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We explain how spin alignment of vector mesons can be induced by background fields,
such as electromagnetic fields or soft gluon fields. Our study is based on the quantum
kinetic theory of spinning quarks and antiquarks and incorporates the relaxation of the dy-
namically generated spin polarization. The spin density matrix of vector mesons is obtained
by quark coalescence via the Wigner function and kinetic equation. Our approach predicts
a local spin correlation that is distinct from the non-local expressions previously obtained
in phenomenological derivations. We estimate the magnitude of such local correlations in
the glasma model of the preequilibrium phase of relativistic heavy ion collisions. It is found
that the resulting spin alignment could be greatly enhanced and may be comparable to the
experimental measurement in order of magnitude. We further propose new phenomenolog-
ical scenarios to qualitatively explain the transverse-momentum and centrality dependence

of spin alignment in a self-consistent framework.

I. INTRODUCTION

Strongly interacting matter produced in the peripheral collisions of two heavy nuclei at the
relativistic energies carries a huge orbital angular momentum transferred by the two colliding
nuclei. Due to spin-orbit coupling a part of such an initial orbital angular momentum can be
transformed into the spin part which may lead to the spin polarization of emitted particles [1-4].
Indeed, a non-zero global and local spin polarization of hadrons has been measured by the STAR
Collaboration [5, 6] at BNL, ALICE Collaboration at CERN [7], and HADES Collaboration [8].
Theoretically, relativistic hydrodynamic predictions based on global thermodynamic equilibrium
formula, which connects the mean spin pseudo-vector of a fermion with four-momentum to the
thermal vorticity [9-13], can successfully explain the experimentally measured global polarization
of A hyperons [11, 12, 14-18].

However, predictions for the local spin polarization, i. e. the momentum dependence of the lon-
gitudinal spin polarization[12, 19], disagree with the measured values [6]. This result has triggered
further developments in the theoretical studies related to proper understanding of the origin of spin
polarization and spin transport in relativistic heavy ion collisions [20, 20-36]. These investigations
mainly explore the possible role of symmetric gradients of hydrodynamic variables known as the
thermal shear [20, 22, 23] and of gradients of chemical-potential [20, 21|, spin potential [37]. See
recent reviews [38, 39] for further references about spin polarization. More recently, several studies
performed with thermal shear corrections in local equilibrium indicated that the agreement with
the local spin polarization data can only be achieved if the temperature gradients in thermal vor-

ticity and shear are neglected [40] or if the mass of the A hyperon is replaced with the constituent



strange quark mass [41, 42].

In addition to spin polarization measurements, experimental studies of the spin alignment of
vector mesons have been performed [43-46]. The spin alignment is characterized by the deviations
of the (00)-component of the spin density matrix poo from its equilibrium value 1/3 [47, 48]. Mea-
surements indicate that the spin alignment is much larger than predictions based on the assumption
of thermal equilibrium [49, 50] and the spin coalescence model [1, 51]. Furthermore, spin alignment
values strongly vary with collision energy and with the flavors of the quark and anti-quark that form
the vector mesons. At LHC energies [43] values poo < 1/3 for global spin alignment is observed for
both ¢ and K** mesons at small transverse momenta, while at RHIC energies [46], poo > 1/3 for ¢
and pgo ~ 1/3 for K*¥ were found. There have been also recent measurements associated with the
spin alignment of J/1 [44]. This puzzling behavior has motivated the development of alternative
mechanisms for the formation of spin alignment. In spite of substantial theoretical efforts [52-62],
this issue remains an open question.

In one of the approaches [55, 56] based on the quantum kinetic theory (QKT) for the spin-
1/2 fermions [63-73] (see also a recent review [39] and references therein) with the inclusion of
color degrees of freedom, it was shown that the turbulent color fields occurring in weakly coupled
anisotropic quark-gluon plasmas (QGP) could dynamically generate spin polarization of quarks
and lead to pgg < 1/3 for spin alignment of ¢-meson at small transverse momentum. (A similar
mechanism [74] could also induce a jet polarization in anisotropic QGP.) In QKT, such a dynamical
source term expressed in terms of coherent color fields could capture early-time effects and result
in spin polarization at freeze-out, whereas collisions at late time could lead to suppression of such
early-time effects by means of relaxation or enhancement by quantum corrections from gradient
terms such as vorticity [28, 29, 71-73, 75-78].

Although Weibel-type instabilities [79-81] can be one of the sources for generation of the color
fields in an expanding QGP, our focus here is on the color fields [82] arising from the glasma
phase [83, 84] that is thought to precede the formation of QGP. The glasma phase is commonly
described by the color glass condensate (CGC) effective theory [85-89]. Notably, such color fields
are not effective in creating a nonzero spin polarization due to their fluctuating properties [90], but
they can contribute to spin correlations of quarks and antiquarks that lead to spin alignment of
vector mesons [90].

In this paper, we re-examine the spin alignment of vector mesons arising from the color fields
in the glasma using newly derived equation for the pgp-component of spin density matrix from
the vector-meson kinetic equation in the quark-coalescence scenario. The new expression of
poo-component of spin density matrix, unlike the phenomenological one adopted in our previous
work [90], involves the contributions from spin correlations of both the color-singlet and color-octet
components of the axial-charge current densities for quarks and antiquarks that are dynamically
generated by the fluctuating color fields. We also calculate the spin correlation due to U(1) mag-
netic field generated by the colliding nuclei and discuss the momentum dependence of the spin
alignment.

The paper is structured as follows: In Sec. II, we show how spin polarization is generated by

the background electromagnetic fields in the framework of QKT, followed by a discussion of the



contribution from color fields. In Sec. III, we derive a new equation for the pgg-component of
spin density matrix from the vector-meson kinetic equation in the quark coalescence scenario and
obtain a simplified expression in the non-relativistic approximation. In Sec. IV, we estimate the
contribution from color fields in the glasma phase. We also estimate the contribution from U(1)
magnetic fields generated by the colliding nuclei. In Sec. V, we qualitatively analyze the momentum
dependence of the spin alignment of vector mesons from the glasma effect and from an effective
potential. Finally, we present conclusions and an outlook in Sec. VI. Various technical details have
been relegated to the appendices.

Throughout this paper we use the mostly minus signature of the Minkowski metric n** =
diag(1l,—1,—1,—1) and the completely antisymmetric tensor P with €912 = 1. We introduce
the notations AWBY) = A*B” + AVBt, AlLBYl = ArBY — AVBF, and FH = e’“’“ﬂFaﬁ/z Greek
and Roman indices are used for space-time and spatial components, respectively, unless otherwise

specified.

II. DYNAMICAL SPIN POLARIZATION

To track the dynamical spin polarization for non-equilibrium fermions created in early times
of heavy ion collisions in the presence of strong (chromo-) electromagnetic fields led by colliding
nuclei, the QKT developed in recent years is one of the most suitable theoretical frameworks.
In this section, we review the so-called axial kinetic theory (AKT) constructed in Refs. [69, 71]
with further inclusion of color degrees of freedom [55, 56], which incorporate a scalar kinetic
equation (SKE) and an axial-vector kinetic equation (AKE) to delineate the intertwined dynamics
between charge and spin evolution, and further derive the terms associated with dynamical spin
polarization with approximated spin relaxation from collisions. We shall begin with the case with

U(1) electromagnetic fields and then discuss the scenario for quarks influenced by color fields.

A. Background electromagnetic fields

In order to study the spectra of spin polarization and spin correlation of massive fermions, we

will focus on the vector and axial-vector components of the Wigner function, which are given by

Vi (p,z) = itr (S<(p,x)), Ap,x)= itr (v*4°S<(p,2)) , (1)

respectively. Here
5% (p,z) = / Y PV ()0 (2, 1) (1) )

represents the Wigner function of massive fermions, where z = (z; + 22)/2, Y = z1 — 2. Also,
U(x2,x1) denotes the gauge link and p,, represents the kinetic momentum, which ensure the gauge
invariance of S<(p, X). One may obtain perturbative solutions of V¥(p,z) and A*(p,z) and cor-
responding kinetic equations from the Kadanoff-Baym equation by utilizing the i expansion as

the gradient expansion of Wigner functions in phase space. Due to the quantum nature of spin,



we may adopt the power counting, V¥ ~ O(hY) and A* ~ O(h) and focus on the leading-order

contribution. In such a case, we have
Vi (p,x) = 2m6(p* —m?) fy, (3)

where fy(p,x) and m denote the distribution function and mass of the fermions, respectively.
The dynamics of fi is dictated by the SKE as a standard Vlasov equation, p - Afy = C[fv],
with the on-shell condition p? = m?. Here A, = 9, + ek, 0 with F,,, being the field strength
of electromagnetic fields and C[fy] corresponds to the collision term depending on the details
of interaction. Our focus will be instead A* delineating the spin polarization through quantum
corrections of O(h). See Ref. [39] for a comprehensive review and technical details.

In the particle rest frame with a frame vector n) = p#/m, the magnetization-current term in

A# vanishes and the A* reduces to
A (p, ) = 27 |3(p? = M) + heF"p,8'(p* = m?) fy . 4)

where ¢'(z) = 00(z)/0x and a*(p, x) represents an effective spin four vector. For practical applica-
tions to the spin polarization in heavy ion collisions, one usually evaluates the spin-polarization or
correlation spectra near chemical equilibrium with fy in local thermal equilibrium, while a* need
not reach thermal equilibrium and thus could carry early-time effects. Consequently, we will refer
the contribution of @* to spin polarization or correlation as the dynamical one and which from the
second term in A* carrying only the information at chemical freeze-out as the non-dynamical one.

The phase-space evolution of a*(p, x) is governed by the AKE,
D(nT)A‘LL — C}nT)N 4 héénr)#’ (5)
where

~ 1 4 V4 € vVpo
O gr = 5(p2 — mQ) (p -Aat + eF"Pa, — §h6“ P pp(aaFgl,)agfv)
+he M pyd' (p? —m®)p - Afy. (6)

For simplicity, we may neglect the terms, paFaﬁapﬁd“ and F“*a,, which are suppressed in the
weak-field limit when a* is dynamically generated by F*. Also, we adopt the relaxation-time
approximation for the collision term by postulating CAY’T)“ +ﬁﬁ§m>u = —6(p? —m?)po(a* —akq) /TR,
where abq(p, ) denotes the equilibrium value of a* and TR represents a constant spin relaxation
time. The practicability of this simplification will be further discussed later. Accordingly, the
off-shell AKE reduces to

~“ _ ~I,L
p- O — e, (0, Fa )] fi = _Pol@” ~ eq) (7)
R
which yields
1 o /
at(p,x) = T dzyO (g — wp)e™ PO net Py O (2) (Dw e Fau () 0y fvr (p, @)

N 2podbg (p, w’)]
R

: (8)
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where | = {2/ = xif,xﬁ = mﬁ — p'(z0 — 2})/po} and O(x) denotes a unit-step function of z.
Here Vi and ”1 represent the perpendicular and parallel components with respect to the spatial
momentum p° for an arbitrary spatial vector V?, respectively. We also assume O, F) su(z') # 0
starting at ), = 0 as the initial time. We will further assume abq is a constant, whereby Eq. (8)

reduces to

[e.o]

at(p,x) = e + the/ dx(©(zo — x’o)@(wg)e*(m*%)/me“”p"pp(8m/gFgl,(x/))6pﬂfV(p, . (9)
0

—00

Given the electromagnetic fields expressed in terms of n# = (1, 0),
Fag = —G”VQBB'“TLV + ngEa — naEg, (10)
it is found

P pp (06 Fpy) = 0(n-0p- B —n-pd-B)+ (n-pds —pgn-)B" +n'(psd - B — dgp - B)
+ePppn, 0 Eg).- (11)

Assuming fy (p,2’) = fv (po, z(,) with only energy and time dependence, one finds
ot P he - —(zo—xp) /TR A7 7
a'(p, ) = Ggq — 2}90/ dz(© (o — 2)O(xh)e” )/ elikp (9,0 Bj(2')) Opo fv (o, ), (12)

where we have used 9 - B = 0. It is found a‘(p, ) can be induced by space-time variations of the

electric field. When involving w’HZ dependence, it is inevitable to have the momentum dependence
for fy (p,«’), which is neglected for simplification. For phenomenological applications, Fzéq could be
proportional to the kinetic vorticity in QGP albeit the negligence of spatial gradients on fy (p, z').
Notably, the relaxation-time approximation also corresponds to the linearization of the collision
term, for which the smallness of fluctuations from equilibrium distribution functions is required
in the standard Boltzmann equation. Nevertheless, for AKE up to O(h), the collision term is by
default linear to a* usually accompanied by another term with the space-time gradients on fy
stemming from spin-orbit interaction. In the case for gauge theories, the structure of the collision
term could be more complicated, where the inverse relaxation times may have to be replaced by
operators [28, 69, 76].

