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We generalize the factorized resummation of multipolar waveforms introduced by Damour, Iyer
and Nagar to spinning black holes. For a nonspinning test-particle spiraling a Kerr black hole in the
equatorial plane, we find that factorized multipolar amplitudes which replace the residual relativistic
amplitude fo,, with its ¢-th root, pem = fllrff, agree quite well with the numerical amplitudes up
to the Kerr-spin value ¢ < 0.95 for orbital velocities v < 0.4. The numerical amplitudes are
computed solving the Teukolsky equation with a spectral code. The agreement for prograde orbits
and large spin values of the Kerr black hole can be further improved at high velocities by properly
factoring out the lower-order post-Newtonian contributions in pgp,. The resummation procedure
results in a better and systematic agreement between numerical and analytical amplitudes (and
energy fluxes) than standard Taylor-expanded post-Newtonian approximants. This is particularly
true for higher-order modes, such as (2,1), (3,3), (3,2), and (4,4) for which less spin post-Newtonian
terms are known. We also extend the factorized resummation of multipolar amplitudes to generic
mass-ratio, non-precessing, spinning black holes. Lastly, in our study we employ new, recently
computed, higher-order post-Newtonian terms in several subdominant modes, and compute explicit
expressions for the half and one-and-half post-Newtonian contributions to the odd-parity (current)
and even-parity (odd) multipoles, respectively. Those results can be used to build more accurate
templates for ground-based and space-based gravitational-wave detectors.

PACS numbers: 04.25.Nx, 04.30.Db

I. INTRODUCTION term; S’é;p) is the relativistic conserved energy or angular

momentum of the effective moving source; T, resums

An international network of kilometer-scale laser-  an infinite number of leading logarithms entering the tail
interferometric gravitational-wave detectors, consisting  effects; eem is a supplementary phase which contains
of the Laser-Interferometer Gravitational-wave Observa- ~ phase effects which are not contained in the complex

tory (LIGO) [1] and Virgo [2] are currently operating — Tem, and, finally, fen, contain residual terms which can be
at the best sensitivity ever in the frequency range 10-10°  carefully resummed to improve its behavpur as fUI}CUOH
Hz. We expect that in the next decade the Laser Interfer- ~ of £. The better agreement of the factorized multipolar

ometer Space Antenna (LISA) [3] will be also operating, waveforms to the exact numerical results suggests that
but in the frequency range 10~*-10~! Hz. the factors entering the hyp,’s can capture effects, such

Binary black holes are among the most promising as the presence of a pole in the effective source for quasi-
sources for those detectors. During the last thirty years, circular orbits and the inclusion of all leading logarithms
the search for gravitational waves from coalescing black- ~ in tail terms, that are missed when expanded in a PN

hole binaries with LIGO, Virgo and LISA has prompted  series and truncated at a certain PN order.
the development of highly-accurate, analytical template
families to be employed in matched-filtering analysis.
Those template families are based on the post-Newtonian
(PN) approximation of the two-body dynamics and grav-
itational radiation [4, 5]. In PN theory the multipolar
waveforms are derived as a Taylor-expansion in v/c (v
being the binary characteristic velocity and ¢ the speed
of light). More recently, Damour, Iyer and Nagar [6] [43]
have proposed a resummation of the multipolar wave-
forms in which the Taylor-expanded multipolar wave-
forms computed in PN theory are re-written in a fac-
torized, resummed form as

In Refs. [6, 8], the factorized waveforms for a test parti-
cle orbiting around a Schwarzschild black hole were com-
puted, including also the case of comparable-mass non-
spinning black holes. It was found that factorized wave-
forms agree better with numerical (exact) results than
Taylor-expanded waveforms. In particular, in the test-
particle limit, Ref. [6] compared the analytical factor-
ized (I, m) modes and gravitational-wave energy flux to
the numerical results obtained by Berti [9], solving the
Teukolsky equation. The factorized waveforms have been
also employed in the effective-one-body formalism and
compared to waveforms computed in numerical-relativity

By, — h]gﬁ,ﬁp) gé;fp) Ty €90 fyr (1)  simulations ['8, 10, 11]. Also in this case, the agreement
of the factorized waveforms to the numerical waveforms
The several factors in the above hgy, have the following is better than the one of the Taylor-expanded waveforms,

meaning. The factor h§gf’)) is the leading Newtonian especially during the last stages of inspiral and plunge,



and close to merger.

In this paper we extend the factorized multipolar wave-
forms to the case of a test-particle orbiting around a
Kerr black hole on the equatorial plane. In the case of a
test particle orbiting around a Schwarzschild black hole,
the Taylor-expanded multipolar waveforms were derived
through the PN order needed to compute the 5.5PN en-
ergy flux [12], although their explicit formulas were not
available in the literature. In the case of a test particle
orbiting around a Kerr black hole on the equatorial plane,
spin terms in the Taylor-expanded multipolar waveforms
were derived through the PN order needed to compute
the 4PN energy flux [13], but their explicit formulas were
not published. Motivated by this work, Tagoshi and
Fujita [14] have recently computed the spinning and
nonspinning Taylor-expanded multipolar waveforms up
to 4PN and 5.5PN order (see Table I for a summary),
respectively. Also, recently, Fujita and Iyer [15] have in-
dependently computed the nonspinning Taylor-expanded
multipolar waveforms up to 5.5PN order.

Since, as said above, explicit expressions of the Taylor-
expanded multipolar waveforms are not available in the
literature, even at lower PN orders [12, 13], we write those
expressions explicitly in this paper (see Appendix A) de-
composing them in -2 spin-weighted spheroidal harmon-
ics. Then, we apply the transformation from -2 spin-
weighted spheroidal harmonics to -2 spin-weighted spher-
ical harmonics, and build the factorized multipolar wave-
forms decomposed in -2 spin-weighted spherical harmon-
ics. The latter decomposition is the one commonly used
in the fields of numerical relativity and gravitational-
wave data analysis. Finally, we compare the factor-
ized waveforms to numerical (exact) waveforms for a
test particle orbiting around a Kerr black hole, on the
equatorial plane, solving the Teukolsky equation [16-18].
Finally, we derive the factorized multipolar waveforms
for spinning, nonprecessing black holes of comparable
masses. Those factorized waveforms were recently used
in the spinning effective-one-body model of Ref. [19] and
compared to numerical-relativity simulations of spinning,
nonprecessing equal-mass black holes from the Caltech-
Cornell-CITA collaboration.

This paper is organized as followed. In Sec. II we
work out the factorized waveforms decomposed in -2 spin-
weighted spherical harmonics for a test-particle orbiting
a Kerr black hole, on the equatorial plane. In Sec. III,
we compare the gravitational-wave energy flux and the
(I,m) modes of analytical factorized waveforms to numer-
ical waveforms. The numerical results are obtained solv-
ing the Teukolsky equation [16-18]. In Sec. IV we derive
the factorized waveforms for generic mass-ratio spinning,
non-precessing black holes. Section V summarizes our
main conclusions. In Appendix A we write the Taylor-
expanded multipolar waveforms in the test-particle limit
through the PN order currently known. In Appendices B,
C, D, and E we give the complete expressions of the
fem’s, Com’s, pem’s and dpp,’s for 4 < | < 8. Finally, in
Appendix F we compute the [ and m dependence of the

spin terms in the mass and current multipole moments
at 0.5PN order and 1.5PN order, respectively.

II. FACTORIZED MULTIPOLAR WAVEFORMS
FOR A TEST PARTICLE ORBITING AROUND A
KERR BLACK HOLE

We consider a nonspinning test-particle orbiting
around a Kerr black hole, and extend the factorized wave-
forms of Ref. [6] to the case where the motion is quasi-
circular and confined to the equatorial plane, that is the
spinning, nonprecessing case. The factorized multipolar
waveforms are built as the production of a leading or-
der term hyv’e”) and a higher order correction term ﬁgm
consisting four factors [6]

(N,ep) 7

hem = By B, = B S5 Ty €0 fr . (2)

where €, denotes the parity of the multipolar waveform.

In the quasi-circular case, €, is the parity of £ +m: €, =

w(¢ +m). The leading term héan’Ep) in Eq. (2) is the

Newtonian order waveform

(N,ep) GMv (ep) l+ep l—ep,—m ™

b " = W”g,ﬁ Cotey (V) 0P Y (§,¢) ,
(3)

where v is the orbital velocity, Y™ (6, ¢) are the scalar

spherical harmonics, n;’;) are

n® = (im)" 8 (C+1)(0+2)
" (2¢+ 1! -1
(4a)
nD = (i)t 26T \/(2£+1)(€+2)(£2_m2)
" irOn\ @I- @+ niE—1)

(4b)

and cyq,(v) are functions of the symmetric mass ratio
v =myme/M?, with M = mq + ma:

1 1 {4+e—1
Core(V) = (5 - 5\/1 - 41/>

{4+e—1
(=)t (% - %m) . (5)

Although in this section we consider the test particle limit
mp = M > mo = pu, that is v — 0, the above relations
will be used for generic v in Sec. IV and Appendix F.

We shall define the source factor 5’5;{ ) and the tail fac-
tors Ty, in Sec. IIB. In Secs. IIB, IIC, we compute
the imaginary and real PN spin effects in the e*%m’s and
fem’s respectively. We shall obtain those quantities by re-
quiring that when we Taylor expand the factorized wave-
forms (2) the results coincide through 4PN order, for the
spin terms, and 5.5PN order, for the nonspinning terms,
with the Taylor-expanded waveforms given in Sec. IT A
and Appendix A.



OQm C‘Sm C4m OSm CGm C7m O8m
0 1/0 1|0 1|0 1|0 1[0 10 1
PN orders beyond C$)"®) (nonspin) 55 6|5 55/45 5|4 45[35 4|3 3(335
PN orders beyond C$3"” (spin) 4 4|4 4|4 44 4|4 4|4 44 4

PN orders beyond cver) (nonspin)

£m

PN orders beyond ciNer) (spin)

Lm

5.5 5.5|4.5 4.5|3.5 3.5(2.5 2.5|1.5 1.5/0.5 0.5|]0 0
4 3535 3|3 25|25 2|2 15|15 1105

Lm

PN orders beyond CEZ’EP) needed for nonspin 5.5PN-flux|5.5 4.5|4.5 3.5|3.5 2.5|2.5 1.5/1.5 0.5(0.5 0
PN orders beyond O M) needed for spin 4PN-flux

0 0

4 3|3 22 111 0|0 0]0 0|0 O

TABLE I: PN orders currently available in the multipolar waveforms Cy,, (in the adiabatic approximation Cy,, = —m?20? hem).
In the first two rows, we list the nonspin and spin PN orders beyond the leading order Newtonian term Céév’o). In the next two
rows, we list the nonspin and spin PN orders beyond the leading-order term for each mode Céx’sp). In the last two rows, we list

the PN orders beyond the leading-order term for each mode Cé:i’ep ) that are needed to compute the nonspin 5.5PN—energy-flux
and the spin 4PN—energy-flux. For each Cy,,, the two columns refer to the parity of the multipolar waveform ¢, = 0 and = 1.

