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Abstract

We study geometric structures associated with shear-free null geodesic congruences in Minkowski
space-time and asymptotically shear-free null geodesic congruences in asymptotically flat space-
times. We show how in both the flat and asymptotically flat settings, complexified future null
infinity, 3&' , acts as a “holographic screen,” interpolating between two dual descriptions of the
null geodesic congruence. One description constructs a complex null geodesic congruence in a
complex space-time whose source is a complex world-line; a virtual source as viewed from the
holographic screen. This complex null geodesic congruence intersects the real asymptotic boundary
when its source lies on a particular open-string type structure in the complex space-time. The
other description constructs a real, twisting, shear-free or asymptotically shear-free null geodesic
congruence in the real space-time, whose source (at least in Minkowski space) is in general a closed-
string structure: the caustic set of the congruence. Finally we show that virtually all of the interior
space-time physical quantities that are identified at null infinty 3T, (center of mass, spin, angular
momentum, linear momentum, force) are given kinematic meaning and dynamical descriptions in

terms of the complex world-line.
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I. INTRODUCTION

In this paper, we describe some interesting structures based in classical special and general
relativity which bear some resemblance to dualities known as “holographic” dualities which
have emerged elsewhere in theoretical physics over the past decades (c.f., [1-3]). Though
these holographic dualities usually involve the use of highly non-classical machinery such as
supersymmetry or string theory, most famously in the case of the AdS/CFT correspondence
[4-6], we emphasize that our discussion here will use no such tools; we work entirely in
the context of classical four-dimensional Lorentzian space-time. The structures we are
interested in emerge naturally from the study of light cone foliations (and their generalization
to asymptotically shear-free null geodesic congruences) in space-time, and have simply been
overlooked in prior research. Although it would certainly be presumptuous for us to suggest
that our work here has any true connection with holographic duality as it is known to most
theoretical physicists, we do find a holographic screen, open and closed classical strings and
other suggestive objects; all of which can be given real physical meaning in four-dimensional
space-time.

Specifically, it is the purpose of this note to first explore the properties of ordinary “run
of the mill” light-cones and then turn to their generalization via complex and virtual light
cones in four-dimensional Lorentzian space-times. More precisely, we study the properties of
light-cones and their complex generalizations in both Minkowski space and in asymptotically
flat (vacuum and Einstein-Maxwell) space-times in the neighborhood of future null infinity.
This is followed by a discussion of physical applications of these ideas and constructs. These
complex light cones are first applied to the structure of real Maxwell fields in real Minkowski
space. The complex cones in flat space-time are then generalized and applied to study
equations of motion in general relativity. Along the way we point out a pretty duality
between the complex light-cones and real shear-free, but twisting, null geodesic congruences.

The first issue raised comes from the simple question: In Minkowski space, avoiding or
ignoring their apex, what are the geometric properties that a set of null geodesics must have
in order to be a light cone? How can they be determined to be light cones even far from
their apex? The answer is simple: First of all, the family of relevant null geodesics (the
light-cone generators) must be (null) surface forming; they must lie on a null surface and

thus have vanishing “twist.” As a result, these surfaces must be foliated by null geodesics



whose tangent vectors are determined by the gradient of the surface. Second, they must have
vanishing shear and non-vanishing divergence. (The plane null surfaces can be thought of as
light-cones but with their apex at infinity; we ignore this case.) From this requirement, light
cones posses the topology of S? x R. For us, the most relevant feature is their vanishing
shear. Even far from their apex (i.e., even at future null infinity, J7) on the S? portion
of the surface, if the shear vanishes then it has an apex and the surface is a light-cone.
This case can be generalized from an individual light-cone to a family of light-cones: if
Minkowski space is (partially) foliated by a null geodesic congruence (NGC), can we tell at
J% that the geodesics all focus to a time-like world-line in the interior? The answer again is
simple: If the congruence has vanishing twist and shear at J* and non-vanishing divergence,
and furthermore has no members lying tangent to J% itself (the regularity condition), then
there is a one-parameter family of light-cones and a time-like world-line to which the NGC
converges.

The main goal of this work is to investigate and analyze how this asymptotic description
of light cones can be generalized, and what applications to physics it might have. The
generalization will be in two distinctly different but related directions.

First of all, in the context of Minkowski space, we define and describe complex light
cones. They will be determined solely from the properties of specific sets of null directions
at complexified null infinity (J¢), the analytic continuation of Penrose’s future null infinity,
J*. These complex null directions, normal to specific slices of J¢, define - by following
them backwards in time - complex null geodesics (and complex light-cones) which converge
to points in complex Minkowski space [7, 8]. In general there will be a subset of points
in complex Minkowski space where one (or more) of its light-cone generators intersects
real Minkowski space at real J7. If instead of the complex light-cone of a single point in
complex Minkowski space we take a complex analytic “time-like” (to be defined) world-line
parametrized by the complex parameter 7, we would have a two-real-dimensional set of
complex points (from the real and imaginary parts of 7) and their light cones. We show
that for any fixed value of the real part there is a one-dimensional set of points such that
the envelope formed by their individual light cones intersects real J* on an S? slice. As the
real parameter changes we obtain a one parameter family of real slicings of J7.

At this point, an interesting duality emerges. On one hand, if we start from each of these

slices and move backwards into the complex space along the complex null directions, these



trajectories converge to an imaginary line segment in the complex space. On the other hand,
there is a dual method (described later) for following null geodesics from the slices back into
the real space-time; this yields a real shear-free, but twisting, null geodesic congruence. It
is precisely this twist which links the two pictures: the “distance” of the complex world-line
from the real Minkowski space-time in the first picture is a measure of the twist of the real
congruence in the latter picture. The caustic set of the real (dual) congruence is (in general)

a closed curve moving in real time; something analogous to a classical closed string [8].

The extension of these ideas to asymptotically flat Einstein space-times initially seems
to be impossible. Standard light cones from any given space-time point will undergo such
distortions from the curvature of the space-time itself that little or no memory of their origin
will remain when they arrive at 7. Nevertheless, we can consider the possibility of using the
procedure that was succesful in the Minkowski space-time case by asking for null geodesic
congruences in the neighborhood of J* that are shear-free and non-twisting. In the general
asymptoically flat case, shear-free null geodesic congruences do not exist - but there are
always null geodesic congruences that are asymptotically shear-free in the neighborhood of
J*. Unfortunately, to use this idea effectively again entails the analytic extension of the
space-time a small distance into the complex. Working on the complexification of J* (i.e.,
on J¢), there is a construction of complex slices or “cuts” whose complex null normals can be
used to determine asymptotically shear-free and twist-free complex null geodesics [7, 9, 10].
In fact one can construct a four-complex dimensional family of such complex cuts which
define a four-complex dimensional manifold frequently referred to as H-space [11-13].[14]
The immediately relevant feature for us is that these complex null geodesics from each
complex “cut” converge or focus to a point in H-space [15]. It will be shown later that real
structures associated with H-space can be found, and that real physics can be interpreted
as taking place in H-space [7, 16]. The H-space can thus be viewed as the virtual image
space seen by looking-backwards along complex null directions from a sphere of points on

J¢. Tt is this property that could allow us to refer to J¢ as a holographic screen.

The prior discussion of complex Minkowski space (which is a special case of H-space)
can be extended to H-space. There is a subset of points in H-space where one (or more)
of the light cone generators (null geodesics) coming from a complex point intersects real
asymptotically flat space-time at real 7. If instead of the complex light cone of a single point

in complex H-space, we take a complex “time-like” (to be defined) world-line parametrized
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by the complex parameter 7 = s+ i\, we would have a two-real-dimensional set of complex
points (from the real and imaginary parts of 7) and their associated complex light cones. For
any fixed value of the real part, s, there is a one-dimensional set of points (a finite interval
parametrized by A) such that the envelope formed by their individual light-cones intersects
real J* on a S? slice. As the real parameter s changes we obtain in the H-space a ribbon
(the finite interval moving in “s-time”) which could be called a classical open string; from
the null cones of points on this ribbon, we get a one parameter family of real slicings on
J*. All the information about the ribbon is encoded (holographically) in the one parameter
family of real J* slicings and a null direction field on J*. In other words, there is a duality
between the coded information on J* and H-space information. A further related duality
is that a given complex analytic world-line in H-space (via its associated ribbon) yields in
the physical space-time (via a complex conjugate action) a real twisting but asymptotically
shear-free null geodesic congruence in the real space-time.

The question of where this beautiful mathematical structure makes contact with physical
issues does have a simple answer - the details, however, are rather complicated.

The simple answer is that an (analytic) asymptotically flat Maxwell field in Minkowski
space with non-vanishing total charge generates, in the complex Minkowski space, a unique
complex analytic world-line: the complex center of charge world-line, where the real part
describes the standard center of charge while the ribbon thickness encodes magnetic dipole
information [17, 18]. For the case of asymptotically flat space-times there are two situations:
the vacuum asymptotically flat and the Einstein-Maxwell asymptotically flat space-times.
For the vacuum case there is a unique complex H-space world-line that contains: from the
real part, the equations of motion for the physical center of mass and, from the ribbon
thickness, the spin angular momentum, with both interpretations arising from the “view”
at infinity, J7[7, 16]. These are (loosely) analogues of measuring the total charge at infinity
via Gauss’s law or observing the Bondi energy-momentum vector at infinity.