In heavy ion collisions, there could locally exist strong background electromagnetic fields coming
from colliding nuclei and dynamical ones generated in the QGP. When further considering spatial
inhomogeneity of the electric fields, we may apply the Bianchi identity 8“15 ¥ = (), which leads to
eijk(?jEk = 0y B*. One hence obtains

da( = e [ 0 — )0 () e T (pody B (2') + €7 ppdo By (1)) Bho firs (1

po) =5 [ drhO—a)Blap)e (b B (') + 0 s () oy (13)
~ éq‘ . .
time variation of fy is sufficiently small compared to that of background fields (e.g. |0oB*|/|B*| >

where da‘(p,z) = a'(p,z) — a’,. In the collisionless limit such that 7R — oo and assuming the

|00 fv\ / fv)l in early times, by using the integration by parts and dropping the vanishing surface

! Such a condition might be difficult to be justified in heavy ion collisions. However, provided the strong background
fields decay rapidly before thermalization, at which |00 fv| reaches the maximum, one may expect the contribution
from e.g. B'0pfv in the integrand is relatively suppressed.



terms, we arrive at

5@ (p,x) = T;G($0)[(P03i($o)+GijkPkEj(xo))apofv(Po,330)

— (poBi (0) + EijkpkEj (0))3p0fv (p(), 0)] y (14)

from which it is transparent to see that the spin polarization is induced by parallel magnetic
fields and perpendicular electric fields as the spin Hall effect. Here we implicitly hide the spatial
dependence of electromagnetic fields for brevity. Nonetheless, one should recall here Bi(xg) =
B(zo,x; = z})|. and so does E'(z¢). In fact, we should set Gbq = 0 when collisions are suppressed.
In contrast, when 7g — 0, one should find da* = 0. To incorporate the approximate spin-relaxation
effect, one may multiply the result in Eq. (14) with e =%/ albeit the over suppression for early-time
contributions.

Next, combining with the non-dynamical contribution, the full on-shell axial Wigner function

becomes

Apa) = [ T A (p2)

17 heB*(xo) ., =
= — H — 78 .
[a (p7 :B) 9 pOfV(pO,xO) Po=€p= /|p|2+m2

When the longitudinal position dependence of the magnetic field is negligible?, A*(p,z) can be

(15)

more explicitly written as

ijkpk

A'(p,x) (E;(20)3p0 fv (po. o) — E;(0)dp0 fv (o, 0)) (16)

p Po=¢€p

e - ~ €

— 4— l: — BZ(O)apofv(po, 0) +
€p

in the collisionless limit. In practice, it is expected that both electromagnetic fields are relatively

suppressed at xg as the freeze-out time. Accordingly, one could approximate

i € i ij 0
A(p,) ~ 5 (pB(0) + €7 pi 5 (0)) 0, 17 (ep), a7
P
where we introduced fy (ep,0) = f‘(}) )(ep) as the initial (quark) distribution function, which is
dominated by the early-time contribution. Furthermore, given |B,(0)| ~ 0, |E.(0)] ~ 0, and

p. ~ 0 at central rapidity with z being the longitudinal (beam) direction, one could approximate

—h
ATV (p,2) ~ B (0)0c, £ () (18)
€p
and
A ~ e B 00, Q) ~ T B (00, 0 19
(p,x) ~ Qp[z y]( ) epfv (Ep) ~ pr y( ) epfv (ep)7 (19)

where we further assume [p,| > [p,| in peripheral collisions with transverse shear flow. In the

collisionless scenario, the dynamical contribution from a* is frozen at the early time, while the

2 Otherwise, B*(xo) in Eq. (14) and the one in Eq. (15) are not exactly the same. Their spatial dependence are
differed by p' xo/po.



vector-component of quark Wigner functions governed by fv(ep, xo) keeps evolving and reaches
thermal equilibrium in the QGP phase. Considering the spin freeze-out at the QGP phase, as
originally proposed in Refs. [9, 13], the spin-polarization pseudo-vector of quarks from background

electromagnetic fields is then given by

[d - pTEY(p,X) [ dS - peBPY(0)0e, £ (ep)

PE) = o Tds N, X) ~ dm [ S - pf(ep) 2
and
pep) = LI PTE @ X) [ dE - ppeB (000, 1 (ep) (o)
2m [dX - N(p, X) dmep, [ dS - pfiP(ep)
where dX* denotes the normal vector of a freeze-out hyper surface and we introduce
J3'(p, X) = 4A"(p, X), N*"(p,X) = 4/63:: (po)V"(p, X) = 4pufv<];ef)’p0€p’ #2)

and fil(ep) = 1/(e%% +1) represents the vector-charge distribution function in thermal equilibrium
as the Fermi-Dirac distribution. For convenience of later computations, we alternatively use X*
to represent the space-time coordinates.

However, in heavy ion collision experiments, we have so far not found the evidence supporting
global spin polarization induced by magnetic fields. Based on our findings with the inclusion of
dynamical spin polarization dominated by the contributions from initial electromagnetic fields, the
suppression of spin polarization from electromagnetic fields may not solely stem from the rapid
decay of such fields. Alternatively, it may also be suppressed by the strong spin-relaxation rate
from collisions, which efficiently washed out the early-time contributions. Although the early-
time electromagnetic fields are stronger with higher collision energies, the lifetime of QGP is also
longer, which accordingly enhances the spin-relaxation effects. In additional to the spin relaxation,
the initial magnetic fields also drop more rapidly at high energies in the pre-equilibrium state and
become saturated with finite electric conductivity. Since the dynamical spin polarization is induced
by the time derivatives upon electromagnetic fields as shown in the integrand of Eq. (13), the spin
polarization of quarks and anti-quarks produced later than the abrupt decay of magnetic fields

may not be affected.

B. Background color fields

In the case when color degrees of freedom are included, both the Wigner functions and QKT
of quarks are more involved. Generically, we have to decompose an arbitrary color object into
O = O°I + 0%, where O° and O% denotes the color-singlet and -octet components, respectively,
and t* are the SU(N,) generators and [ is the identity matrix in color space. Before introducing the
QKT, we should reanalyze how spin polarization and correlation are computed when considering
color degrees of freedom.

Given the lowest-order contributions to singlet and octet vector-charge distribution functions

are of O(g") and O(g) at weak coupling, respectively, the singlet and octet SKEs and AKEs are



given by
P (0,5 + Cog e, 1) = Co, (23)
v (008 + gF5,00f7) = C2 (24)
and
p ~Sl ~ a QU ~a hé? uvpo a 8 ra I
p (apa + C2gFl/p8pa ) - 76 pp(aagFﬁu)ap fV = Cs ’ (25)
(o g Fe 9% ast h nvpo O aF? aﬁ CI—e
p ( pa "+ g vpOp @ >_§6 pP( o9 BZ/) pr_ o (26)

where Cy = 1/(2N,) and we have dropped the higher-order terms in g responsible for the gauge
links between color fields for brevity. Here we introduce the collision terms characterized by Cs,
Ce, C¥, and Co", which however depend on details of scattering processes. On the other hand, the

color-singlet and color-octet axial Wigner functions are given by

A = 27 [5(;02 —m?2)a* 4 hCyp, & (p* — m%gﬁ““”f{}} , (27)

A% = o [5 (p* —m®)a™ + hp, &' (p* —m*)gF “‘“’f@}, (28)

where we have also applied f§, ~ O(¢°) and f& ~ O(g) to drop the higher-order terms.

Since we are only interested in how the spin polarization is dynamically induced, the dynamics
of fy is not our primary concern. Instead of constructing the proper collision terms for Cs and CY,
we will simply introduce particular forms of fj, and fy, as the solutions of SKEs. On the other

hand, for AKEs, we may now postulate the relaxation-time forms,

~SU ~SN)

a a

B~ _po( eq apl ~
Cl =~ —_— CoH ~

R

poa™

o (29)
where we have assumed the absence of mixing terms and aey = 0. A comprehensive analysis for
the color-singlet AKE has been presented in Refs. [56, 90] albeit the omission of collisions. We
will hence focus on the color-octet one. It is worthwhile to note the color-octet AKE in Eq. (26)
with the suppressed diffusion term, gngag a®, at weak coupling (or equivalently with weak fields)
reduces to the form same as Eq. (7) by simply adding the color indices for a* and F*” and setting

dbq = 0. Therefore, the solution of the color-octet AKE gives rise to an analogous solution,

oo

~a h —(zo—x}) /TS uvpo a S
a(p,x) = 2;)/ dzhO (o — xh)O (x) ) e~ (@o=20)/ TR P pp(az’aFﬁy(x,))ang(pa )e.  (30)

—00

In addition, one also find the analogous form for Eq. (28) and Eq. (4). In the collisionless limit,
similarly assuming f},(p,z’) = fv(po, z() and taking eijké)ng = 0pB* by ignoring the nonlinear



terms as an Abelianized approximation for color fields, we can follow the same procedure as in the

case with electromagnetic fields to obtain

) B . _ ) _
#(p.0) = 2B o) o e 20) ~ B0, el 0)
ijk ~ _
K : Dk (E;?(azo)aepfv(ep, z0) — £7(0)0e, fv (€p, 0))} , (31)
p
which yields
. 2 i hBai B

Fpr) = 2 (@ (p.x) - 0o fy ey (32)
€p 2
hg €9k py

= [ — Bai(O)aepfv(EpaO) +
p

(E;(:co)aepfv(ep, o) — E(0)0e, fi (ep, 0))}

by also incorporating the non-dynamical contribution.

€p

In Refs. [55, 56], in light of the original form for relativistic fermions [9, 13], it is proposed that

the spin polarization of a single quark (or an antiquark) takes the form,

_JdS pTr(F(p, X)) [dS-pT(p, X)

PH(p) = = , 33
) 2m [ d¥, Trc(N¥(p, X))  2m [d¥-N3(p, X) (33)
where Tr. denotes the trace over color space and
4Ap* 3. (p, X ) |po=e 201 5 (p, X
/\[s,u(p7 X) — p fV(p )|p0 P _ 1% fV(p ) (34)

2¢p €p

with f3(p, X) = f3(p, X)|po=e,- Here the color fields encoded in J3*(p, X) should be regarded as
the field operators and one has to further take an ensemble average or the quantum expectation
value () for the field operators therein to acquire the spin polarization pseudo-vector (P*(p)).
Considering the effect led by strong color fields in the glasma sate in early times, only the dynamical
contribution from a** could possibly affect the spin polarization. The explicit form of a** induced
by background color fields can be found in Refs. [56, 90]. It is however also shown that the
corresponding spin polarization actually vanishes and only the non-vanishing spin correlation, as
will be discussed later, is present. On the other hand, a® does not affect the spin polarization,
whereas it could modify the spin correlation associated with spin alignment as will be discussed in

the next section.

III. SPIN DENSITY MATRIX FROM QUARK COALESCENCE IN WIGNER
FUNCTIONS

For spin alignment, when spin quantization axis is set to be along the y direction 3, it is proposed

that the normalized spin density matrix can be written as [1, 51, 60, 90]
1+ Zj:x,y,z <,P‘3Pt%> B 2<,P(ZJJ,P¢Z?/>
B34 ey (PaPy)

poo ~ ; (35)

3 In heavy ion collisions, the spin quantization axis is chosen to be perpendicular to the reaction plane of the collision.
However, it can be also chosen along different directions depending on the experimental setup. The theoretical
construction in this section is independent of the experimental choices.
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FIG. 1: On the left panel, we illustrate the color-singlet contribution for the spin correlation affected by

7y, 1y, e s (p, X)
a a >

color fields represented by curvy lines. The color-octet contribution is shown on the right panel, where the

blob represents possible corrections from the medium or higher-order loops on correlated color fields.

where the subscripts ¢ and g correspond to the quark and antiquark, respectively. When \(Pg Pgﬂ <

1, it further reduces to

NeR i )

(PIPZ) + (P;PZ) — 2(PYPY)). (36)

1
,000%§+ plle

Here (Png} represents the quantum expectation value of spin correlation, which is not necessary
to be equal to the product of the expectation values of spin-polarization pseudovectors and we may
elaborate on its explicit expressions in various forms later. Since the spin-polarization pseudovector
of a single quark should be color singlet, when including the color degrees of freedom, the spin

correlation associated with spin alignment is proposed to be [90]

_ Jd¥x -p [dSy - p(T5 (p, X)TE (p,Y))
4m2<deX Ni(p, X) [ dSy - N3 (p, Y))

(P (p)Pg (P)) : (37)

based on a phenomenological construction in the quark model. Note that here only the color-
singlet components of Jq’g and jq% contribute to both the spin polarization and correlation. By the
symmetry of color-charge conjugation, we should have J'(p, X) = J#'(p, X) and (Py (p)Py (p))
is expected to be positive when having equal number of quarks and antiquarks (no corrections from
the quark chemical potential). Furthermore, the color fields in qug (p, X) and J;g‘ (p,Y) are not
directly connected albeit the indirect correlation originating from the same color source such as the
case for color fields coming from the same nucleus in glasma [90]. Such a scenario is schematically
illustrated in the left panel of Fig. 1. Nonetheless, as will be more rigorously shown from the
derivation of quark coalescence in the Wigner functions and kinetic theory of vector mesons, there
exist extra contributions led by the color-octet contribution depicted in the right panel of Fig. 1,

which turns out to play a central role in this paper.

