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Abstract

Tidal Love numbers describe the linear response of a compact object under the presence of external tidal

perturbations, and they are found to vanish exactly for black holes within General Relativity. In this paper

we investigate the tidal deformability of neutral black holes when non-linearities in the theory are taken

into account. As a case in point, we consider scalar tidal perturbations on the black hole background, and

find that the tidal Love numbers may be non vanishing depending on the scalar interactions in the bulk

theory. Remarkably, for non-linear sigma models, we find that the tidal Love numbers vanish to all orders

in perturbation theory.

1 Introduction

Black holes and gravitational waves represent two of the most striking predictions of General

Relativity, and they come along when one considers a binary system of black holes orbiting around

each other and emitting gravity waves as the coalescence proceeds. The measurement of this

gravitational radiation therefore provides a powerful tool to shed light on the nature of gravity in

its most extreme regime and on the search for signatures of new physics [1].

Within this theory, the black hole mass, angular momentum, and electric charge uniquely define

their multipolar structure. The latter is not relevant during the early stages of the inspiral phase

of a compact binary, since the two bodies behave as point masses [2]. However, as the orbital

separation sufficiently decreases due to gravitational wave emission, the tidal interactions between

the two bodies become important, and higher-order post-Newtonian corrections come into action.

These tidal effects are usually described in terms of the tidal Love numbers [3]. The tidal Love

numbers depend on the internal properties and structure of the deformed compact object, and are

found to impact gravitational wave emission at fifth post-Newtonian order [4].

Assuming General Relativity, the tidal Love numbers of non-rotating and spinning black holes

are found to be exactly zero [5–14]. This result has generated a problem of “naturalness” in the

gravitational theory [11] and reveals underlying hidden symmetries of General Relativity [15–26].

This property is, however, fragile, since it is broken in higher dimensions [15,27–31], in the context

of modified gravity [32–35], or due to environmental effects around the black holes [36–40].

Known results on tidal Love numbers usually assume linear response theory, based on a weak

external tidal field, and consider free massless perturbations on the black hole background. General
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Relativity, on the other hand, is a non-linear theory. The issue of non-linearities has been deeply

investigated in the context of black hole perturbation theory and quasi-normal modes [41–49]. It

has recently received further interest since black hole merger simulations have shown that not only

first-order but also second-order effects are relevant to describe ringdowns [50–56].

In this paper we investigate the role of non-linearities in the context of tidal deformations. For

simplicity, we focus on self-interacting scalar fields on a fixed Schwarzschild background, treat-

ing interactions perturbatively. Scalars are simpler to deal with, since they avoid the issue of

parity-even and -odd perturbation mixing that would arise for spin-1 (electromagnetic) and spin-2

(gravitational) non-linearities, as well as issues of gauge invariance.

In a linear theory, a basis of two linearly independent solutions can be chosen to have the correct

growing/decaying behavior at spatial infinity and regularity/divergence behavior at some finite

distance. They correspond to the usual “external source” and “response” components. The Love

number is easily defined as the relative coefficients of these two independent solutions. However, one

can no longer separate them in a non-linear theory, such that defining the Love number becomes

subtle. Despite this difficulty, the presence of fall-off tails may still signal a tidal response in a

non-linear way. Therefore, for different self-interactions, we compute the solution of the scalar

perturbations on the black hole background and determine their asymptotic behavior to look for

tails at each multipole.

We consider three families of interacting scalar theories:

• Potential interactions. Specifically, we consider power-law operators φn. In this case, we

find that a tail is generated at second-order in perturbation theory.

• Derivative interactions. Specifically, we consider (∂φ)4 as the simplest shift-symmetric

interaction. In this case, we find that a tail is generated at first order in perturbation theory.

This is an immediate consequence of the higher-derivative nature of the operator.

• Non-linear sigma model, GIJ(φ)∂φ
I∂φJ . We place no restriction on the target space

metric GIJ(φ), other than it is non-singular in the field region of interest, such that we can

adopt Riemann normal coordinates. In particular, GIJ (φ) need not be flat. Remarkably, in

this case we will prove the absence of a tail to all orders in perturbation theory.

The non-linear sigma model is the closest scalar analogue to General Relativity, in the sense

that, exactly like the Einstein-Hilbert term, GIJ (φ)∂φ
I∂φJ includes exactly two derivatives and

possibly all powers of the field. The fact that we find no tail in this case is striking and suggestive

of an underlying symmetry.

The paper is organized as follows. In Sec. 2 we briefly review the notion of Love numbers, both in

Newtonian gravity and in General Relativity. In Sec. 3 we provide details about the non-linearities

involved in the computation of the Love numbers for a scalar tidal perturbation. We study a few

illustrative examples of non-linear scalar theories in Sec. 4, while dedicating Sec. 5 to the study

of the non-linear sigma model. Finally, we conclude in Sec. 6. Three Appendices are devoted to

technical details.
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2 Brief review of tidal Love numbers

In this Section we review the formalism to compute the tidal Love numbers for a black hole. We

start by discussing their analogue with the electric polarizability of a material, and then define

the Love numbers both in the Newtonian and full relativistic regime. For the latter, we focus on

massless spin-0 tidal perturbations, assuming for simplicity a Schwarzschild black hole background.

The interested reader can find a more comprehensive discussion in Refs. [15, 16,20].

2.1 Electromagnetic response

Computing Love numbers is in fact closely similar to the calculation of the electric polarizability

of a material, such as a dielectric material under a static external electric field. The static problem

outside the material (in vacuum) is simply given by Laplace’s equation for the electric potential Φ,

∇2Φ = 0 . (1)

The general solution is given by

Φ =
∑

ℓ,m

cℓm

(

rℓ +
λℓm

rℓ+1

)

Yℓm(θ, ϕ) , (2)

where Yℓm’s are the real spherical harmonics. The first term cℓmrℓYℓm is simply the potential for

the external electric field. The second term cℓm
λℓm

rℓ+1Yℓm characterizes the induced multiple of the

material, with λℓm identified as the electric polarizability of the object.

In practice, in order to calculate λℓm, one must specify the properties of the material. For

instance, given a relation between the polarization vector and the electric field inside the material,

P i = χ
(1) i

jE
j + χ

(2) i
jkE

jEk + . . . , (3)

with χ(n) being the n-th order susceptibility tensor, one can solve the electrostatic problem inside

the material, and then match the solution with Eq. (2) at the surface of the object to satisfy the

boundary condition of regularity. A well known example is a linear dielectric (~P = χ~E) solid sphere

of radius R in an arbitrary external electric field. In this case, Φ is solved by

Φoutside =
∑

ℓ,m

Vℓm

(

rℓ +
χℓRℓ

1 + χ+ ℓ(2 + χ)

(

R

r

)ℓ+1
)

Yℓm(θ, ϕ) ;

Φinside =
∑

ℓ,m

Vℓm
(2ℓ+ 1)(1 + χ)

1 + χ+ ℓ(2 + χ)
rℓYℓm(θ, ϕ) , (4)

where Vℓm quantifies the potential for the external electric field. It is clear that the induced multiple

moment is proportional to the susceptibility χ. The strength of the induced multiple moment can

be thought of as the electric counterpart of the gravitational Love number.

In the following we solve the analogous problem of a gravitational perturbation deforming a

compact object, which we will assume to be a Schwarzschild black hole, both in Newtonian and

Einstein gravity.
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2.2 Gravitational response: Newtonian limit

The gravitational response of a spherically-symmetric body to external tidal perturbations is cap-

tured by the tidal Love numbers. Consider a spherical body of mass M , possibly spinning, and

assumed to be at the origin of a Cartesian coordinate frame. The body is subjected to an external

gravitational field Uext applied adiabatically.

Assuming spherical symmetry, the field can be expanded in multipole moments as

Uext = −
∞
∑

ℓ=2

(ℓ− 2)!

ℓ!
ELrL , (5)

in terms of its distance r from the body, the multi-index L ≡ i1 · · · iℓ, and the symmetric trace-free

multipole moments EL. This external gravitational perturbation induces a deformation in the body,

which develops internal multipole moments given by

GIL =

∫

d3x δρ(~x)x〈L〉 , (6)

where δρ is the body’s mass density perturbation, and x〈L〉 ≡ xi1 · · · xiℓ .
Expanding the external source and induced response in spherical harmonics Yℓm,

Eℓm ≡ EL
∫

S2

dΩ nLY ∗
ℓm ; Iℓm ≡ IL

∫

S2

dΩ nLY ∗
ℓm , (7)

where dΩ ≡ sin θ dθ dφ, and ni ≡ xi/|~x|, the total potential of the system can be written as

Utot = −
GM

r
−

∞
∑

ℓ=2

ℓ
∑

m=−ℓ

Yℓm

[

(ℓ− 2)!