A. Taylor-expanded multipolar waveforms

The Newman-Penrose scalar ¥4 = —(hy — zhx) can
be decomposed in either -2 spin-weighted spherical har-
monics oYy (0,¢) =_2 Puy(6) ™9, or -2 spin-weighted
spheroidal harmonics _257°(0) e"™? as

¢
T\IJ4 - Z Z Clm 72}/Em(93¢) eiWO(T*it)a

L m=—¢

L
_ Z Z C[m 72le(9) eiwg(r*ft)+i’m¢,
V2r

¢ m=—4
£ awo (0)
_ 7 e —29m eiwo(r*—t)-i-imqﬁ , 6
;mg—f ' ’ v 2 ( )

where a is the spin of the Kerr black hole, having the
dimension of length (while we also define ¢ = a/M), and
wo = mf) is a multiple of the orbital frequency (2. Since -
2 spin-weighted spheroidal harmonics are eigenfunctions
of the Teukolsky equation, it is natural to expand its
solution in the spheroidal basis. In the fields of numerical
relativity and gravitational-wave data analysis, however,
the -2 spin-weighted spherical harmonics are commonly
used, because they do not depend on the spin and the

1

frequency, as the -2 spin-weighted spheroidal harmonics
do.

The -2 spin-weighted spherical and spheroidal har-
monic bases are related by

—28p0(0) = —2Pun(0) +awo Z o Pum(6)
é/

+Haw)? Y dfy, —2Purm(8) + Olawp)®.
é/

(7)
The coefficients c§, and df,  are given in Ref. [13] as

£+3)(l—1)(L4+m+1)(L—m+1
(l+21)2 : = (25+( 1)(224»3() ) ’ él l 1
o 04+2)(0—2)(l4+m)(L—m 0 0
“e €22 ( )((26-1—2;(2@—)1() : ’ = 1

0, otherwise

(8)

and if ¢ = ¢ we have
’ 1 2 1\ 2
dim = =5 |0t + ()] - ©)

while if ¢/ # ¢ we have

20 -1

(0 =1,m,1,0[¢',m){ —1,2,1,0/¢,2)

! /41 —1
dﬁm = 7)\0(@ — /\0(@’) {—[2m + M (f, m)] [6@/@.,_1%:; + 6€/f—1c£m — OpreAa (f, m)]
20+ 3 _
/41 /—1
—dcyt 1 (€+1,m,1,0/¢/,m){ +1,2,1,0/¢',2) — 4c, .

L2
3

where (j1, m1,j2, ma|J, M) is a Clebsch-Gordan coeffi-

120 +1 , /
66/6 - %/—H<€,m,2,0|€ ,m><€, 2,2,0|€ s 2>‘| } s

200+ 1

(10)

cient and

Mo(f) = (E=1)(t+2), (11)



MEm) = —2m (P4 0+4)/(2+0), (12)
Maltym) = ~2(0+1) () + 20 () +
2L U L=3m?) o

T3 U+ )+3) (20— 1)
|

In the nonspinning case, _2S5;°(f) reduces to
—2 Py (0) which has the closed expression

-2

= o T () ()12 Joar (2]

The -2 spin-weighted spherical harmonic basis is or-
thonormal in the sense that

/ ,ngm(o),g Pl’m’ (9) sinf df = 5gg/ 5mm’ . (15)
0

To explicitly write the modes Crp, and Zyy,, expanded
in v, we find it convenient to introduce the following no-
tation

Com = ngx’ép) Com (16)
mewo = Zérzx::) mewo ) (17)

where Céﬁ’e’)) nd Z, (N, ;’) represent the Newtonian con-
tributions and, as sald above, €, denotes the parity of
the multipolar waveform. In the adiabatic limit, Cy,, =
—m? Q2 hyp,. Therefore, whereas the Newtonian contri-
bution to Cy,, and hg,, differ by a factor of —m?2Q?,
the PN corrections are the same, i.e., égm = iLgm. The
Newtonian contributions in the Cpp,’s or Zppe,’s are [see

Eq. (3)],

OEm =

/ sin 6 d6 Z Zormw

0

= Zmwo + awp Z Cormm Zormwo + (aw) Z dg/m Zprmwo + O(awp)?.

V4

We notice that the mixing of spheroidal waveforms hap-
pens among modes with the same m and different /.

The Cy,, modes are computed in perturbation the-
ory [12, 13, 20, 21] using a coordinate system different
from the one used in PN calculations [22, 23]. When

—o Py, + awp Z CE’ o Py, + awo Zde/ o Py,

(ep)

= —m? VN Cote,

XY (n/2,6),

C(Nxfp) — Z(Nxfp)

m mwo

(I/) ,U(ZJrEerG)
(18)

where we define v = (M Q)'/3. In Refs. [12, 13], the
Taylor-expanded multipolar waveforms were calculated
at the PN order needed to compute the nonspinning
5.5PN-energy-flux and spin 4PN-energy-flux, respec-
tively. For the purpose of the present paper, Tagoshi
and Fujita [14] extended the computation of the mul-
tipolar waveforms at higher PN order. Although those
new PN corrections are not sufficient for computing the
energy flux at the next order (6PN and 4.5PN order in
the nonspinning and spinning cases, respectively), they
do improve our knowledge of the multipolar waveforms,
as we shall discuss below. In Table I, we list the PN
orders available to us in each multipolar Waveform Com,
while the explicit Taylor-expanded waveforms, Zsm.,’s,
are given in Appendix A. .

We compute the Cyp,’s from the Zyp,,,’s by applying
Eq. (7) and the orthogonality condition of the -2 spin-
weighted spherical harmonics

Z’m’ *QPZm z(m m)(i)

* —iwo(r*—t) _
/52 ATy Y, e —/ aQy Z Zimso =5

Y —

*
_2P£m 3
o

expressing both modes in terms of the orbital frequency
they should coincide. However, the presence of tail terms
in both calculations demands a careful treatment. In PN
calculations, the tail terms contain a freely specifiable
constant o that corresponds to the difference in the ori-



gins of the retarded time in radiative coordinates and in
harmonic coordinates in which the equations of motion
are given (see e.g., Eq. (3.16) in Ref. [23]). This constant
can be absorbed into the phase of the PN modes (see
e.g., Eq. (8.8) in Ref. [23]) once it is traded with z( (or
vo) [22] as

1 2 4 2

log zg = 2logvg = 837" glogQ — glog(ro/M),
(20)
where vg = 0.577215... is the Euler’s constant, and
throughout the paper, we use “log” to denote the nat-
ural logarithm. In perturbation theory calculations,
Schwarzschild or Boyer-Lindquist coordinates are used.
The waveforms at infinity are naturally expressed with
the tortoise coordinate, and the relation between the
Schwarzshild or Boyer-Lindquist coordinate and the tor-
toise coordinate has an arbitrary constant which in

Refs. [12, 13, 20, 21] is fixed to —2M log(2M). [44]
We find that to recover the PN results we need to

express some of the yg’s in the perturbation-theory
modes [14] in terms of zp and r¢ using Eq. (20) and set
ro = 2M/+/e. More specifically, we replace some of the
~vg’s using the following equation [22]

11 1 2 1

log vy = 3% 37E 3 log2 — 3 1og(2671/2) . (21)
We notice that the constant ry will appear later in our
definition of the tail term Ty, of the factorized resummed
waveforms. In fact, since the Ty, term resums all tail in-
tegrals that contain 7o at known orders, it is the only
term in the resummed waveforms that depends on 7.
Finally, to ease the notation, we follow Ref. [6] and in-
troduce eulerlog,, (v?) = vg + log2 + logm + 1/2logv?
into our CYy,, expressions.

Below we list the Cpp,’s through [ = 4, and give the
expressions for 4 < £ < 8 in Appendix B. The differences
between the Cyy,’s and Zyp,,,’s concern only spin terms.
We obtain

Coo = Zaouy — %W + 4507(1721}6 + % v+ [—4?;;(1 + 78;2;4%2 + %iq - %iqlog (%ﬂ vf, (22a)
(22b)
Cas = Zszw, — % v® + 33—(;2 08 + % v, (22¢)
6’32 = ZgQwO + %v — %v?’ + {8—7;(] — %?2 + 164 qlog <vﬁo>} vt <_7465545q + 4—§3> v°
S (1)
G = Zov + %& _ 163‘12 vt — %05 [325‘1 - %32‘12 - 1#96(1 +4log2)ig+ 63—4z'qlog (%)} v
+ :28267(13 - 16;“12 81'3(12 + 3—32iq2 log2 — 33953654(1 —32i¢°log (v%)] V7, (22e)
o B
Cus = Zr+ 2o 1300 [T 1m0 U 10, (380 ()] o
+ (158q3 + 5218566070q) o, (22g)
Cio = Z42w0 +3qv°® — 6—321;4 - 1;22?)(105 [—%77%%(12 +6mqg—9iqg+ 36iqglog (v%ﬂ v°, (22h)
Cu = Z41w0 + %v— 921—35(11)3 [_19516(12 Sma % - giq10g2+ 1—25iq10g (%)} vt
(omts_ ey



where the Zs,’s can be found in Appendix A. We no-
tice that whereas the ng s contain 0.5PN spin terms
(relative to ZN’ ), the Com’s do not, except for Coy.
The spin terms in the multipolar waveforms (22a)—(221)
agree with the currently known spin terms computed in
Ref. [25], and with the 0.5PN and 1.5PN spin terms in
the odd and even-parity modes computed in Appendix F.

B. Source and tail terms

In the limit of a nonspinning test particle of mass u
orbiting around a Kerr black hole of mass M in a quasi-
circular equatorial orbit, the energy and orbital angular
momentum, in Boyer-Lindquist coordinates, read [26]

E(r)  1—2M/r+aM?/r%? (23)
I V1=3M/r+2a M2 ]r3/2"
L(r) r 1—2aM1/2/1"3/2—l-a2/1"2 (24)
pM M /1 =3M/r+2a M/2]r3/2’
where 7 = (1 — av®)?/3 /v®. The source term in the fac-

torized waveform (2) is

. E(r) ce=0
S = { Yoy (25)
(nM/v) > -

where pM /v is the Newtonian angular momentum. We
use the resummed tail factor Ty, given in Eq. (19) of
Ref. [6]

D+ 1—2ik) & g,
Tppp = ————— 2 &7 ik log(2kro) 26
¢ re+1y - ¢ - (20)

where £ = m(Q, k= Hica1 k, and the real Hamiltonian
in the test-particle limit reduces to Hycag = M. Once
again, we emphasize that the constant ry must take a
fixed numerical value, 2M/+/e [45], to reproduce the cor-
rect test-particle limit waveforms. We notice that there
is no spin contribution to Ty,, since the latter resums
the corrections to the waveform when traveling through
a long-range Coulomb-type potential generated by the
mass M [28, 29]. Spin effects generate a short-range po-
tential, thus they do not contribute to Tpy,.