A. Spin density matrix from the vector-meson kinetic equation

We will follow the approach in Ref. [60] to derive the spin density matrix from the coalescence

scenario in Wigner functions and kinetic theory of vector mesons. We begin with the vector-meson
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field in mode expansions,

d3k . )
VHE(z) = / (N, k)a(\, k)e T 4 H(\ k)bT (N, ket ], 38
0= 5 [ oy OB (KBRS, (39)
where Ej, = \/|k|? + M? with M being the mass of vector mesons and [60]
k- €)\ k- €)\
H e _— _—
k) = (S5 e M(Ey + M) ) (39)

represents the polarization vector with €, being the spin-state vector determined by the spin
quantization axis in experiments, which satisfies (), k)¢, (N, k) = —ey - €, and e*(X, k)k, = 0.
We also impose € - €}, = dyx. In the rest frame of the vector meson, we have e(\,0) = (0, €y).
For ¢ mesons, we have b(\, k) = a(\, k). We may construct the Wigner function in the real time

formalism (see e.g. Ref. [91]) via

W< (¢, X) = / dYerY (VIV(X —Y/2)VH(X +Y/2)) (40)

4

[ ) ) (a4 a5 ot

o (oa s ) ) -0 ) e ) ).

/ dgk‘_ efik_-X
=7 3 2 2 1/4
st/ (27) [(\ql2 + "“"2) —(q-k-)*+ 2M2(|q|2 + %) + M4]

where

k(}r - ;<Eq+k; + Eq—’%‘) ’ K2 = (Eq+k7‘ B Eq—kf)' (41)
For brevity, we set A~ = 1. To have the quasi-particle in a definite spin state, we may assume
the expectation values of the creation and annihilation operators have non-vanishing values only
for particles or antiparticles when A = X. E.g., (af()\, ¢)b(\,p)) = 0 and (af (N, q)a(), p)) o dyx.
Moreover, in order to perform the k_ integral analytically, we expand the integrand with respect
to k_ and retain the terms up to O(k_) such as

kN L ke ke
o (Va5 ) e (va- ) =nove + St + 06, (12)

where

HEB/) ()‘7 Q) = EM()‘7 Q)€z<)‘7 Q) ) Hf}ll)a(Aa Q) = (aqa GM()‘J q))é;()\, q) - 6#()‘7 Q) (8‘10‘ €;<)‘7 Q)) : (43)

In the end, the expansion with respect to k_ provides us with the Wigner functions up to O(h).
Plugging those expressions into Eq. (40), we then find

W<(q,X) = Y W(Aq,X), (44)
A=%1,0

T _ 2 T2
W/.¢<u<)‘7q7X) - 27T(5(q _]\[)

ih
Olan) (20 0) + 5118 000"

_@(_QO) (H(VOM)(A7 _Q> + %HI(IL)OA)‘? _q)ao¢> ] fA(Q7 X) ) (45)
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where we dropped the O(]k_|?) terms in the integrand except for those contributing to the dis-
tribution functions. Here we retrieve /i for power counting. The distribution function fy (¢, X) is
defined as

(0 X) = falg, X) (q0 > 0) (46)
m [+ (=g, X)] (90 <0),
where
fila, X) = / g’:)‘g@* (ra- %)a()\, g+E-) et (47)
and
[ e a5 (e = )y = 1 a0, us)

from the commutation relation for bosons. Note that the ©(—q) part in W<H characterizes the
out-going vector mesons.

For our purpose, we will only consider the symmetric Wigner function with positive energy and
up to O(RY),

WU (g, X) = S (0,0, X) = mo(a® ~ M@0, (0 X),  (49)
where AW) = AW 4 A¥F Note that we shall have
1 v q"q” v
) Z ) “)()\ﬂ) =z n. (50)
A==+1,0

where we have neglected the A corrections and anti-symmetric components. The corresponding

on-shell kinetic equation reads

q-0fx= 2<W)Ppu()\7Q)(1 + fA) - Z>upppu()‘7 Q)fh (51)

where P (), q) = €(X, q)e*) (X, q)/2. Here U5 correspond to the self energies for the scattering
processes led by the effective quark-meson interaction. In this framework, we have py) < fy. As
proposed in Ref. [60], when there are no pre-existing vector mesons such that fy, < 1 and the

coalescence time At is sufficiently short*, Eg. (51) gives rise to

At
f,\NE

—n<# P, (N q). (52)
q

B. Quark coalescence scenario

Applying the meson-quark interaction characterized by an effective Lagrangian Liy = g¢F-V1/;w

[92] with T'* begin an effective form factor, the self energy can be rearranged into the form,

mHe — /(;il;Tr 055 (3 4+ k)55 (5 — k) [d(a0 — cola/2+ k) = eqla/2 = k), (53)

4 The spatial dependence of fy is also neglected.
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where €,/7(p) = /|p|*> + m?, . Here Sy and S denote the onshell lesser propagators of quarks

a/T
and antiquarks. More precisely, we introduce

Sia®) = [ B850 (54)

by integrating the off-shell Wigner functions S’;/q(p) over the zeroth component of its four momen-

tum. Note that Tr also includes the trace over color space. For simplicity, we may assume I'* = y*.
Based on the decomposition of the quark Wigner functions [93],

s\ S<uu
S< = F< +iP<y° + V<hy, + ASHyPy, + —5 Oy (55)

where 0., = i[yy,7]/2, it is found

T&«[fyﬂs;wsﬂ = 4Tr. [n‘“’ (f;qu R e . IV sqagsg B)
TV 4 A AT - s5wssP |. (56)
Here we hide the momentum dependence above for brevity. Taking [69]
mF(q) =q-V(9), P=0, mSu(q) = —€upoq"A’(q), (57)

for free fermions since we only consider the tree-level interaction for coalescence and hence

mgmaSyt (p)Ss? (1) = 0 (0 Asp- A —p-p Ay - AS) + ASEAS p - p + PP AS - AS

—p,“.A;pp . Aq< —ppA;“p' . Aq<, (58)
and
mgmgS;t (p)S5, ) =20 - Asp- AS —p-p AT - A7), (59)

where A7" = Ag"(p) and AS" = AS"(p'), one obtains
Te |75 (07" S5 ()|

— 4Ty {nup p-Vg )y -V @)

mgimg
P AT (p)p - AT ()

mqMmgq

/

_Vq<(p)'V;(p/)—A;(p)-.A;(p')<l_ p-p )

mqmq

. /
+v;<“<p>v;”’<p'>+A;<“<p>Aq<"’<p'><1— PP )

mgemyg
/(P P/ A;P) (»)

mqeMmg

A5 (p) - As (D) +

q

<p)
p AS) + AT )y e <p>}. (60)

mqemg mqemg

The expression above also works for the onshell Wigner functions S5~(p) and Sz (p/). Since the
contributions from vector and axial-vector components of quark/antiquark Wigner functions are
disentangled, we make the decomposition

Te[yS5 (p)1 S5 (p / U0 Wlgy [y (o) (1)) = S5 + S5, (61)
T 7T
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where

R .p< VS (p
= 4Trc{77“p [p L0 Vy(#) Vy(p) - Vs (p')

_ q q
MqMgq

+ V(s (p’)} (62)

and

o/ A< AL (1
i}jup — 4T1"c{77”p Aq<(p)Aq<(p/)(p p _1> _p Aq (p)p Aq (p)

mqMmg mqgMmg

-~ /() 1 A<P) (1 ASP) (pf
X(l— e )—p P A?(p)-«‘qu(p’)eriAq ®), . A5+ L2 ) (p)p"A<(p)},

- _ - q
MqgMg MqMg MgMg

with po = €p, P, = €, and the onshell Wigner functions®,

Via®) = [ To0mVigm) Aye) = [ TR0 A5, (64)

Given the explicit form of V;/q(p) and A;/q(p), one may derive fy from Eq. (52) by calculating
Eq. (61).
We may now take the explicit form of the vector-component for Wigner functions of quarks and

antiquarks up to O(h°),

pH
V;g(P) = Tpoqu/q (65)

pOZEq/Q(p)E\/ |p|2+m3/q

Furthermore, given p = q/2+k and p’ = ¢/2 — k in light of Eq. (53) and the onshell conditions for

quarks and antiquarks, we have

m2+m2 2 m2 —m2
p2— 4 g 9 = 7
5 R 5 (66)
Using Egs. (65) and (66), one finds
. Tre(fvqfva) nt® 2 oy, ¢’
YoM = 174 “—((mg +mg)® = ¢°) + —— — 2kMK? (67)
eq(§’+p)6q(%’—p)[2 v 2 |

and
(@ = (my+mg)?) | 4k A5 (p)k - A5 (0)
2mgmg mgMmg

qtqP B Qe P

i]j“p = 4Trc{77“p

A5 (p) - A5 (D)

q

i ((mq +mg)? — q2)

A5 @) 457 @) ~ )45 (0) - A7 ()

2mgmg 2mgmg  mgmg
(1 4<p) (1 4<p) /g
—2k)" A +2k) A
mgMmg MgMg ek
2 2

<
q/q

. (qTf;";ij (Vi)_ w3 ot ma?) 2] (@)
q\2 q\2

where we have also utilized p - A, _(p) = 0 for free fermions, which result in

i\iﬂp-’ﬁpu()‘,(ﬁ = 9

® We have assumed both V;/q(p) and A;/q(p) can be rearranged into the functions proportional to §(p® — mg/q).
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and

ijﬂpppu()\» Q)

- mc{

+ ((mq + mQ)Q -
mqMg

4Re [k (N @A () e (N, q)}
_ T k- A (p)

where |,y = {p =2+ k,p' =4 — k}. Overall, (E<“p + Z<“p) +(A, ¢) can be rearranged as

As(p)- Az (p Al As(p) - As

q

(@Kmq+wwf—qﬂ__M*AJWMvAE@ﬂ]+2m-4

2mgmg mgMg mgMg

4Re [k e(A, @) A (p) - € (A, Q)] "

mqgmg

D Refe(r,q) - A ()e" () - 45 ()] -

I

p,p’

(551 + 5577) (X, @) -
- . ve(P)fvgP) 4 < 2|;€ Q)2
e[Sty ()

_mjmq 2Re((X, q) - A5 (P)" (V@) - A5 (1)) + Ni<2k AZ (k- AS(8)

+2Re(k - e\, @) AS (p) - € (N, @)k - AS () + 2Re(k - (A, @) AS (p') - € (X, @)k A;(p)) }

p,p’

where

Ny = = (M? = (mg +mg)?). (72)

N

For the application to spin alignment, it is generally believed that the ¢ meson as our focus is an
s-wave particle. Consequently, we only consider the contact interaction and classical collision term
for quark coalescence and ignore contributions from the orbital angular momentum of constituent
quarks. Nevertheless, it is recently pointed out in Ref. [94] by the operator product expansion that
J /1 could have a non-negligible contribution from the orbital angular momentum of quarks to its
spin and a similar scenario might be applicable to ¢ mesons. In order to address the involvement
of the orbital angular momentum in our approach, we may need to modify the contact interaction
from the effective Lagrangian for quark-meson interaction or incorporate the h correction pertinent
to spin-orbit interaction in the collision term for the kinetic equation of ¢ mesons (see e.g. the
construction of the collision term of QKT for photons [91]). Alternatively, one may incorporate
the contribution from e.g. p-wave wave functions for vector mesons in the recombination model
[95] with further inclusion of spin degrees of freedom. Such generalization is however beyond the
scope of current work and may be pursued in the future. Furthermore, the additional effect from
the orbital angular momentum upon spin alignment should be associated with a certain source
from the QGP medium like vorticity, which is believed to be suppressed in high-energy collisions

yet relevant in low-energy collisions.
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C. Non-relativistic approximation

We shall now make further simplification. By working in the rest frame of vector mesons,
the polarization vector is aligned with the spin quantization axis, €*(A,0) = (0,€)) = €\. The

kinematic conditions in Eq. (66) then give rise to

mi—mé 2 _ 1 2 4 2/ 2 2

We may focus on the case when m, = mg = m, which yields ky = 0 and N,,, = 2|k|?. Next, we
consider the non-relativistic limit for quarks and anti—quarks such that k& — 0, which allows us

to approximate p ~ p’ ~ q/2 — 0 for fy, /@ and € / . Apparently, this approx1mat10n is

A<
q/q’
only valid when M — (m, + mg) < M. Note that A~ o/q re suppressed compared with ASt o/
the non-relativistic limit”. Considering € "\ as a real vector, we could make a replacement for the

k-related terms in the integrand by employing the relations,

L2y . » . k.
kikd — |k|?| 22 e)\e)\ 7(1 22 )GZf . Y =9 +66, z= kk:|6)\’ (74)
which yield
o e @) | 2AkPS
- N — — N (75)
2k - As (p)k - As (p') = [K[*[(32% — 1) (ex - A5 (P)en - As (P) — (1= 2 A5 (p) - A5 (p')] (76)
Re(k - e(A\, @) A7 (p) - € (N, @)k - A5 (P') = =22k [Pex - AT (p)ex - A5 (D), (77)
Re(k - e(A\, @) A5 () - € (N, @)k - Ag (p) = =22k [*ex - A (p)ex - A5 (D), (78)
for p = p’ ~ q/2. Tt turns out that
<pp <,up Nm<1 — 22) < <
(E51 + 33) Pou(X q) = — 5 Tre[fva(a/2)va(a/2) = 4(ex - A7 (a/2)ex - A7 (a/2))]-

(79)

For a complex €}, it is expected that one could simply replace (ey - As(q/2)ex - A5 (q/2)) b
Re(ex - A5 (g/2)€} - A5 (g/2)) in the final result.