ℓ!
Eℓmrℓ − (2ℓ− 1)!!

ℓ!

GIℓm
rℓ+1

]

. (8)

Assuming that the external tidal perturbation is adiabatic and weak, linear response theory dictates

that the response multipoles are proportional to the perturbing multipole moments as

GIℓm (ω) = − (ℓ− 2)!

(2ℓ− 1)!!
λℓm(ω)r2ℓ+1

h Eℓm (ω) , (9)

where ω is the perturbation frequency. The size of the object, rh, will later be identified with the

Schwarzschild radius in the black hole case, rh = 2GM . The dimensionless coefficients λℓm describe

the tidal response and can be expressed in terms of ω as

λℓm ≃ kℓm + iνℓm (ω −mΩ) + . . . , (10)

where m is the azimuthal harmonic number, and Ω the body’s angular velocity. The real term

in Eq. (10) encodes the static response, and the corresponding coefficients kℓm are called tidal

Love numbers. The imaginary contribution iνℓm describes dissipation effects. For the sake of our

discussion we will assume static perturbations (ω = 0) and therefore neglect dissipative effects.

The Newtonian regime considered so far represents the long-distance approximation to full

General Relativity. In the following we will therefore discuss tidal Love numbers for a Schwarzschild

black hole assuming a massless spin-0 perturbation in a full relativistic theory.
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2.3 Gravitational response: General relativity

We now turn to the gravitational response of a black hole in General Relativity, which for concrete-

ness we assume to be Schwarzschild:

ds2 = −f(r)dt2 + 1

f(r)
dr2 + r2dΩ2 ; f(r) = 1− rh

r
. (11)

Using black hole perturbation theory, one can consider massless fields perturbing the black hole

geometry. The simplest example is a tidal spin-2 perturbation, which describes the presence of a

companion in a binary system.

For the sake of our discussion we will focus on a scalar tidal field φ, which is responsible for the

generation of a scalar Love number. The dynamics of a free real scalar field is governed by the

action

S = −1

2

∫

d4x
√−g (∂φ)2 . (12)

Since the background is invariant under rotations, we can decompose φ into spherical harmonics,

φ(x) =
∑

ℓ,m

Ψ(t, r)r−1Yℓm(θ, ϕ) . (13)

The action can then be simplified by integrating over the angular variables. Introducing the tortoise

coordinate r⋆, with dr⋆ = dr/f , we obtain

S =
∑

ℓ,m

∫

dtdr⋆

(

1

2
|Ψ̇|2 − 1

2

∣

∣

∣

∣

∂Ψ

∂r⋆

∣

∣

∣

∣

2

− 1

2
V0(r)|Ψ|2

)

, (14)

in terms of the scalar potential

V0(r) ≡ f
ℓ(ℓ+ 1)

r2
+

ff ′

r
, (15)

where primes denote radial derivatives (f ′ = df/dr). The resulting equation of motion takes the

form of a Schrödinger equation

d2Ψ(r⋆)

dr2⋆
+
(

ω2 − V0(r)
)

Ψ(r⋆) = 0 . (16)

In the zero-frequency limit, imposing regularity of the solution at the black hole horizon rh, and

matching to the external source at spatial infinity r → ∞, one finds that Ψ can be expanded

asymptotically as

Ψ(r) ≃ c1r
ℓ+1

[

1 + · · ·+ k
(ℓ)
S

(

r

rh

)−2ℓ−1

+ · · ·
]

. (17)

The first term ∼ rℓ+1 denotes the external tidal field applied at spatial infinity, while the second

term ∼ r−ℓ encodes the response. The coefficient k
(ℓ)
S denotes the scalar Love number. Its value

depends on the assumed background geometry. For a Schwarzschild black hole k
(ℓ)
S is found to

vanish identically.
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The procedure outlined above is called Newtonian matching, since the extraction of the Love

numbers for the full relativistic case is based on the comparison between this series expansion

and the non-relativistic gravitational potential. There is, however, an intrinsic ambiguity in this

procedure, due to the overlap between the source series and the response contribution [12, 16, 27],

where subleading corrections to the source appear to have the same power in r as the response

in the physical case ℓ ∈ N. In order to properly define the Love numbers through a matching

procedure, an interesting approach consists of performing an analytic continuation to the unphysical

region ℓ ∈ R [12], where the source and response series do not overlap. Obtaining such a solution

can, however, be challenging, and depends on the theory at hand. Furthermore, this definition of

tidal Love numbers may also be problematic due to gauge invariance.

In order to get around these issues and provide a gauge invariant definition, one can instead

identify the relevant operators describing tidal effects in the point-particle effective field theory

approach. This approach is based on the realization that, at very large distance, a black hole

behaves as a point particle, and corrections due to its finite size and internal structure are encoded

in higher-derivative operators in the effective theory.

The most general action describing the interactions between an external scalar field and the

point particle worldline, up to field redefinitions and down to second order in the bulk scalar field,

is given by [15]

S = −1

2

∫

d4x
√−g (∂φ)2 +

∫

dτe

[

1

2
e−2ẋµẋµ −

m2

2
+ gφ+

∞
∑

ℓ=1

λℓ

2ℓ!

(

∂(a1 · · · ∂aℓ)T φ
)2

]

, (18)

where e denotes the vielbein, and (· · · )T the symmetrized traceless component of the enclosed

indices. The bulk action is just that of the free scalar field, Eq. (12). The first two terms in the

worldline action describe the worldline trajectory; the term gφ encodes the scalar hair carried by the

point particle which, in the black hole context, is absent due to the no-hair theorems [57–59]; and the

last term is the leading-order finite-size effective operator, where the Wilson coefficients λℓ indicate

the worldline definitions of black hole static response coefficients. From a Feynman diagrammatic

level, one can interpret this quadratic operator as a vertex, with one of the external fields behaving

as a background and the other as a response at infinity.

Solving the corresponding equation of motion in the zero-frequency limit one obtains the full

field solution φ as

φ(~x) = ca1···aℓx
a1 · · · xaℓ

[

1 + λℓ(−1)ℓ
2ℓ−2Γ(12)

2

π3/2Γ(12 − ℓ)
|~x|−2ℓ−1

]

; x = r/rh , (19)

where ca1···aℓ is a symmetric traceless tensor. This can be matched to the full relativistic solution

obtained in Eq. (17) to extract the gauge-invariant scalar Love numbers as [15]

λℓ = k
(ℓ)
S (−1)ℓ π

3/2

2ℓ−2

Γ(12 − ℓ)

Γ(12)
2

r2ℓ+1
h . (20)

This result holds at the linear level. In principle, by adding terms with more powers of the fields

to the effective action, one can study the non-linear response of the system. This is the approach

we will pursue in the next Section.
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3 Non-linearities in the tidal Love numbers: Formalism

In this Section we describe two different kinds of non-linearities that may affect the computation

of the tidal Love numbers. The first kind of non-linearity is related to the assumption of linear

response, and arises when one goes to the next-to-leading order in the applied external field. The

second kind is instead based on a theory which is inherently non-linear, such as General Relativity,

but keeping the assumption of linear response theory.

These non-linearities are described by two different expansion parameters: for the first kind, we

are perturbatively expanding in the tidal response, which is proportional to the size or compactness

of the tidally deformed object; for the second kind, we are expanding in the strength of the external

applied field, which is parametrized by the coupling constant of the theory at hand, e.g., the Planck

mass for General Relativity. This emphasizes the different nature of the non-linearities we will

describe in this Section.

3.1 Beyond linear response theory

One of the main assumptions in the computation of the Love numbers relies on linear response the-

ory, according to which the amount of deformation captured in the mass quadrupole is proportional

to the strength of the external applied field.

The same assumption is usually performed also in electromagnetism, where the electric dipole

at leading order is proportional to the external electric field. However, one can generalize the

response by including higher order corrections in the electric field. Indeed, the non-linear response

of a conducting body to an external electric field is described by the electric dipole, with a power

expansion in the electric field as [60]

Dµ = λ(1)
µν (t, ~x)Eν(t, ~x)+λ(2)

µνρ(t, ~x)Eν(t, ~x)Eρ(t, ~x)+λ(3)
µνρσ(t, ~x)Eν(t, ~x)Eρ(t, ~x)Eσ(t, ~x)+ . . . , (21)

where Eµ = Fµνu
ν covariantly defines the electric field in the body’s rest frame, and λ(n) are the sus-

ceptibility tensors, which are symmetric in their indices. We shall refer toD
(2)
µ = λ

(2)
µνρ(t, ~x)Eν(t, ~x)Eρ(t, ~x)

as the second-order non-linear dipole moment, to D
(3)
µ = λ

(3)
µνρσ(t, ~x)Eν(t, ~x)Eρ(t, ~x)Eσ(t, ~x) as the

third-order non-linear dipole moment, and so on for higher-order terms.