In Section II, the preliminaries, we introduce our notation and results from earlier in-
vestigations that will be needed here. Specifically we first discuss conventions and notation
followed by a description of flat-space null geodesic congruences. The section ends with a
brief summary of properties of asymptotically flat spaces and their null geodesic congru-
ences. Section III deals with real space-time structures that are associated with the complex

world-lines; first in complex Minkowski space and then in H-space. In Section IV we apply



the ideas associated with the complex world-lines to real physical ideas. In particular we
show that a real asymptotically flat Maxwell field (with non-vanishing charge) determines
a complex world-line (the complex center of charge) that carries information about both
the electric and magnetic dipole moments. This construction is then generalized to asymp-
totically flat space-times, where the complex mass dipole moment (the real mass dipole
moment plus “/” times the angular momentum) determines an H-space world-line. The
Bianchi identities then yield kinematic definitions, equations of motion, angular momentum
and conservation laws. All take place in H-space which we interpret as a virtual image
space. This information is coded into the real space-time by functions on real 3. The re-
sults are very reminicent of ordinary Newtonian dynamical laws of motion. Though partially
a summary of results presented elsewhere in the literature (e.g., [7, 16, 18]), our presenta-
tion includes several simplifications and alterations. In Section V we summarize the earlier
discussion and speculate on what meaning and possible future use there might be to the

observations made here. Appendix A provides some background on tensorial spin-s spherical

harmonics, which are used throughout this work.

We again stress that the strange results described here lie wholey in standard four-
dimensional classical physics. There is no need - other than assumed analyticity - to rely on
drastic modifications of space-time properties such as supersymmetry or higher dimensions.
The results are here to be seen and perhaps understood. It would have been a cruel god to

have layed down such a pretty scheme and not have it mean something deep.

II. FOUNDATIONS: J%, NULL GEODESIC CONGRUENCES AND ASYMP-
TOTIC FLATNESS

In this section we summarize several of the basic ideas and tools which are needed in our
later discussions. The explanations are rather concise and extensive proofs are omitted. In
large part, much of what is covered in this section should be familiar to many or even most

workers in general relativity.



A. Conventions and Notation

The arena for most of our discussion is the neighborhood of the “far (infinite) null future”
of our space-time, (intuitively the end-points of future directed null geodesics) for both
Minkowski space and asymptotically flat space-times. This region, first defined and studied
by Roger Penrose and referred to as future null-infinity, J*, is constructed by the rescaling
of the space-time metric by a conformal factor which appoaches zero asymptotically, the
zero value defining J* [19-21].  This process leads to the (future-null) boundary being
a null hypersurface for the conformally rescaled metric with topology S? x R. An easy
visualization of the boundary J% is as the past light cone of the point I, future time-like
infinity. A natural coordinatization of J* and its neighborhood is via a Bondi coordinate
system: (u,r,(,¢). In this system, u, the Bondi time, labels the null surfaces of the space-
time that intersect J*; r is the affine parameter along the null geodesics of the constant
u surfaces; and ¢ = e cot(/2) is the complex stereographic angle that labels the null
geodesics of I, the S? portion of I [9].

In Minkowski space, the Bondi coordinates (u,(, () of J* can be constructed from the
intersection of the future null cones of the time-like world-line at the Minkowski space spatial

origin, i.e., from the line, 2% = (¢,0,0,0). The cone has the form

2% = Upes 00 + 119(C, C),

C=e“cot(0/2), Uy =t—17=12u

\/7

= 7(1, sin @ cos ¢, sin 0 sin ¢, cos 0)

\)

with (¢, ¢) labeling the sphere of null directions at the origin and wu,.; the retarded time.

J% is the limit as r tends to infinity.

Remark I1.1 Note that e, u,t (and the variable T introduced later) all have the dimen-
sions of length. In the Section IV, the velocity of light, ¢, will be explicitly introduced via the
replacement (Upe, U, t, T) — (Clper, CU, €ty cT) S0 thal Upe, u,t and T have the dimensions of

time.



Remark I1.2 We note that the round sphere metric, ds*> = d#* + sin®8dy?® becomes in
stereographic coordinates ds®> = 4P~2d(¢dC, with P =1 + (C.

To reach J%, we simply let 7 — oo, so that J* has coordinates (u,(, (). The choice of a
Bondi coordinate system is not unique, there being a variety of Bondi coordinate systems to
choose from. The coordinate transformations between any two are know as Bondi-Metzner-
Sachs (BMS) transformations or as the BMS group (c.f., [22, 23]).

Our assumption of the analyticity of the space-time then allows for the complexification
of JT. For this complexification (i.e., extension to J&), we allow u to take on complex values
close to the real and free ( from being the complex conjugatae of (. It is then denoted
by E ~ (. (Often we take this as implicitly understood and just use C.)

Associated with the Bondi coordinates is a (Bondi) null tetrad system, (1% n% m® m*)

(.t [9, 24]):

1°l, =nng, = m*m, = mm, =0,
“n, = —mm, = 1.

The first tetrad vector [* is the tangent to the geodesics of the constant u null

surfaces given by

a dlﬂ _ _ab
I = ="V, (IL.1)
1°V,1° = 0, (IL.2)
0 0
@ = —. II.
l oz or (IL.3)

The second null vector n® is tangent to the null geodesics lying on J*, normalized so that:
l,n* =1 (11.4)

The remaining vector m® and its complex conjugate are tangent to the S? slices of constant
u.

An important construct is the family of past light-cones from each point of J* (or JF).
Each past cone is determined by a sphere’s worth of null directions at J* with each null

direction labeled by the associated sphere coordinate. These coordinates are chosen as the
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complex stereographic coordinates and are denoted by the complex conjugate pair (L, L).
An arbitrary field of null directions on J* (and consequently an arbitrary null geodesic
congruence that intersects J7) can then be described by the function L = L(u,(, ) or its
analytic extension to J¢.

Often we will use a very specific form of a null tetrad given in Minkowski coordinates and
parametrized by the points on the sphere in stereographic coordinates ({, () and denoted by
the over-hat:

oo V2

2(1+¢C) 2 gk

(1+¢C ¢+¢ —i(¢—iC), —1+¢C) = (@713/@)) ’

V2 - N .z o~ (V2 1 0
na a \/5 _—2 i =2 -\ . (1)

—~0 =g \/§ 2 . (-1)

m- =0l —m(ojl—C,l(l‘FC) 2¢),= (0, =Yy; ).

As (¢, ¢) move over the complex plane, [ and 7° range over the light cone. The spin-

s harmonics [25], Y] l” .. (¢,€), which are frequently used, are described in Appendix A.

B. Flat space Null Geodesic Congruences

In Minkowski space M, the future light-cones from an arbitrary time-like world-line z* =

€%(s) can be described by the Null Geodesic Congruence (NGC)

24 = €%(s) +ri*(¢,C) (IL5)

with r the affine parameter on each of the light-cone generators. This construct is easily
generalized to complex Minkowski space M, where light-cones from £*(7) (now an arbitrary

complex analytic world-line with complex affine parameter 7) and its corresponding complex

NGC is
2= &(r) + 1i*(¢, O), (I.6)
where 7 is now complex and ((, E) are independent of each other.

The Sachs complex optical parameters for an arbitrary NGC (real or complex) are the

complex divergence and shear of the congruence [24, 26],
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1
p= 5(—Val“ + 1 curl %), (IL.7)
o = Vlym*m® (11.8)

where

curl [¢ = ,/(V[alb]valb).

These satisfy the flat-space optical equations:

Dp = p* + o0 (I1.9)
Do = (p+p)o,
0 0
p=p12 -2
: dze  Or’

with r the affine parameter along the geodesics. The optical parameters for the above light

cone congruence can be calculated directly from Eq. (I1.5) yielding

p=—r1, (I1.10)

By reversing the statement and assuming a NGC with vanishing shear and real divergence,
the optical equations become

Dp = p*.

The integral (i.e., p = —r~1) is the same as Eq.(I1.10), thus showing that a NGC with real
divergence and vanishing shear is the light-cone congruence of a (real) time-like world-line.

An arbitrary NGC in Minkowski space can be described by the three parameter,
(u, ¢, C), family of null geodesics

2% = u(l® +n%) —Tm® — Lin" + (r — o)l (11.11)

where 7 is the affine parameter, ro = 79(u, ¢, () is the arbitrary origin for the affine parame-
ter and L = L(u, (,(), the determining function of the congruence, is an arbitrary complex
spin-weight one function of the parameters. The three parameters (u,(,() are the Bondi
coordinates of the intersection points of the null geodesics with J*. The optical parame-
ters are determined by L which is the stereographic angle field on J* that determines the

directions of the null geodesics.
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The condition for a NGC with vanishing shear is that the function L must satisfy the

non-linear partial differential equation [27]
oL+ LL =0, (I1.12)

where L = L,,, and 0 is the spin-weighted covariant derivative on the 2-sphere (see Appendix
A for details) [28]. This can be integrated by introducing an auxiliary complex variable
7 =T(u,(,(), related to L by the so-called CR equation (related to the existence of a CR

structure on J* [29]),

OT 4+ LT =0, (IL.13)

and then using its inversion
u=G(r,¢0), (IL.14)
T=T(G(1,¢, (), =T (IL15)

After a process of implicit differentiation (c.f., [7, 10, 30]), Eq.(II.12) becomes
092G =0, (11.16)

with
L= 67G|T:T(u,§,2)’

the subscript 7 indicates that the differentiation is at 7 held constant. From this it follows

that the regular solutions to Eq.(I1.12) can be given implicity in terms of G as:

u=G(1,(,{) = (M)l = 7 ="T(u,(,Q), (I1.17)
L =0G = &"(1)ma = £Y(T (u, ¢, ().
Several remarks must be made here:

o (%(1) are four arbitrary complex analytic functions of the complex parameter 7 which

can be interpreted as determining a complex world-line in complex Minkowski space.

e 7 can be regauged by the analytic function 7 = F(7). Often it is useful to chose
Or)=r.