Setting
0= (0,1,0), €41 = \2(1',07 1), €= \2(1’,0, D), (80)
we derive
_ NAt |y 4T (AGY(9/2) A7 (9/2))
f()(q) ~ Eq TrC(fVQfVQ) 1 TI‘C(ququ) (81)

q=0

5 When ignoring the energy conservation such that N,, = 2|k|?, one may naively drop the higher-order terms of
O(|k|?) in Eq. (71) such as 2|k - €(\, q)|*/Nm. However, such terms should be maintain as the leading-order
contribution.

" By using Aq/q( p)=p .Aq/q( p)/po, we now have A<O (q/2 £ k) ~ k' ASS

a/q\4

(q)/(M/2 « ko) = 0 when k' < M.
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and
NAt

q

2Tre (A77(q/2)A7"(q/2) + A7*(a/2)A77(9/2))

L Tre(fvqfvg) ’

Tre(fvqfva)

fx1(q) =

where

]\7 — /00 d’k‘ /1 dZNm‘kP(l — Z2)5(M— 2\/m) _ ]\4(‘]\42 _4m2)3/2 (83)
0 (271') 2

1 m 247w m?

is an overall constant, while its explicit form is unimportant for the normalized spin-density matrix.

Eventually, in the non-relativistic limit, it is found

| e (AT (a/2) A7 (a/2)
Poo(q X) _ fO(q7 X) _ Tre(fvqfvg) (84)
’ folg, X) + fr1(q, X) + f-1(q, X) g AT T (A7 (a/2)A57 (a/2))
Tre(fvqfvg)

for ¢ = 0. When considering the global spin alignment, Eq. (84) could be further revised as
J dZx - qfo(q, X)
Jd¥x - q(fola, X) + fr1(q, X) + f-1(q, X))
1 — Tre(Pq(q/2)P7(q/2))q=0

poo(q) =

- — = : (85)
3= Yicuy.. Tre(Pi(a/2)Pi(a/2))q=0
where
e A [dSx  pTrc[(ASi(p, X) A (p, X))
Tr.(Py(p)Py(p)) = Ta5x - Pl fvaos X) fyg@ X)] (86)
which is equivalent to
TP (p) P () — J dZx - pTre[(Tos (. X) Tis (p. X)) s7)

~ [dEx pTe [M2(p, X)ND(p, X)]

in the non-relativistic limit. Eq. (85) is found to be structurally similar to Eq. (35) yet with some
subtle differences. For isotropic spin correlations, poo(q) = 1/3 for both Eq. (85) and Eq. (35).

With weak spin correlations, Eq. (85) reduces to

11 o . o
poo 5 + ~Tr.((PyPT) + (P7PZ) — 2(PYPY)), (88)

9 q°4q

which is analogous to the form of Eq. (36) despite an overall factor of two difference for the spin-
correlation corrections. Comparing Trc<75;75§> with (P}PL), in addition to how we trace over the
color degrees of freedom, as will be further expatiated below, one immediately notices a factor of
four difference and the integration of local and non-local correlations, for which the latter difference
does not occur when the involved spin correlations are constant in position space. Nevertheless,
due to non-locality of <Pé73§> as opposed to Trc<75;75§>, they are physically distinct quantities. As
previously proposed in e.g. Refs. [15, 90], (PgPé) could be responsible for probing the correlation

of spin polarization of a A hyperon and of an A, whereas it does not directly contribute to spin
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alignment of vector mesons. This newly derived poo(g) is also different from the one in Ref. [58],
for which the spin correction on quark Wigner functions is presumably governed by the local spin-
polarization pseudo-vector as a consistent treatment with the quark model, whereas we directly
derive the spin dependent corrections from the Wigner functions of quarks in AKT.

Tracing over color space, the relevant spin correlation for spin alignment reads
4] dSx - q(2N2(AS ()2, X) A5 (q/2, X)) + (AZ(a/2, X) AZ (q/2, X))

JdXx - q(2N2fy,(a/2, X) fg(a/2, X) + fi,(a/2, X) fig(a/2, X))
(89)

Tro(P;(q/2)Pi(q/2)) =

from which it is found that not only the color-singlet components but also the color-octet compo-
nents of Wigner functions are involved. In high-energy nuclear collisions, the quark coalescence
occurs at the late time when the vector component of Wigner functions reaches thermal equilib-
rium, for which f“}q /g are suppressed. On the contrary, non-equilibrium effects upon the axial-vector
component should play an important role for spin polarization or correlation. In such a case, both
(ASAY) and (AZ"AZ") need to be considered for spin alignment. The scenarios for (A$'A%) and
(A" A% triggered by color fields are schematically illustrated in Fig. 1. Moreover, unlike (A3 A%')
expected to be positive, (A7"AZ") should be negative based on the charge-conjugation symmetry

implying Agi = —Agi.

IV. SPIN ALIGNMENT FROM THE GLASMA

We now evaluate pgo from Eq. (85) in the glasma state, for which we shall compute the spin

correlation,

Jd¥x - q((ay (a/2, X)ag (q/2, X)) + (ag'(a/2, X)ag' (a/2, X))/ (2NZ))
mqmqdeX Q(qu(q/27X)f€/q(q/2?X)) 7
(90)

Tro(P;(q/2)Pi(q/2)) ~

where we have dropped the non-dynamical contribution in late times and the f{l,q /g in equilibrium
and taken €,/5(q/2) &~ mg/4 for the non-relativistic limit.
From Ref. [82] by solving the linearized Yang-Mills equation, with small rapidity, the non-

vanishing color-field correlators can be written as

. ;. 1 X" nym
(B (X)EYI(X")) = — L 2N mem / / O (ur, o) T T (aX) I XD, (91)
2 ,q, 1;lv ql
X//
. ;. nym
<BT(X’)B$J(X”)> = —ngN 6% emejm/ / Q4 uL,vL)qql le(qXé)Jl(lX{)’),(QQ)
Liq,u J Lilv
X" n
(B (X)BYN(X")) = —ik g2N soa' gin / / uL,UL)qq < TL XD J(XD),  (93)
,qu 1l
X" n
(BE(X)E*(X")) = ~igg N e / / Qs o) X H@Xp RN, (04
1iqu J Lilv

/ X//
(B (X)EY*(X")) = g Neo™ / O (1, 01) X Jo(gXD) Jo(IXY), (95)
Liqu J Ll
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X/l
(B*(X"\B"*(X")) = fgzN 5o / A , (uy,vy) xJolgX()Jo(1Xy), (96)
,qu 36,V

where Q- (u,v))

Or(ui,v1) =[Gi(ur,v1)Go(ug,v) Fhi(ug,vi)ho(ur,v)] (97)

with G'1 2 and hq 2 correspond to the unpolarized and linearly polarized gluon distribution functions

of nuclei 1 and 2, respectively, and

d2QJ_ 2 . /
/ - / d uJ_elQJ_(X —u)L
e |
7q7 (

Here Vj represents the transverse component of an arbitrary spatial vector V* with respect to z
A'B*. Consequently, for Xq = Yy = 0, only the

correlations between longitudinal color fields exist, which take the form

axis as the beam direction, where A B} =), Y

(B0, X0)E™(0,Y1)) & 5g*Ne(N2 = D)0 (X1, Y1), (98)
(B0, X.)B™(0,Y1)) ~ ; INL(N2 — 1)Q- (X1, Y1), (99)
We may further adopt the Golec-Biernat Wiisthoff (GBW) dipole distribution such that [82, 96]
QF (1 e Q@lur—viP/a)?

where Qs denotes the saturation momentum.

Since the color fields from the glamsa decay in time, we only need to consider the dynamical
contribution on spin correlations led by strong color fields in early times. From Egs. (32) and (99)
and the GBW distribution giving rise to (X, X) = Q*/(¢*N?), in the non-relativistic limit, it is
found 8

1 ~ai ~ai h292 (0) 2, pai ai
v 050/, X0(a/2.X0) %~ (0 (eq2) (B () B ()00
214 N2
~ _h Q5<Nc )(512(8 q/gf 0)(6[1/2))2’ (101)

16N3

where we introduce a shorthand notation f‘(/0 )(ep) = f‘s/(ep, 0). On the other hand, from the color-
singlet contribution led by local four-field correlations (see Ref. [90] and similar calculation of the

longitudinal correlation in appendix. C), we obtain

R (N2 — 1)QS

64(2m )4N4 (86q/zf\(/0)(Gq/z))Qf(QsXSh), (102)

(a3 (q/2, X)ag' (q/2, X)) ~

8 In fact, when including finite k beyond the non-relativistic approximation, the color-field correlators involved could
be non-local. E.g., one should consider the integration of (B**(0, X, —k Xo/M)B* (0, X1 +ki Xo/M)) over k for
g = 0. With energy conservation and the GBW distribution, (B*(0, X1 )B**(0, X)) in Eq. (101) should be re-
placed by C(Q. Xo)(B (0, X, )B*(0, X)), where Cs (Q. Xo) = (1—exp[—Q2 X3(M? —4m?)/M2)/(Q2X3(M?—
4m?)/M?) and finally one should take X as the freeze-out time. Nonetheless, one also needs to include the con-
tributions from chromo-electric fields at finite k.
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where 7 (QsX{P) corresponds to an dimensionless factor depending upon QX" with X" denoting

a thermalization time as the ending time of the glasma phases®.

For simplicity, we neglect the
transition period between the glasma and QGP. The exact value of 7 (stgh) has to be numerically
computed from multi-dimensional integral as shown in Ref. [90]. From the symmetry of color fields
in the glasma, we expect that (a$*(q/2,X)a;"(q/2, X)) is equal to (ag’(q/2,X)a;’(q/2, X)) in
Eq. (102). On the other hand, (a}*(q/2, X)az*(q/2, X)) corresponds to (ag’(q/2, X)az’(q/2, X)) in
Eq. (102) by replacing Z(Q,X ") therein with J(QsX") calculated in appendix. C. The numerical
results of Z(QsXo) and J(Q4Xo) and their ratio are shown in Fig. 2 and Fig. 3, respectively. Also,
as shown in Fig. 4, fg(QSXO) and jg(QSXo) correspond to the dominant terms contributing to
f(QSXO) and j(Qng) at large Qs Xp. See Ref. [90] and appendix. C for the explicit definitions
of Iy and Js. Consequently, for QsXo = 5, we could approximate f(QSXO) ~ fg(QSXO) and
J (QsX0) =~ jg(QSXO) with the numerical results illustrated in Fig. 5. Except for the contributions
from color fields, we also have

~si ~si W 50 (0) 2

(ag (a/2, X)ag (a/2, X))o = =€ B (0) (D, Sy (€q/2)) (103)
from U(1) magnetic fields generated by colliding nuclei. Accordingly, in light of Eq. (90), we make
a decomposition for the spin correlatiors contributing to spin alignment (in the non-relativistic

limit) induced by color fields from the glasma and electromagnetic fields,

Tre(Pi(a/2)Pi(a/2)) = ik, + I, + Ty, (104)
with
294/ N2 iz (0) 2
RPQANZ = 1)6% (3, , 11 (€q2))
cht = 3,2 . th ’ (105)
L6NZM2 2 (eq/2) il (eq/2)
©) .
%Y = 1% = 1133 (Qthh) — hQ(NCQ - 1)Qg(afq/2fV q/2 ) z Qthh (106)
sin sin Sin (Qthh) 64(27T)4Né1m4f\t/};1( q/2> ( )
and
g h?e?B2(0) (0. (e ’
T £ (0)(0cy s fyv " (cqr2)) , (107)

4m2fxt/}i](€q/22)fxt/}:j(€q/2)

where f{“/hq /4(€q 2) =1/ (e™T 4 1) as the thermal distribution for quarks and antiquarks at zero
chemical potentials and non-relativistic limit with 7" being the freeze-out temperature on a coales-
cence hyper-surface.