Assuming Lorentz invariance and parity conservation, the index structure of the tensor sus-

ceptibilities is constrained, such that they can be decomposed in a set of scalar susceptibilities

as [61]

λ(1)
µν = λ

(1)
0 gµν + λ

(1)
1 q1,µq2,ν ;

λ(2)
µνρ = λ

(2)
0 (gµνq3,ρ + gνρq1,µ + gµρq2,ν) ;

λ(3)
µνρσ = λ

(3)
0 g(µνgρσ) + λ

(3)
1 (gµνq3,ρq4,σ + perms) + λ

(3)
2 q1,µq2,νq3,ρq4,σ , (22)

in terms of the background metric gµν and body’s momentum qµ.

The analogy of the electric dipole in the context of gravity is provided by the quadrupole moment,

which can be as well expanded in a power series

Iµν(t, ~x) = λ(1)
µνρσ(t, ~x)Eρσ(t, ~x) + λ

(2)
µνρσκδ(t, ~x)Eρσ(t, ~x)Eκδ(t, ~x) + . . . , (23)
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in terms of the electric and magnetic fields, built from the Weyl tensor Cµρνσ as Eµν = Cµρνσu
ρuσ

and Bµν = (∗C)µρνσu
ρuσ = 1

2ǫαβρµC
αβ
σν uρuσ, where uµ denotes the body four-velocity.

From this analogy one can appreciate the role of higher operators in determining the non-linear

response of the object to the external perturbation. Such operators also arise in an effective field

theory approach, as higher-derivative operators in the Lagrangian. Considering a scalar field φ, the

worldline action would receive next-to-leading terms built out of derivative of the scalar field as

S ⊃
∫

dτ e

[

∑

ℓ

λ
(1)
ℓ

2ℓ!

(

∂(a1 . . . ∂aℓ)T φ
)2

+
∑

ℓ1,ℓ2,ℓ3

λ
(2)
ℓ1ℓ2ℓ3

2ℓ1!2ℓ2!2ℓ3!

(

∂(a1 . . . ∂aℓ1)φ
)(

∂(b1 . . . ∂bℓ2)φ
)(

∂(c1 . . . ∂cℓ3)φ
)

+
∑

ℓ1,ℓ2,ℓ3,ℓ4

λ
(3)
ℓ1ℓ2ℓ3ℓ4

2ℓ1!2ℓ2!2ℓ3!2ℓ4!

(

∂(a1 . . . ∂aℓ1)φ
)(

∂(b1 . . . ∂bℓ2)φ
)(

∂(c1 . . . ∂cℓ3)φ
)(

∂(d1 . . . ∂dℓ4)φ
)

+ . . .

]

, (24)

where the lower indices ai, bi, ci and di are properly contracted in a Lorentz invariant and traceless

way, such that ℓ3 = |ℓ1 − ℓ2|, . . . , ℓ1 + ℓ2 for the second line, and similarly for the third line. The

list of coefficients λ
(2)
ℓ1ℓ2ℓ3

, λ
(3)
ℓ1ℓ2ℓ3ℓ4

, . . . capture the non-linear tidal Love numbers. From a Feynman

diagrammatic level, we would expect in this case diagrams with more lines either as a background,

i.e., a non-linear source, or as a non-linear response.

In the following we will not consider this kind of non-linearity, which we expect to be subdomi-

nant compared to the one at the linear level, due to the higher number of derivatives involved. We

leave their study to future work.

3.2 Non-linear bulk theory

The second kind of non-linearities may arise from the theory one considers. For example, when

studying a black hole perturbed by an external spin-2 tidal field, such as its companion in a binary

system, the theory at hand, i.e., Einstein gravity, is inherently non-linear. This non-linearity has

been investigated extensively in the literature in the context of black hole perturbation theory and

quasi-normal modes, e.g., [41–49]. Although the dimensionless amplitude of the metric perturba-

tions are negligibly small when we observe them at detectors, they are relatively large near the

black hole, so non-linearities may play an important role at gravitational wave detectors, see in

particular Refs. [50–56] for recent developments in the context of black hole ringdown.

To illustrate this, let us focus on parity-odd perturbations. At the linear level the metric pertur-

bation Ψ
(1)
RW around a Schwarzschild black hole satisfies the familiar Regge-Wheeler equation [62],

(

∂2

∂r2⋆
− VRW(r)

)

Ψ
(1)
RW = 0 . (25)
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The Regge-Wheeler potential VRW takes a form similar to the one obtained above for a scalar field.

One can go beyond linear level, and focus on “higher-order” terms in the metric perturbations,

ΨRW = Ψ
(1)
RW + ǫΨ

(2)
RW . (26)

From a perturbative expansion it was shown that the second order perturbations satisfy the same

linear set of equations as the first order perturbations, but with additional terms quadratic in the

first-order perturbations, that may be thought of as “sources” for these equations. Explicitly, Ψ
(2)
RW

satisfies a Regge-Wheeler equation,

(

∂2

∂r2⋆
− VRW(r)

)

Ψ
(2)
RW = S

(

Ψ
(1) 2
RW

)

, (27)

which now includes a non-linear source in the first order perturbations S(Ψ
(1) 2
RW ).1

In the rest of our paper we focus on this second kind of non-linearity in the context of interacting

scalar tidal perturbations around a Schwarzschild black hole. The corresponding procedure for

tensor perturbations is left to future work.

Allowing for bulk self-interactions characterized by an operator O(φ), the worldline effective

field theory action (18) generalizes to

S = −1

2

∫

d4x
√−g

[

(∂φ)2 + αO(φ)
]

+

∫

dτe

[

1

2
e−2ẋµẋµ −

m2

2
+ gφ+

∞
∑

ℓ=1

λℓ

2ℓ!

(

∂(a1 · · · ∂aℓ)T φ
)2

]

. (28)

The dimensionless coefficient α will act as a bookkeeping device to do perturbation theory in O(φ).
Let us stress that we work at the same order in the tidal response, i.e., we neglect non-linear terms

arising when one goes beyond linear response theory, as discussed in the previous Section.

The addition of the operator O(φ) in the action modifies the scalar equation of motion, which

now schematically reads

✷φ = r−2
h S(φ) , (29)

where the source term S(φ) is derived from O(φ), and the overall factor of r−2
h is included for

convenience. Notice that we are treating the scalar field as a test perturbation on a fixed black hole

background. This implies that we are neglecting the role of the scalar field in the energy momentum

tensor when solving for the background Einstein’s equations. Our main focus is to investigate the

role of interactions in the theory governing the external tidal perturbation on a fixed black hole

background.

We will solve the equation of motion in the static limit φ̇ = 0 with a decomposition into spherical

harmonics,

φ(~x) =
∑

ℓ,m

φℓm(r)Yℓm(θ, ϕ) . (30)

1In contrast with first order perturbations, at second order tensor modes are not gauge invariant. This requires

the definition of gauge-invariant quantities in order to make gravitational wave predictions [43–46,48,56].
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In the background of a Schwarzschild black hole, the differential equation is of the form

Lℓφℓm(x) = S(φℓm(x)) , (31)

where, as before, x = r/rh, and we have introduced the differential operator

Lℓ ≡
x(x− 1)

x2
d2

dx2
+

2x− 1

x2
d

dx
− ℓ(ℓ+ 1)

x2
. (32)

As the source term S(φ) contains the coupling α, we solve the above equation perturbatively:

φℓm(x) = φ
(0)
ℓm + αφ

(1)
ℓm + α2φ

(2)
ℓm + . . . (33)

At any order in perturbation theory, the solution to Eq. (31) reads (omitting the angular multipole

indices)

φ(x) = bφ+(x) + cφ−(x) +

∫ x

dy
φ+(y)φ−(x)− φ−(y)φ+(x)

y(y − 1)W [φ+(y), φ−(y)]
y2S

(

φ(y)
)

, (34)

where b and c are constants, and the integral is indefinite. Notice that S
(

φ(y)
)

is the source term

evaluated at the lower order solutions. The mode functions φ±(x) are solutions to the homogeneous

equation, and are explicitly given by

φ+(x) = Pℓ (2x− 1) ;

φ−(x) = Qℓ (2x− 1) . (35)

Here Pℓ is the usual Legendre polynomial at integer ℓ, and Qℓ(x) is the Legendre Q with the choice

of branch cut at x ∈ (−1, 1). Explicitly,

Qℓ(x) =
1

2
Pℓ(x) log

(

x+ 1

x− 1

)

−
ℓ
∑

k=1

1

k
Pk(x)Pℓ−k(x) . (36)

Furthermore, we have defined the Wronskian

W [φ+(x), φ−(x)] ≡ φ+(x)∂xφ
−(x)− φ−(x)∂xφ

+(x) = − 1

2x(x− 1)
, (37)

where in the last step we have used Eq. (35). Thus the general perturbative solution simplifies to

φ(x) = bφ+(x) + cφ−(x)− 2

∫ x

dy
(

φ+(y)φ−(x)− φ−(y)φ+(x)
)

y2S
(

φ(y)
)

. (38)

At the zeroth order in α, the solution is of course just the homogeneous one:

φ(0)(x) = b(0)φ+(x) + c(0)φ−(x) . (39)

Imposing regularity at the horizon selects φ+ as the only solution, since φ− → log(r−rh) as r → rh.