We compute the phase correction factors e*¢m in
Eq. (2) by Taylor expanding the factorized waveforms
hem given in Eq. (2), comparing the result with the Cy,,
waveforms derived in Sec. IT A (in the circular-orbit, adia-
batic approximation Cp,, = —(m2)? hsy), and collecting
all imaginary terms into dg,,. We obtain

7 4281 4q 20q
So0 = L3 Fe0m 24N e VG 8
2 3”+<105 3)“+63”
171272 22
u_ﬁ vY, (27a)
315 81

2 10770 17¢q 3¢?
Sor — 248 U I A
2= 37 +< 105 35 ) a0

+ (% - %) v?, (27b)
+ (if - %337) v? (27¢c)
039 = §v3+4qv4+ <522—17T—%) v°
+ (%3”2 - %) v?, (27d)
b3 = %1;34- <% T 1;_17T> o6 245q2 o
- (% — %) 2 (27¢)
b= Mo (B0
043 = g&—%% vt 4 1?5’;;7T06, (27g)
San = % < 29, 632f§5”> WS, (27h)
S = éqﬁ + ?u‘* + 1355(;; 6 (27i)

Notice that the nonspinning terms in the &z, already
appeared in Ref. [6], except for the terms at 3PN order
(v9) [Ref. [6] did compute da2 at 3PN order]. We find that
those 3PN-order terms in the d,,,, are necessary to obtain
full agreement between the factorized waveforms and the
nonspinning Cy,,, waveforms through 3PN order. We note
that the nonspinning terms at 3PN order in the §z,,’s are
the same as the 3PN phase terms in Zgy,,,, in Ref. [21].
This happens because in the test-particle limit the PN
expansion of Ty, does not contain imaginary terms at
3PN. Thus, for ¢ = 0, the phase corrections dz,, at 3PN
order do not contain any additional terms other than the
3PN phase terms in Zyy,,,. We further note that some
of the above ¢’s can be obtained directly in the standard
PN and test-particle limit calculations. For example, the
terms proportional to 7v% and 72v? (for ¢ = 0) are the
same as the phase factors in the asymptotic amplitude in
the test-particle limit calculations (e.g., Egs. (30)—(32) in
Ref. [21] and Eq. (4.17) in Ref. [30]).

C. Taylor-expanded residual terms and their
resummation

In the circular-orbit, adiabatic approximation Cy,, =
—(mf)? hym. By Taylor expanding the factorized wave-
forms hgy, given in Eq. (2), comparing the result with the
Cyp,, waveforms derived in Sec. IT A; and factoring out the
imaginary terms in the g, of Eqs. (27a)—(27i), we derive



the fom’s in Eq. (2). We notice that in the case of even-
parity modes, the determination of the fy,, is unique. In
the case of odd-parity modes, it depends on the choice of
the source which, as explained above, can be either the
energy or the angular momentum. We denote with fZ

536

_> ot

189
)

13,

4
(e

36 808 eulerlog, (v

118¢
63

22

o

5391 582 359

and ff the odd-parity modes computed with the energy
and angular-momentum sources, respectively. [Since in
both cases the source is a real quantity, the phases dz,,,’s
remain the same.] We obtain through £ = 4 (see the
Appendix C for modes with 4 < £ < 8)
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FIG. 1: Hierarchy of the numerically-computed modes h,, relative to that of the dominant hes mode. The spin values in the
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Eqs. (28a)—(28i) appear at even powers of v, and the
spin terms at odd powers of v. Moreover, except for the
(2,1) odd-parity mode, all the other odd-parity modes
do not have a spin contribution at 0.5PN order. This is
consistent with the results of Appendix F.

As emphasized in Ref. [6], the decomposition of the
Taylor-expanded multipolar waveform into several fac-
tors [see Eq. (2)] is in itself a resummation procedure.
In fact, the factorization of T}, has absorbed powers
of mm, which introduce large coefficients in the Taylor-
expanded waveform. Moreover, in the quasi-circular
case assumed here, the factorization of the energy or
angular-momentum sources, has extracted the pole lo-
cated at the light-ring position v = /M /ry, with r, =
2M [1 + cos[2/3 arccos(Fa/M)]] (where F refers to pro-
grade and retrograde orbits, respectively) which causes
the coefficient of v?" in any PN-expanded quantity to
grow as 1. as n — 00. As we shall see in Sec. 111, de-
spite those improvements, the f;,,’s above are not close
enough to the exact results for large velocities.

As we shall discuss in detail in Sec. III, the fg,,’s

in the form of Taylor expanded power series fs,, =
Nhn

Z fom (k)% can be further improved by applying the Padé-

—0.95, respectively. The x-axis ranges between 0 and vLso(q).

summation and/or the p-resummation [6]. In the Padé-
summation, we replace fg,, with its Padé approximant

i.e. with the rational function (Z ap v )/(Z br v%),

with a9 = by = 1 and M+N = Nyp. The p-

resummation consists in finding the polynomial function
Nlm

Z Pim )k such that the Taylor expanded power

series of 1ts (-th power (pem) agrees with fg,, through
order Ny,,.

The motivation for the p-resummation is to reduce the
magnitude of the 1PN-order nonspinning coefficient fe(;)
of fem, which grows linearly with ¢ (see Sec. IID of

Ref. [6]). In the nonspmmng case, since py) = (1) =0,

we have p(2) = fé /é and the linear dependence of {is

removed from p( ). We find that such dependence on
¢ does also affects the 1.5PN spin terms in the even-
parity modes computed as function of £ and m in Ap-
pendix F. In fact, we find that h§Y" = —2¢ gv3/3, and so
feven = —2¢quv3/3. Thus, we apply the p-resummation
also to the spin terms, and find (see Appendix D for
modes with 4 < £ < 8)
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Lastly, we may use E(r) instead of | L| as the source term
in Eq. (2) for the odd-parity modes. The corresponding
[ and pll expressions are given in Appendices C and
D, respectively.

In the next section we shall investigate the numeri-
cal (exact) pem’s, and compare them with the analytical
ones. We shall find that the agreement between the nu-
merical and analytical pg,, is quite good, except for some
modes. Guided by the comparison with numerical re-
sults, we shall apply the Padé summation to the pg,’s,
and also work out an improved resummation which con-
sists in factoring out the lower-order PN terms in the
Taylor-expanded pgp,’s. We find that this factorization
brings the zeros of the analytical pg,, closer to the nu-
merical (exact) ones.

III. COMPARISON BETWEEN ANALYTICAL

AND NUMERICAL RESULTS FOR THE
TEST-PARTICLE LIMIT CASE

We have two goals to achieve in this section. The first
is to accurately model the amplitude of the (I, m) modes
for several values of the spin parameter ¢ and velocity
v. The second is to obtain the best agreement between
the numerical (exact) and analytical energy fluxes with-
out introducing adjustable parameters in the analytical
model.

The numerical values of the energy flux used in this
paper are obtained with a high precision numerical code
which solves the Teukolsky equation [16-18]. The ho-
mogeneous solution of the radial Teukolsky equation is
obtained numerically by using a formalism developed by
Mano, Suzuki and Takasugi [31]. In this method, the ho-
mogeneous solutions are expressed in terms of series of
two kinds of special functions, hypergeometric functions
and confluent hypergeometric functions. In Refs. [16, 17],
it was shown that the series converges very fast and one
can compute numerically the homogeneous solutions very
accurately. The homogeneous solution obtained with this
method was applied to the numerical calculation of grav-

itational waves emitted by a particle in a quasi-circular
and equatorial orbit around a Kerr black hole [16, 17].
In this paper, for the comparison with analytical formu-
las, we compute the Zy,., (and thus the Cp,,) as well as
(dE/dt)em for various ¢ and €. The computation is done
with the double precision accuracy, and the estimated ac-
curacy of Zyme, (and thus the Cy,,,) as well as (dE/dt) e,
is about 14 significant figures. As in Ref. [16], the accu-
racy is estimated by comparing the energy flux with that
of Ref. [32] in which the accuracy was estimated as about
20 significant figures.

A. Hierarchy between the (I,m)’s modes

In Fig. 1 we study the hierarchy among the
numerically-computed modes and plot |hem|/|haa| ver-
sus v for the representative spin cases: ¢ = 0.95, 0, and
—0.95. The parameter v varies between 0.1 and vrso(q),
where we denote with LSO the last stable orbit for a
test-particle in the Kerr geometry.

The strain waveforms hg,,’s are computed from the
Cyp’s under the quasi-circular adiabatic assumption, i.e.,
hom = —Com/(mQ)?. As we shall discuss in Sec. IIT1C,
the energy flux for quasi-circular adiabatic orbits can be
computed through the well-known relation

14
o 2D QP ()P

L m=—1¢

F(v) (30)

Thus, when analyzing the contribution of the hgm’s to
the energy flux, we need to remember that hg, =
1 Com/(mS2). Thus, the dependence of hgy’s on m is
different than the one of hy,,’s, and, as a consequence,
the hierarchy of the modes in the energy flux is different.

Denoting by |hem|/|hez| the relative strain amplitude
and by |hgm|?/|haz|? the relative radiation power, we find
the following trends. In the anti-aligned case ¢ = —0.95
and the nonspinning case, the (3,3), (2,1) and (4,4)
modes are the largest subdominant modes in terms of
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strain amplitude. In terms of radiation power, they
are also among the largest subdominant modes although
their hierarchy changes. The (4,4) mode contributes
more power than the (2,1) mode because of its larger
m. For the same reason, in the nonspinning case, the
(5,5) mode contributes more power than the (2,1) mode
and becomes the third strongest subdominant mode. In
fact, in the anti-aligned and nonspinning cases, relative
to the (2,2) mode, the (3,3) mode contributes > 10%
of radiation power at the LSO, only the (3,3) and (4,4)
modes contribute > 1%, and the (5,5) mode contributes
1% only in the nonspinning case. In the aligned case
qg = 0.95, we plot in Fig. 1 the relative strain ampli-
tudes of 8 modes that are larger than 5% at the LSO.
In terms of the relative radiation power, the (3,3), (4,4),
(5,5), (6,6), (7,7) and (8,8) modes are the largest sub-
dominant modes. The (3,3), (4,4) and (5,5) modes each
contributes > 10% relative to the (2,2) mode at the LSO.
In particular, the (3,3) mode contributes > 30% relative
to the (2,2) mode to both the strain amplitude and the
radiation power. Accurate modeling of its amplitude is
therefore crucial in modeling the full gravitational-wave
waveform and the energy flux.