11



e Since 7 is complex we must allow u to take complex values which requires the com-

plexification of 3%, denoted J¢.

e When the £%(7) are real functions of a real variable, s, Eq.(I1.11) reduces to Eq.(I1.5)

(i.e. to the real world-line light cone congruence).

e For a complex set £%(7), the NGC, Eq.(I.11), is a real shear-free NGC but with a

non-vanishing twist. The caustic set is in general a closed curve moving in time.

An important observation that plays a major role for us is the following: From the same
L, two different “conjugate” versions can be constructed. The first is obviously the complex
conjugate given by L = & (7)1, while the second, referred to as the holomorphic conjugate,
is given by L = 0G = £4(7)My,. Using L in Eq.(I1.11) instead of L, we obtain another shear
free NGC but now it is the complex congruence, given earlier by Eq.(11.6),

2 = €(r) +71°((, ).

In other words, the cut function describes a family of null cones with apex on the complex
line, 2% = £%(7). We now have on 37 and J¢ two different tetrad systems (obtained by null

rotations from the Bondi tetrad) coming from L and E, namely

L L
[ — " ="~ =m* — =m" +O0(r?), (I1.18)
r r
L
m* = m* — —n?, (I1.19)
T
n* = n® (I1.20)
and
L L
1 =15 =1"——m*— =m"+0(r?), (I1.21)
r T
L
m* = m® — —n? (I1.22)
r
n* = n". (I1.23)

The null geodesic congruence determined by [**, as mentioned earlier, is a real shear-free
congruence with twist while the congruence determined by [5* is complex, shear-free, twist
free conguence and focuses on the complex curve £%(7).

Though the complex null geodesics with apex on £%(7) spend most of their “time” in the

complex Minkowski space some do reach real Minkowski space and in particular some reach
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the real J7. It turns out that the complex world-line and their associated light-cones have

real structures. They are discussed in Section III.

C. Asymptotic Flatness

At a first glance it would appear as if it were not possible to duplicate the Minkowski space
discussion of light-cone NGCs in asymptotically flat space-times. Aside for a few special
cases (the algebraically special metrics) there are no Einstein space-times with shear-free
NGCs. The family of future directed null geodesics originating at a fixed space-time point
traversing regions of curvature will, in general, be distorted and develop shear. Surprisingly it
nevertheless is possible to duplicate virtually all the light-cone NGC results of flat-spacetime
for the general case of asymptotically flat space-times by looking not for shear-free NGCs
but instead asymptotically shear-free conguences. In fact such congruences are determined
by a complex analytic curve in an auxiliary four-complex dimensional space, referred to as
‘H-space.

Before describing these congruences we first review some relevant features of asympot-
ically flat space-times. Details, derivations and proofs are largely omitted since they are
easily found in the literature [7, 9, 24, 26].

We begin by pointing out that with Bondi coordinates and tetrad the two optical param-

eters, the complex divergence and shear are given by

1 0=0
p=P=—+ a0+ O, (11.24)
T T
0
o= 0—2 +O0(r ),

with 0° = 0(u, ¢, ¢), the asymptotic Bondi shear of the NCG with the Bondi tangent vector,
i.e., [*. The ¢, which is the free data determining the gravitational radiation, plays a major
role in our discussion. Considering a new NGC with tangent vector [** defined at 3 by

the null rotation

L L
[ =1"— =m*— =m" + O(r?), (I1.25)
T r
L
m* =m" — ;n“, (I1.26)
n* =n" (I1.27)

13



with arbitrary L = L(u, ¢, (), one finds that the asymptotic shear of the new conguence is

given by a version of the Sachs theorem [27]:
0" =8L+ LL —o°. (11.28)

The condition for the new congruences to be asymptotically shear-free (6% = 0) is thus that
L satisfy
0L+ LL = o°, (11.29)

which is the extension of the flat-space Eq.(I1.12).
As in the Minkowski space case, Eq.(I1.12), this can also be integrated by introducing
the same auxiliary complex variable 7 = T'(u, ¢, (), related to L by the CR equation,

OT + LT =0, (11.30)

and then using its inversion
u=G(r,¢0), (IL.31)
T=T(G(1,¢, (), =T (11.32)

Note that as in the flat case, 7 is complex and we must allow the complexification of
u and let E% ¢. For each value of 7 we obtain a complex “cut” of J¢.

Again after manipulating several implicit derivatives, Eq.(11.29) and (I1.30) become

0;G = "(G. ¢, Q), (11.33)

L(u,¢,¢) = 0:Gl_ppe (11.34)

with again the subscript 7 indicating that the derivatives are at 7 held constant. Eq.(I1.33),
the “good cut equation,” has been shown to depend on four complex parameters, z%, (the

H-space coordinates), so that we can write, u = X (2%, (, (), where we distinguish X from

G by its explicit dependence on the four solution parameters. By the coordinate freedom,
ZCL SN Z*CL — fCL(Z[l)7

the first four spherical harmonic coefficients can be chosen as the z%, (coordinate conditions

on H-space) so that we have

u=X(2",(,0) = 2"0.(¢, 0) + Hiza(2",¢,C), (I1.35)

14



where H;>9 are spherical harmonic contributions with { > 2. Finally, by taking an arbitrary
world-line in the H-space, 2 = £%(7), we find the general regular solution to Eq.(I1.29) is
given implicitly by

L(uv ¢, Z) = 67G‘T:T(u,§f) (1136>
G(7,¢,¢) = X(£(1),¢,€) (I1.37)
u=G(r,(,C) (I1.38)

~ — ~ —

= £9(1)1a(C, Q) + Hiza(€(7), ¢, §) = €°(M)la(¢, ©) + Hiza(7. ¢, 0).

As in the flat space case, the regular asymptotically shear-free NGCs are determined by
the arbitrary choice of a complex world-line in an auxiliary complex space, H-space.

In complete analogy with the complex Minkowski space case, it turns out that if we
use the complex NGC determined by the stereographic angle field, (I1.36), and the associ-
ated holomorphic field, L(u, ¢, ) = aG\T:T(u’C@, (not L(u,¢,¢) = §T§|F:T(U,C,E)> as initial
directions at J&

I =1"— %m“ — ém“ +0(r?), (I1.39)

the complex geodesics converge on the H-space world-line z* = £%(7) [15]. By pointing
into complex null directions from the complexified J&, we have complex virtual cones and
complex wvirtual world-lines. There will always be points on the complex world-line whose
null cones partially intersect real J*. We will see later that unique world-lines can be
determined so that real meaning or significance can be given to them, as complex centers of
charge and complex centers of mass - which include both asymptotic magnetic dipoles and
angular momentum.

The basic idea that will be pursued later (in Sections III and IV) is to identify certain
terms in the asymptotic behavior of the Maxwell and Weyl tensor tetrad components with
physical quantities and then see how they change when they are computed with the (rotated)
complex null directions pointing towards a complex world-line, Eq.(I1.39). By choosing the
world-line appropriately, so that these quantities vanish, we identify the wirtual complex
centers of charge and mass.

As an interim step, we need the behavior of both the tetrad components of the Weyl and

Maxwell tensors:
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and

,QDO = - abcdlamblcmda

a, bic,  d
wlz_ abcdlnlm
1 a, bjc d
¢2 = __(Cabcdl n’ln® —
2
la c—d
3 = Capeql*n’nm?,
—b d
Yy = Capean M’ nm
(bO abl m

1
o1 = = Fup(1°n® + mm®),

2

¢y = Fypyn®m’.

Cabcdl“nbmcmd) ,

(I1.40)

(IL.41)

Integrating the both the Weyl tensor and Maxwell spin-coefficient equations leads to the

peeling behavior:

and

®o = ¢07’

(T_4)7

$1 =+ O(r‘?’),
¢o = pr ™1+ O(r72).

With the coefficients satisfying the asymptotic Bianchi Identities

) = —0ug
= =0
)y = —0u]
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+ 04y,
+20%9

+ 30%3,

(I1.42)

(I1.43)

(11.44)
(I1.45)
(I1.46)



where

- (11.47)
W0 = 95, (I1.48)
and asymptotic Maxwell equations
¢ = —043, (I1.49)
$) = =3¢ + 0°¢). (I1.50)

All the 7™ coefficients, which are functions on J* , i.e., functions of (u, ¢, (), have physical
meaning, e.g., multipole moments, etc. The four quantities {19, 49, #J, #0} are the most

importance to us, due to the following properties:

e The [ = 0 harmonic of ¢ is the Coulomb charge ¢. It is assumed to be nonvanishing

whenever a Maxwell field is being considered.

e The [ = 1 harmonic of ¢} is the complex electromagnetic dipole moment: D& ., =

Dy +iD},.

e The [ = 0,1 harmonics of 13, slightly modified by the shear ¢°, is the Bondi energy-

momentum four-vector.

e The [ = 1 harmonic of ¢, also slightly modified by the shear ¢°, encodes the center

of mass dipole and angular momentum: D("C( s

grav

By using the tetrad transformation generated by Eq.(I1.39) (see Eq.(I1.21)), one find the

transformation law of the leading terms of the Weyl and Maxwell tensors:

00 =) — ALY + 6 L2450 — AL330 + LY, (IL.51)
0 = % — 3LyS + 3L%Y — L3S, (I1.52)
50 = oy — 2Ly + L, (IL.53)
50 = 4§ — Ly, (I1.54)
v =95, (I1.55)
o) = ¢o — 2LeY + L? ¢, (11.56)
10 = o1 — Loy, (IL57)
5 = ¢5. (I1.58)
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Later, setting to zero the [ = 1 parts of ¥;% and ¢}°, we can determine two different
world-lines (when a Maxwell field is present) that can be referred to respectively as the

complex centers of mass and charge.