In other words, we set c(0) = 0 to obtain

φ(0)(x) = b(0)φ+(x) = b(0)Pℓ(2x− 1) . (40)
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Asymptotically, the mode functions behave as φ+(r) ∼ rℓ and φ−(r) ∼ r−ℓ−1 for r → ∞. Since

only φ+ is allowed, and grows asymptotically, this proves the vanishing of the scalar Love number

in the free theory.

At first-order in α, the general solution (38) gives

φ(1)(x) = c(1)φ−(x)− 2

∫ x

dy
(

φ+(y)φ−(x)− φ−(y)φ+(x)
)

y2S
(

φ(0)(y)
)

. (41)

We have set b(1) = 0 without loss of generality, since a φ+ contribution would only renormalize the

zeroth-order solution. Correspondingly, to avoid unnecessary superscripts, we will simply make the

replacement b(0) → b and write the zeroth-order solution in Eq. (39) as φ(0)(x) = bφ+(x). Both the

particular solution and φ− in Eq. (41) may contain divergent terms at the horizon. In order for the

full solution to be regular at the horizon, the divergent terms must cancel each other. This give a

condition on the free coefficient c(1). The presence of a tail after imposing boundary conditions is

then interpreted as a tidal Love number. In the next Section we will compute the Love numbers

for different interacting scalar field theories.

4 Non-linearities in the tidal Love numbers: Examples

Following the above discussion on non-linearities in the computation of the tidal Love numbers, we

now consider interacting scalar theories on a fixed Schwarzschild black hole background and extract

the corresponding tidal response.

In this Section we consider two classes of scalar self-interactions: i) potential interactions of the

power-law form φn; and ii) higher-derivative interactions, specifically (∂φ)4. We will find that a

tail is generated both in the φn and (∂φ)4 cases, arising respectively at second-order and first-order

in perturbation theory. In Sec. 5 we will consider a third class of interacting theories, namely the

general non-linear sigma model GIJ(φ)∂φ
I∂φJ . We will find that the non-linear sigma model is

tail-less to all orders in perturbation theory, for arbitrary target-space metric GIJ(φ).

4.1 Potential power-law interactions (O(φ) ∼ φn)

Let us first consider the action of a scalar field with a power-law interaction,

S = −
∫

d4x
√−g

(

1

2
(∂φ)2 + α

φn

n

)

, (42)

with corresponding equation of motion

✷φ = αφn−1 . (43)

As outlined in Sec. 3.2, we solve this equation perturbatively in α, in the static limit (φ̇ = 0) and

working with a spherical harmonics decomposition. The zeroth-order solution, which is regular at

the horizon, is given by Eq. (40). The first-order solution is given by Eq. (41), which in this case

gives

φ(1)(x) = c(1)φ−(x)− 2 bn−1

∫ x

dy
(

φ+(y)φ−(x)− φ−(y)φ+(x)
)

y2
(

φ+(y)
)n−1

, (44)
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where we have substituted φ(0) = bφ+ within the source term. Crucially, since φ+(y) is a Legendre

polynomial, the source term ∼ φn−1
+ (y) inside the integral is also a polynomial. In other words, the

general solution (44) is just a suitable linear combination of terms of the form

φ
(1)
k (x) = c

(1)
k φ−(x)− 2

∫ x

dy
(

φ+(y)φ−(x)− φ−(y)φ+(x)
)

y2+k , (45)

for non-negative integers k. As shown in Appendix A, imposing regularity at the horizon fixes the

constant c
(1)
k to

c
(1)
k = 2

(k + 3− ℓ)ℓ
(k + 2)ℓ+1

, (46)

where (q)ℓ =
Γ(q+ℓ)
Γ(m) is the rising Pochhammer symbol. It is straightforward to deduce that there

is no tail associated to this solution for any multipole, that is, the non-linear Love numbers vanish

at first-order for power-law interactions. The details are given in Appendix A.

Importantly, however, a tail does manifest itself at order α2. The reason is simple. The first-

order solution includes log terms. When substituted into the source term at second-order, the

source integral generates a dilogarithm, Li2(1 − x), which has a tail asymptotically. We will show

this explicitly for the simplest cases of quadratic (n = 2) and cubic (n = 3) terms.

Quadratic case (n = 2): Although a mass term does not technically qualify as an interaction, it

nicely illustrates all the relevant physics, and has the technical advantage that the source term is

linear. Indeed, resurrecting the multipole indices, Eq. (44) gives

φ
(1)
ℓm(x) = c(1)φ−

ℓm(x)− 2b

∫ x

dy
(

φ+
ℓm(y)φ−

ℓm(x)− φ−
ℓm(y)φ+

ℓm(x)
)

y2φ+
ℓm(y) . (47)

As advocated, different (ℓ,m) modes do not mix.

Let us focus on (ℓ,m) = (2, 0) for concreteness. The first order solution (47), which is regular

at the horizon, is explicitly given by

φ
(1)
20 (x) =

b

105

(

45x4 + 15x3 − 44x2 + 8
(

6x2 − 6x+ 1
)

log x− 40x+ 24
)

. (48)

Since this only features positive powers of x, there is no tail asymptotically. Therefore the first

non-linear tidal Love number is zero. However, let us draw our attention to the presence of a

logarithmic term in the solution, which may indicate a mixing between source and response. As

shown in Appendix A, this term arises when the coefficient c(1) is chosen to cancel the non-regular

term log(x − 1) in the inhomogeneous source with the one contained in φ−(x), leaving a log x

contribution in the solution. This logarithm is also responsible for generating a tail at next order

in perturbation theory.

The solution at order α2 is

φ
(2)
ℓm(x) = c(2)φ−

ℓm(x)− 2

∫ x

dy
(

φ+
ℓm(y)φ−

ℓm(x)− φ−
ℓm(y)φ+

ℓm(x)
)

y2φ
(1)
ℓm(y) . (49)
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Notice that φ(1), and its logarithmic contribution, now appears under the integral. Focusing again

on (ℓ,m) = (2, 0), we obtain

b−1φ
(2)
20 (x) = −

64

11025

(

6x2 − 6x+ 1
)

Li2(1− x) +
1

84

(

x6 + . . .
)

+
8

245

(

x4 + . . .
)

log x , (50)

where the ellipses denote lower, positive powers of x, and Li2(1− x) is the dilogarithm. The latter

is regular at the horizon, but generates inverse powers of x asymptotically:

φ
(2)
20 (x) ⊃

64 b

11025

(

− 1

6x
+

1

24x2
+

43− 60 log x

1800x3
+O

(

1

x4

))

. (51)

The relevant term for ℓ = 2 is the 1/x3 contribution. The presence of this term shows that the

second-order non-linear Love number may be non-zero.

However, a note of caution should be stressed at this point. At the non-linear level, a mixing

between the source and the response is present in the full solution φ(2). It is therefore unclear

whether this tail should be interpreted as a response or a subleading correction to the source. The

situation is cleaner at the first non-linear level, where we can track the presence of a tail from the

particular solution or from the homogeneous φ− solution. A possible resolution to this problem

would require analytic continuation, which, however, is not doable for operators of this form.

Cubic case (n = 3): In this case the source is quadratic in the lower-order solution. At first order,

Eq. (44) gives

φ
(1)
ℓm(x) = c(1)φ−

ℓm(x)− 2b2
∫ x

dy
(

φ+
ℓm(y)φ−

ℓm(x)− φ−
ℓm(y)φ+

ℓm(x)
)

y2Cℓmℓ1m1ℓ2m2
φ+
ℓ1m1

(y)φ+
ℓ2m2

(y) ,

(52)

where the Clebsch-Gordan coefficients Cℓmℓ1m1ℓ2m2
enforce the angular momentum selection rule ℓ =

ℓ1 ⊗ ℓ2, and a sum over the relevant values of ℓ1,m1, ℓ2,m2 is understood.

To give an example, let us focus on the contribution from the zeroth-order modes (ℓi,mi) = (2, 0).