We then estimate the order of magnitude for the spin alignment of ¢ mesons as an example in
RHIC and LHC at sufficiently high collision energies that the glasma phase could exist. Conse-
quently, we will consider three sets of saturation momenta, Qs = 1, 2, and 3 GeV. For other approx-
imations, we adopt the same setup in Ref. [90]. We take i = 1 and postulate f‘(/o) = 1/(efa2/M 41)

% In principle, Eq. (101) should also depend on Xéh, where (B*(X)B*(X))x,=o should be more precisely replaced
by ((B*(0, X)—B* (X", X))(B* (0, X)—B* (X", X))). We consider the case for |B* (0, X)| > |B* (X", X)|.
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as an early-time distribution function of quarks and antiquarks with A ~ Qs > €g/o such that
ey /o f‘(/o )~ -1 /(4Qs). For other numerical parameters, we take m = 500 MeV as the constituent
quark mass for strange quarks, T' ~ 150 MeV as the freeze-out temperature at chemical equi-
librium, and X(t)h = 0.5 fm as the thermalization time at the end of the glasma phase. For the
maximum collision energy at RHIC, we anticipate Qs = 1 GeV, which yields 7 ~ 1.6J ~ 700 for
Qs XP ~ 2.5, and approximate!® B! ~ B(0)6% with |eB(0)| &~ m2 and m, ~ 140 MeV [98], which
result in

i~ —3.96%, T =TI%% ~ 1.611%

sin sin sin

~ 0.58, TIE ~ —0.026%. (108)

For LHC energies, we could have Qs =~ 2 ~ 3 GeV. Considering s = 2 GeV, which yields
7~ 0.87 ~ 6800 for Q, X" ~ 5, and |eB(0)| = 10m2, it is found
M, ~ —15.66", TI% =TI%" ~ 0.8I1

sin sin sin

~90.8, IIZ ~ —0.56%. (109)

For Qs = 3 GeV with the same setup of the case for Qs = 2 GeV, which yields 7 ~ 0.87 =~ 19700
for Qs X" ~ 7.5, one obtains

U —35.16", T% =TI% ~ 0.811%

S S Sin

~ 1331, TIEy ~ —0.226%, (110)

where the change of I1%, | with the same magnitude of |eB(0)| stems from the Q2 suppression due
to the approximation, Jc,_ , f‘(/o )~ -1 /(4Qs). As opposed to I, here IT¥ are rather sensitive to

the value of X(t]h. When choosing Xah = 0.2 fm, we then have QSXSh ~ 2 with 7 ~ 2.47 =~ 260 for
Qs =2 GeV and QSXSh ~ 3 with Z ~ 1.2J = 1400 for Qs = 3 GeV. We accordingly acquire

MY =105 ~ 24115, ~ 3.5 (111)
for Qs =2 GeV and
MY =I5 ~ 1.211%, ~ 94 (112)

for Qs = 3 GeV. Superficially, the results seem to be unrealistically large even when focusing on
bet)
relaxation effects in the QGP phase. Note that II%) here is much larger than (P§PY) obtained in
Ref. [90] due to the absence of strong suppression coming from 1/(Q2?Ar) with At the transverse
area of the QGP led by non-locality.

On the other hand, TI%, led by two-field correlations should be in principle more dominant

just the contributions from II while all these values should be further suppressed by the spin-

than II% induced by four-field correlations according to the weak-field expansion of the QKT.
Nevertheless, due to non-perturbtive properties of the glasma, the hierarchy is not guaranteed and

the four-field correlations could surpass two-field correlations at larger );. From the numerical

oct

results, around Qs = 2 GeV, depending on the choice of X!, one could have either |TI% | > |1

10 Tn fact, the event-by-event fluctuating electromagnetic fields can engender sizable contributions for TIgy, ~ B2 [97],
but the magnetic-field contribution is relatively suppressed by those from color fields and thus not our primary
interest in the present work.
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FIG. 2: Numerical results for Z(Q,X,) and
J(Q.Xo) at small Q,Xp.
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FIG. 4: Numerical results for Z(Q,Xp),
J(QsXo), L3(QsXo), and J3(QsXo) up to
QSXO =5.

FIG. 5: Numerical results for fg(QSXO) and
J3(QsXo) at up Qs X, = 10.

or [IT% | < |IIZ,|, where the former implies the breakdown of our perturbtive approach. We may
still estimate ppo based on the primary contribution from anisotropic 1%, at Qs = 2 GeV with a
certain assumption of X, For Qs = 3 GeV, 1% overwhelms 1T and thus our estimate becomes
invalid. A non-perturbative treatment is presumably needed at higher collision energies.

As discussed in the previous section, the quarks and antiquarks may emerge at the time later
than the initial time with strongest color fields and electromagnetic fields. In practice, we shall
consider f3(ep, Xo) ~ f‘(/g)(ep)@(Xo — Xg) with X being the time for emergence of quarks or

antiquarks in the glamsa state and thus we have to evaluate

1
N2

h2g2
~ 8N2

(a2 (q/2, X)ad (q/2. X)) ~ (e o F (eqy2)) (B (X) B (X)) xyoxa.  (113)

In such a case, we have not only non-vanishing (B**(X)B% (X)) but also (B*Y(X)B*Y(X)).
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To analyze the possible correction from a nonzero Xy, we first calculate (B**(X)B%* (X)) with
Xo # 0. By using [ d*q, = [dqqdb,, [d*l, = [ dlld6,;, and

/ 8, / 0,791 (X0 L GO0 (902 100l Xy — 1w ) o (UYL — vL ), (114)
we find

X X
/ / Q,(UL,UL) XJQ(qXQ)Jo(lX[))
7q7 J_,l,'l)

dqdl
/ q 2ql /dQ'LLJ_ /dQUJ_Q (’LLJ_,'UJ_)J()((]XO)JO(ZXO)JO( |XJ_ —'LLJ_DJ()(”XJ_ —UJ_|)

d2lud2w 6(Xo — |uL])o(Xo —[vL])
R NI L1 : 115
| S ateon T —
where we have applied the orthogonal condition for Bessel functions,
e ok —
/ drrdy (kr)Jy (sr) = SF=8) (116)
0 S

and the change of variables, u;, = X| —uj; and v; = X, — v, to reach the second equality.
When adopting the GBW distribution, we have Q_(u,v;) = Q(uy,vy) = Qu,,v,). It is more

convenient ot work in polar coordinates,

00 o] 2 27
/d%u/d?m_/ d]mﬂﬂl]/ dmum/ deﬂ/ 0. (117)
0 0 0 0

For an integrand depending on only O35 = 05 — 03, we could make the change of variables such

that (see appendix. B for the derivation)

27 27 27 27
/ i, / 057 (65 — 05) = / 10 427 F Q) — / 1040000 [ F(Ons) + F(—Ous)].
0 0 0

2
(118)
Given that Q(u,,v,) only depends on
iy — o0, )? = |ay >+ |oL]* - 2|aL||v) | cos Ous, (119)
it is found
) (x) = LR D7, 0,x) (120)

and accordingly

5(aq7(q/2, X)ag™(q/2, X)) ~ —

RQi(NZ — 1) (IBZ(Q

sXo) 0 2
16N3 ) )(86q/2f\(/)(EQ/2))7 (121)

1
2N2

where

1— e—Qng(l—cos@ﬁj)/Q 2
(122)

2
T 2 SX = dOgz 7} 2m — @Q_L v
B2(QsX0) /0 w527 o) ( QEXF(1 — cosOg5)/2
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can be evaluated numerically. Note that Zp.(QsXo) = 272 when Q;Xo — 0.
Next, we shall consider the contribution from dynamically generated transverse chromo-

magnetic fields,

(¢X0)J1(1Xo), (123)

X
EEBYX) = 5t N2 -1) [ [ 0,

for which

X X qzlm
/ / Q_:,_(UJ_,’UJ_) l XJ1<qX0)J1(lX0)
Ligu J Lilw

/ dqdlﬂl /dQUL /d2 194 ’LLJ_,’UJ_)“(XJ_ _Z)j”(j(i _Uii’
XJl(qXO)Jl(lXQ)Jl(q‘XJ_ - UJ_|)J1(”XJ_ — 'UJ_D

B _/d2UJ_d2'UJ_ ﬂﬂi’f)ié(Xo— |fLJ_D5(X0- |27J_D
- (2m)? @[, [?

,(UJ_,’UJ_) s (124)

by using

/dg /dalweiQL(X/“)J_eili_(ylv)i_
q ql

= —m OO s —wpay ol (129

Given
cos Oy 5 + cos 91—“—,) , (126)
where 05 5 = 05 + 03, and taking the GBW distribution, it is found

427, d%0 §(Xo — Xo— v

_/ idoL ) (uL,vl)uivL( 0 \uzﬂ)g 0 — [o1])
(2m) |t o]

1 Q!

T 4?2 giN?Z

1— engXg(lfcos@g,g)ﬂ 2
127
Qng(l —cosOg5)/2 (127)

2
/ d@aﬂj [Sin @g’@ — (27'(' - @ﬁ,f]) COS @ﬂﬂ’)] (
0
by using the relations in appendix. B. Consequently, one finds

4n2
Qe 1) 7 (Q.Xo). (128)

2 a a _
g <BTy(X)BTy(X)> = TNG

which yields

R2Qs(NZ —1) (IBy(Q

s X
(@5 a /2, Xy a2, x)) ~ O QXY (0 o £ ca12)) . (120)

N2

where

2
2 d 0 1— —QEXQ(I—COSGEJ-,)/Q
IBy(QSXO) = / L |:(27T - @ﬁﬂj) COS @ﬂﬂ_] — sin ®ﬂ717:| ( c ° . (130)
0

2 Q2X2(1 — cosOy3)/2

One can consistently check Zp,(QsXo) = 0 when QsXo — 0.
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By symmetry, it is expected that (aq”(q/2, X)ag"(q/2, X)) = (ag*(q/2, X)ag"(q/2,X)). The
numerical results of Zp,(QsXo) and Zp,(QsXo) are shown in Fig. 6. Notably, even at late time
up to Qs Xo ~ 10 such that Ig, is about 10 times smaller, we still have IIZZ ~ 1. When assuming
f‘sf (€p, X0) is created after X} = 0.1 fm, one finds I1Z% ~ —10.3 for Q5 = 2 GeV and II%  are nearly
unchanged because of the dominant contribution in late times within the glasma [90], while the
magnitude of U(1) magnetic fields rapidly drops to |eB(X{)| ~ 0.01m2 [97] in LHC energies, from
which HgM becomes negligible. The same scenario is applicable to the high-energy collisions at
RHIC. In principle, a more rigorous estimation of I12Z, is proportional to Zp, (QsX) —Zn, (Qs X&),
while this should not give significant suppression by order of magnitude provided X is not too
close to Xgh. Finally, we may roughly conclude the spin alignment of ¢ mesons from the glasma

for Qs =1 ~ 2 GeV in an approximate equation,

1
34 102X/

poo ~ (131)
where X7 represents the freeze-out time at chemical equilibrium of the QGP and recall 73 is
an unknown parameter characterizing the effect of spin relaxation. Assuming the spin relaxation
results in about 10 times suppression of the dynamical spin correlation, the contribution from color
fields for spin alignment will be around the same order as the experimental measurement.

In practice, the first-principle study of the spin relaxation potentially applicable to heavy ion
collisions has been so far conducted in weakly-coupled QGP up to the leading logarithmic order in
coupling [69, 76, 78|, where the corresponding collision term for dynamical spin relaxation in AKE
is far from a relaxation-time form. In the heavy-quark limit m > T, we may naively adopt the

relaxation rate derived in Ref. [78] and approximate !

-1 QZCZ(F)m%T
6mm?2

(TR) I
where Co(F) = (N2 — 1)/(2N.) and m3, = ¢°T*(2N. + N;)/6. Taking N, = Ny = 3, a5 =
g?/(4m) ~ 1/3, and T = 200 MeV as the average temperature of QGP, one obtains (75) ! ~ 0.04
GeV. For X§% ~ 5 fm, it is found e 2X0"/7R ~ 0.11 and pgo ~ 0.24 from Eq. (131). Albeit

the rough agreement with the experimental measurement for pgg of ¢ mesons at small transverse

ng, (132)

momenta in LHC [43], we emphasize that the estimation is subject to several approximations
and phenomenological postulations and a more sophisticated analysis is required for quantitative
comparisons. There have been great efforts devoted to modeling the dynamical spin polarization
and relaxation from collisional effects in QGP and our result of spin polarization (correlation) from
glasma effects can be used as an initial conditions for future simulations in the QGP phase.
Before ending this section, we further elaborate how our result is contingent on the choices of Q4
and X{P. In general, at a fixed Qs, choosing a smaller X ! seems to result in the dominance of |[IT% |

th

Nonetheless, when X ii

oct

i

over [II% |. is too close to the initial time Xy = 0, |II% | also drops since the

initial color field encoded in |TI%, | is actually the difference between the initial color field at Xy = 0

' As also found in Refs. [69, 78], the O(T/m) term can be written as a momentum diffusion term and neglected
here.
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FIG. 6: Numerical results for Zp,(QsXo) and Zp,(QsXo).

and the one at Xo = X" as manifested by Eq. (31). Consequently, in our approximation, we also
have to choose a sufficiently large X" such that O(|B*(0, X)| — |[B¥(X$®, X)|) ~ O(|B*(0, X)|)

i

as the validity for neglecting late-time fields at the end of glasma phase when evaluating II%,.

Moreover, as mentioned previously, we ignore the transition between the glasma and QGP phases,
whereas the adopted X(t)][1 = 0.2 fm is same as the proper time for matching the glasma phase
and pre-equilibrium state described by effective kinetic theory at the LHC energy in Ref. [99]. To

clarify the valid region for |[IIZZ| > |II% |,|TI%%| in our estimation, we plot the spin correlations

from the color-octet and -singlet contributions with X(t)h dependence at fixed Qs = 2 GeV and with

0

» .. are calculated

Qs dependence for fixed X(t)h = 0.2 fm in Fig. 7 and Fig. 8, respectively. Here II
by including the field difference between Xy = 0 and Xy = X$*, which yield 2

2z 7 QSXth
(27‘—2) (X(‘gh) =11 By( 0 )

Hyy oct (O) (27’(2)

oct

HZZ

oct

xih) = 1350 (1 - 20003 + (133)
and thus manifest the X(t)h dependence. It is found that our estimation is approximately valid when
0.1 <X <025 fmat Qs =2 GeVor 1 <Qs < 2.3 GeV for X! = 0.2 fm.