B. Comparison between the analytical and
numerical modes

We now examine the amplitude agreement of the nu-
merical and analytical waveforms, focusing mainly on the
dominant modes: (2,2), (2,1), (3,3), (3,2), (4,4) and
(5,5).

In Figs. 2 and 3 we show several numerical pg,,’s ver-
sus ¢ = v? for three representative spin cases: ¢ =
—0.95,0,0.95. Since the latter are real, the numerical
pem’s are obtained using Eq. (2) with fe,, = pf, ., that is
dividing the numerical |l | by (|Tem| S’ég-))l/é. The
numerical hg,, are computed from the numerical Cpp,
through the relation hg,, = —Cyp/(mQ)?

Using the 0.5PN (1.5PN) order spin terms in the odd
(even)-parity modes computed in Appendix F for generic
¢ and m, and the non-spinning 1PN terms derived in
Refs. [6, 22], we have

even o 1 m2 (€+9)
(@) = 1= (1_Z+ 2e(e+1)(2e+3)> fe
2
-3 Cqa®? + O(2?), (31)
and
L 3 12
fgm(x) = 1—§qar 062 Om1
1 2 m? (1 +4)
- <1+Z_é_2+ 2£(£+2)(2£+3)) fe
+0(2%/?). (32)

Note that the 1.5PN spin terms in the odd-parity modes
are not known for generic £ and m, but they are available
through ¢ = 6 in this paper.

Reference [6] pointed out that because the 1PN order
term in the fg¥° and fL scale as ¢ and is negative, for
large ¢ it can cause the fr,, to go to zero even before

reaching the LSO. For example if we consider the LSO



in Schwarzschild, z150(0) = 1/6 (v1so(0) = 1/V6 ~
0.4082), fes at 1PN order has a zero at v = 0.3634 [6]. In
the even-parity case, the inclusion of the 1.5PN spin term
with ¢ > 0 can cause the zero to occur even at smaller
values of v. In particular, for ¢ = 0.95, fgs has a zero at
v = 0.3362 (vLs0(0.95) = 0.6497). By contrast, the cases
with ¢ < 0 can push the zero to negative or imaginary
values, or to values of v above the LSO, thus making it
harmless. For example, for ¢ = —0.95, fgs has a zero
at v = 0.4075 (vpso(—0.95) = 0.3373). Similarly, when
considering the odd-parity modes for large ¢, e.g., the
f& mode, we find that in the non-spinning case the 1PN
term causes f& to have a zero at v = 0.3602, and the
inclusion of 1.5PN spin term causes the zero to move to
v = 0.3502 for ¢ = 0.95, and to v = 0.3717 for ¢ = —0.95.

In the spin case, the above problem can be even worst
than in the non-spinning case for lower values of £. For
example, the 1PN term causes a zero in the f33 at v =
0.5345 which is above vgo(0), but the inclusion of the
1.5PN spin term moves the zero to v = 0.4764 for ¢ =
0.95 which is quite below v1g0(0.95).

Motivated by the above discussion and the result in
Appendix F that shows that the even-parity 1.5PN spin
terms scale as £ (fsve" = —20qv3/3), we adopt the p-
resummation also for the spin terms. The pg,,’s through
1.5PN order read:

1 m? (€ +9)
even — 1_ 1__
Pim” () ( e+2e(e+1)(2e+3))x
—g gz’ + O(2?), (33)
and
31 9¢—-1
P (@) = 1—5211501/252257711—5 1z ¢ 002 0m1
C(y o2, miad)
(2T a2 2i+3)) "
+0(2%/?). (34)

We notice that the 1PN and 1.5PN terms in pgg cause a
zero at v = 0.8902 for ¢ = 0, and at v = 0.7577 for ¢ =
0.95. The zero in p33 occurs at v = 0.9258 for ¢ = 0, and
at v = 0.7765 for ¢ = 0.95. All these numbers are larger
than vrgo(gq). Note however that the p-resummation may
be less effective for ¢ > 0.95, since at ¢ = 1, the zero in
pee occurs at v = 0.7530 and the zero in p33 occurs at
v = 0.7713, both smaller than vpgo(1) = 0.7937. Of

» 43 2 2 20555
Jo— (1222 2_ 2493 1 T _
P22 < 12" 3”)[+<2 10584) °

i 31q g

21

12

course all this discussion does not take into account the
higher-order PN terms which can also move the zero to
lower or higher values. However, as we shall see below,
the behavior of the numerical pg,, is captured by the
0.5PN, 1PN and 1.5PN terms.

In Figs. 2 and 3 we plot the ¢ = 2,3,4,5,6 (m =
0,0 —1,...,1) numerical modes versus z. First, as ob-
served in Ref. [6] for the nonspinning case, also for the
spin case, the behavior of the pg, is reasonably sim-
ple. In particular, except for the (2,1) case which shows
a special shape due to the presence of the 0.5PN term
(v/x), all the other modes are well represented by (bro-
ken) straight lines with one or two changes in the slope at
high frequency. As in the nonspinning case, but less pro-
nounced here, for each value of ¢, the (negative) slopes
of the dominant m = ¢ (even-parity), and subdominant
m = £—1 (odd-parity) modes are close to each other, and
these slopes become somewhat closer as £ increases. This
property is reproduced by the analytical pg,,’s truncated
at 1.5PN order through £ = 6 modes, whose 1.5PN terms
are known.

In Figs. 4 and 5 we compare the numerical and analyt-
ical pag and pss, respectively. We use the following nota-
tion for the analytical models. We indicate with Tx[pem]
the pgm expanded in Taylor series of v through v™. We
indicate with P%[pgm] the Padé-summed pg,,, with M
and N denoting the order of the polynomial in v in the
numerator and denominator, respectively. When apply-
ing the Padé summation in presence of logarithms (i.e.,
log(v)) we treat the latter as constants. We indicate with
p{m an improved resummation of the Taylor-expanded
pem’s which consists in factoring out their 0.5PN, 1PN
and 1.5PN order terms, that is we write

Phm = (L+ iy v + ™ 0%+ e 0%) (L4 dg™ vt +--),

(35)
where the coefficients cf%, ci™ and cg’/”Q are the 0.5PN,
1PN and 1.5PN order terms in the pg,,, and the coeffi-
cients df™ with ¢ > 2 in Eq. (35) are obtained by im-
posing that the Taylor-expanded pfm coincides with pg., .

We shall motivate the introduction of the p;,_ ’s in the dis-
cussion below, but basically we find that the first factor
on the right-hand side of Eq. (35) can capture reasonably
well the zeros of the numerical (exact) pg,’s.

For the modes ¢ < 4, we find the following pfm’s:
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We notice that for a few modes, it is convenient to factor
out even the 2PN order term. The procedure of factoring
out zeros of pg,, can be improved in the future by intro-
ducing appropriate adjustable parameters and calibrate
them to the numerical result.

In Figs. 4 and 5 we also show results when adopting the
Padé summation. We find that the diagonal and nearest-

diagonal Padé-summation improve the agreement with
the numerical results not only for the (3,3) mode, but
also for the (3,1) and (4,2) modes. An even better
agreement for several modes is obtained when using the
farthest-diagonal Padé-summation. However, this quite
interesting result suffers by the presence of spurious poles
appearing for several g values, and for this reason we will
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expanded and pf -resummed), we have nine curves corresponding to different spin values of the Kerr black hole. From top
to bottom, the spins are ¢ = —0.95, —0.75, —0.5, —0.25,0,0.25,0.5,0.75 and 0.95. Lower panel: relative fractional difference
between analytical and numerical |h¢., | for the representative spin values ¢ = —0.95, 0,0.95.
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FIG. 8: Upper panel: Comparison between the numerical and
analytical Newtonian normalized |hssa| mode for a test-particle
orbiting around a Kerr black hole in the equatorial plane. For
the numerical data and analytical models (Taylor-expanded
and pf -resummed), we have four curves corresponding to dif-
ferent spin values of the Kerr black hole. From top to bottom,
the spins are ¢ = —0.95, —0.5,0,0.5 and 0.95. Lower panel:
relative fractional difference between analytical and numeri-
cal |hem| for the representative spin values ¢ = —0.95,0 and
0.95.

no longer discuss the Padé-summation in this paper.

Finally, we observe that close to the LSO the even-
parity modes p” agree slightly better to the numerical
results than pff Thus, we adopt in this paper the
multipolar waveforms built with the p*. In Figs. 6, 7
and 8 we compare the Taylor-expanded, pf-resummed
and numerical Newtonian-normalized multipolar ampli-
tudes for the dominant modes. In general, the p/ and
p-resummed amplitudes agree better with the numerical
amplitudes than Taylor-expanded amplitudes do, espe-
cially for higher-order modes. More specifically, we find
that p-resummed amplitudes (not shown in Figs. 6, 7 and
8) differ from the numerical ones by $0.6% up tov < 0.4
for the (2,2), (2,1) and (3,2) modes and by <1.8% for the
(3,3) and (4,4) modes. Their fractional difference grows
up to ~ 1-10 at the LSO when ¢ = 0.95.

When applying the pf-resummation, we find that
the fractional amplitude difference between the nu-
merical and analytical (2,2) amplitude at the LSO is
16% (33%), 0.18% (0.32%) and 0.20% (0.85%) for ¢ =
0.95,0,—0.95, respectively. We indicated in paren-
thesis the numbers when Taylor-expanded amplitudes
are employed. For the (2,1), (3,3) and (4,4) modes,
for which fewer spin PN terms are known (see Ta-
ble 1), the improvement due to the p/-resummation is
more striking. In fact, for the (2,1), (3,3) and (4,4)
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modes we obtain a fractional amplitude difference of
2.4% (4.2), 0.2% (0.58%) and 0.0036% (0.15%), 7.5% (2),
0.027% (0.55%) and 0.13% (0.2%), 16% (7.5), 1.7% (28%)
and 0.6% (5.8%), for ¢ = 0.95,0, —0.95, respectively.

We summarize the results of Figs. 6, 7 and 8 as fol-
lows. First, we remark that the Taylor-expanded am-
plitudes agree with the numerical ones quite well for the
(2,2) mode where the PN expansion is known through the
highest order today (5.5 PN for nonspinning terms and
4PN for spin terms). Thus, for the (2,2) mode the im-
provement due to the resummation technique is marginal.
We expect that a similar result holds for higher modes
when sufficient PN terms are known. Second, the factor-
ized resummed waveforms consistently improve the am-
plitude agreement with numerical waveforms for several
values of ¢ and large spanning of v. In the lower panels
of Figs. 6, 7 and 8, we observe that the fractional ampli-
tude difference between the numerical and pf-resummed
waveforms is always smaller than the difference between
the numerical and Taylor-expanded waveforms, except
around the v values where the numerical and Taylor-
expanded amplitudes coincide. For all modes [except the
(2,2) mode] and all spin values shown in the figures, we
find that p/-resummed amplitudes are typically closer to
the numerical amplitudes than Taylor-expanded are by
an order of magnitude or more.