According to the selection rules, they generate a response in the sectors

(ℓ1,m1)⊗ (ℓ2,m2) = (2, 0) ⊗ (2, 0) = (0, 0), (2, 0), and (4, 0) . (53)

The (2, 0) ⊗ (2, 0) contributions to these sectors, imposing regularity at the horizon, are given by

φ
(1)
00 (x) =

b2

210
√
π

(

90x6 − 144x5 + 72x4 − 9x3 + 4x2 + 8x− 21 + 8 log x
)

;

φ
(1)
20 (x) =

b2

84
√
5π

(

60x6 − 90x5 + 45x4 − 11x2 − 10x+ 6 + 2
(

6x2 − 6x+ 1
)

log x
)

;

φ
(1)
40 (x) =

b2

4620
√
π

(

3240x6 − 2592x5 + 2117x4 − 10504x3 + 11034x2 − 3572x + 277

+ 48
(

70x4 − 140x3 + 90x2 − 20x+ 1
)

log x

)

. (54)

These have no tail at spatial infinity, i.e., the first non-linear tidal Love number is zero. As in the

quadratic case, notice the presence of logarithmic terms, which indicate a possible mixing between

source and response, and are responsible for generating a tail at next order.
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The solution at order α2 is

φ
(2)
ℓm(x) = c(2)φ−

ℓm(x)− 4b

∫ x

dy
(

φ+
ℓm(y)φ−

ℓm(x)− φ−
ℓm(y)φ+

ℓm(x)
)

y2Cℓmℓ1m1ℓ2m2
φ+
ℓ1m1

(y)φ
(1)
ℓ2m2

(y) .

(55)

Notice that the source term now features φ+(y)φ(1)(y). Focusing once again on the zeroth-order

modes (ℓi,mi) = (2, 0), the second-order solution receives contribution from all the modes generated

at first order, i.e., (ℓ2,m2) = (0, 0), (2, 0), (4, 0). The resulting (ℓ,m) = (2, 0) mode function,

obtained by summing these several contributions and imposing regularity, is given by

b−3φ
(2)
20 (x) = −

17

5082π

(

6x2 − 6x+ 1
)

Li2(1− x) +
285

4004π

(

x10 + . . .
)

+
48

847π

(

x8 + . . .
)

log x ,

(56)

where the ellipses denote lower, positive powers of x. The important piece, as in Eq. (50), is

Li2(1− x), which once again generates a 1/x3 tail near spatial infinity:

φ
(2)
20 (x) ⊃

17 b3

5082π

(

− 1

6x
+

1

24x2
+

43− 60 log x

1800x3
+O

(

1

x4

))

. (57)

Similarly to the quadratic case, the second-order non-linear Love number may be different from

zero, even though this interpretation lacks support due to the possible mixing between source and

response.

4.2 Derivative interactions (O(φ) ∼ (∂φ)4)

As our second class of examples, consider a theory with higher-derivative interactions,

S = −
∫

d4x
√−g

[

1

2
(∂φ)2 +

α

4
(∂φ)4

]

, (58)

with corresponding equation of motion given by

✷φ = −α(∂φ)2✷φ− 2α∂µφ∂νφ∇µ∇νφ . (59)

As before, we solve this equation perturbatively in α, in the static limit (φ̇ = 0) and working with

a spherical harmonics decomposition. In this case we will find that a tail is generated already at

first order.

The zeroth-order solution, regular at the horizon, is given by Eq. (40). Since ✷φ(0) = 0, Eq. (59)

at first order reduces to

✷φ(1) = −2α∂µφ(0)∂νφ(0)∇µ∇νφ
(0) . (60)

As shown in Appendix B, by expanding in spherical harmonics and using the properties of the

Schwarzschild background, this equation can be simplified to

Lℓφ(1)
ℓm = −2αb3

(

f2Cℓmℓ1m1ℓ2m2ℓ3m3
φ+ ′

ℓ1m1

(

φ+ ′′

ℓ3m3
+

f ′

2f
φ+ ′

ℓ3m3

)

+ 2
f

r2
CV13ℓm
ℓ1m1ℓ2m2ℓ3m3

φ+
ℓ1m1

φ+ ′

ℓ3m3

)

φ+ ′

ℓ2m2

− 2αb3

(

f

r3
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

φℓ1m1φ
+ ′

ℓ3m3
+

1

r4
CT13,23ℓm
ℓ1m1ℓ2m2ℓ3m3

φ+
ℓ1m1

φ+
ℓ3m3

)

φ+
ℓ2m2

, (61)
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where Lℓ is defined in Eq. (32), and the scalar, vector and tensor Clebsch-Gordan coefficients

are defined in Appendix B (see Eqs. (99)). Thus the source term is characterized by different

contributions, which are all responsible for generating a tail in the solution.

To give an example, consider the contribution from the zeroth-order modes (ℓi,mi) = (2, 0). At

first order in α we expect the generation of modes

(ℓ1,m1)⊗ (ℓ2,m2)⊗ (ℓ3,m3) = (2, 0) ⊗ (2, 0) ⊗ (2, 0) = (0, 0), (2, 0), (4, 0), and (6, 0) . (62)

Focusing on the response in the mode (ℓ,m) = (2, 0), the solution at order α, after imposing proper

boundary conditions, reads

b−3φ
(1)
20 (x) =−

540

7π
(6x2 − 6x+ 1)

(

2Li2(1− x) + log2 x
)

− 17820

49πx

(

x5 + . . .
)

− 810

49π

(

30x2 − 86x+ 33
)

log x . (63)

The dilogarithm Li2(1−x) is once again responsible for generating a 1/x3 tail near spatial infinity:

φ
(1)
20 (x) ⊃

b3

7π

(

−135

x
+

45

2x2
+

3(43 − 60 log x)

5x3
+O

(

1

x4

))

. (64)

Therefore the first non-linear Love number does not vanish for higher-derivative interacting theories.

Given the examples shown in this Section, we conclude that the number of derivatives present in

the relevant operator describing the scalar field interactions seems to provide a good indication of

the vanishing or presence of a tail in the field solution. In particular, from the proof briefly described

above and shown in Appendix A, a number of derivatives larger than two seems to generate a source

term in the equation of motion ✷φ = r−2
h S(φ) ∼ xk, with k < 2, that gives rise to a non-vanishing

tail already at first order. For potential interactions, the equation of motion leads to logarithmic

terms at first order, which results in a tail at second order.

5 Non-linear sigma model

As our final example case, we consider non-linear sigma models:

S = −
∫

d4x
√−g

[

1

2
GIJ(φ)∂µφ

I∂µφJ

]

. (65)

From a quantum field theory perspective, this class of theories represents the closest scalar analogue

to General Relativity. Indeed, like the Einstein-Hilbert term, GIJ(φ)∂φ
I∂φJ contains exactly two

derivatives and, in principle, all powers of the field. Like General Relativity, the non-linear sigma

model admits a geometric interpretation. The connection can be made quite precise, since Einstein’s

equations contain a O(2, 1) σ model, irrespective of the symmetries of the background [63]. As we

will show in this Section, this class of interacting theory has exactly vanishing Love number to all

orders in perturbation theory.
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For the example to be non-trivial, it is of course essential that the metric function GIJ in general

describes a curved target space, such that the theory is not reducible to decoupled free fields. By

choosing a Riemann normal coordinate at φI = 0, the target space metric can be expanded as

GIJ = δIJ −
1

3
RIKJL(0)φ

KφL +O(φ3) . (66)

We will focus on the perturbative regime in which the Riemann tensor RIKJL(0) and its covariant

derivatives ∇ · · ·∇RIKJL(0) are small and can be treated perturbatively. As long as the field space

is not Riemann flat, this is an interacting theory.

The equation of motion for φI is simply

✷φI + ΓI
KL(φ)∂µφ

K∂µφL = 0 , (67)

where ΓI
KL denotes the Christoffel symbols associated with GIJ . Therefore, by expanding ΓI

KL

around the origin using the Riemann normal coordinate, the perturbative series solution can be

defined.

Remarkably, we will prove that this model has no tail at all orders in perturbation theory. The

detailed proof, given in Sec. 5.2, can be understood intuitively as follows. If the field space is

Riemann flat, then the theory can be reduced to a number of decoupled free scalars, which we

already know are tail-less. On the other hand, one can choose field-space coordinates such that

the flat metric is expressed in some non-trivial function of φI . Since this is just a field redefinition

of the free scalars, the solution in this basis also has no tail, as long as the field redefinition can

be done perturbatively. Now, consider the more general case of a non-flat target space. The key

observation is that, when Eq. (67) is solved perturbatively, there is no distinction between a curved

field space and a flat field space with a non-trivial metric. Therefore there is no tail in general.