III. REAL STRUCTURES FROM THE COMPLEX WORLD-LINE

Our task in this section is to find the real structures that are lying in the complex world-

lines and their complex light-cones.

A. Flat-space Real Structure

We first examine the case of flat-space-time with a complex Minkowski world-line, z* =

£%(7) and associated light-cone cut of I,

u=&(1)la(C, ) (IL.1)

To answer our question: what values of 7 allow real values of u, we first write 7 = s +
i\, (s, A real) and decompose the right-hand side of Eq.(II1.1) into its real and imaginary

parts and set the imaginary part to zero [8],

w= L€ s+ NG D)+ E s — V(G D) (1.2
€5 NG D) — s — (G, ),
0=[6%s+i\) — & (s — iN)L(C, Q). (111.3)

Considering Eq.(I11.3) as an implicit equation defining
A =A(s,(, Q) (T11.4)
we have that the allowed values of 7 are given by
T =s5+iA(s,(, Q). (IIL.5)
The real values of u are thus given by the one-parameter (s) family of slicings
u=&"(s +iA(s, ¢, ))a(C, Q). (I1.6)

Assuming small values for the imaginary part of £%(7) = &X(7) + &4 (7), (E&(T), &4(T))
both real analytic functions) and hence small A(s, ¢, {), it has been shown that A(s, ¢, (), (for
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fixed value of s), is a bounded smooth function on the (¢, () sphere, with maximum and

minimum values, Apax = A(S, Cnaxo Cona) @0 Amin = A(S, Cuin, Cin)- Furthermore on the

sphere, there are a circle’s (S!) worth of curves between (Cuin, Conin) a0d (Cnaxs Gy ) SUCh
that A(s,(,() is a monotonically increasing function on each curve. Hence there will be a
family of circles on the ((, {)-sphere where value of \ is a constant, ranging between A, and
Amin-

Summarizing, we have the result that in the complex 7-plane there is a ribbon or strip
given by all values of s and line segment parameterized by A between A\, and Ap.c such
that the complex light-cones from each of the associated points, £%(s+1)), all have some null
geodesics that intersect real J*. More specifically, for each allowed value of 7 = s+ A there
will be a circle’s worth of complex null geodesics leaving the point £*(s 4 i) reaching real
J*. It is the union of these null geodesics, corresponding to the circles on the (¢, {)-sphere
from the line segment, that produces the real family of cuts, Eq.(I11.6).

The real structure associated with a complex world-line is then the one-pameter family
of slices (cuts) Eq.(I11.6) and angle field L(u, ¢, () on each point of the cuts.

The dual point of view, as previously mentioned, is to start with the same L as used

earlier:

u=E4r)ly <=1 =T(u(0), (IIL.7)
L=20.G = &(1)mg = 4T (u,(,C))mg.

which was used with the holomorphic E,
L=108.G = &91)ma = (T (u, ¢, C))ita,

but now, instead, use the complex conjugate of L:

L= 57'@ = ga(?)ma

for the null directions pointing inward. In this case one obtains again a real shear-free NGC

but now with twist ¥(u, ¢, () which comes from the complex divergence,

1
— I11.
P )Y (IIL8)
2i% = 0L + L(L) — 3L — LL. (I11.9)

a

= (£(1) =€ (7)) (na — la) -
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As was claimed earlier, the twist is proportional to the imaginary part of the complex world-

line and consequently we have the real structure coming from two (dual) places.

B. Asymptotically Flat-Space Real Structure

The extension of the above argument to the case of asymptotically flat space-times is
relatively simple. Again assuming that the Bondi shear is sufficiently small and the H-
space complex world-line is not too far from the “real,” the solution to the good-cut equation
(11.33),

u = &"(7)1a(C¢, Q) + Hyza(,¢, ) = G(,(.0), (II1.10)

with 7 = s 41, is decomposed into real and imaginary parts,

Setting the imaginary part to zero and solving for A we obtain an expression of the form,

A= A(s,¢, Q).

As in the flat case, for fixed s = s, A has values on a line segment bounded between some
Amin and Apax - The allowed values of 7 are again on a ribbon in the 7-plane, all values of
s and values on the A-line segments.

Each level curve of the function A\ = A(sg, ¢, () =constant on the ({,{)-sphere, (closed
curves or isolated points), determines a specific subset of the null directions and associated
null geodesics on the light-cone of the complex point £%(sq + iA(sg, ¢, ()) that intersect the
real J7. These geodesics will be referred to as “real”geodesics. As A moves over all allowed
values of its segment, we obtain the set of H-space points, £%(so + iA(so, (,()) and their
collection of “real” geodesics. From Eq.(ITI1.11), these “real” geodesics intersects J* on the
cut

u =G(so +iA(s0,¢, ), ¢, ).

As s varies we obtain a one-parameter family of cuts. If these cuts do not intersect

with each other we say that the complex world-line £%(7) is by definition a “time-like”

line. This occurs when the time component of the real part of the complex velocity vector,

v?(1) = d&*(7)/dr, is sufficiently large.
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C.

Summary of Real Structures

To put the ideas of this section into perspective we collect the claims.

In Minkowski space, the future directed light-cones emanating from a real time-like
world-line, z% = £%(s), intersect future null infinity, J*, on a one-parameter family of

spherical non-intersecting cuts.

The complex light-cones emanating from a time-like complex analytic curve in complex
Minkowski space, z* = £%(7) parametrized by the complex parameter 7 = s + i\, has
for each fixed value of s and A\ a limited set null geodesics that reach real 3*. However,
for a ribbon in the complex 7-plane (i.e., a region topologically R x I, with s € R
and A € I = [Auin, Mmax)), there will be many null geodesics intersecting J*. Such
null geodesics were referred to as “real”geodesics . More specifically, for a fixed s,
there is a limited range of A\ such that all the real null geodesics intersect J* in a full
cut, leading to a one-parameter family of real (distorted sphere) slicings. The ribbon
is the generalization of the real world-line and the slicings are the analogues of the
spherical slicings. When the ribbon shrinks to a line it degenerates to the real case.
We can consider the ribbon as a generalized world-line and the “real” null geodesics

from constant s portion of the ribbon as a generalized light-cone.

For the case of asymptotically flat space-times, the real light-cones from interior points
are replaced by the virtual light-cones generated by the asymptotically shear-free
NGCs. These cones emanate from a complex virtual world-line 2 = £%(7) in the
associated H-space. As in the case of complex Minkowski space, there is a ribbon in
the 7-plane where the “real” null geodesics emanate from. The “real” null geodesics
coming from a cross-section of the strip at fixed s (as in the complex Minkowski case),
intersect J* in a cut; the collection of cuts yielding a one-parameter family of cuts.
The situation is exactly the same as in the complex Minkowski space case except that

the spherical harmonic decomposition of these cuts is in general more complicated.
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Ezample: The (charged) Kerr metric

Considering the Kerr or the charged Kerr metrics (or even more generally any asymp-

0 vanishes and

totically flat stationary metric), we have immediately that the Bondi shear o
hence the associated H-space is complex Minkowski space [31, 32]. From the stationarity

and a real origin shift and rotation, the complex world-line can be put into the form
() = (7,0,0,4a), (I11.12)

with a being the Kerr parameter. The complex cut function is then

~

u = €GO (IL13)
= % - %a}ﬂ?3(<—72)7
LT
Y0 = Ve
so that the angle fields are

L =+2ia ¢ =
1+¢¢

L =—V2ia ¢ =,

1+¢¢
L= V2ia——.
1+¢¢

Using 7 = s 4 i\ in Eq.(I11.13), the reality condition u = @ on the cut function is that

A=A(s,(,() = ga}q%(CuZ)v

so that on the 7-ribbon, X ranges between =+ v/2 and the real slices from the ribbon becomes
simply u = s/v/2. O

Though we are certainly not making the claim that one can in reality “observe” these
complex worle-lines that arise from (asymptotically) shear-free congruences, we nevertheless
claim that they can be observed in a different sense. In the following section we will show

that there are simple physical measurements that do determine these compex world-lines.

IV. APPLICATIONS

We can now explore uses of our observations concerning light-cones and their general-

izations. The first issue addressed is the application, in Minkowski space, to the Maxwell
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equations and in particular to asymptotically vanishing Maxwell fields with non-vanishing
charge q. Specifically, we show that such solutions naturally define a complex world-line that
can be identified or referred to as the complex center of charge. It is determined from the
complex Minkowski space points where the (suitably defined) complex electromagnetic dipole

“y” magnetic dipole moment) vanishes.

(a combination of the electric dipole moment plus

The analogous problem for asymptotically flat space-times (either vacuum or Einstein-
Maxwell) is addressed with a unique world-line again arising, this time from the gravitational
part with its identification as the complex center of mass. These are the H-space points where

“” angular momentum)

the complex gravitational dipole (identified as the mass dipole plus
vanishes. For the Einstein-Maxwell case there will be, in addition, a complex center of
charge line.