Finally, for £ > 5 modes, the pf-resummation is not
very successful in modeling the numerical amplitudes,
but it is better than Taylor-expanded amplitudes. We
know nonspinning and spin corrections only through
2.5PN order in the (5,5) mode (see Table I), thus it is
not surprising that we cannot model those modes very
well. Since the contribution of the ¢ > 5 modes to the
radiation power and strain amplitude is not negligible, it
would be very useful to calculate higher order corrections
in those modes in the future.

C. Comparison between analytical and numerical
energy fluxes

Here we compare numerical and analytical Newtonian-
normalized energy fluxes for a test-particle orbiting a
Kerr black hole in the equatorial plane. The fluxes
are computed by summing the power radiated using
Eq. (30) and setting £ = 8. For a test-particle moving
along a quasi-circular equatorial orbit, the Newtonian-
normalized flux is F(v)/FNewt(v) where FNewt(v) =
3202 v10/5.

We note that the dominant error source of the numeri-
cal calculation of the total flux is the truncation at ¢ = 8
of the mode summation. Let Fy—_g(v) be the contribution
from ¢ = 8 mode for F(v). The fraction, Fy_g(v)/F(v),
is about 10719 around v = 0.1 and 10~° to 102 around
the LSO.

In Fig. 9, we compare numerical and analytical
Newtonian-normalized energy fluxes for different spin
values of the Kerr black hole. In the left panel of
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FIG. 9: Upper panels: Comparison between the numerical and analytical Newtonian normalized energy flux for a test-
particle orbiting a Kerr black hole in the equatorial plane. There are nine curves for each waveform’s model and nu-
merical data. They correspond to different spins of the Kerr black hole. From top to bottom, the spins are ¢ =
—0.95,—-0.75, —0.5, —0.25,0,0.25,0.5,0.75, and 0.95. The Taylor-expanded—truncated flux includes test-particle spin terms
through 4PN order [13], and nonspinning terms through 5.5PN order [12]. The Taylor-expanded—nontruncated flux includes
higher-order PN terms originated by the new PN terms in the h¢y,’s computed by Tagoshi and Fujita [14] (see Table I). The
p-resummed flux is plotted for one spin value ¢ = 0.95 in the upper right panel, to show the large improvement when using
pf-resummed instead of p-resummed flux. Lower panels: fractional difference between the numerical and analytical energy

fluxes for the representative spin cases: ¢ = —0.95,0,0.95.

Fig. 9 we consider two Taylor-expanded fluxes computed
from the Taylor-expanded hy,,’s: one that truncates all
terms beyond 5.5PN order and spin terms beyond 4PN
order (Taylor-expanded—truncated) and one that keeps
all higher order terms (Taylor-expanded—nontruncated).
[The former is the Taylor-expanded flux that consistently
includes nonspinning effects through 5.5PN order and
spin effects through 4PN order [12, 13]; the latter in-
cludes new higher-order PN terms computed by Tagoshi
and Fujita [14].]

In the left panel of Fig. 9, we do not show the Taylor-
expanded flux truncated at 4PN order [13] since its agree-
ment with the numerical flux is rather poor. Figures 2
and 3 of Ref. [33] show that in this case the Taylor-
expanded flux starts to differ from the numerical one at
a relatively low velocity of v = 0.2 for all spin values. By
contrast, the agreement is substantially improved when
we include the 5.5PN order nonspinning terms in the
Taylor-expanded—truncated flux. The Taylor-expanded—
nontruncated flux agrees better with the numerical flux
than the Taylor-expanded—truncated flux for retrograde
orbits with ¢ < 0, while its agreement is worse for pro-
grade orbits with ¢ > 0. For spin values ¢ > 0.5, the
agreement is especially bad, as the Taylor-nontruncated
flux grows too fast when v > 0.4. We find that this differ-

ence is mainly due to the large new spin term [14] in the
(3,3) mode, ie. (—¢*+97q¢*/2+q89/5) v in 733000
(real part only). Without any resummation, the Taylor-
expanded-truncated flux agrees well with the numerical
flux for all spin values except for ¢ = 0.95. The lower left
panel shows that the fractional differences between the
numerical and the Taylor-expanded—truncated fluxes are
below 1% until v = 0.3, and are below 10% for ¢ = 0.95
until v = 0.55, and below 10% for all other spin values
until the LSO.

In the right panel of Fig. 9 we consider three analyt-
ical flux models which use the fg,, pem (for ¢ = 0.95
only) and pfm, respectively. The fractional difference be-
tween the numerical flux and f, p or p/-resummed fluxes
is < 0.3% for all spin values when v < 0.3. Larger dif-
ferences appear only when v > 0.3 for large and aligned
spins, and the f-resummed flux performs especially bad
when v > 0.4. In the case of ¢ = 0.95, we show the
significant improvements achieved from the f-resummed
to the p-resummed and eventually to the pf-resummed
flux. The fractional difference with numerical flux at the
LSO is reduced from ~ 3.5 x 10* to ~ 3 to 13%. The
main reason for the bad performance of the f-resummed
flux is caused by the new spin term [14] in the (3,3)



mode, ie. (—¢?>+9mq¢?/2+¢89/5) v" in Zs30,, (real
part only), as is in the case of the Taylor-expanded—
nontruncated flux. As a matter of fact, we notice that if
we did not include this new term computed in Ref. [14],
and applied the f-resummation, or the p-resummation
only to the nonspinning terms [19] [46], we would find a
flux not very different from the p-resummed flux in the
right panel of Fig. 9. In the p or p/-resummation, this
new term is suppressed by an order of magnitude, which
leads to the improvements in their performance in mod-
eling the numerical flux. Specifically, this term becomes
(q6187/330 — ¢3) v in fs3, (¢5297/2970 + ¢*/3) v*
paz, and (—q1073/1188 4 ¢*2/3) v in p.

Finally, for large aligned spin ¢ = 0.95 at the LSO, the
pf-resummed flux is closer to the numerical flux than
the Taylor-expanded—truncated flux. Furthermore, we
want to emphasize that the p/-resummation improves the
Taylor-expanded flux substantially over a large range of
v and spin values. The differences between numerical
and p’-resummed fluxes are smaller than those between
the numerical and Taylor-expanded—truncated fluxes, by
a factor of 3 — 5 at low velocities. Considering the large
number of orbits an extreme mass-ratio binary spends in
this range of velocities or frequencies, such an improve-
ment is indeed significant in correcting the orbital dy-
namics (see Ref. [35] for a quantitative analysis in the
nonspinning case).
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IV. FACTORIZED MULTIPOLAR WAVEFORMS
FOR GENERIC MASS-RATIO SPINNING,
NON-PRECESSING BLACK HOLES

In this section we extend the calculation of Sec. II to
generic mass-ratio spinning, non-precessing black-hole bi-
naries.

In Ref. [22, 23], the non-spinning Taylor-expanded
multipolar waveforms were computed through 3PN or-
der. In Ref. [25], spinning Taylor-expanded multipolar
waveforms were computed through 1.5PN order. Using
the definitions:

M = my+mo (37a)

dm = my —ma, (37b)
1 /5 S

Xs = 35 (m_% m—g) ) (37¢)
1 /5 S

and restricting ourselves to circular, equatorial orbits, we
obtain the following modes decomposed with respect to
-2 spin-weighted spherical harmonics

hoo = —8\/§GC2V]];[ 2i9 42 {1 <14027 — %V) v+ [27T+12i10g (%)

—é(l—y)xs— %%XA} 03} , (38a)
hot — _2@'\/?6?01;27” —ip 3 {1_ (gXS+g%XA> v] 7 (38b)
hss = 3zﬁGCZ;m e 3103 {1—(4—21/)v2+ [3#—%+6ilogg+18ilog (%)

(2— gu) Xs — (2— Bu) é\/[ XA} 03} ) (38¢)
hay = -3 \/;Gcg”]]g €729 % (1= 3u + duys ), (38d)
hs1 = —%\/%Gczzm e 3 {1 - <§+§V> v? 4 [w— % — 2ilog2 4 67 log (%)

—(2—12—3u)x5—(2—21/> 5%)( ] } (38e)
o e (8 () )
hao = —@ﬁGsljg e 20yt {1—3V—|— [( g 21—356 —%Mﬂ) x5+<—§+25—8u) %XA] 03}, (38h)
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i Gvom _, 5 5 M
— —i¢ .5 .
hyt = —m\/%' 2R ¢ ¢ {1—2y+<§1/x5—§u%x,4> v} ) (381)
[
The 1.5PN, 0.5PN and 1PN Qrder spin terms. in the +(2- 1—91/ %XA 03, (41c)
modes hos, ho1, hssz, respectively, were obtained in 2 om
Ref. [25]. The 1.5PN-order (0.5PN-order) spin terms in L 4v
the even (odd) parity modes are computed in Appendix 32 = 3,15 (41d)
F. The higher-order non-spinning PN terms can be found 9 13 13
in Refs. [6, 22, 23]. fa1 = 1+ (—gu — €> v — [(2 — Eu) Xs
To compute the factorized multipolar waveforms for
gAe(?e)ric mass ratios we use Eq. (2). For the source terms I (2 _ Ey> M XA] W (41¢)
S’ we employ the energy and angular momentum for 2 om
circular, equatorial orbits computed from the effective-
one-body Hamiltonian of Ref. [36] (at the PN order 262502 — 5870v + 1614 ,
at which we derive the factorized modes, the Taylor- Jua = 1— 330(1 — 3v) v
expanded Hamiltonian of Ref. [36] coincides with the 9
Hamiltonian of Ref. [37]). More explicitly, when expand- 4 [421/ —dlv+ 1OXS 10— 39V5mx,4] v?,
ing the effective-one-body energy and angular momen- 15 L =3v L=3v
tum for circular, equatorial orbits through 1.5PN order, (411)
we find 5y M
fiy = 1- 22— 1) (Xs ~ 5 XA) v, (41g)
B _ v f, 041, (2 ~1) "
P R T I 28502 — 35300 + 1146
fiz = 1-
] 1 sm 5 330(1 — 3v)
t (T gqv) xs+gpxal vt (39) 4 [7802 = 590 + 10 w-2w, ],
15 1-30 STy At
and (41h)
L(v) 1 9+v 1 L 512 M .
= — - =1—-— - — 41
p v {l—l— [ 5 V<1 4u) XS fa1 202v —1) Xs 6mXA v, (41)
om 5 7 1 om 3 and
—y— —Zl(1-= = .
VMXA}U 3[( 4V>XS+MXA}U} .
(40) P22 = 1 + @(551/ — 86) 1)2
. . . 2 om 3
Equations (39), (40) are sufficient for computing the —3 (1-v)xs+ o XAl v (42a)
quantity fe, in Eq. (2). In fact, similarly to the test- 5
particle case analyzed in Sec. II, the factor Ty, in the L _ q_ 3 om 49h
generic mass-ratio case is not modified by spin effects. P21 1\ + MXA) Y (42b)
The factor dg,,, is not modified by spin effects either since ) 7 ) 2 5
there is no imaginary spin terms in Eqs. (38a)—(38i). pss = 1+ (51/— 6) i [(g - EV) Xs
The nonspinning &y, expressions for generic mass ratios
are given in Eqgs. (20)-(29) of Ref. [6]. Thus, inserting (E _ Ey) om XA} v?, (42¢)
Egs. (39) and (40) in Eq. (2), and using Eqgs. (38a)—(38i), 3 6 M
we derive the even-parity fe,, and pg, and odd-parity L 4v 194
fle and pﬁm up to the highest PN accuracy known to- P2 = 41— 3(3v — 1)XSU’ (42d)
day. We obtain . 9 13\ 9 13
1 , a1 = 9" " 18) " 3 67)Xs
f22 = 1+E(55V—86)’U 9 11 Sm 5
+(z——=v| —xal| v, (42e)
S [ LU (41a) 3.6/ M
3 XS M XA )
3 M 262502 — 5870 + 1614
L 2
=1-= — 41b =1-
fai 2 (XS " 5m XA) v (41b)  pas 1320(1 — 3v)
7 5 4202 — 41v + 10 10 — 39v
=14+ (22w—=]®—|(2-2 - )
faa +( Y 2) ! K 2”) s [ 15(1—3v) 7 1501 —3v) mx"‘] v
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(42f)
Sv om
o= 2 (-2 42
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| 2850735300+ 1146 ,
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15Y% om
L1 2 (g . 49i
Pa1 S(2v — 1) Xs = Xalv (42i)