5.1 Explicit example

Before giving the general proof, it is instructive to work out an explicit example with two scalar

fields φ and χ. Consider the interacting theory

S = −
∫

d4x
√−g

[

1

2

(

1 + 2βφ
)

(∂φ)2 +
1

2
(∂χ)2 + αφχ∂µφ∂

µχ

]

, (68)

corresponding to the field space metric

Gφφ = 1 + 2βφ ; Gφχ = Gχφ = αφχ ; Gχχ = 1 . (69)

It is easy to check that this metric is not Riemann flat, as long as α 6= 0. The coefficient β explicitly

breaks the exchange symmetry φ←→ χ, and ensures that the absence of tails demonstrated below

is not an artefact of this symmetry.

The equations of motion can be expressed as

✷φ =
α2χ2φ− β

1− α2χ2φ2 + 2βφ
(∂φ)2 +

αφ

1− α2χ2φ2 + 2βφ
(∂χ)2

✷χ =
αβχφ+ αχ

1− α2χ2φ2 + 2βφ
(∂φ)2 − α2χφ2

1− α2χ2φ2 + 2βφ
(∂χ)2 . (70)
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As before, we work in the static limit (φ̇ = χ̇ = 0) and decompose the fields in spherical harmonics.

Furthermore, we solve the equations perturbatively in α and β, treating these as the same order in

the expansion. In other words, the fields are expanded perturbatively as

φ = φ(0) + φ(1) + φ(2) + . . . ;

χ = χ(0) + χ(1) + χ(2) + . . . , (71)

where φ(1) = αφ(1,0) + βφ(0,1), φ(2) = α2φ(2,0) + β2φ(0,2) + αβφ(1,1), etc.

The zeroth-order equations are just ✷φ(0) = ✷χ(0) = 0, with regular solution given as before by

φ(0)(x) = χ(0)(x) = bφ+(x) . (72)

At first order in α and β, the equations of motion simplify to

✷φ(1) = −αφ+
(

∂χ(0)
)2 − β

(

∂φ(0)
)2

;

✷χ(1) = −αχ(0)
(

∂φ(0)
)2

. (73)

As shown in Appendix C, expanding in spherical harmonics and using the properties of the

Schwarzschild background, these equations can be simplified to

Lℓφ(1)
ℓm =− αb3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

φ+
ℓ3m3

− βb2
(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2

)

;

Lℓχ(1)
ℓm =− αb3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

φ+
ℓ3m3

, (74)

in terms of properly defined scalar, vector and tensor Clebsch-Gordan coefficients. Notice that,

since φ and χ are identical at zeroth-order, the solutions will be symmetric at first-order in α.

However, the presence of the interaction term with coupling β breaks this symmetry, leading to

different solutions for the two fields.

Similarly to what was done in the previous examples, let us consider a zeroth-order mode (ℓi,mi) =

(2, 0), which will generate at first order the following modes due to selection rules (ℓ,m) =
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(ℓ1,m1)⊗ (ℓ2,m2)⊗ (ℓ3,m3) = (0, 0), (2, 0), (4, 0), (6, 0). The corresponding solutions for φ(1) are

φ
(1)
00 (x) =− α b3

3
√
5

14π
(x− 1)x

(

12x4 − 24x3 + 18x2 − 6x+ 1
)

− β b2
3√
π
(x− 1)x

(

3x2 − 3x+ 1
)

;

φ
(1)
20 (x) =− α b3

15

14π
x
(

3x2 − 3x+ 1
) (

6x3 − 12x2 + 7x− 1
)

− β b2
3

7

√

5

π
x
(

6x3 − 12x2 + 7x− 1
)

;

φ
(1)
40 (x) = α b3

3
√
5

77π
(x− 1)x

(

−108x4 + 216x3 − 127x2 + 19x + 1
)

+ β b2
3

7
√
π
(x− 1)x

(

17x2 − 17x+ 4
)

;

φ
(1)
60 (x) = α b3

45

154π

√

5

13
(x− 1)x

(

118x4 − 236x3 + 163x2 − 45x+ 4
)

. (75)

The solutions for χ(1) are simply obtained by setting β = 0 in the above, i.e., χ
(1)
ℓm = φ

(1)
ℓm

∣

∣

β=0
.

Evidently, none of these solutions have a tail at spatial infinity, hence the first-order non-linear

Love number vanishes for this multi-field target space theory. Furthermore, in contrast with the

power-law examples (see Eqs. (47) and (52)), notice that the first-order solutions do not have

any log x term. This suggests that dilogarithms will not be generated at second order, and we will

confirm that this is indeed the case.

At the next-to-leading order, that is at order α2, β2 and αβ, the equations of motion become

✷φ(2) = α2φ(0)χ(0) 2
(

∂φ(0)
)2 − αφ(1)

(

∂χ(0)
)2 − 2αφ(0)∂µχ(0)∂µχ

(1)

+ 2αβφ(0) 2
(

∂χ(0)
)2

+ 2β2φ(0)
(

∂φ(0)
)2 − 2β∂µφ(0)∂µφ

(1) ,

✷χ(2) = α2χ(0)φ(0) 2
(

∂χ(0)
)2 − αχ(1)

(

∂φ(0)
)2 − 2αχ(0)∂µφ(0)∂µφ

(1)

+ αβφ(0)χ(0)
(

∂φ(0)
)2

. (76)

As shown in Appendix C, these can be rewritten as

Lℓφ(2)
ℓm = α2b5φ+

ℓ3m3
φ+
ℓ4m4

φ+
ℓ5m5

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,...,ℓ5m5

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,...,ℓ5m5

)

− αb2φ
(1)
ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

− 2αb2φ+
ℓ3m3

(

fχ
(1) ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
χ
(1)
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

+ 2αβb4φ+
ℓ3m3

φ+
ℓ4m4

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,...,ℓ4m4

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12,ℓm
ℓ1m1,...,ℓ4m4

)

+ 2β2b3φ+
ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12,ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

− 2βb

(

fφ
(1) ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2

+
1

r2
φ
(1)
ℓ1m1

φ+
ℓ2m2
CV12,ℓm
ℓ1m1,ℓ2m2

)

, (77)
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and

Lℓχ(2)
ℓm = α2b5φ+

ℓ3m3
φ+
ℓ4m4

φ+
ℓ5m5

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,...,ℓ5m5

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,...,ℓ5m5

)

− αb2χ
(1)
ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

− 2αb2φ+
ℓ3m3

(

fφ
(1) ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,ℓ2m2,ℓ3m3

+
1

r2
φ
(1)
ℓ1m1

φ+
ℓ2m2
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

)

+ αβb4φ+
ℓ3m3

φ+
ℓ4m4

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Cℓmℓ1m1,...,ℓ4m4

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2
CV12,ℓm
ℓ1m1,...,ℓ4m4

)

. (78)

Following the example above, we can investigate the response in the mode (ℓ,m) = (2, 0). Taking

into account the contributions coming from the various mixings due to the angular momentum

selection rules, we get

φ
(2)
20 (x) = (x− 1)x

(

6x2 − 6x+ 1
)

{

β2b3
60

7π

(

3x2 − 3x+ 1
)

+ αβb4
15
√
5

154π3/2

(

279x4 − 558x3 + 411x2 − 132x + 20
)

+ α2b5
75

8008π2

(

13167x6 − 39501x5 + 48171x4 − 30507x3 + 10743x2 − 2073x + 212
)

}

;

χ
(2)
20 (x) = (x− 1)x

(

6x2 − 6x+ 1
)

{

αβb4
15
√
5

154π3/2

(

132x4 − 264x3 + 195x2 − 63x+ 10
)

+ α2b5
75

8008π2

(

13167x6 − 39501x5 + 48171x4 − 30507x3 + 10743x2 − 2073x + 212
)

}

.

(79)

These have no tail, hence the second-order non-linear Love number vanishes. Furthermore, notice

once again the absence of any log x term, which suggests that dilogarithms will not be generated

at the next order.

5.2 Proof: non-linear sigma models generate no tail to all orders in perturbation
theory

Let us now prove that the non-linear sigma model (65) generates no tail at all orders in perturbation

theory, for arbitrary target-space metric.

The starting point is to consider a single field model, with target space metric G(φ). The

equation of motion reads

✷φ = −1

2
G(φ)−1∂φG(φ)(∂φ)2 . (80)

Provided that the field space metric is non-singular, one can always find a field redefinition φ(χ),

such that χ solves ✷χ = 0. Since the solution for χ has no tail at any order, the perturbative series
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of φ, assuming that G(φ) is sufficiently regular for the series to exist, can be obtained readily and

will have no tail.