A few words of explanation in a much simpler situation might be of use. In Minkowski
space, in a given Lorentz frame and coordinate origin, with given charge and current distri-
butions (or given mass and spin distribution), one defines the electric dipole moment (mass
dipole) on any time slice by an space integral over the charge density (or mass density) times
the position. By shifting the spatial origin, the dipole moment becomes a space-time field
depending on the origin shift,

—

— —
D*=D —gqR.

The zero values of this field determine the center of charge (or center of mass); R = ¢ 'D.

By extending this idea to include the magnetic dipole moment
— — —
DE&M = DE+ZDM.

H
and allowing the position, R, to take on complex values, we find the space dependence of

the complex dipole moments given by
= — —
pem = Deen —qRc. (IV.1)
so that the complex center of charge is given by 3*E& v =0or
— R
R(c =q DE&M- (IVQ)

The difficulty with this construction is that it is not Lorentz invariant: the transforma-
tions of the dipoles from one Lorentz frame to another is non-local and one does not obtain

(in any obvious manner) a unique center of charge/mass world-line.
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We use an alternate procedure to find the different “centers of motion.” Namely, the com-
plex dipoles are first identified from the asymptotic solutions with interior sources: they are
identified from the [ = 1 harmonics in the tetrad components (spin-coefficient components)
of the asymptotic Maxwell field and the asymptotic Weyl tensor, Eqgs.(I1.40) and (II.41).
(See the discussion immediately after Eq.(11.43).) These quantities depend on the choice of
the tetrad vectors at JT. If we choose the tetrad so that the null vector | = I, determines a
shear-free (or asymptotically shear-free) null geodesic congruence that focuses on points in
complex Minkowski space (or the GR case, on points in the virtual H-space), we see that
the associated dipole is a function (three complex components) on the complex Minkowski
space (or H-space). The vanishing set of this function (generically) determines the com-
plex world-line that is referred to as the complex center of charge or mass. The idea is
then to express the moments in terms of the complex world-line - or as an alternative, find
the complex world-line in terms of the complex dipole. To impliment this (in principle
straightforward) procedure is in practice rather involved, requiring severe approximations
and Clebsch-Gordon expansions of spherical harmonic products. We illustrate the procedure
in detail with the Maxwell field in flat space and then report the results (obtained earlier)

for the Einstein and Einstein-Maxwell cases with a minimum of detail.

A. Maxwell Fields in Minkowski space

Beginning with a complex world-line in Mg, 2 = £%(7), its family of cuts of J¢ is, as

discussed earlier,

u=up=c (ML C) = @ - %
L(u, ¢, ¢) = ¢ 4(T)ma(¢, ) = ¢ ' (1) Yy

Yy, (1V.3)

with L the angle field of its null normals. Note that ¢ has been explicitly reintroduced so
that the cut function u, with u,.; and 7, have the dimensions of time. This has the annoying

affect of causing the frequent appearance of c.

Remark IV.1 To avoid a plethora of terms involving \/2 we switch from the Bondi time

u = upg, to the retarded time, .o = V2ug so that

2 .
Upet = T — gc_lleloi (IV.4)
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Derivatives with respect to u.e; are denoted by a prime: Oy, F = F'.

We now illustrate how an asymptotically flat Maxwell field with non-vanishing charge
determines a unique complex center of charge world-line, £%(7).

We have, first, the asymptotic solution

e
b= 400, V.5
0
o1 =3 +0(r)
b= % 400
r

with the spherical harmonic decomposition

(bO ¢0@1/11@ + ¢OZ_] 2@] (IV6)
¢2 ¢2ZYVM + ¢2zy 27,] + (IV8)

and physical identifications
§Z58 = 2q77i(uret)ylli +ct W(uret) 2ij T - (IV.9)

V2 5o
5 ¢ 2QJ”(Uret)Y20m+

¢0 - q+ \/7qc ! Zl(uret)y +
1
Y _3Q ]///( Tet) 2” + ..

¢ — _2qc 2 Hl(“ret)}/lz_'l o

The quantities gn' = D\, = D% +iDj, and Qfg are respectively the complex (electric and
magnetic) dipole and complex quadrupole.

Under the null tetrad rotation, Eq.(I1.21)

L L
B =12 =1 —c—m* — c—m"+ O(r7?), (IV.10)
r r
L
m* = m® —c—n’, (IV.11)
T
n* = n® (IV.12)

the leading Maxwell field terms transform as

2= ) —2cL @9 4 P L?¢Y, (IV.13)
:QS?—CLng,

*0 40

2 T ¥
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The procedure to determine £%(7) is the following:

In the first equation of Eq.(IV.13), written as
o) = ¢ + 2cLe) — P L*¢9, (IV.14)

replace the u,.; (appearing in ¢9, ¢9 and ¢9) by e = 7 — L2V from (IV.3), and for
fixed 7, assume that the [ = 1 terms in ¢ vanish.
Formally, by extracting the remaining [ = 1 terms in Eq.(IV.14) via the integral at

constant T,
fgz Py 1dS = 7{@(20&;5(1] — LYY, 1dS, (IV.15)

we have the exact functional relationship between the dipole ¢n* and the world-line £%(7).

Unfortunately, it is extremely difficult to get explicit relations from Eq.(IV.15) and ap-
proximations applied to Eq.(IV.14) must be used. Our basic approximation is to consider
the £%(7) to be of the form £(7) = (7,£%(7)) (using a 7 re-scaling of the form 7 — F(7))
with both % and the 1’ to be “small.” We retain only terms up to second order and harmonic
expansions up to [ = 2.

Writing out Eq.(IV.14),

@ = & +2cLy — L@y,

using Eqgs.(IV.9), with w,e = 7 — 2c ()Y and L = ¢ '€ (7)Y}, by omitting cubic

terms including L?@J , then using the first two terms of the Taylor series
F (T V2 Y ) = F(r) - \[ cIEYRF(T), (IV.16)

and the Clebsch-Gordon expansions of the products of the spherical harmonics (see Appendix

A) we finally have (after simplification) for just the [ = 1 harmonic terms

; \/§ - 7 )
" = q* - 250 0 + o ¢ PQEE" (IV.17)

The first thing we notice is the linear relation:

i (1) =& (7). (IV.18)

This can be fed back into Eq.(IV.17) in either of two ways resulting in either of the

relations:

26



1 2
nk gk Z2C 5 52/61 e+ \1/_07q—lc—2sz//£ ’ (IV19)

1 7. \/i — YA (A
f —77 +Z2C 177177,‘52“9 ﬁq e 2Qk”€a

which determine the complex dipole in terms of the complex world-line or the world-line in
terms of the complex dipole.
Note that though all the expressions are functions of 7, the 7 can be replaced by u,..; with

no other changes needed due to our approximation scheme.

B. Asymptotically Flat Space-Times

Turning now to the Einstein (or Einstein-Maxwell) case, we basically repeat the procedure
used in the Minkowski space Maxwell field example.

We begin with an unknown complex world-line in H-space, z* = £%(7), to be determined
by the existing asymptotically flat space-time. Its family of cuts and null normal angle field

of J¢ is, as discussed earlier (c.f., (I1.36), (I1.33), etc.), given by

u=c1G(1,( () (IV.20)

- C_lga(T)Za(CaZ) + C_lHl>2(§a(T)a CaZ) = C_lga(T)Za(CaZ) + C_lﬁ]l>2(7_a Ca C)a
VI Ly + ey,

2 2
L(u,¢,¢) = ¢ '0,;G(7,¢, Olrpucey = ¢ €'(7 )Yfz—ﬁc ()Y + (IV.21)
o (T7C7 C) = (T C C) - 24&‘”( ) 2@] (IV22>

We now show how a given asymptotically flat space-time determines the complex center
of charge world-line £*(7).

Returning to the “peeling” theorem:

o = Yor " +0(r™°),
= Yirt 4+ 0(r),
e = Pyr > + O(r™Y),
by = Y5r 4+ 0(r ),
e = Yirt +0(r?),



with the transformation law of the leading terms under a null rotation,

o0 =) — AcLp}® + 62 L2050 — AP D330 + LAY, (IV.23)
10 = 0 — 3L + 3P L2 — ALY, (IV.24)
50 = — 2cLypy + LYY, (IV.25)
30 =15 — Ly, (IV.26)
=, (IV.27)

we can then determine the transformation law for the physical quantities that are identified

in the following harmonic components.

The (truncated) harmonic expansions with their (approximate) physical identifications

are

Wy =g Ve, + ... (IV.28)
Uy =Yy

) = — 3% — ¢ o050

U=U=0"4+0v]+ ..

) = ¢ og”

U0 = —c 3G
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and

0" = approximately, the quadrupole (IV.29)
D (yrar) = Dimass) + 167 TF = —0122\2 0 (IV.30)
Y= —6{G( (mass) T ¢ ") (IV.31)
U =) + 0% + ¢ 0% (IV.32)
U=U=0"+0Y+ (IV.33)
= —MBng — QP’YS + ... Mass Aspect
Mp = 2\/2_ , Bondi mass (Iv.34)
Pl = —@\Iﬂ Bondi linear momentum (IV.35)
0¥ = 24¢£%Y, 2w . Bondi asymptotic shear. (IV.36)
¢V = (€ +ig)) = (@i +1Q55) (IV.37)

12@ 4

Remark IV.2 The relationship between 1% and the mass dipole, D , and angular mo-

mentum, J¢, is usually considered to be more complicated than stated here, often involving
quadratic terms in the Bondi shear [33]. The trouble is that there are disagreements in these
quadratic terms in the different versions. We have simply left them out here and note that

m our approrimations the disputed terms do not appear.