Finally, we further comment on higher-order corrections in A expansion upon spin alignment.
In principle, one could further incorporate the i? corrections for AKE and .Aq< g albeit unavailable
in literature at this moment, which may give rise to O(h?) corrections on pgy from Eq. (63) in
our model of coalescence. Such corrections should be suppressed provided the h expansion holds.
On the other hands, there could be possible O(h?) corrections for pgg from V(f/q led by Eq. (62).
Nevertheless, the existence of such corrections implies that Vq<q are out of equilibrium (for the
vector-charge degrees of freedom) and the effects could be probed by spin-independent observables.
As a result, at least in high-energy nuclear collisions, it is unlikely that such corrections could be

prominent for light quarks including strange quarks at small transverse momenta. We hence

12 Here TIZZ, (X&) is proportional to ((B**(0) — B**(X")(B**(0) — B**(X{"))), where we omit the spatial depen-
dence. Accordingly, the terms associated with Q(X{") and Zp.(QsX§") therein are led by the contributions from
(B*(0)B**(X{™)) and (B** (X B¥ (X)), respectively.
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assumed V;/q in thermal equilibrium without quantum corrections in our setup.

V. SPIN ALIGNMENT FOR VECTOR MESONS WITH FINITE MOMENTA :
QUALITATIVE ANALYSES

Previously, we focus on the spin alignment of vector mesons in the rest frame 3.

We may
now investigate its momentum dependence in the lab frame. As stated in the previous section,
the contribution from color-singlet correlations should be theoretically regarded as a higher-order
correction compared with from the color-octet ones. Consequently, we focus on the color-octet

contribution,
[ d=x - qlag’(q/2, X)ag (q/2, X))
_ —R¢? [dSx - q(BE(0, X)BE(0, X))(De, ), v (€q/2, 0))
8N02m2 deX : Qf%q(q/27X)f€/q(q/2vX) 7

for ¢ = 0 in the non-relativistic limit for quarks and antiquarks, where B denotes the chromo-

Tro(P(q/2)Pi(q/2)) ~

(134)

magnetic field in the rest frame of vector mesons. Utilizing Eq. (88) in the weak-correlation limit
by augmentation with the spin-relaxation correction from a color-octet relaxation time, we have
1 —h2g2e XY [dSy - qllp(X)(0., v (€q/2,0))?
poo — 5 ~ )
3 72‘Ng?n2 f dEX : Qf\t/}:](eqﬂ)f\%j(eqﬂ)

where IIp(X) = (B (0, X)B* (0, X))+ (B (0, X) B (0, X)) —2(B (0, X ) B (0, X)). Despite

the neglible size of momentum corrections from quarks and antiquarks, we may simply conduct the

(135)

13 In Sec. IV, we calculate the spin correlations from color fields of the glasma in the lab frame along with vector
mesons in the rest frame. Accordingly, the estimation of spin alignment therein is actually for vector mesons with
nearly zero momenta in the lab frame.
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Lorentz boost on the color fields to approximate the spin alignment of vector mesons with finite
momenta in the lab frame, which will be helpful to qualitatively understand transverse-momentum
and centrality dependence of spin alignment.

We could rewrite B4 in terms of the color fields in the lab frame through
B = (B + %y, BY) — (y — 1) B - 90", (136)

where v = 1/4/1 — |v|? with v' = ¢*/+/|q|? + M? and 9" = v'/|v|. In principle, |q| here cannot be
too large; otherwise the relativistic corrections upon quarks and antiquarks should be considered.
By dropping the correlations between a chromo-magnetic field and an electric one and those between

color fields along different directions, we accordingly find

(BE(X)BIM(X)) = v*({B™(X)B™(X)) + 75,7 v, (BE(X) By (X)) (137)
—2y(y — D)(BY(X)B™(X))o? + (y — 1)%6} > (BY(X)BY(X))
Jj=z,y,2
and thus

(BI(X)BY(X)) ~ 37 {B™(X)BY(X)) + e v;e ™M vy (B (X) By (X)) + O(Jv]'),  (138)

where 72 = 1 + |[v|?> — 0v? &~ v* — v? + O(|v[*), which yields

(Bf*(X)Bi* (X)) ~ 72(B*(X)B™(X)) + vy (B (X)E*(X)), (139)
(BEY(X)B(X)) ~ 3y (B™(X)BY(X)) + vz (E**(X)E**(X)), (140)

(B (X)B*(X)) = +*(B*(X)B™(X))+oy (B (X)E™ (X)) + v (BV(X)EY(X)), (141)

up to O(|v|?) for |vgy| > |vs| at central rapidity.

For color fields from the glasma, as shown in the previous section, the correlators of longitudinal
color fields dominate over those of transverse ones and (E**(X)E%* (X)) = (B**(X)B*» (X)) with
the GBW distribution. Then Eq. (135) becomes

1 R2g%(v? — 202 —1)e 2X0YR [dyy .q<BaZ(0,X)BW(O,X))(aequv(eq/z,o))?

poo — 5 =
3 T2N2m? [ dSx - qf P (eqp2) Fib(eq 2)

In practice, v, , could depend on spatial coordinates, but here we may consider just the average

. (142)

velocities. Recall that x and y correspond to the directions parallel and perpendicular to the
reaction plane, respectively. It is hence anticipated that v2 > U; in most of cases. Therefore, in the
high-energy nuclear collisions with the presence of glasma, we expect po9 < 1/3 and the deviation
decreases with larger transverse momenta (but not too large) and less central collisions, for which
v? — 21}2 increases.

Generically, we may consider two potential sources of color fields. One stems from the color
fields generated by the glasma state, while the other comes from only the internal color fields
characterizing an effective potential that binds the pair of a quark and an antiquark. The spin
alignment induced by the glasma only exists in relatively high-energy nuclear collisions. On the

other hand, the effective potential could play a more dominant role in low-energy collisions, where



29

small-Pr large-Pr central non-central
glasma oo <1/3 s < 1/3 oo’ <1/3 | oy’ S1/3
effective potential | [p0”/" —1/3] 20 | |ps”/ —1/3] >0 | pi’"<1/3 | po7/" > 1/3

TABLE I: Competing effects for spin alignment from color fields

the contribution from external color fields vanishes as well. However, the magnitude of such
a potential term entails non-perturbative calculations such as the lattice simulations, which is
beyond the scope of the present work. For simplicity, we also assume the screening effect in the
QGP phase such that the non-dynamical contribution of internal color fields at late time can be
neglected. Unlike the color fields from the glasma, the effective potential should be approximately
isotropic. We hence postulate (E%(X)E%(X)) = (B%(X)B%(X)) = (B*X)B%X)). In the
weak-correlation limit, Eq. (88) accordingly yields

1 W20} — 207)e X0 [ dSx - q(B(0,X)B(0, X)) (Dey 0 fi (¢q/2,0))”

poo — 5 =
3 36N2m?2 [ dEx - qfify(eqp2) fify(eq 2)

(143)

As opposed to the case in high-energy collisions, we could possibly have pog > 1/3 given v2 > 2’05
from the effective potential at low-energy non-central collisions and the deviation may increase with
larger transverse momenta P (but not too large) and more peripheral collisions. Nonetheless, the
effective potential also gives rise to poo < 1/3 in central collisions. In practice, the effect from
the glasma and from the effective potential possibly co-exist for ¢ mesons and .J/v, which should
compete with each other in sufficiently high-energy collisions, while the latter effect is unlikely
present for K*0 although the glasma effect on K*¥ needs to be further investigated. As a result,
the spin alignment for K*° may only occur at high-energy collisions with the glasma effect that
yields pgo < 1/3. Nonetheless, these two effects could be more prominent in distinct kinematic
regions or centrality conditions. In table I, we roughly summarize the qualitative behaviors of pgg
led by individual effects, where we also expect that the spin alignment of J/¢ at high collision
energies follows the similar behaviors as those of ¢ mesons although it is unlikely that charm and

anti-charm quarks will reach thermal equilibrium.

VI. CONCLUSIONS AND OUTLOOK

In this paper, we estimate the spin alignment of vector mesons induced by color fields in the
glasma phase via the newly derived equation with local spin correlation in the quark coalescence
scenario. We find that both the color-singlet and color-octet components of the axial-charge cur-
rent densities for quarks and antiquarks contribute to the associated spin correlators, which are
dynamically generated through the background color fields. Based on our estimates the resulting
spin alignment could be significant. We identify and discuss the limitations of our perturbative
approach contingent upon the saturation momentum and lifetime of the glasma. We also quali-

tatively analyze the spin alignment of vector mesons with nonzero momentum in a self-consistent
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framework with color fields originating from both the glasma and effective potential characterized
by isotropic internal color fields, which may result in opposite signs for pgg — 1/3 for different
transverse meson momenta and collisions of different centrality. The differences for spin alignment
between these two scenarios stem from the intrinsic spatial anisotropy of the color fields and the
momentum anisotropy of vector mesons, respectively. As briefly discussed in Sec. IV, our estimates
for spin correlations are subject to several approximations. Here we reiterate some potential issues
and propose future research directions. Most importantly, the validity of our estimate is sensitive
to the value of the thermalization time X(t)h where the glasma phase ends. Our numerical study
indicates that our estimate breaks down around QSXSh ~ 2 ~ 5. However, the order-of-magnitude
estimates for spin correlations still reveal non-negligible contributions to spin alignment from the
glasma effect. In addition to the need for developing a more rigorous approach to treat the non-
perturbative dynamics of color fields for spin transport of quarks, it is also crucial to have more
reliable estimates for the spin relaxation after the end of the glasma phase. As shown in weakly-
coupled gauge theories, the collision terms responsible for spin relaxation are far more complicated
than the relaxation-time form [28, 29, 69, 76, 78].

The color-field induced diffusion terms that are neglected in the weak-field limit may further
cause the suppression of spin correlations. Furthermore, the sudden truncation of the glasma phase
is unrealistic, which further raises the issue of the connection between spin transport of quarks in
the glasma phase and in the QGP in the framework of QKT. On the other hand, the non-relativistic
approximation for constituent quarks and antiquarks is adopted here, which reduces the non-local
correlator of color fields to the local one. For a quantitative estimation of the spin correlation
via non-perturbative approaches like lattice simulations, the spatial separation between color fields
should be taken into account. Overall, a more precise estimation for color-field effects beyond the
non-relativistic approximation will be required for a reliable comparison with the growing data
for relativistic heavy ion collisions. Our formalism provides for a framework in which this is, in

principle, possible.
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Appendix A: Analytic solution from AKE

Considering
a0
p- 03 (p, z) = G(p, z) — LET), (A1)
T
one finds
0 o [ L "
’ 1 k. p—i—zpoTl—i—ze ’
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which can be decomposed into

where
p _ Z/d4 / d4XI fzk-(Xfx’)(k p ipOTfl)G'u(X, Xl) (A4)
’ (k-p+ipot—1)2 + €2 =0’
and
~ 4 d4(5X . -1\ _—ik-6 X /
ity 0.X) = [[atk [ G p-t imyr e NG, ), (45)

where X = X — X’. Note that the convention for Fourier transformation here is

4 ) ,
Fok) = [ o™ .. (A0)

Assigning p, = (po,0,0,p.) and hence we obtain

A6 XoddX, e thodXotik:0X:
= dkodk., nxX X! - A
p’ Z/ 0 / 27T kopo — k.p. + iponl G ( ) )|5X:(;,y707 ( 7)

which yields

a?l)(p’ X) _ /dk / (SXod(SX sgn;(SXo) ikz(6XZ—5Xopz/po)—6X0/eru(X’ 5X)|6mey:0
0

Xodo X X
_ / déXods ngn((5 )56 — 6Xop. foo)e O/ (X, 6X)sx.
(2m) Do |
1
_ X, Xo)GH(X,5X )e~0Xo/T A
o | % o[sgn(5 0)GH(X,0X)e sz,y=o,5xz=pzéxz/po )

by using
/ dke™™* /(k 4 a) = —imsgn(z)e'™?. (A9)

Similarly, it is found

A5 Xods X, w8(ko — kap, 1) A
(. X) = [t [T TR0 I LT ) o6 G )

2

Po
déXo _ .
_ / 2poo OX0/TGI(X, X)X y=0,6Xo=p26X- /po> (A10)
and thus
- dd X B N
G/j‘(p7X) :/ p00@(5X0)6 0Xo/ C;’N()(7 X/)’(SXz’y:O’éXZ:pz[SXZ/pO, (All)

where we have used 1 + sgn(x) = 20(z).
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Appendix B: Derivation of the integral

Considering the integral

a a a/2 a/2
= / da / dyF(z,y) = / az / dgF( + a2, + a/2), (B1)
0 0 —a/2 —a/2

we can introduce V = 4§ — x and U = § + T and rewrite the integral as

1 a a—V a 0 0 0 0 a+V
I:(/dV/ dU+/dV dU+/ dV/ dU+/ dV/ dU)
2\ Jo 0 0 V_a —a “V—a —a 0

F((U=-V+a)/2,(U+V +a)/2), (B2)

where the overall 1/2 factor comes from the Jacobian determinant.
When F(z,y) = F(y —x) = F(V), the integral in Eq. (B2) reduces to