Let us take a simple example with one single expansion parameter α, and rewrite the equation

of motion as

✷φ =
∞
∑

k=0

ckα
k+1φk(∂φ)2 . (81)

The perturbative series

φ =

∞
∑

i=0

αiφ(i) = φ(0) + αφ(1) + α2φ(2) + . . . (82)

solves the equation of motion order by order in α by

✷φ(n) =
∑

k

ck
∑

∑
j mj+p+q+k+1=n

k
∏

j=1

φ(mj )∂µφ
(p)∂µφ(q). (83)

Since the coefficients ck are independent, each source term labeled by k on the right-hand side,

∑

∑
j mj+p+q+k+1=n

k
∏

j=1

φ(mj)∂µφ
(p)∂µφ(q) , (84)

does not give rise to any tail in φ(n) individually. One can also observe that the solution for lower

order φ(mi) will depend on cmi−1, we can then further conclude that each term of the form

∑

σ

k
∏

j=1

φ(σ(j))∂µφ
(σ(j+1))∂µφ(σ(j+2)) , (85)

with σ being the permutation set of fixed {m1, . . . ,mk, p, q}, does not give rise to any tail in φ(n).

Furthermore, the φ(n) obtained from individual lower-level source terms will not generate tails

for φ(n′)
∣

∣

∣

n′>n
at higher orders subsequently.

With the above knowledge at hand, let us return to the multi-field case in Eq. (67). It can be

written as

✷φI =
∑

i

cIKL|M1...Mi
φM1 · · ·φMi∂µφ

K∂µφL , (86)

as long as the metric GIJ (φ) is regular for the series to exist. When this equation is solved

perturbatively at nth order, every term on the right-hand side,

φM1 · · ·φMi∂µφ
K∂µφL, (87)

takes the explicit solutions of φJ from lower order and therefore has exactly the same form as

Eq. (83), with explicit solutions of the field substituted in. From the argument of a single field, we

can conclude that φI(n) do not have tails at all orders in perturbation theory.
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6 Conclusions

Tidal Love numbers describe the tidal response of compact objects under the presence of external

perturbations and thus provide insightful information on their structure and interior. Within

Einstein gravity, the Love numbers of black holes are found to be exactly zero for scalar, vector

and tensor perturbations. This result has been obtained assuming linear order in perturbation

theory. However, gravity is by itself a non-linear theory, so non-linearities could be important in

the estimate of the tidal Love numbers.

In this work we investigated the role of non-linearities in the computation of the tidal Love

numbers, focusing on external scalar perturbations on the background of a Schwarzschild black

hole. We first studied which kind of non-linearities may be involved in the theory. The first kind is

based on going beyond linear response theory, usually assumed when one considers Love numbers.

The second, which is the main focus of this work, is in the sector of external perturbations.

In particular, we studied interacting scalar fields on a black hole background and computed the

Love numbers for different types of scalar interactions, treating the interactions in a perturbative

expansion. For power-law interactions, we found that the Love numbers are still zero at first

order in perturbation theory, but may be different from zero at next-to-next-to-leading order, even

though a proper claim should be made only once the issue of source-response mixing is solved. For

higher-derivative interactions, we found that the Love numbers are non-vanishing already at first

order. Our most interesting class of interacting scalar theories is the non-linear sigma model. Here

we found, remarkably, that the Love numbers vanish to all orders in perturbation theory. It would

be very interesting to see whether this is the consequence of a symmetry.

Our work is intended only as a first step in understanding the role of non-linearities in the tidal

deformability of black holes and, as such, it can be extended in several ways. Firstly, understanding

how to disentangle the source and response at non-linear level is crucial to properly extract Love

numbers from the full relativistic solution. Secondly, it would be interesting to determine the size

of the response when going beyond the assumption of linear response theory (the first kind of

non-linearity we mention) compared to the ones arising from the theory. Finally, while we focused

on the interesting case of interacting scalar perturbations around black holes, in principle external

tensor perturbations are the relevant one for a binary black hole system, which could be detected at

present and future gravitational wave experiments. In this case, Einstein gravity already provides

non-linearities in the game, and these have recently received attention in the context of black hole

quasi-normal modes and ringdown [50–56]. We plan to investigate these issues in future work.
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Appendix A Vanishing tail for source of the form yk, k ≥ −2, in

Eq. (45)

We give some analytic properties for the solution (45) with the source of the form S ∼ yk for

integers k,

φ
(1)
k (x) = c

(1)
k φ−(x)− 2

∫ x

dy
(

φ+(y)φ−(x)− φ−(y)φ+(x)
)

y2+k , (88)

From the explicit expression of φ− in Eqs. (35) and (36),

φ−(x) =
1

2
φ+(x) log

(

x

x− 1

)

+
∑

j

bjx
j , (89)

we see that only the first term 1
2φ

+(x) log
(

x
x−1

)

is relevant for any fall-off tail at large r. Therefore,

in the inhomogeneous part we can focus on

−
∫ x

dy

[

φ+(y)φ+(x) log

(

x

x− 1

)

− φ+(y) log

(

y

y − 1

)

φ+(x)

]

y2+k

= φ+(x)

[

− log

(

x

x− 1

)
∫ x

dy φ+(y)y2+n +

∫ x

dy φ+(y) log

(

y

y − 1

)

y2+k

]

= −φ+(x)

∫ x

dy

(
∫ y

dz φ+(z)z2+k

)

d

dy
log

(

y

y − 1

)

= φ+(x)

∫ x

dy

(

2+k+ℓ
∑

m=2+k,m6=−1

amym+1

m+ 1
+ a−1 log y

)

1

y(y − 1)

= φ+(x)

[

−2
∑

m=2+k

am
m+ 1

(

log

(

x− 1

x

)

−
−1
∑

j=m

xj

j

)

− a−1

(

Li2(1− x) +
1

2
log2 x

)

+

2+n+ℓ
∑

m=max{0,2+k}

am
m+ 1

(

log(x− 1) +

m
∑

j=1

xj

j

)]

, (90)

where in the third equality we have used the fact that φ+(z)z2+k can always be written in the

form
∑

m amzm. We therefore find that only when k ≥ −2 there is no powers of 1
x , and the

coefficient c
(1)
k is also fixed by the regular boundary condition at the horizon,

c
(1)
k = 2

2+k+ℓ
∑

m=2+k

am
m+ 1

= 2
(k + 3− ℓ)ℓ
(k + 2)ℓ+1

, (91)

where (q)ℓ =
Γ(q+ℓ)
Γ(q) is the rising factorial.
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Appendix B Simplification of the source term for (∂φ)4

In this Appendix we show how the source term for the (∂φ)4 interaction can be simplified. Equa-

tion (60) for the first order field is

✷φ(1) = −2α∂µφ(0)∂νφ(0)∇µ∇νφ
(0) . (92)

By expanding the field in spherical harmonics, the derivative and two gradients terms become

∂aφ = gac∂cφ = gac
(

Yℓm∂cφℓm + φℓmYℓm;c

)

;

∇b∇aφ = Yℓm∇b∇aφℓm + Yℓm;b∂aφℓm + Yℓm,a∂bφℓm + φℓmYℓm;ba , (93)

where we have used the compact notation ∇aYℓm = ∂aYℓm ≡ Yℓm;a. Putting everything together,

we get
(

Lℓφ(1)
ℓm

)

Yℓm =− 2αb3gacgbd
(

Yℓ1m1Yℓ2m2∂cφ
+
ℓ1m1

∂dφ
+
ℓ2m2

+ Yℓ2m2Yℓ1m1;cφ
+
ℓ1m1

∂dφ
+
ℓ2m2

+ Yℓ1m1Yℓ2m2;d∂cφ
+
ℓ1m1

φ+
ℓ2m2

+ Yℓ1m1;cYℓ2m2;dφ
+
ℓ1m1

φ+
ℓ2m2

)

×
(

Yℓ3m3∇b∇aφ
+
ℓ3m3

+ Yℓ3m3;b∂aφ
+
ℓ3m3

+ Yℓ3m3;a∂bφ
+
ℓ3m3

+ Yℓ3m3;baφ
+
ℓ3m3

)

. (94)

For a Schwarzschild background, some of these terms are null. What is left is
(

Lℓφ(1)
ℓm

)

Yℓm =− 2αb3
(

Yℓ1m1Yℓ2m2Yℓ3m3g
rrgrrφ+ ′

ℓ1m1
φ

′

ℓ2m2
∇r∇rφ

+
ℓ3m3

+ 2gacYℓ2m2Yℓ3m3;aYℓ1m1;cg
rrφ+

ℓ1m1
φ+ ′

ℓ2m2
φ+ ′

ℓ3m3

+ gacgbdYℓ1m1;cYℓ2m2;dYℓ3m3φ
+
ℓ1m1

φ+
ℓ2m2
∇b∇aφ

+
ℓ3m3

+ gacgbdYℓ1m1;cYℓ2m2;dYℓ3m3;baφ
+
ℓ1m1

φ+
ℓ2m2

φ+
ℓ3m3

)

, (95)

