel. We  kinetic energy and the potential from the Higgs exchange and

find that, t-channel neutral fictitious scalar exchange give a common
~ V2G p? contribution for color singlet/octet and isospin zero/ehan-
v;? (p) ==+ i Q(9), (20)  nels. These are given by,

2 p2+ M,



com

a Ta

2
(o _ll 1 __s ]_ V3G

1+ 6 —mj/4m?, 1 Q(9) 1 Mz /m2, 27)
mga  4m} a3 (2 + amy,)? 4m?,a* 4 |\ m2a® (24+aMz)? ||

The first term comes from the kinetic energy, while first ancbeel terms in the second parentheses are frolmannel Higgs
exchange, including the perturbative correction to thegdigropagator. The rest is from neutral fictitious scalaharge in
t-channel. The-channel neutral fictitious scalar exchange, on the othed hgives a contribution only for thd, 1, 0) channel,
which is

E(l"l’O) a] o \/iGFmg/ 3 1
P9 s-channe - Ta (1 _ M%/élmg,) mg/aQ‘

(28)

As we mentioned, this term always contributes as a positeeuisive) term in total energy, and it is enhanced by caotdr
N. = 3. Charged fictitious scalar exchange gives

V2G pm2, 1 M2, /2m?,
E)[a] = 2 20(8) | —5— — i /2my -l (29)
a 2mza (2 +aMw)
Finally, the contribution from one gluon exchange is
1 40[5 8 Qg
Eqlplal = 5, Egepla = 2. (30)

With all terms we have given above, the variational energy irthe limit we impose on the value af, (i.e, it is greater than

each channel is obtained, or equal tov/3/m,), which ensures that relativistic correc-
tions are not too large . In th@, 1,0) channel, the contri-
1,0,8 _ S () ) . . [ ’ o

Bl )[a] = Egole +Epi + Eqeps (31)  pution from the repulsive-channelPY exchange potential is

ELLO), — O _ o) + E1.1,0) +E(1) . (32 so large that the bound state has > aqcp for a range of
la] com  TPY T TPOs qco: (32) masses. In the lower panel of Fig. 6, we plot the variational

E®D] = B~ BY) 4+ ESC)D, (33)  binding energy computed at = a, for each color singlet
_ channel. We find binding energies©f (10 — 100) GeV) for
for color singlet state(1, I, S), and my ~ 400 — 500 GeV.
E®09] = BB 4 El(i) + E((;()jm (34) For the color octet channels, on the other hand, bound states
(8.1.5) ) (s) ®) do not exist if the hgavy fourth generation quark is too light
ES52a] = By, — EpY + Eqéps (35)  and of course the Higgs Yukawa couplings always play a cru-

These results are summarized cial role because the QCD potential is repulsive. In our nu-
in the appendix merical analysis, we find the lowest valuesaf, for which

We compute the variational energ§©/9[q] in each the minimum of the variational energ¥[a] (in the region,

channel and study the properties of the bound states. In tHe = V/3/my) has a negative value. The results are sum-
color singlet channels, there always exists a bound state. gmarized in Table I. Note the values of the fourth generation

small enoughn,, the state is very close to the familiar QCD quar_k masses relevan_t h_ere are the ones not in parenthesis.
“onium” states. However as,, increases the parts of the po- We find that the lower limit reduces tbl0 — 570 GeV, com-

tential proportional tan2, become more important. We find Pared to the one given by the leading order Hamiltonia, (
the value ofa (in the parameter region given by Eq. (26)) 583_ G_eV). As |n_the color smgl_et chan_nel,_ we plot_the_ lowest
which gives minimum binding energy for fixet, . (We yar!at|0nal binding energy for fixedh, in Elg. 7.. Th|s figure
denote call itag.) It is compared with Bohr radius of pure indicates that color octet bound states with binding enefgy
QCD potential,aQCD = 2as/3mq/. We begin by taking O((lO —100) GeV) exist Whenmq, ~ 45Q — 550 GeV. The
m, = 130 GeV. Later we redo the analysis for the case col(_)r_octet states we found form col(_)r singlet hf_;\drons by neu
my, = my which may be more realistic values of the Higgs tralizing their color charge at long distances with gluond a

mass given the constraints from stability of the Higgs peten 19ht quark-anti quark pairs.

tial. The results (forn;, = 130GeV) are shown in the upper It is important to remember that wher is at the end of
panel of Fig. 6. From this figure, it can be seen that the siz¢he range given by Eq. (26), the actual bound state may be
of the singlet bound states are not close to a QCD-like bouncelativistic and more deeply bound than the results present
state whenn, = 400 GeV, except for the(1,1,0) chan- in this section indicate. Such a situation occurs for th@icol
nel. The sharp break in behavior as, increases is due to octet results, except for th@, 0, 0) state, and in some of the

for color octet state(8, I, S).
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(i) Binding Energy (color singlet)
100