Concentrating on the transformation of the dipole, Eqs.(IV.23)-(IV.27), our focus is only
on Eq.(IV.24), which can be rewritten as

U = 1% + 3eLaby — 3¢2 LAy + P L2y (IV.38)

We first note that the [ = 1 term in ¢} is proportional to the complex gravitational
dipole, DC( grav) ( ). Our procedure is now to replace all the us that appear in Eq.(IV.38)
by et = (vV2¢)24(T),(C,C) + (V2) " H52(€%(7), ¢, €) (i-e., Eq.(IV.20)), and remember
that L also depends on £%(7). Then, from our basic assumption, we take the [ = 1 term in

10 to vanish and finally extract the [ = 1 harmonic coefficients from Eq.(IV.20). Formally,

this is done via the integral expression
§UIVTaS = § (BeLuf — 3L + SV S, (1v.30)
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which on the left-side contains 7 and the dipole D? while the right-side contains 7, the

C(grav)

unknown world-line £(7) and the Bondi shear, ¢°.

Though in principle this equation should allow us to establish the relationship between
D?ﬁ( gravy a0d £(7), in practice this is not possible: we must to return to Eq.(IV.38) and use

harmonic and Clebsch-Gordon expansions with severe approximations and finally collect the

[ =1 terms directly.

1. A Poor Approximation: Results

We first describe a preliminary procedure for extracting the complex world-line from
an asymptotically flat space-time rather explicitly. The following approximations are used:
the Bondi mass is taken as zeroth order while all other variables are first-order with the
calculations done keeping terms up to second order. In this preliminary version, the harmonic
expansions keep only the [ = (0,1) terms. This implies the severe condition that the Bondi
shear (0°) be taken to be zero. Later this condition is relaxed.

Via these approximations Eq.(IV.38) becomes

U (u, ¢, ¢) = 1’ + 3eL(r, ¢, O ¥(u, ¢, Q). (IV.40)

Using the retarded time wu,..; = V2w instead of the Bondi time, then replacing all the
UpesS DY Upey = T — L2c71€(7)YY and finally Taylor expanding with (IV.16), Eq. (IV.40)

becomes (with physical identifications inserted):

i V2 1 iy g 6v2G 18G
V()Y = e Y MEVEYE = —— 5 Ml )Yy - — PIE(MYRYy. (VAL

Finally after Clebsch-Gordon expansions and the use of the (linearized) Bianchi identity,
Eq.(11.44),

V2U¥ =2c0°YE = 4V = V200 = —6\/2§GP (IV.42)
c
the three complex [ = 1 coefficients of (IV.41), (with &% = €& 4 i&¥), yield
(D(mass) + Zc_l']k> Mp (5?2 + 7’5?) o €ijkc_lpi(i£§2 - 5})7 (IV43>
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or the pair of real equations,

D?mass) (T> = MB&}%(T) + C_1€ijkpi£}‘7 (IV44)
JE(T) = cMpEF(T) + e PIEL(T). (IV.45)

From Eq.(IV.42), we immediately get the kinematic definition of the Bondi momentum in
terms of the complex world-line. In addition, we have the conservation of angular-momentum

which arises from the reality of the mass aspect, ¥, Eq.(IV.33):

Pl = D{ e = Ml + ¢ e Mp(€5'€7), (IV.46)

(mass

JE=0. (IV.47)
There are several things of significance that should be pointed out here.

e If the higher gravitational moments and electromagnetic terms were included, these
results, Eqs.(IV.44)-(IV.47), would all be augmented by further terms. In particular

there would be a non-vanishing angular-momentum flux. See below.

e In the expression for the angular momentum there are two terms, the second being
the conventional orbital angular momentum while the first has been identified, via the

Kerr metric and the charged Kerr metric [34], as the intrinsic spin angular momentum.

H
e The mass dipole contains the conventional M R plus a momentum-spin interaction

term that creates a spin-velocity coupling contribution to the linear momentum.

These results - basically kinematic, aside from the conservation of angular-momentum -
have been derived, with severe approximations, by associating the idea of a complex center
of mass curve with a complex curve in H-space.

In the same vein (with the same approximations), we obtain the dynamic law for the

motion of the real part of £&¥ (i.e., €& ). From the second Bianchi identity, Eq.(I1.45)
V2UY = =0 + co®) = Y =0 (IV.48)

we have that Mp and P* are constant, i.e. conservation of energy and momentum:

My =P" =0. (IV .49)
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2. A Better Approxzimation (with Bondi shear): Results

For a more accurate description/determination of the complex world-line associated with
a given asymptotically flat Einstein (or in the following subsection, Einstein-Maxwell) space-
time we restore, in the calculations, the Bondi shear and include the effects of the Einstein-
Maxwell equations. Rather than redoing the calculations from the beginning, using the same
procedures as in the previous section, we simply give the final results. The approximations
are basically the same: the Bondi mass is zero-order, while all other variables are first -order;
in the calculations only quadratic terms are retained. However the harmonic expansions now
include the [ = (0, 1,2) harmonics. In addition, since a Maxwell field (with non-vanishing
total charge) is allowed, we have, not only the complex center of mass line, z* = £%(7), but
at well the complex center of charge line. It is denoted by z* = n®(7). In general the two
line are different, though in special circumstance they can coincide.

The idea is to start with Eq.(IV.40), use the known expression for ¢9(ue, ¢, () and

W (tyet, ¢, C), in terms of the physical gravitational moments, then replace every t,..; by

V2

Uret = 70_1X(§a(7—)a Ca Z)a (IV5O)

LY+ VA (Y, +

set the [ = 1 coefficients of ¥{° to zero and finally extract the [ = 1 coefficients from the
entire equation - a long process involving repeated Clebsch-Gordon expansions (c.f., [7, 16]).

This process leads to

U = —6V2Gc (D gas) +ic ") (IV.51)
, , . , 4G ” i
( Emass) + ic_ljl) = MBgl + iC_IPJ£161J2 - ﬁpl Zér/zlw - Q(l}/;avg

. 3G 1k ~kjr -
7’5 6 ¥ Grav Grav €lji

or from the real and imaginary parts,

i i - j 4G Ve
D(mass) = MB&BR t+c 1€.lfpjeijl ﬁp l\ilgss
3 . 6G "
- 50 ( l\l/[/;usng + Q l[/)/mgl) ﬁgssQngn €lji
(] ] j Pt 2 3 7 (]
J = MBC&I + Pjgé%elji - QSJpllln - ( h%gssgl Qslglngé%)
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the definition of the mass dipole and angular momentum in terms of the complex world-line
The kinematic definition of the linear momentum and the angular momentum conser-
vation law are then found by extracting the [ = 1 harmonics from the Bianchi identity,

Eq.(I1.44), (the evolution equation for 1Y)

0 = ) + 209,

or
2 2
9= —gcé\lf + gcﬁ?’ﬁ + 30%9(7). (IV.52)
leading to
C 1 12G
( E;nass) +c 1J“) PZ +1 F Ig}lrlzlel(j};;/V €jki-

7

(mass)and J* we obtain, from the real part, an ex-

Then inserting the expressions for D

pression for the linear momentum

12G
P’ = Dljany = oz (@A) e (IV 53)
P' = Mg&l, + 3, (IV.54)
i - j 4G i )i 3 i i
&13 =cC l(é-éPJ)/Eﬂi - @(P Ql\zlz;/ss)/ - 5¢2 ( l\l/ﬁissé-R Sl[/)/inglly

3G (i QU o
C Mass ¥ Spin €iki,

and, from the imaginary part, the angular momentum conservation law:

J" = (Flux)’, (IV.55)
. . . ; 3 ;
J' = MBC€} + ijézelji - QS]p/lln - ( Z\l}/assgl Q.Sl’gmgéz)’ (IV56)
126G :
(Flux)’ = == (QUi Qs + @';;z;@g;';;) (1V.57)

Finally, from the [ = 0,1 parts of the Bianchi identity, Eq.(11.45), the evolution equation

for the mass aspect
¢g = _6¢g + 00¢27
or

V2
\I/, _ 0'0,50/,
C

(IV.58)
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we obtain both the energy loss expression and the evolution of the momentum, i.e., the
equations of motion.

The energy (mass) loss equation, from the [ = 0 part, is
M. — G i g ijn g
B — _g ( Mass ¢ Mass + QSpinQSpin) ’
the known quadrupole expression, while the momentum loss equation, from the [ = 1 part

of (IV.58) becomes a version of Newton’s second law:

k
P Frecmb
k _ Ljm ~ijm lgnr ~ijnry
Frccoﬂ 15 6 (QSpin Mass CQMaussC?Spin>€2”€'

(IV.59)

Finally substituting the P from Eq.(IV.53), we have Newton’s 2nd law of motion;

M€l = — Mgl — P = [ (IV.60)

recoﬂ

3. Results for Einstein-Mazwell Space-times

The calculations that were performed earlier for the vacuum GR case can be extended to
the Einstein-Maxwell case with considerably more effort. Rather than going into the details
we will simply present the main results. The Maxwell field considered has only charge and
dipole terms: with a bit of effort quadrupole terms could be included. The main change

needed is the modification of the asymptotic Bianchi identities to include the Maxwell field:

U8 = —0yg + 0% + keyeh, (IV.61)
O = =0y + 20%¢5 + 2k 6%, (IV.62)
k=2Ge . (IV.63)

where the fields ¢ and ¢9 are given by Eqs.(IV.9).