We may use E(r) instead of |L| as the source term in
the odd-parity modes. However, there is no difference
between fL and fH  and correspondingly between pf
and pf | through PN orders where spin effects of binaries
with generic mass ratio are known.

In the nonspinning case, using 1PN, 2PN and 3PN cor-
rections, it was shown [6] that the dependence of pgy, on
the mass-ratio v is mild. As a consequence, it was consid-
ered meaningful to use test-particle results at PN orders
where generic mass-ratio results are unknown. Since for
each mode only the leading order generic mass-ratio spin
terms are known, it is not possible to carry out an ex-
haustive study and understand how the spin terms in
pem depend on v. As obtained in Appendix F, at lead-
ing order, the 0.5PN spin terms in the odd-parity modes
are proportional to v. Thus, they are zeros in the test-
particle limit, but finite in the comparable mass case.
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Moreover, we find that the dependence on v of the 1.5PN
spin terms in the even-parity modes is not that simple.
Depending on the values of x s and x 4, the relative differ-

ence between hﬁz’mPN(u = 0.25) and hﬁz’mPN(u =0)

varies from zero to order of unity. Therefore, also the

dependence of hﬁ)l’mPN on v is not mild.

Nevertheless, it is still reasonable to include the test-
particle limit spin terms in fz,, and pg, such that at
least part of the higher order spin effects are included,
and to check the results against available numerical (ex-
act) data. Specifically, we combine the test-particle and
generic mass ratio results by replacing all the test-particle
terms in fy,, and pg, whose generic mass-ratio counter-
parts are known with their generic expressions.

Thus, in the generic mass-ratio, spinning case, we pro-
pose to add to the fy,,’s and pg,,’s derived in this section
the test-particle limit terms derived in Sec. II. In apply-
ing this procedure we need to make a choice for the di-
mensionless spin variable ¢ appearing in the test-particle
limit fg,’s and pgn,’s. For a black-hole binary with com-
ponent masses my and mo and spins x; and Y2, we con-
sider here two possibilities motivated by the choice of the
deformed-Kerr—spin in the effective-one-body formalism.
References [19, 36] used for the deformed-Kerr—spin

@— L (1—}—@)514—(14'@)52
mq mao

L VERN Ve
= V1—4vxa+xs, (43)
while Ref. [37] used the following deformed-Kerr spin

| _ 1
= jp =y 1SSl

= V1I—4dvxa+(1—-2v)xs. (44)

Moreover, in the generic mass-ratio, spinning case, we
also propose to use as effective sources in Eq. (2) the
Hamiltonian and angular momentum for quasi-circular
orbits computed using the effective-one-body Hamiltoni-
ans [36, 37].

In Fig. 10, we compare the amplitudes of the numeri-
cal, the Taylor-expanded and the p-resummed modes for
the five most dominant modes and for the two configu-
rations of equal-mass, equal-spin black hole binaries of
the Caltech-Cornell-CITA collaboration of Ref. [19, 38].
We employ the effective sources built using the Hamilto-
nian and angular momentum for quasi-circular orbits of
Ref. [19, 36]. The dimensionless spins in the two configu-
rations are x1 = x2 = 0.43655 and y; = y2 = —0.43757,
respectively. The numerical amplitudes are derived from
the numerical simulations published in Ref. [19]. Oscil-
lations in the numerical amplitudes are due to numeri-
cal artifacts in the simulations. For the (2,2) mode, the
Taylor-expanded amplitudes agree quite well with the nu-
merical amplitude, at least up to the frequency consid-
ered. Thus, the improvement due to the p-resummation
is marginal. For higher-order modes, there are large dif-
ferences between numerical and Taylor-expanded ampli-
tudes, and we find a substantial improvement when we

)




adopt the p-resummation, except for the (3,3) mode in
the spin aligned case (x1 = x2 = 0.43655) whose numer-
ical and Taylor-expanded amplitudes overlap, likely by
coincidence. For the (2,2), (4,4) and (6,6) modes, the
relative difference between numerical and p-resummed
amplitudes is within 5% [47]. For the (3,2) and (4,2)
modes, the relative difference is between 10%-20%. We
find that the results in Fig. 10 depend weakly on the
choice of ¢. In fact, using ¢ = qo defined in Eq. (43) and
q = qs = qo/2 (when v = 0.25) defined in Eq. (44), the
relative amplitude difference is < 2% for the (2,2), (4,4),
(4,2) and (6,6) modes, and ~ 5% for the (3,2) mode.
Therefore, the uncertainty in the p-resummed amplitude
due to the choice of ¢ is less than half their systematic
difference from the numerical results.

Since we expect a stronger amplitude dependence on
q in the case of larger spin magnitudes, we study the p-
resummed amplitude dependence on the choice of ¢ in
Fig. 11, where we show the difference between the am-
plitudes |hem (g = qo)| and |hem(q = gs)| for an equal-
mass, equal-spin black-hole binary with component spins
x1 = x2 = 0.95. The relative amplitude differences are
< 5% for the dominating (2,2) and (4,4) modes, and
< 10% for the weaker (3,2) and (4,2) modes at v < 0.45.
For the (6,6) mode, since the test-particle spin terms in
pes are known only through 2PN order, i.e. only one more
term is known beyond the generic mass ratio results, the
amplitude dependence on ¢ is entirely determined by this
term and is somewhat stronger — reaching 30% at the
LSO.

Finally, we check the effect of the test-particle spin
terms by comparing |hem (¢ = qo)| and |hem (¢ = 0)] (i-e.,
removing the test-particle spin terms from the generic
mass-ratio amplitudes in the latter) for this binary con-
figuration. The difference, compared to Fig.. 11, becomes
larger by a factor of a few and reaches 10-25% for the
(2,2), (4,4), (3,2) and (4,2) modes in the range of fre-
quencies investigated in this paper. These terms may
provide non-negligible corrections to the waveform and
flux modeling.

V. CONCLUSIONS

In our study we employed the spin PN multipolar
waveforms derived and decomposed with respect to the
-2 spin-weighted spheroidal harmonics in Refs. [13], and
transformed them in -2 spin-weighted spherical harmon-
ics. We also took advantage of the new, recently com-
puted [14], higher-order nonspinning and spin PN con-
tributions in several subdominant modes. We also aug-
mented our knowledge of the higher-order spin terms for
generic mass-ratios, computing the generic expressions
for the half and, one and half post-Newtonian contribu-
tions to the odd-parity (current) and even-parity (odd)
multipoles, respectively (see Appendix F).

Using the above results we extended the resummation
method of factorized multipolar waveforms introduced in
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FIG. 11: Relative difference between p-resummed amplitudes
of the dominant modes for an equal-mass, equal-spin black-
hole binary when the test-particle spin is set to ¢ = qo and ¢ =
gs. The component spins of the binary are y1 = x2 = 0.95.
The relative amplitude difference is plotted as a function of
the orbital velocity v.

Ref. [6] to spinning, non-precessing black-hole binaries.
This factorized multipolar decomposition consists in a
multiplicative decomposition of the hy,, waveform into
the product of several factors corresponding to various
physical effects and the replacement of the factor fs,, by
its £-th root pem = (fom)'/*.

In the case of a nonspinning test-particle orbiting a
Kerr black hole in the equatorial plane, we found that
the p-resummation is quite effective in reproducing the
numerical multipolar amplitudes and energy flux up to
q > 0.75 and v > 0.4. However, for larger values of ¢, we
observed that the analytical pg,, (v)’s either have a slope
larger than the numerical one, or they tend to grow as
function of v instead of decreasing. This behavior can
be cured by factoring out the lower-order PN terms in
the pgpm, notably the 0.5PN, 1PN and 1.5PN order terms.
Being the lower-order PN terms negative (for ¢ > 0), this
procedure corresponds to factoring out the zeros of psn,
which turns out to capture the numerical (exact) zeros..

When applying the p/-resummation, we found that
the fractional amplitude difference between the numer-
ical and analytical (2,2) mode at the LSO is 16% (33%),
0.18% (0.32%) and 0.20% (0.85%) for ¢ = 0.95,0,—0.95,
respectively. We indicated in parenthesis the numbers
when Taylor-expanded amplitudes are employed. Thus,
we found that for the (2,2) mode the improvement of the
resummation is marginal. This might be due to the fact
that the (2,2) mode is known at rather high PN order
(5.5 PN for nonspinning terms and 4PN for spin terms).
For the (2,1), (3,3) and (4,4) modes, for which less spin



PN terms are known (see Table I) the improvement due
to the p/-resummation is even more striking. In fact,
for those modes we obtained a fractional amplitude dif-
ferences 2.4% (4.2), 0.2% (0.58%) and 0.0036% (0.15%),
7.5% (2), 0.027% (0.55%) and 0.13% (0.2%), 16% (7.5),
1.7% (28%) and 0.6% (5.8%), for ¢ = 0.95,0,—0.95, re-
spectively. For £ > 5, the p/-resummed amplitudes are
certainly better than the Taylor-expanded amplitudes,
but they differ from the numerical results quite substan-
tially at high frequency. This is due to the fact that for
those modes the spin effects are known only up to 2.5PN
order or lower. In summary, we found that the multipolar
amplitudes computed with the pf-resummation are sys-
tematically closer to the numerical (exact) results than
Taylor-expanded ones over a large range of v and spin val-
ues. The agreement can be further improved by including
suitable adjustable parameters and calibrating them to
the numerical results, as done in the non-spinning case
in Ref. [35].