:I TTT I TTTT I TTTT I TTT ||| LIVIE
F Mh=130Gev 7 FIG. 7: Variational binding energy of color octet channelstied
r (ldso) e ] as the function of the heavy quark mass. In the plot, werage=
< B onlg I Fa P 130 GeV and takea as the value which gives the lowest binding
é (1,00 —— S/ energy for fixedn, . Note that(8,0, 1) and(8, 1, 0) channels give
5 wp @GNS almost the same results.
g =
u C
o (i) aolaQCD (color singlet)
- l-2IIII|IIII|IIII IIIIII
1II IIIIIIIIIIIIIIIIIII 1/ 1
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(G
My (GeV) . 08 :
g i
<€ o6l _—
€ Mp=Mg: !
. . . . 1S i
FIG. 6: (i) ao/aqcp as the function of quark mass in color singlet 04 io,o)) ,,,,,,, -
channels. Here we take;, = 130 GeV anday is the value for (0,1) e i
which E[a] is minimized (and negative) for fixed quark mass. (ii) 02 (};‘;’i e . P
Variational binding energy of color singlet channels asftiretion ot Lo el

of the heavy quark mass. Here we set ao. 100 200 300 400 500 600

mg (GeV)
(C, 1, S) Lower limit of m, 100 .(ili).%"?d."}g.E.n.e :gly.((fo.lo.r |Si-n?|-et-),.ﬂ
(8,0,0) 574 GeV (574 GeV) E mp=my
(8,0,1) 440 GeV (359 GeV) I ]
(8,1,0) 440 GeV (359 GeV) - E?jclﬁ e I
(8,1,1) 510 GeV (439 GeV) @1 - /

-Energy (GeV)
[
o

TABLE I: Lower limit of quark mass for which a bound state fam

in the various color octet channels. We takg = 130 GeV.The

valules in parentheses are given by using \/i/mq/ instead of AT

Eq. (26) 100 200 300 400 500 600
mg (GeV)

color singlet channels at larger heavy quark masses. Iirorde

to see how our results are affected by the choice of region FIG. 8: The same as Fig. 6, except for taking = m,,
for a, we consider, for example, the case where expectation

value ofp?/m?, is less thanl /2, which corresponds to >

\/i/mq/. In Table I, the lower limit onngy for an octet bound My In the same manner as we did Whﬂlr}l was fixed at
state to exist is also derived using this regiondpinstead of 130 GeV, ao/aqep and the binding energy for color singlet
Eq. (26) (see the values in parentheses). As it is shown, thghannels are given in Fig. 6 and the lower bound on the fourth
limit becomes smaller by0 — 20% (except for the(8,0,0)  generation quark mass, and the binding energy for colot octe
state). channels are given in Table Il and Fig. 9, respectively. For
Finally, we give the numerical results in the caseigf =  singlet states, the bound state is certainly not QCD-likenwvh



(C, I, S) Lower limit of m,, respectively. Whem ~ aqcp, m— is larger in magnitude
(8,0,0) No bound state than(E(©:0.5) — E(C:1.9)) /2. (Here we are assuming_| ~
(8,0,1) 534 GeV 50 GeV.) Then, the mi_xing parameter is not neglegible. On
(8,1,0) 534 GeV Fhe other hand Whem(_) is much smaller thanQC‘D, m_ not

(8’ 1’ 0 696 GeV important and the mixing parameter is negligible. Then the

stateg+) are almost isospin eigenstates,, |+) ~ |1 = 0)
and|—) ~ |I = 1). In amore accurate evaluation, one should
also take into account the correction. makes toE(¢:0:5)
andE(©1-%), These corrections are suppressedhy, /m )

and are expected to change the binding energies by a few to

TABLE II: The same as Table. |, except for taking, = m,.

Binding Energy (color octet)
100 F T T T T I T T T T I T T T T = 10%.
E my=mg 7
o (.S) b
< T
3 -0 —— .
e
3 0F E
@ = ]
=
i i ]
1 1 1 1 1 I 1 1 1 1 I 1 1
300 400 500 600

mg (GeV) IV. IV.CONCLUDING REMARKS

FIG. 9: The same as Fig. 7, except for taking = m. Heavy fourth generation quarks may have a long enough

lifetime that it is sensible to consider their bound stafegshe
LHC heavy quarky’q’ bound states states will be produced by

luon fusion. Hence it is important to understand the proper

es of these states. In this paper we have determined the bin
ing energies and sizes of these states.kr> 400GeV, the
Higgs Yukawa coupling plays a crucial role in the properties
of these states and also relativistic and perturbativeecerr
Yions are important. In a future publication we hope to eluci
date more of their properties including, production rateéha
LHC and their decay branching ratios.

mg > 400 (535) GeV in the (1,0,1) ((1,1,1)) channels.
On the other hand, octet channels do not form bound sta
unlessmy 2 535 GeV, which is near the unitarity bound or
equivalently strong coupling regime.

We have assumed that,; = my throughout this paper,
however it is straightforward to take into account the mas
difference between the the heavy fourth generation quamks.
that case, thd = 0 and1 sates are no longer the energy
eigenstates. Rather we denote the eigenstatés ognd|—).
They are the following linear combinations of the heavy guar
isospin eigenstates,

+) o [T =0)+ B[l =1), (36)
|-) o« B_|I=0)+|I=1). (37)

Introducing the notationn. = my + my/, the energy eigen-
valuesE'L and mixing parameterB. are,

E(C0.8) 4 B(C19)

Ey = my + 5 Acknowledgment
E(C.0,5) _ p(C.1,8)\ 2
:I:\/( 5 > +m?2, (38)
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By = I (SR WS B (39)  Energy under contract No. DE-FG02-92ER40701, and by the
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B_ = — (40)  Grinstein for useful discussions.
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Appendix A: Appendix

Here we give explicit formulas for the variational energyesrch channel.

2
Ela) 100 — 2V2Grmg, | (1+4)a? 1. mj, a’
mad 2(2 + amp,)? 4mg, 8m§/ (24 amp)?
M?2 2 M3 2 4 1 5
“Emd 2 aM 5 I, @ aM 2]_3_0‘5+_3 L_43 ] (A1)
mz (24 aMz) mz, (2 + aMw) a ad | my my.a
2
E[a](l’o’l) 2\/§Gqu/ _ (1 + 6)0/2 _ 1 + m}% a2
ma’ 202 +amp)?  4m?2,  8m2, (2+amp)?
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