The result of the calculations are

oi 6\/_G

r= ———(Dimass) + i1 J"), (IV.64)
1€mi N - 4G .
(Dlass) + i J*F) = Mpek + —’“gmpl 3q2e,mk5 V- ZPQEL, (IV.65)
\/_Gq _ kjn 3G i ijn
LT 15¢6 77] ! Ié]rav ) JQG]raV - GemijGrng(Zxrav
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or

(mass) — MBgR —C 1P]€§€kji - E (5?{@1\3‘[’2;55 + ggQSJI;in) (IV66)
2
i 4G ;i 3G .
+302 (5}7]%, o 61%77];”) €jki — @P]Ql\%al‘ss - 5¢0 llf/llgssQSfalllrl €154

V26

VUraiil j// gl
+ 1506 (nR Mass CQSpin)

and
J' = eMp&i + EpP ey — = (Q¥rasslT — QSpinh) (IV.67)
2
q 4 7, \/qu 7 i
_'_% (5277%/ + 5?7]?//) €kji — QSJ;;in 15¢5 ( ]//Qsjéin - J// l\g[/z;ss) :

From the Bianchi identity, Eq.(IV.62), we have

: 13 C2¢%,, 12Gi 2V/2ig? ., .
zrrlLass) + zc—ljz I — pi + B—Zgﬁm + 7 ]él;lanlG];/;V ]kl \é;lq nk,ﬁjﬁejki

or, from the real part,

i i 2q° i - j q
P'= Mpy = o — ¢ (P& ewji + 5 5 (6 — Eht") n (IV.68)

3c3
2\/§q ki g1 4G ijn \! \/§Gq i1 ~iji 1 ~ijrr !
+ 3o (771/77%) €iki — 5¢ =5 (P] l\g[ass) + 15¢6 (7]?2 l\a[ass ] CQS]pin)

3 S 3G ) /
7 N Vo Lkn Ljn
- 5¢2 (gRQMass + ngSpin) + 6 <QSpin Mass) €jkis

and imaginary part

J" = (Flux)" (IV.69)
. 2V2¢? 12G , , 2¢° |
(FIUX) = 33 (ngn%, + 77}6/77}”) €jki T ? ( i\lzgss i\i[/z;/ss + QlSkp!:anS];Z/n) kji = @nlﬂ‘

Alternatively, we can consider the term 217}” as a contribution to the total angular

momentum rather than the flux. Using this alternative definition of angular momentum,

i i, 20
Jr=J @771,,
where J' is given by Eq.(IV.67), leads to a modified flux law:

J¥ = (Flux) (IV.70)
2v/2¢?

Z. 12G -
(Pl = =255 iy + ") €+ o (@i + QU Q) e

35



Finally from the Bianchi identity, Eq.(IV.61), we have the mass loss and momentum loss

equations:
M, . G ijm g I ~ig 2(]2 il il IV 1
B — _g ( Mass % Mass + QSpinQSpin) - 3? (nR Nr + N1 N ) ( 7 )
_ 2G kg ~ljm kjn ~ljm 2 kg ki g V.72
6 QSpin Mass QMassQSpm €lki + 3 (77] Mr — MR ) €jki- ( : )

C. Interpretations

There are a variety of comments to be made about the physical content contained in the

above kinematic and dynamical relations:

e A subtle (but not essential) comment for completeness should be made. We have used
the symbol ¢n® for the complex electromagnetic dipole and n® for the complex center
of charge. The two ns are related by a non-linear term, given explicitly by (IV.19)).
Rather than go into a detailed explanation of our usage which could be confusing, we

note that the effect is that a small quadratic term in J4. is missing.

e The first term of P? Eq. (IV.68), is the standard Newtonian kinematic expression for
the linear momentum, Mg&F . This is followed by a spin-momentum coupling term of

- =
the form (S x P)'.

e The further term, —2¢*¢*n%’, which is a contribution to the linear momentum from
the second derivative of the electric dipole moment, gnk, plays a special role for the
case when the complex center of mass coincides with the complex center of charge,

a

n® = &% In this case, the second term is exactly the contribution to the momentum

that yields the classical radiation reaction force of classical electrodynamics, [35]
c2qel. (IV.73)

In this special case we have a rather attractive identification: since now the magnetic
dipole moment is given by D}, = ¢£¢ and the spin by S? = Mpc€}, we have that the

gyromagnetic ratio is .
|SZ| MBC
C Dyl

leading to the Dirac value of the g-factor, i.e., g = 2.
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e Many of the remaining terms in P?, though apparently second order, are really of higher
order when the dynamics are considered. Others involve quadrupole interactions,

which contain high powers of ¢1.

e The complex electromagnetic dipole moment, given in general by
Diggerr = (0 + inp) = D +iDjy,
becomes, when the world-lines coincide, D%, = q(&k + i€).

e In the expression for J* (IV.67) we have already identified, in the earlier discussion, the
first two terms, S* = Mpcé&) and Mp&k/€he;.; as the intrinsic spin angular momentum
and the orbital angular momentum (i.e., 7 x F)) respectively. An interesting contribu-
tion to the total angular momentum comes from the term, 2¢~2¢*n}’ = 2¢72¢Di, i.e.,
a contribution to the total angular momentum from a time-varying magnetic dipole.

A question arises: is this an observable prediction?

e Our identification of J* as the total angular momentum in the absence of a Maxwell
field agrees with most other identifications (assuming our approximations) [33]. Very
strong support of this view, with the Maxwell terms added in, comes from the flux law.
In Equation (IV.70) we see that there are four flux terms (more arise if we included
electromagnetic quadrupole radiation): the first and second come from the Maxwell
dipole flux, while the third and fourth are the gravitational quadrupole flux terms. The
Maxwell dipole part of the flux is identical to that derived from pure Maxwell theory
[35]. We emphasize that this angular momentum flux law has little to do directly
with the chosen definition of angular momentum. The imaginary part of the Bianchi
identity, Equation (I1.45), is the conservation law. How to identify the different terms
(i.e., identifying the time derivative of the angular momentum and the flux terms)
comes from different arguments. The identification of the Maxwell contribution to total
angular momentum and the flux contain certain arbitrary assignments: some terms on
the left-hand side of the equation, i.e., terms with a time derivative, could have been
moved onto the right-hand side and been called “flux” terms. Our assignments were
governed by the question of what terms appeared most naturally to be explicit time

derivatives (thereby being assigned to the time derivative of the angular momentum),
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or which terms appeared to be physically more likely to be an angular momentum

term.

The angular momentum conservation law can be considered as the evolution equation
for the imaginary part of the complex world line, i.e., £ (uye). The evolution for the

real part is found from the Bondi energy-momentum loss equation.

The Bondi mass, Mg = — 2\;;0 W0 and the original mass of the Reissner-Nordstrom
(Schwarzschild) unperturbed metric, Mrx = _2\;;0 99 (i.e., the [ = 0 harmonic of

YY) differ by a quadratic term in the shear, the [ = 0 part of 095", This suggests
that the observed mass of an object is partially determined by its time-dependent

quadrupole moment - if it exists.

In the discussion of the Bondi energy loss theorem (IV.71), we saw that we can relate

£ (i.e., the [ = 2 shear term) to the gravitational quadrupole by

\/§G ig I

244 ( Mass + ZC2Spin) - :

2404

¢V = (&f +igf) = (IV.74)
to obtain the standard quadrupole energy loss.

The Bondi mass loss theorem with electromagnetic dipole and quadrupole radiation

becomes
M/ _ G i1 ~Nig I g M~ I
B — _g ( Mass % Mass T CQSpinCQSpin) ( V75)
2 2
e D“,D“,—I—D“,D“,) ( ijm 2]1/1+Qz]/1/ 2]1/1)
3cd ( 45¢7

with the first term the conventional gravitational radiation with the second and third
terms the electromagnetic dipole and quadrupole radiation loss. The momentum loss

with electromagnetic quadrupole contributions becomes:

2
il G ~lgn Y jm ki i T
P 1506 (QSpm Mass QMassQSpm) €iki + 3 (T]I Mg — NMr N1 ) €jki

2 Ljm ~kjm Ljm ~kjt
RETANUA R

There are several things to observe and comment on concerning Egs. (IV.60) and (IV.59):

Returning to the case when the complex center of mass and center of charge coincide
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the resulting equations of motion for the world-line, namely:

MB&%, + gc_gqgg”~ = Fr]Zcoil - MB/é.% - ip“ ="

we observe and stress that, aside from several extra terms, these equations coincide
with the Lorentz-Dirac equations of motion - this includes the hyper-acceleration term
and the mass loss term, My&%. This result follows directly from the Einstein-Maxwell
equations. There was no model building other than requiring that the two complex
world lines coincide - a strong condition, perhaps equivalent to a point particle as-
sumption. Furthermore, there was no mass renormalization; the mass was simply the
conventional Bondi mass as seen at infinity. Further structures (e.g., spin) could re-
main. The problem of the runaway solutions, though not solved here, is converted to
the stability of the Einstein—-Maxwell equations with the “coinciding” condition on the
two world lines. If the two world lines do not coincide, i.e., the Maxwell world-line
is formed by independent data, then there is no problem of unstable behavior. This
suggests a resolution to the problem of the unstable solutions: one should treat the
source as a structured object, not a point, and centers of mass and charge as inde-
pendent quantities. Alternatively, it might be possible that the extra terms in the
equations might stabilize the equations. It is however hard to see how this could be

demonstrated.

The F_, is the recoil force from momentum radiation, other force terms could be

considered as gravitational radiation reaction.