Moreover, the numerical energy flux can also be suc-
cessfully modeled by the p/-resummation — for ex-
ample we found that the fractional difference between
the numerical and pf-resummed flux is 13% (63%),
0.70% (3.3%) and 0.48% (2.9%) for ¢ = 0.95,0, —0.95, re-
spectively, where the numbers in parenthesis refer to the
Taylor-expanded—truncated PN flux. For large aligned
spins, the p/-resummed flux is much closer to the numer-
ical flux at the LSO than the Taylor-expanded—truncated
flux. Furthermore, we emphasize again that the p/-
resummation improves the Taylor-expanded flux sub-
stantially over a large range of v and spin values, and
especially at low frequency where the majority of the
signal-to-noise ratio of a binary accumulates.

We have also extended the factorized resummation to
generic mass-ratio, non-precessing, spinning black-hole
binaries, and proposed, as in Ref. [6], to augment the
generic mass-ratio pg, with higher-order test-particle
spin contributions. Unlike in the nonspinning case [6],
in the spinning case only the leading-order generic mass-
ratio spin terms are known. Using this limited informa-
tion we found that the dependence on v of the spin terms
is not necessarily mild. It depends on the mass ratio and
the spin values. Nevertheless, we explored the possibil-
ity of adding the spin contributions from the test-particle
limit case to the generic mass-ratio amplitudes.

When adding the test-particle limit contributions, we
proposed to identify ¢ with the Kerr-deformed spin
in the effective-one-body description. Using the two
choices currently available in the literature, that is ¢ =
ISo|/M? [19, 36] or ¢ = |S|/M? [37], we found that the
resummed amplitudes of the (2,2), (4,4), (4,2) and (6,6)
modes agree with numerical simulation results [19] to
within 2%, for equal-mass, equal-spin binaries with spins
Ix1] = |x2| =~ 0.44. The (3,2) mode amplitude agrees
with numerical results at 5% level. The relative differ-
ence between the two choices of resummed amplitudes
is less than half their difference from numerical results.
When the spins are near extremal, e.g., x1 = x2 = 0.95,
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we found a mild, but non-negligible ¢ dependence of the
resummed amplitudes. Finally, when setting ¢ = 0, that
is removing the test-particle spin terms from the generic
mass-ratio amplitudes, we obtain that the results vary by
10-20% for the (2,2), (4,4), (3,2) and (4,2) modes in the
range of frequencies investigated in this paper.

The study carried out in this paper should be con-
sidered as a first step in the modeling of extreme—mass-
ratio inspirals and comparable mass black-hole binaries
in presence of spins. We expect that in the extreme—
mass-ratio inspiral case, the amplitude and flux agree-
ment can be further improved by including in our pgm a
few adjustable parameters and calibrate them to the nu-
merical data, as already done in Ref. [35] for nonspinning
extreme—mass-ratio inspirals. In the comparable-mass
case, more detailed comparisons with accurate numerical-
relativity simulations will allow us to nail down the choice
of the spin parameter ¢, and allow us to carry out direct
comparisons between the numerical and analytical pg,,
thus helping in modeling the latter.
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Appendix A: Taylor-expanded multipolar waveforms
Zémwo

In order to compute the multipolar waveforms for a
test particle around a Kerr black hole, we transform the
Teukolsky equation into the frequency domain, and ex-
pand it into the -2 spin-weighted spheroidal harmonics.
The resulting equation is an ordinary differential equa-
tion about the radial coordinate. This radial Teukolsky
equation can be solved formally by using the Green func-
tion. Since the Green function is represented by homo-
geneous solutions of the radial Teukolsky equation, the
central issue of this problem is to obtain the homogeneous
solutions. There are two methods for obtaining them.

In the first method, we transform the radial Teukol-
sky equation into the Sasaki-Nakamura equation. In the
Schwarzschild case, the homogeneous Sasaki-Nakamura
equation becomes the homogeneous Regge-Wheeler equa-
tion. We expand the homogeneous Sasaki-Nakamura or
Regge-Wheeler equation in terms of €e = GMw where w
is the angular frequency of the wave. In the case of cir-
cular orbit, w becomes wy = mf). (we revive the gravity
constant G here). We look for the solution in power
series in €. This is thus a kind of post-Minkowskian



expansion. One difference between the ordinary post-
Minkowskian approximation and this approximation is
that we must impose correct boundary conditions at the
horizon. Closed analytic representation of the solution at
each order is necessary in order to obtain the asymptotic
amplitudes which constitute the Green function. The
lowest order solutions are represented by spherical Bessel
functions. The higher-order solutions can, in principle,
be derived iteratively. However, it becomes more diffi-
cult to perform this iteration and to derive the solution
in closed analytic form at higher orders. The highest
order computation so far was done in the Schwarzschild
case by Tanaka et al. [12] in which the closed analytic for-
mulas for a homogeneous solution is obtained up to O(e)
for arbitrary £, and up to O(e®) for £ = 2 and 3, and up
to O(e?) for £ = 4. The formulas are explicitly given in a
review paper [30]. Those computations are sufficient for
obtaining the energy flux through 5.5PN order. Since the
formulas for the Zyn,’s are not given in the literature,
we write them below. For each mode, we write the terms
up to O(v*~2(0=2)) relative to the lowest-order term.

Furthermore, in the Kerr case, so far the highest order
computation was done by Tagoshi et al. [13] in which
the closed analytic formulas for a homogeneous solution
is obtained at O(e) for arbitrary ¢ modes, and at O(e?)
for £ = 2 and 3 modes. These computations are sufficient
for obtaining the energy flux through 4PN order.

Two of the authors have recently obtained the O(e?)
closed analytic formulas for £ = 4 mode [14]. This order
is necessary to derive the multipolar waveforms through
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(see Table I). More details of the computation and com-
plete results are given elsewhere [14]. Here we show only

the explicit formulas for ngwo defined in Eq. (17). We

write the spin-dependent 4PN-order ngwo in which each
mode contains terms up to O(v8~(=2)=) relative to the
lowest-order term. (e, is the parity of each mode).

The second method to obtain the homogeneous Teukol-
sky function is based on the Mano-Suzuki-Takasugi for-
malism [31]. In this formalism, the homogeneous solu-
tions of the Teukolsky equation is represented with the
series of hypergeometric functions and confluent hyper-
geometric functions. The expansion coefficients of the
two series solutions are the same, and they are closely
related to the series expansion in power of €. Thus, if
we compute this series up to higher order, we automat-
ically obtain the higher order PN expansion formulas.
Such computation was applied to the evaluation of the
PN expansion of the black hole absorption effect in the
Kerr case [40]. This method was also applied to the en-
ergy flux through 5.5PN order in the Schwarzschild case,
confirming the results obtained with the above iteration
method [12]. We apply this method to the Kerr case
and obtain the 4PN-order multipolar waveforms which
agree with the results obtained with the above iteration
method. This method has also been recently applied
to the computation of the 5.5PN-order multipolar wave-
forms in the Schwarzschild case by Fujita and Iyer [15].
The non-spinning terms of expressions below agree with
their results up to O(v'1—2(¢=2)),
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Appendix B: Expressions of the Ci,’s modes for
4<l<8
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Appendix C: Expressions of the f/,,’s modes for ¢ > 4
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Appendix E: Expressions of the d,,’s modes for

4<e<T7
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Appendix F: Multipole moments for generic ¢ and m

In Refs. [6, 22] the authors have computed the even-
and odd-parity 1PN multipoles for generic ¢ and m.
Those calculations were crucial in understanding the ¢-
scaling of the frn,’s, suggesting the introduction of the
pem’s functions.

In this Appendix, we calculate the 0.5PN spin terms in
the odd-parity multipoles hgi and the 1.5PN spin terms

in the even-parity multipoles ﬂg?i. Just for completeness
we also reproduce the 1PN nonspinning terms in the odd-
parity multipoles ﬁgz, already computed in Ref. [6].

Henceforth, we make use of the standard multi-index
notation for tensors of arbitrary rank, which are dis-
played as

Ty =Tiyiy. iy (F1)

where each index 71 to iy runs from 1 to 3. We also
employ the notation T<y~ = STF[TL] to denote the
symmetric trace-free projection over the indices i1 to .
For example we have

1

1

Repeated multi-indices imply summation over all corre-
sponding indices, e.g.
Sil’iQ...i@ .

Tp,5" (F3)

1112 ’Le
Reference [22] computed the expression of the full wave-
form as an expansion in -2 spin-weighted spherical har-
monics through the coefficients Uy, and Vy, as follows

him = (Ugm mm) , (F4)

\/_R



where
167 (0+1)(0+2) e
Um = Gigon\| 2e—y Ur¥ (F5)
B 321 (0 +2) o
Vem = 20+ D\ 200+ 1)(¢ —1) Ve

(F5b)

The radiative moments Uy, and V7, are the {*" time deriva-
tives of the multipole moments Iy, and Jp respectively,
as we neglect tail contributions for our purposes here.
In terms of the vector 7 defined above Egs. (F11), the
quantity Y¢™ is defined as follows

yém N (FG)

1. Odd-parity 0.5PN spin multipoles

The odd-parity contributions to the waveforms are pro-
vided by the expansion coefficients V,,, which in turn
are determined by the current multipole moments Jr. In
the circular orbital case, the nonspinning 1PN current-
multipole moment .J, is given by [6]

JLNS = (v M 1 Q) {Kl [:fv“f nt—1>

+v? Ky LY/ nb 3N i“>] , (7

where Q is the orbital frequency, v = (MQ)'/? and
n:z, Ly - rxr A=ILyxn, (F8)
r |r x 7|’
and where
v  20+3 +1
Ky = ¢ +02 {—2—€+2—€bg+1+2y be_1
1[e+1  (£=-1)(£+4) .
2| ¢ W+ +3)]
(F9a)
(C—1)(—2)(L+4)

Ko = F9b
2 2(0+2)(20+3) (F9b)
be = X5+ (=)' X1, (F9c)
c = X3 T ()X (Fod)

where ¢ coincides with Eq. (5), and X7 9 = mq 2/M. For
circular orbits, we have

n = (COS¢OIb7Sin¢OIb70)7 (FlOa)
A = (—sindorb, €os gorb, 0) , (F10b)
Ly = (0,0,1). (F10c)

In terms of the vector 7 = (sin 6 cos ¢, sin 6 sin ¢, cos 0),
the following expressions will prove very helpful below

n = [Flo—r/2,6=¢om > (F1la)

33

A = [0pP]o=r/2,6=dom > (F11b)
Ly = —[06Plo=r /2. 6= or1 - (F1le)

The 0.5PN-order contribution to Jy, that is linear in the
spins is given by Ref. [41]

(¢+1) P
Jp =~ —=STFy doSkyit e

A

(F12)

To rewrite Eq. (F12) in the center-of-mass frame, we use

= Xor and y2 = — X7 7, which leads to the following
f+1 : :
JE _ ( ; ) |:(X£—1 Sl<w+(_)é—1 Xf_l S;w)xL—1>:|
_ R V.
= v M?p! 5 Eé)e nt=1> (F13)
where

S = Xi X5+ () Xe X2 xe, (F14)

and we define x; = S1/m? and x2 = S2/m3. For non-
precessing binaries, we have f](g) = 2@) L ~, and hence
we can write down the total 1PN-order current multipole
moment as

J, = (@wMrtttQ) STFL{L”{

(s )E(g)n 1]}

(F15)

402 Kynt=3 \ie-2ie1 4y

Next, in order to compute the radiative coeflicient Vp,,,
we first need Jyp,, = J, yfm It is therefore useful to
rewrite all vectors appearing in J, in terms of # as follows

J, = (v M Q) STFL{(?@n” {Kl nt1

+v? Kont =39y n'=2 gyn'—?