I = (/OadV(a—V)+ ’ dV(a+V))f(V)

—a

_ / AVaF (V) — / AVV(F(V) + F(-V)). (B3)
—a 0
It is found I = 0 when F(V) is an odd function with V.
On the other hand, when F(z,y) = F(V)cosU, the integral in Eq. (B2) becomes

I = (/Oastin(a—V)—F/O stin(aJrV))F(V)

—a
a

= dVsinacos VF(V) — /a dVsinV cosa(F(V) + F(-V)). (B4)
0

—a

For a = 27, the integral further reduces to

I=— /27r dVsinV(F(V) + F(=V)). (B5)
0

Appendix C: Calculation of the longitudinal spin correlation
At mid-rapidity n — 0, in the small-momentum limit such that /| = p// /py < 1 for pg = ¢p =
\/p? + m? being onshell, the longitudinal component of color singlet spin four-vector is obtained
in Ref. [90]

2
@ (p, X) = <gf 0By v (1) ) L. s o [0 (B E )
—0xn (BHXEG(X")) = 0xra (BY(X)EG(X"))
+(XG — )(aX”l ( NES(X")) — Oxmdxn (Ef(X')E(X"))

+0xm20x1 (E3(X")

)
B(X
B§(X")) = 0% (B3(X)EF(X") ). (c1)
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Eq. (C1) can be used to obtain (a**(p, X)a**(p,Y)). Since, in the end we will integrate over spatial
X and Y on the freeze-out hyper-surface with Xo = Yp, a further simplification can be made by
symmetry, (a**(p, X)a**(p,Y)) = (a**(p,Y)a**(p, X)) which suggest that the integrals involving
variables X’ Y’ X" and Y should remain invariant under (X’ +» Y’ X" <> Y”'). It turns out that

we can write

(@ (p, X)a>(p,Y)) = (@ (p, X)a>(p, Y )1 + (@ (p, X)a™(p, Y ) 11 + (a**(p, X)a** (p, Y)) 111,
(C2)

where

(@**(p, X)a**(p,Y)) = (922_ (Opo.fv (po) ) /k /, X,,/k /, v

|Oxn0dy o (B (X' By (X" Bl (Y ) B (Y"))
200y ( E(X') B (X")BY(Y)EY(Y"))
2000y sz { E(X) B (X") B, (Y’)Eg] ("))
+0x10yn (BY(X)Ef(X") LY EY(Y"))
+20x10y s (B (X') B (X")BY (Y EY(Y"))
)

+0X/2&Y/2< o (X Eg (X")BY(Y ) EY(Y") ] (C3)

(@**(p, X)a*”*(p,Y )11 = —(ng (9p0 fv (po) ) /k /X/k /p:

= (O = Y)Dxnodymdyn ( E(X) Ef(X")BL (Y ES(Y"))
+(Yy' — Yg)dxm00y 10y <Ef12(X’ ER (X" E} (Y EY(Y" >

) (V) ENY”)
—(V' = Y§)xnodynadym (Bp(X) B (X" ES(Y) ER(Y")
) (V) ER(Y")

+2(Yy — 3/())3X'13Y//13Y"1<

—2(Yy — Y)9x:10ym1 Oyny <

= Y3)Oxndymadyn {

) — Yg)9x110y a0y <
)Ox 120y Oy m <Bf§

= Y3) D20y mdyns

Yg)0x120y 20y m <

) {

—2(Yy — Yy)Oxr20y 120y s

(Yo

(Yq
+2(Yy - Y,

(Yq

(Yo
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and

~ - g>C. pY’
(@ (p, X)a**( Y = 2 (Opo.fv (po)) / / / /
k / X// k / Y//

[ (XY = X0V~ Y§)0xmdxmdymdyn (BL(X)VES(X")BYY " EY(Y"
Xo)(Yy' — Yg)dxm1dxmaOymi Oymy <Ef(X/)Eiz(X/,)E%<Y/)Elf(y//)>

(X(/)/ Xo) (Yo' = Y)Oxna0xm dynadym <E (X/)ES(X”)ES(Y/)ES(Y”)>

F(XE = Xo) (VG = Y§)Oxna0xmadynadyns (B (X' EL(X")ER(Y)ER(Y"))

—2(X( = XYYy = Y])OxmOxmdymdyns (B (X' ES(X"EL (Y EY(Y")
+2(Xg — X0) (Yo' — Y5)0xm0xm Dy oy <E (X" ES(X"ES(Y")ES(Y")
—2(X( — X5) (Yo — Yg)0xm10x1 9y nadymy <E (X" ES(X")ES(Y")EY(Y")
—2(X{ — XG) (Y = Y§)dxmOxmadynadym (BL (X' EL(X")EY(Y)EY(Y")
F2AXE — Xp) (VG = Y§)OxmOxmadynadyns (B (X)) EL(X")EY(Y ) EL(Y")
—2(Xg — X0)(Yy — Yg)Oxr20x10y 20y <E§(X/)ES(X")ES(YI)ERY")

In the above Egs. (C3), (C4) and (C5) the four-field correlators can be written in terms of two-field

correlators as follows

(a8 (X)ag(X")ab(Y)ah(Y")) = (af(X)as(X")) (ah(¥)ah(¥")) + (af (X)ah(¥")) {ag(x")ah(¥") )

+(af(X)ab(r")) (ag(X")ah(v"))

Now keeping in mind (a**(p, X)) vanishes (see Ref. [90]), the terms with color structure
(a3 (X" ag (X" B (Y")ab(Y")) will not contribute in the Eqs. (C3), (C4) and (C5). Moreover,
all the terms associated with 8XONEFQ(X’)E§’“] (X") in Egs. (C3), (C4) will vanish since such terms

involve the integral

Xo Xo
/X” 8X//0J1(qX6)J1(lXé')@(Xé)@(X[’)’) — h” 8X//0J1(qX(’)’)Jl(lX(’))@(X('))@(Xé’) = 0.
0 0

In the end, summing over all the non-vanishing contribution from Eqs. (C3), (C4) and (C5) one

can obtain

_ 2
(@*(p, X)a™(p,Y)) =~ <g2§2po(8pofv(]90))> [.71 + T+ T3, (CT)

where the terms J1 = Ja+JB, Jo = Jo+Ip and J3 = Jg+ Jr are the nonvanishing contribution
from Eq. (C3), (C4) and (C5) respectively. The expressions for Ja, J5, Jc, Jp, JE, Jr in terms

(C6)
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two field correlators are as follows

R Y Y

[oxndyn ((B=(XNBR(")) (B (XE (V")) + (B (X) BT (V') (B4 (X" EB(Y")))
" << BbS > <Ea1(X//)Eb2(Y//)> i <Ba1(X/)Bb2(Y )> <Ea3 X" Eb3 1 )>>
<B a3( X"\ B3 (y ><E“2(X”)Eb2(y”)> n <B“2(X’)Bb2(Y’)>< (X" EY(Y") >)}
(C8)

+28X/18Y
+0x7120y 72 (

L

|:8X 18Y " (<Ba3 X/ Ebl Y// ><Ea1 X// Bb3 > <B 1 Eb3 Y/l >< X// Bbl Y/) )
'2

+20xn0yrs ((BB(XNER(Y")) (B (X"BE(Y) ) + (B (X ER (")) (BS(X") B2 (Y")))
+0x120y 2 (<B BXNER(")) (B(X"BH(Y')) + (B 2(X’)Eb3(Y” ) (B (x B |,
(C9)
Lk
[+ 20 = Y)xndymdyn (BY(XVELY")) (EH(X")BY(Y"))
2 = Vi) oxndymdyn (BY(XVEL(Y")) (BUX")EN(Y™))
+2(Y] = V) Oxndymdyn (B (X)EY(Y) ) (L (X" ("))
—2(Y]' = V)0 Dy ( BY(XEY(Y)) ( ER(X")EY(Y") )
F2(Y = Y§)dxradymdym (BS(XVEL(Y')) (E§(X")ER(Y") )
—2(Y]' = V) D20y ( BY(XEY(Y')) ( ES(X")EY(Y") )
+2(Y] = V) Oxndyndyn (B (X)EYY")) (ES(X")E§(Y"))
~2(Y]' = Y§)Oxnadynadyna ( BY(XES(Y)) (BS(XMEL(Y)) |, (C10)

O Y Y

[+ 200 = ¥))axndvmavm ( BYOX)ES(Y")) (B (X EY(Y"))
—2(Y]' = V)0 dymdy ( BY(X)EY(Y")) (EL(X")EY(Y") )

20V = Y)Oxndynadyn (BY(XVEYY") ) ( ER(X")ER(Y"))

(Y — V)11 Dy madyno <B3 NEb(Y" > <E1( >
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Now, first using Eqgs. (92), (91), (96), (95) in Egs.(C8), (C9), (C10), (C11), (C12) and (C13) then

using the following relations

D, X Xo

1
/ ~
. G(X, X') ~ o G(X X)x{ ) y= X100 (C14)
Xo 0
/ - / aX4 (1 + san(Xo — X5)), (C15)
X} —o0
X' X'
Ox1 5 G(ur) = / Ou, jG(ul), (C16)
Ligu Liqu

we can obtain

4N25ab5ab
JA(p7 X’ Y) = / / / /
64])0 Liqu J Ll J Lig" u/ J Ll 0!

Iyl/y
|:< 6u:p8'uzQ ('LLJ_, UL)Qf (ulj_a Ul)pla(XOa }/0) q, l> q,a l,)

Y1y
+q auxav:r;Q-i—(uL’ UL)Q-‘,-(UL’ UL)pr(XO’ }/07 q, l’ q l )>

/yl/a:

-2 auxa’qu (uly UJ_)Q— (UIJ_7 ’Uj_)p]a(Xo, %7 q, l7 q/7 l/)

qyl””
ql

+— auxava+(uJ_7UJ_)QJr(uJ_?UJ_)pr(XmYbaQ7l q l))
l:cll:c
+( Oy (1,009 () p1a(Xo, Yo, 0, L 1)
+ 8uy8va+(UJ_7'UJ_)Q—F(ULyvL)plb(Xm}/Oa%lyq l)>:| (017)

where

PIa X07 Y07 q, lv q l )

/ / / / Jo(aX) Jo(1Y5)O(X5)O(Yg) J1(¢'Xg) 1 ('Y ) O(X()O (1)

— 16 / ax; / avi [ axg [ aviaaxe mvi i X5 a0
xO(Xo — X5)O(Yo — YJ)O(X{ — X)O(Yy — YHO(XH)O(Y))e(X))e(yy),  (C18)
PIb Xo,Yo,q,l,q )

/ / /X /y T1(X0) 11 (1Y5)O(X0)O(Yg) Jo(q' Xg) Jo (1Y) O(X)O(Yy)

~ 16 / / av; / dX/ Yol I (aX8) T (1Y3) Jold X§) Jo (1Y)
xO(Xo — X))O(¥y — ¥§)O(X) — X§)O(Yy — ¥§)O(X5)O(¥g)e(xy)e(yy),  (C19)
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and
4N25ab5ab
jB(anvy) = / / / /
64}90 Ligud Ll J Ligt o J L o
lyqu o 1o
l ; auxQ (uj_va_)avm/Q—(uJ_vUJ_)pI]a(XO))/Oa%Lq7l)
qyl'y /
+—F 8u:1:Q+(UL7UL)avx’QJr(uLavL)pllb(XOaYOa(Llaq l))
lw & / / ’oqt
-2 8ua:Q UJ_avL)avy’Q—(uLa UL)pIIa(Xm Y[), q, l, q 7l )
qyllw
+— 8urQ+(uJ_avJ_)8vy’Q+(uJ_vvl)pllb(Xﬁa}/E)aQ7laq l))
l:): /T
+< 1 aqu ULaUL)avy’Qf(uljgUi)plla(XOa}/an,laq/al,)
xl/x
+ aqu+(UJ_7UL)avy/Q+(Ul,Ui)p]]b(X0,%,q,l,ql,l/))],
(C20)
where
Plla X07Y07qal7q l)
/ / / / Jo(aXb) 11 (1Y YO (X)O (V) 1 (¢ X§) (¥ O (XE)O(¥y)
X//
~ 16 / X} / v, / X! / Y Jo(a X)L (1Y) T (¢ XU) Jo (YY)
<O(Xo — X4)0(Ys — Yi)O(X} — X{)O(V] — Y{)O(X)e(V)e(xX)eny),  (C21)
prv( Xo,Yo,q,l,q l)
/ / / / T (aX4) To(1Y3)O(X4)O (V) Jo(g X{).11 (1Y) O (X0 (1)
— 16 / ax; / avy / ax! / AYy T (aX4) Jo (Y3 Jold' X§) T (1Y)
<O(Xo — X5)0(Y — Y)O(X} — X{)(V] — Y{)O(X)e(V)e(X)eny),  (C22)
and
4N25ab5ab Y X Y
R L
64}90 Liqu J Ll J Liq" u J L5l 0!
ly /yl/z , ,
|:l au:rQ (uvaL)avx/avx’Qf(uj_avj_)
ly q,yl/y , ,
+7Waux9_(UJ_,'UJ_)avxlawa/Q_<UJ_,'UL)
lac q/yll:c , ,
—Twaung(UL,UL)avy/avxlgf(UL,UL)
[® q/yl/y