There are alternative perturbations schemes that use variations of the procedures used
here. An example is the determination of the gravitational radiation in a Schwarzschild
or Reissner-Nordstrom space-time induced by a time-dependent Maxwell dipole radia-
tion field. The physical identifications agree with those found in the present work. For
instance, the perturbations induced by a Coulomb charge and general electromagnetic

dipole Maxwell field in a Schwarzschild background lead to energy, momentum, and
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angular momentum flux relations [36]:

2 ) ) ) )
My = -2 (DY DY + Dy Diy) (IV.76)
. 1 ,
Y = DY Dif e,
2 ) . ) .
JH = 33 (D' DY + Dy D%y €iji,

all of which agree exactly with predictions from classical field theory [35].

The familiarity of these results and those in the full text act as an exhibit in favor of the
physical identification methods described in this work. That is, they act as a confirmation

of the consistency of the identification scheme.

V. DISCUSSION & CONCLUSION

We have studied and described a variety of geometric structures, all occurring within
the confines of classical special and general relativity, which strongly resemble ideas in
other areas of physics. Our complex-conjugate method for describing a real, twisting shear-
free, or asymptotically shear-free NGC places the congruence’s caustic set (in Minkowski
space, interpreted as its source) on a closed curve propagating in real time; or in more
suggestive parlance, a classical string or world-tube. The dual description, or holomorphic
method, constructs a complex NGC (a complex light-cone congruence) whose apex is on
complex world-line in either complex Minkowski space (the shear-free case) or H-space
(the asymptotically shear-free case). When one imposes a reality structure on the null
geodesics of this congruence (i.e., asks that they intersect the real asymptotic boundary),
the source becomes a real two-dimension (complex 1-dimensional) open world-sheet, also
oddly reminiscent of string theory.

Furthermore, the role of J¢ as the object which interpolates between these two dual de-
scriptions is reminiscent of the conjectured holographic principle [2, 3]. In particular, we can
think of a real, twisting asymptotically shear-free NGC as determining data on J& (i.e., the
complex-conjugate construction), which in turn acts as a “lens” into H-space, which serves
as a virtual image space for the real space-time, where the real twisting NGC becomes a
complex, twist-free NGC. Hence, one is tempted to refer to J¢ as the holographic screen for

some application of the holographic principle to classical general relativity. This should be
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contrasted against the most famous application of the holographic principle: the AdS/CFT
correspondence [4, 5]. Here, the AdS boundary acts as a holographic screen interpolat-
ing between type IIB string theory in AdSs x S° and N/ = 4 super-Yang-Mills theory in
Minkowski space-time. It is interesting that we have found structures so closely resembling
the underlying holographic principle, but which involve nothing like extra dimensions or
supersymmetry.

Our observations also raise a series of potentially interesting questions related to fleshing
out the alluded-to connections between general relativity and more ambitious theories. For
instance, is it possible to write down a sigma model for the embedding of the open world-
sheet (the holomorphic method) into H-space which yields the real cuts of 37?7 Also, can the
role of the future asymptotic boundary as a holographic screen be made any more precise?
Furthermore, we have seen (with several examples) how the geometry of the virtual image
space (H-space) allows us to make physical identifications from data on the holographic
screen. This indicates that our virtual image space represents the “physical information”
side of some holographic principle, in the same way as the conformal field theory (CEFT) side
of the AdS/CFT correspondence.

It should be noted that in 't Hooft’s original work connecting gauge theory and string
theory in the planar limit, no supersymmetry was introduced [1]; an extra dimension for
string propagation does enter for anomaly cancellation, though. It could be possible that
the analytic continuation of J* to the holographic screen J¢ in our investigation serves an
analogous purpose, adding the degrees of freedom necessary to solve the good cut equation
and construct the virtual light cone congruence. However, it is unclear whether further
degrees of freedom (in the form of additional dimensions) would be needed if our notion of
the source of “real ” null geodesics as an open string in H-space were taken seriously (i.e.,
if one attempted to quantize the theory of such “strings”).

Other (perhaps less abstract) questions immediately arise. Since we obtain many of
the standard classical mechanics kinematic and dynamic equations, is it possible that the
standard quantization could shed light on the difficult issues of quantum gravity? Since the
material described here is closely related to Penrose’s twistor theory (via different versions
of the Kerr theorem relating shear-freeness and twistors; c.f., [7, 32, 37]) is there a twistorial
version of the present findings? Though the material presented here deals with the apparent

or “virtual” motion of compact sources as viewed from a great distance, can it be modified
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or generalized to treat interacting bodies? Can or should these complex world-lines with

dynamic evolution and spin structure be taken at all seriously - and in what context?
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Appendix A: Tensorial Spin-s Spherical Harmonics

Throughout the text, we have made use of tensorial spin-s spherical harmonics, Y,% j(g 0),
to expand analytic functions on the 2-sphere. Although these are closely related to the usual
spherical harmonics familiar from other arenas of physics, the incorporation of spin may be
new to some readers. This appendix reviews the basic properties of the spin-s harmonics and
includes some of the Clebsch-Gordon expansions of their products used in our calculations.
For the original treatment of this material, see [25].

Before introducing these functions though, we recall the definition of the d-operator (also
used throughout the text), which acts as a spin-weighted covariant derivative on S? [28].
Suppose f : S? — C has spin-weight s; then

ar°f)
ac

8f:P“@%;Q, (A1)

of = P\

where P is taken to be any conformal factor on the 2-sphere (in the text, we always take
P =1+ (¢). We see that an application of the J-operator raises spin-weight by 1, while 0
decreases it by one. As we will see, this property allows us to move among the spin-weighted

tensorial spherical harmonics simply by applying differential operators.

1. Spherical Harmonics

Some time ago, the generalization of ordinary spherical harmonics Y, (¢, () to spin-
weighted functions (5 Y7, (¢,¢) (e.g., [28, 38]) was developed to allow for harmonic expan-

sions of spin-weighted functions on the sphere. We have used instead the tensorial form of

42



these spin-weighted harmonics, the so-called tensorial spin-s spherical harmonics, which are

formed by taking linear combinations of the (5Y;,(¢, ) [25]:

Yk = Z K7™ (S)Ylm,

where the indicies obey |s| < [, and the number of spatial indicies (i.e., i...k) is equal to .
Explicitly, these new spin-weighted harmonics can be constructed from first defining Y}, .

We impose our special 2-sphere Bondi null tetrad:

W 1 s e _

! = /3P (P, ¢+¢, —il¢—Q), =1+¢(), (A.2)
a 1 . = =

n :@(Pv _(C_'_C)v Z(C—C), 1_CC)7

Aa_i 2 ) =

m _ﬁp(0,1 ¢, —i(1+ %), 20),

P=1+((

We then project these to their covariant duals, and take the spatial parts to obtain the

1-form components, along with a useful additional form ¢; = I; — n;:

o _]' 2 ~2 -~
mz—\/ﬁp(l ¢ —i(1+¢%), 20),
C; = —\/E'éEi]’km]’mk.

From this, we define Y}!, , as [25]
Vi = mamg..my, (A.4)
Y, = mimg.amy,.

The other harmonics are determined by the action of the d-operator on the harmonics

we have defined in (A.4). In particular, it can be shown that

sti k= 0 (Y}lzk) ) (A-5)
=0T ()

T...

We now present a table of the tensorial spherical harmonics up to [ = 2, where we truncate

all of our expansions in this paper. Higher harmonics can be found in [25].
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e [ =0

Y9 =1
o /=1
Yii =m;
Yii=—c
lel = m;
o [ =2
Y5, =mim; Yo = — (cimy +mic;) Yo, = 3cic; — 20
Yol =iy Yo = — (com; + myc;)

In addition, it is useful to give the explicit relations between these different harmonics
in terms of the 0-operator and its conjugate. Indeed, we can see generally that applying
0 once raises the spin index by one, and applying 0 lowers the index by one. This in turn

means that
61/72/& =0,
C;Wfl..k =0.
Other relations for [ < 2 are given by:
OYy; = Yy; = oYy,
oY3 — 2!
oYy = —2Yy;"

83/2%; = Yzlzg
52}/22@' = Y22j
5}/2% = _6Yzlij

6}/21@' = _4Y22ij

Finally, due to the non-linearity of the theory, throughout this review we have been forced

to consider products of the tensorial spin-s spherical harmonics while expanding non-linear
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expressions. These products can be expanded as a linear combination of individual harmon-
ics using Clebsch-Gordon expansions. The explicit expansions for products of harmonics
with [ = 1 or [ = 2 are given below (we omitt higher products due to the complexity of the

expansion expressions). Further products can be found in [25].

2. Clebsch-Gordon Expansions

o [=1withl=1

7 1
YY) = \/§€z’jkY11k + 2Y21ZJ
1 z\f 1
2 1
VoYY = 552'1 + gyzgj
o [=1withl=2
Y YV222] = YVZS%]I@
6 1
VYo = ——%Yﬁ- + = (0 Y1 + 0u Y1) + £Yaig
3 3 7 2
VYo, = Y125Jk 5Y15 ngk% + 7 (€ir Yoy + €ijtYars) + g}/zilijk
1
Y111Y213k = _55 (Yllzyzgk)
3 3 1 V2 1
Yo Yii, = 103/101% + 105/10]5 EY&% t05 (ki Yoy + €irYal;) — 30Y30mk
2 3 3 7 4
YY), = Yu@k te Y0 + 5Y11k5m 33 (€imYay + €Y ors) + 15Y31Uk
3 3 1 f 1
YSZJYO =0 (Y3, Y1)
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