{+1) &
+v ( + ) E(g) TLL_1:| } s
orb

5 (F16)

where the “orb” subscript is shorthand for evaluating the
bracket at 6 = 7/2, ¢ = ¢dor1,. The purpose of this rewrit-
ing is to allow us to eventually make use of Eq. (F6),
together with the following identities

don<L> = 1(9pn=t)nt=> (F17a)
62 <L-1> _ /=1 {—2 n<L—36 nizfz ) nie71>
[ [
_ |:n<i171 _ (n . -i/N) iifie—l} TLL72>} )
(F17b)

By substituting Eqgs. (F17) into Eq. (F16), the current
multipole moments become

K
2 Hgn’”

K
— M ZJrlQ TF _1 L 2
Jo=wMr )S L{ 7 Ogn”™ + v (=)
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K,

DY)

(’“)gf)inL + 02

((+1) $ 5 nL} Contracting Eq. (F18) with Y™ * then yields
(0) 90 :
orb

(F18)

(+1)
2¢p41

i - 20 + 3 b£+1
20 20 Cr41

C
Jom = 0+1 (yMrerlQ) [89}/5;”(9, (borb)]e:ﬂ—/z {1 + v (

[ i(g) — 1)2 |:

£+ 1bp_q 1 m2(€+4) £+ 1)\ cpys
o ((e+2)(2e+3) e) +H (F19)

oy~ z
{ copr 2 Cot1

From the parity properties of associated Legendre poly- and substituting it into Eq. (F19) yields
nomials, Jy,, is non-vanishing only if £ + m is odd. The

next step consists of converting r*! into an expansion

in v by means of Kepler’s third law,

R Sy () B

Jom = Co+1 (Mv*2)4+1 v [89}?;71(0,%@)]9:#/2 <1+v 5
Co+1

0+1) o 26+30b
(+ )2@)—#{(“1)(1—5)+1——+ﬂ

2
_2V£+1 be—1 1{ m*(0 +4) _€+1] cHg} . (Fa1)
0 cor 2 [(0+2)(20+3) 2 e
Taking ¢ time derivatives and multiplying by the appropriate normalization factor finally gives
o 327T£ ([ + 2) . ¢ (é-i—l) C[J,_l « (f + 1) ~
Ve = ~Grron \ sagr e —n M Cimre 7 00¥em(0: Gorwllpryn {1+ Vg R0
2£+3bg 1 €+1 bg,1 1 m2(€+4) 6—’-1 Co+3
2 n(1-k Y 19 - _
v |:(€ + ) ( 3) + 20 20 Co4+1 v l Co4+1 + 2 (é + 2) (2@ + 3) l Cr41 ’

(F22)
(F23)

The overall factor in front of the bracket in Eq. (F23) coincides with the Newtonian contribution as given by Eq. (3),
using Eqs. (F4) and (4b). Hence by definition [see Eq. (2)], we find

£ (1) (f-l—l) - 9 v v 2043 bpyq C+1bp_q
h =1 Yy — f+1)(1—= — — -2
tm T 2Cg+1 ) v ( + ) ( 3) + 20 2/ Cr+1 v J4 Cr+1
+l( m? (0 +4) _K—l—l) Ce+3}

2\ 0+2)20+3) € ) ]

(F24)

Again, the 1PN-order terms in the above equation were q,x2 = 0), only the odd-parity mode ¢ = 2 contains

computed in Appendix A of Ref. [6]. the 0.5PN spin term, for all the other odd-parity modes

the 0.5PN spin terms vanish. In fact, using Eqs. (F9d),

Quite interestingly, we find that in the nonspinning (F14) we find that if we set x2 = 0, the 0.5PN spin terms
test-particle limit (me < mi,x1 = |x1|] = am; =



reduces to
(L+1)mix:
2[my ma + (—1)¢mé m3~]

iLEiT)l,OﬁPN _

v. (F25)
If ¢ = 2, then ASYOPPN =
if ¢ > 2, we have IA"LE;ZL’OﬁPN x vquv and the latter goes
to zero as v — 0. The fact that the odd-parity modes
with ¢ > 2 vanish, is consistent with the -2 spin-weighted
spherical Cy,,’s computed in the main part of this paper.
However, it is worth noticing that the odd-parity -2 spin-
weighted spheroidal Zy,,’s do contain 0.5PN spin terms.

Moreover, for the case of finite symmetric mass-ratio
v, we find that the 0.5PN spin terms in Eq. (F24) co-
incide with what was derived in PN theory [25]. The
(-dependence of the 0.5PN spin term in Eq. (F24) varies
depending on the binary mass ratio and the spin magni-
tudes. For example we find that for maximally spinning
and aligned black holes (x1 = x2 = 1) if the masses are
equal, the 0.5PN spin term in Eq. (F24) scales as ¢, but
if the masses are unequal, it generally doesn’t scale as £.

Finally, we derive the corresponding generic 0.5PN

—3/2vq when v — 0, while

spin contributions to fé(}n) and pgy)r Since we know that

there is no quadratic spin contribution at 1PN order in
(1)
m>

pg}z. Thus, the spin portions read

we need to introduce a 1PN quadratic spin term in

(1.05PN 7 (1),0.5PN
m - ‘m ’
(1),0.5PN 15(1),0.5PN
Im - z m ’
1),1PN =1 /:01),05PN) 2
T = o (AOTTY) L (20

2. Even-parity 1.5PN spin multipoles

The 1.5PN spin contributions to the even-parity wave-
form come from two distinct sources. The first is the
1.5PN spin mass multipole moment IE, given by (in the
center-of-mass frame, for non-precessing, circular orbits)

(- =1 ; 5, p
IE = M21/2€+ 1reE(Z)STFL KQnL—i—an Zyte-1y ’51 ,
(F27)
where
S = X521 + (5) X{ xa. (F28)

Making use of the following identity which is valid for
circular orbits

(=1 12 i, i 1d 2L
STFL lT—2n vty :STFL Zﬁn +Q n s
(F29)
we can rewrite I3 as follows
I3 = M*? ! S STFL [ (0 + 1)Qnt + id—2nL
L (1 TOPEE Qa2 |-

(F30)
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The second contribution comes from the Newtonian mass
multipole moments, in two different ways. First, since the
coordinate transformation that takes us from a generic
frame to the center-of-mass frame involves the spins at
1.5PN order, the Newtonian mass multipole moments ac-
quire a spin contribution when re-expressed in the center-
of-mass frame. Second, when we use Kepler’s law at
1.5PN order to rewrite the orbital separation r as an ex-
pansion in v = (M Q)l/ 3. spin terms are generated which
contribute to the 1.5PN spinning waveform. In a general
frame, the Newtonian mass multipole moments are given

by

I} = STFy, |myyF +mayk|. (F31)

The coordinate transformation to the center-of-mass
frame is given by [48]

Y1 =X2T+%’UXA, (F32a)

Yo = —Xlr—i—%va. (F32b)

Therefore in the center-of-mass frame, the Newtonian
mass multipole moments read

IN=Mver'n<t> 4 02 lep 7 n<E v x A)e> .
(F33)
For non-precessing, circular orbits, Eq. (F33) may be
rewritten as

ley_
1—|—1/C€1

IgzMVCgrln<L> (Xax2 — X1 Xl)”gl

(F34)



Adding together both contributions (F30) and (F34),
contracting with ) ~and finally taking £ time derivatives
as well as multiplying by the appropriate overall factor,

160 [(L+1)(+2)
Qe+ )\ 20 —1)

v 20 m2\ -
— | — 1— — )20
+Cg (f—i—l) (£+ 14 > Ok

The overall factor in front of the bracket in Eq. (F35)
coincides with the Newtonian contribution as given by
Eq. (3), using Eqgs. (F4) and (4a). Next we use Kepler’s
third law to replace the orbital separation r by the fol-
lowing expansion in v. Aagain, we do not write the 1PN
order non-spinning contributions explicitly here to keep
formulas short.

Ulm -

A 2
htg%wPN = {—é [g (XPx14+ X5 x2) +v(xa+x2)|+v

In the non-spinning test particle limit, Eq. (F37) simply
reduces to

- 20
o 2y,

(F38)

thus, it scales as ¢. Finally, we derive the corresponding
(0)

m

generic 1.5PN spin contribution to fl(ron) and p
read

and they

(0),1.5PN ;L(O),1,5PN
m - Im ’

MVCZ(—imQ)ZréY[;n(w/Z dorb) |1+ v
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we arrive at the following expression for the even-parity
radiative moment

(Xax2 — X1x1)0*

lep_y
ce

(F35)

2
r=Muv® {1+[§(X12 X1+ X3 x2) + v (xa + Xz)} v’

(F36)
Substituting (F36) into (F35), we can finally isolate the

1.5PN spin contribution to the even-parity waveform as

bep_q v 20 m2\ - 3
o (X2X2—X1X1)+C—e<€+—1> (€+1_7 gy p v

(F39)

0),1.5PN 1 .(0),1.5PN
m - Zfém .

Therefore, the generic fl(;) and pg?i expressions through

1.5PN are given by the above equation combined with
the 1PN nonspinning result given in Eq. (A15) of Ref. [6]

(note that there is no 1.5PN nonspinning contribution to
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