Using grr = f , together with

∇r∇rφ
+
ℓ3m3

= φ+ ′′

ℓ3m3
− Γr

rrφ
+ ′

ℓ3m3
= φ+ ′′

ℓ3m3
+

f ′

2f
φ+ ′

ℓ3m3
;

∇θ∇θφ
+
ℓ3m3

= −Γr
θθφ

+ ′

ℓ3m3
= rfφ+ ′

ℓ3m3
;

∇ϕ∇ϕφ
+
ℓ3m3

= −Γr
ϕϕφ

+ ′

ℓ3m3
= rf sin2 θφ+ ′

ℓ3m3
, (96)

Eq. (95) simplifies to

(

Lℓφ(1)
ℓm

)

Yℓm =− 2αb3

(

f2Yℓ1m1Yℓ2m2Yℓ3m3φ
+ ′

ℓ1m1
φ+ ′

ℓ2m2

(

φ+ ′′

ℓ3m3
− f ′

2f
φ+ ′

ℓ3m3

)

+ 2
f

r2
γacYℓ2m2Yℓ3m3;aYℓ1m1;c φ

+
ℓ1m1

φ+ ′

ℓ2m2
φ+ ′

ℓ3m3

+
f

r3
γbdYℓ1m1;cYℓ2m2;dYℓ3m3φ

+
ℓ1m1

φ+
ℓ2m2

φ+ ′

ℓ3m3

+
1

r4
γacγbdYℓ1m1;cYℓ2m2;dYℓ3m3;ba φ

+
ℓ1m1

φ+
ℓ2m2

φ+
ℓ3m3

)

, (97)
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where γab now denotes the metric on the unit 2-sphere.

Multiplying both sides with Y ∗
ℓm and integrating over the solid angle gives

Lℓφ(1)
ℓm =− 2αb3

{

f2φ+ ′

ℓ1m1
φ+ ′

ℓ2m2

(

φ+ ′′

ℓ3m3
− f ′

2f
φ+ ′

ℓ3m3

)
∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Y
∗
ℓm

+ 2
f

r2
φ+
ℓ1m1

φ+ ′

ℓ2m2
φ+ ′

ℓ3m3

∫

dΩ γabYℓ1m1;aYℓ2m2Yℓ3m3;bY
∗
ℓm

+
f

r3
φ+
ℓ1m1

φ+
ℓ2m2

φ+ ′

ℓ3m3

∫

dΩ γcdYℓ1m1;cYℓ2m2;dYℓ3m3Y
∗
ℓm

+
1

r4
φ+
ℓ1m1

φ+
ℓ2m2

φ+
ℓ3m3

∫

dΩ γacγbdYℓ1m1;cYℓ2m2;dYℓ3m3;baY
∗
ℓm

}

. (98)

The above integrals can be collected as scalar, vector and tensor Clebsch-Gordan coefficients,

defined as

Cℓmℓ1m1ℓ2m2ℓ3m3
≡
∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Y
∗
ℓm ;

CV13ℓm
ℓ1m1ℓ2m2ℓ3m3

≡
∫

dΩ γabYℓ1m1;aYℓ2m2Yℓ3m3;bY
∗
ℓm ;

CT13,23ℓm
ℓ1m1ℓ2m2ℓ3m3

≡
∫

dΩ γacγbdYℓ1m1;cYℓ2m2;dYℓ3m3;baY
∗
ℓm . (99)

Thus the equation of motion becomes

Lℓφ(1)
ℓm = −2αb3

(

f2Cℓmℓ1m1ℓ2m2ℓ3m3
φ+ ′

ℓ1m1

(

φ+ ′′

ℓ3m3
+

f ′

2f
φ+ ′

ℓ3m3

)

+ 2
f

r2
CV13ℓm
ℓ1m1ℓ2m2ℓ3m3

φ+
ℓ1m1

φ+ ′

ℓ3m3

)

φ+ ′

ℓ2m2

− 2αb3

(

f

r3
CV12ℓm
ℓ1m1,ℓ2m2,ℓ3m3

φℓ1m1φ
+ ′

ℓ3m3
+

1

r4
CT13,23ℓm
ℓ1m1ℓ2m2ℓ3m3

φ+
ℓ1m1

φ+
ℓ3m3

)

φ+
ℓ2m2

. (100)

This matches Eq. (61) in the main text.

Appendix C Simplification of the source term for the non-linear

sigma model

In this Appendix we provide the computation for the source term in Eqs. (74) at first order, and

in Eqs. (77)-(78) at second order, for the example case described for the non-linear sigma model.

C.1 First-order equations

The equations of motion for the fields at first order in α and β are given in Eqs. (73) as

✷φ(1) = −αφ+
(

∂χ(0)
)2 − β

(

∂φ(0)
)2

;

✷χ(1) = −αχ(0)
(

∂φ(0)
)2

. (101)
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Expanding in spherical harmonics and specializing to the Schwarzschild background, the equations

become

(

Lℓφ(1)
ℓm

)

Yℓm = −αb3φ+
ℓ3m3

Yℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Yℓ1m1Yℓ2m2 +

1

r2
γabφ+

ℓ1m1
φ+
ℓ2m2

Yℓ1m1;aYℓ2m2;b

)

− βb2
(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Yℓ1m1Yℓ2m2 +

1

r2
γabφ+

ℓ1m1
φ+
ℓ2m2

Yℓ1m1;aYℓ2m2;b

)

;

(

Lℓχ(1)
ℓm

)

Yℓm = −αb3φ+
ℓ3m3

Yℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2
Yℓ1m1Yℓ2m2 +

1

r2
γabφ+

ℓ1m1
φ+
ℓ2m2

Yℓ1m1;aYℓ2m2;b

)

.

(102)

Multiplying both sides with Y ∗
ℓm and integrating over the solid angle gives

Lℓφ(1)
ℓm = −αb3φ+

ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2

∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Y
∗
ℓm

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2

∫

dΩ γabYℓ1m1;aYℓ2m2;bYℓ3m3Y
∗
ℓm

)

− βb2
(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2

∫

dΩYℓ1m1Yℓ2m2Y
∗
ℓm +

1

r2
φ+
ℓ1m1

φ+
ℓ2m2

∫

dΩ γabYℓ1m1;aYℓ2m2;bY
∗
ℓm

)

,

Lℓχ(1)
ℓm = −αb3φ+

ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2

∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Y
∗
ℓm

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2

∫

dΩ γabYℓ1m1;aYℓ2m2;bYℓ3m3Y
∗
ℓm

)

. (103)

By introducing scalar and vector Clebsch-Gordan coefficients, the equations take the simplified

form given by Eqs. (74).

C.2 Second-order equations

The equations of motion at second order in perturbation theory, given by Eqs. (76), are reproduced

here for convenience:

✷φ(2) = α2φ(0)χ(0) 2
(

∂φ(0)
)2 − αφ(1)

(

∂χ(0)
)2 − 2αφ(0)∂µχ(0)∂µχ

(1)

+ 2αβφ(0) 2
(

∂χ(0)
)2

+ 2β2φ(0)
(

∂φ(0)
)2 − 2β∂µφ(0)∂µφ

(1) ,

✷χ(2) = α2χ(0)φ(0) 2
(

∂χ(0)
)2 − αχ(1)

(

∂φ(0)
)2 − 2αχ(0)∂µφ(0)∂µφ

(1)

+ αβφ(0)χ(0)
(

∂φ(0)
)2

. (104)
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Following similar steps as before, the φ equation of motion becomes

Lℓφ(2)
ℓm = α2b5φ+

ℓ5m5
φ+
ℓ4m4

φ+
ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2

∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Yℓ4m4Yℓ5m5Y
∗
ℓm

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2

∫

dΩ γabYℓ1m1;aYℓ2m2;bYℓ3m3Yℓ4m4Yℓ5m5Y
∗
ℓm

)

− αb3φ
(1)
ℓ3m3

(

fφ+ ′

ℓ1m1
φ+ ′

ℓ2m2

∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Y
∗
ℓm

+
1

r2
φ+
ℓ1m1

φ+
ℓ2m2

∫

dΩ γabYℓ1m1;aYℓ2m2;bYℓ3m3Y
∗
ℓm

)

− 2αb3φ+
ℓ3m3

(

fχ
(1) ′

ℓ1m1
φ+ ′

ℓ2m2

∫

dΩYℓ1m1Yℓ2m2Yℓ3m3Y
∗
ℓm

+
1

r2
χ
(1)
ℓ1m1

φ+
ℓ2m2

∫

dΩ γabYℓ1m1;aYℓ2m2;bYℓ3m3Y
∗
ℓm

)

. (105)

Expressing the angular integrals as scalar and vector Clebsch-Gordan coefficients, one obtains

Eq. (77). The derivation of Eq. (78) for χ
(2)
ℓm proceeds almost identically.
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