—TW&JZQ, (U1, 01 ) Oy Dy Q— (W', V')
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ly qlarllar , ,
_7 Wauyg— (UL, UL)avx’ava:’Q— (uLv fUL)

ly q/xl/y , ,
_7 Wauyﬂf (uly UL)avx’avy’Qf (uJ_7 UJ_)
1z /mllm

+778uy9—(uJ_7vJ_)avy’ vx’Q—(ulj_vvj_)

ZCC /xl/y

+TWaqu7 (UJJ UL)avy’avy’Q* (u/l’ Ul) X pC(X07 1/07 q, lv q,7 l/)’ (023)

where
pc X07Yb7Q7laq l
/ / / / (Y2 — Y{) Jo(aX0) 1L (1Y) O (X)) O(Y))Ju (¢ XY (1Y) O (X))o (V)

~16 / ax; / avi [~ dX/ YD) o(aXg) (V) (4 X I (1Y)
<6(Xo — X})O(Yy — Y)O(X} — X1)O(Y] - Yd’)@(Xé)@(Ya)@(Xé’)@(Ya’>,

4N25ab5ab
jD p:X7Y ~ + / / / /
( ) 64p0 7q7 J— l U ’q U J‘ l/ !

la: lyl/y
R

and

8ua:8v:vavacQ (UJ_7 UJ_)Q— (UIJJ 'l)ﬁ_)
ly ’yl’y
T l
lm /yl/m
i q'r
ly lyllaz
1l
lx /xl/y

1
v /zl/y

_l G 8uyam3auyQ (UJJUJ_)Q—(“/J_?US_)

lac /a:l/ac

+— ] 8uyavyawvQ (UJ_v UJ_)Q— (ulLv v/i)

ly /xl/z
+l q'

auxavxavyg (ULv UL)Q* (UIJJ Uj_)
8ux6vyavrQ (UJ_a'UJ_)Q— (U/J_,’Uj_)
auxavyava (UJ_a UJ_)Q— (UIL7 UIL)

auyavxavaeQ (ULa fUi)Qf (ulj_a ’Ul)

T Ouy Oy Oy 2 (w01 )Q (4, 0') | X pp(Xo, Yo, 4,1,¢,1'), (C24)
where
PD Xo,Yo,q,Lq ')
/ / / y / (Yo' = ¥5)Jo(aX0) 1 (1Y5")O(Xg)O(Yy) J1 (¢ X)) J1 (1Y) O (Xg) O (Yp)

16 / ax; / av [~ axg / AV~ V) Io(aX D) (V) T (¢ XJ) I (1Y)
<O(Xo — X5)0(Yo — Yi)O(X — X{)O(V] - %’)@(Xé)eafa)@(Xa')e(Yd’),
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and
4N25ab5ab Yy l:pll:p
jE(ana Y) 64 / / / / |:q /l/ 3336/3333/9 (’LL/J_,US_)Q,(’LLL,UL)
po LiguJ Lilw J Lig o J L v
qv1Y 1Y o
? q'v Ouat Oy Oy Oy Q2 (u) , v ) (up, v )
qrlE /ml/x
qd qvU aux'a“y'am"'avy’Q (U,J_a Ul)Q—(UJ_a vy)
xlm /yl Y
qql i /l/ agy’agy’g (ui,vi)ﬁ_(ubvj_)
iy ¢'ely
02 0oy - (0l )0 (a1 01)
Y|z /ml/x 9 , ,
—2 gl aum’avxlavy/g—(uJ_v UJ_)Q—(UJ_a UJ_)
YT /Ty
_2qql 1 /l/ 8131:’833/9 (Ul,Ui)Q_(UL,UL)
¢I* q i ro
T Oy Oy Oy Oy 2 (0,07 ) (g, v 1)
xlx /zl/y , ,
+2 ql q 1y 8'“95 8Uy/avy’9—(uj_7 UJ_)Q—(UJ_a ’UJ_)
qylx /yl/y o, .
ql a auylauy (UL)UL)Q—(UL)UL) X pE(X()v}/Du(leq 7l )7 (025)
where

PE XOaYbaq’lvq l

/ //‘/ V) (X)) O (X0 (V) (¢ XE) 1 (1Y O (X0 (YY)
ﬂ#d@/mjdx/ X0 = Y3 R @X) I 05 1 XY
<O(Xo — X5)0(Yy — Y})O(X} 4wm%smwmmmm%w%% (C26)
and
4N25ab5ab qyla} q/xl/y
Jr(p, X, Y / / / / [ 020 (up,v)0%,0 (W0
F( ) 64p0 Liqu J Lilw J Lig/ w! J Ll ! ql q/l/ ( - J_) ( + l)
@ g
ql q/ 61);,;8@3,9 (UJ_, ’UJ_)auﬂauy/Q_(ul, Ui)

:L‘lx /a:l/a:

Oy Ouy Q— (U1, 01 ) Oy Oy Q— (W, V1))

gl q'l
rly /yl/x 5 , ,
R TR (uJ_,vl)a (v, v)
qyly lacl/y , ,
+2? — O Oy QA (1,01 )02, Q— (W, v)))
qylac /xl/x 9 , ,
-2 a4 av ———OpaOpyQ— (w1, v, )05 Q_(u' ,v))
qyly /zl/m
_27q 81%yQ (ulavl_)ai:p’gf(ulj_vvi)

ql 'l
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qylaz /yl/m , ,
-2 ql avxava (uLa'UL)aua:’auy’Q—(uLavL)
xly /zl/z 2 , ,
” 8 Q_(ut,v] )0y Oyyy Q— (U’ , V)
q’1Y q,yllw ro ’oqr
_2? 77 avyﬂ (1,01 )Ougr Oy U (', 0" ) | X pr(Xo,Y0,q,0,¢,1"), (C27)
where
pF X07Y07q7l7q l
/ / [ ,, / (Y~ Y§) T (aX) R (1Y) OV (d X§)1 V) O (XE)O(Y)
16 / ax; / avy / axy / A — XD = Y0 T (aX) R (YY) (4 X0 R (1Y)
<O(Xo — XD)O(Yy — Y)O(Xs — X)O(Y] — YiNO(X5)0 ()X (Y. (C23)

We next carry out integration over variables ¢, {1, ¢/, and I, and X{, Yy, X{ and Y;’. For
convenience, we make the following decomposition [90] of ¢, [,

(X —w)

_ (Y —v)}
| X1 —ud]

qcosb, —1—9 _ujsinfy, =L
YL — vy

Llcosf + 9 _ ljsinf;. (C29)

where @g = nﬁf + ‘I/Y;LVI; A similar decomposition can be taken for ¢, and I'/. The angular
variables 6, and ¢, will appear in [ d?q, = [dqqdf, and [d?l, = [ dlld;, which can accordingly
be evaluated by using the formulas

27 2
/ dhe’® % = 271.Jy(lal), / dhe?® s cos § = 2imJy(a), (C30)
0 0
2T )
/ dhe <% sing = 0. (C31)
0

After carrying out integration over angular variables, we perform integration over variables ¢, I,
¢’ and !’ using the formula (116). Finally, carrying out integration over X, Yy, X{/ and Y’ and
defining new variables s| = X| —uy, &, =X, —-d, t, =Y, —v;, ¢, =Y, —v|, wecan
obtain

L GINANE-1) [t O(Xo— s )00 — [t )O(sL] — s DOt — It ])
JA(p7X Y) ~ o+ 4.4
4(271-) Do w,v,u’ v’ ‘SLHtLHSJ_Ht |

X [ (.§E’f’f8ux(9mﬂ,(ul, v )Q- (W ,0)) + Sﬁ_tLauxﬁva+ (ug,v)Q4 (v, vJ_))
-2 (A’yt Oz Oy U= (w01 )Q_ (U, 0)) + éJ_tAiauxany_F(UL,UJ_)Q_F(U/J_,US_))
+ (§/f£/f8uyavy9—(ub UL)Q—(UL Ul) + §L£ﬁauy8vy9+(ub UL)Q—%(UL Ui))

(C32)
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where §) = s’ /|s,| and fuvu,v, = [dPu [d?vy [d*u/ [d*).

g'NZ(NZ —1) /L O(Xo —[s11)0(Y0 — [t NO([sL] = |s DO, [ — [tL])

jB(pa X7 Y) ~ +
4(2m)*pg ol s [lto sy [[2, |

X [ (§’ff=’iaw(2_(ub V1) Q= (', V) + 81 Y 00 0 (w01 ) D Qg (4 v')))
-2 (éﬁ’fﬁ@uzﬁ,(ul, V1 )0y Q- (W, V) + 84 1T Oy (wi, 01 )y Qe (W, V)
+ (8778 Ouy Q= (w1, 01 ) Dy QA (0, V') ) 4 8T T Oy Qup (w1, 01 ) By Qp (W), 0)))

(C33)

jC(vavy) ~ +2

g'NZ(NZ — 1) /L O(Xo — |s1)O(Yo — [tLNO(sL| — |8 NO([tL] — [t ])
42m)'p5  Juw st L]’y I, |
x ([t ] = [to]) { §THT Oy (U1, 01 ) O O U (1), 0))
—i—f"" A/yt/yﬁ 20 (U1, 01 ) Oy Oy 1 (
—t] 8T 0ua 2 ) (
—t5 8V 0,0 )Oyyyy O (
—Ny 5"t T Oy 1= (U, V1 ) O O Q— (0, 0}
) O Dy €1 (
) (
) (v

(1,01 )0y Ope Q2
(
(
—tY A’xt/y8 g (U1, 01 )0y Oy U
(
(

Uy,v1 8vy/ y/Q

+ti8L laqu_ UL,V &,y/c‘)w 1

+17 T 0y QU (U1, V1) Oy Oy Q— (V) | (C34)

jD(pa Xa Y) ~ 2

g'NZ(NZ - 1) /L O(Xo — |s1)OYo — [t/ )O(s1| — [s' DOt | —[tL])
4(277)4293 w,v,u’ v’ |3J_||tJ_||SJ_Ht |

(Il = ) | Y0000 1, )00 (0 )

+1 VY 04 Oy Oy Q— (u g, v 1 )Q— (W, 0))
1% 3V O Oy O — (w1, v )Q— (], )
*fi A/i/t/wauxavyavyg (up,v1)Q- (U/La Ul)
—ti”j”t/ya Oz Opz Q2 (ug v )Q_ (v, )
— Y 8T8V 0y O Oy U (w1, 01 ) Q0 (W, V)
+5 8T Oy Oy O U (w1, 01 )Q— (v, )
A+ §THT Oy Oy Oy 1 (w1, 01 ) Q— (!, v ) | (C35)

ANT2( N2 L ,
g*NZ(NZ —1) (Is" | = s]) (I ] = JtL])
Je(p, X,Y) ~ ——"—F— Q_(uyg,vy)
4@2m)ps S ERIE Rl

! 0yl
,U, U,

x[§ﬁ’_AftNyt 02,02, (W, v')) + 8% 8V Y Oy Oy Oy Oy Q— (4, V)
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+8% 3T T O Oy Oyt Oy U (!, 0} ) + §i§'j’f"’if’j’82y,83y/9_(ul, V)
+28Y T Y 02 ) s Oy U (U V) — 284 ST T 02Oyt Oy - (W, V)
—28% §TEL Y07 00,9 (v ) — 28Y 8VET T e Ouyy O Dy Q- (1))
281 8T Y O Ouyy 02 QA (! ') ) — 28Y 8VET Y s Oy 05, 1 (U vl)]
xO(Xo — |sL)O(Yo — [tL[)O(s1] — s NO(tL] = [t ])
xO(Is )0t LO(Is' Ot ]), (C36)

vy CNENZ) (= i) (] - 1)
jF(P; ) ) ~ 4(2m)4 1 I t
@2m)'py  Ju | I[E (st

,ul v
Y Alz e Y a2 2 / /
X [sisftitf@va(uL, v )05 Q—(u),v))

+8Y 8V 1Y 0300y Q= (U1, 01 ) Dur Oy Q— (0, V)
+8% 8T T Oy Oy Q— (g V1) Oy Q— (W', V') )
SR P02, (uy,00)02, 0 (), v )
+2§§/_.§ffi’fﬁ/8wavy97 (uy,v,)02,Q_ () ,v))
—28Y T T Oy Oy U (u v1)0%,Q_ (v, v)
—28% §T1 705, (ur,v1) 05, Q- (u,v])
—2§7i§/ffif’f8m8vy9_ (U1, 01 )z Oy Q— (', V)

—l—2§ﬁ§’ffif’f(95y9_ (U1, V1) Oz Oy 2 (' ,v)
29SO, 0 101 Dy -0
xO(Xo — [sL))O(lsL| = [s'.NOYo — [ NSOt | — [tL])
xO(|sL)O(tL))o(s he(tL]), (C37)
Now we adopt the GBW type of gluon distribution [82],

Q ( ) Q( ) Q;l 1 — e @ilur—vi[?/4 2 Qi% 1 — e~ @ilsi—ti—ri?/4 2
+(ui,v) =Qui,v )= = ;
gINZ \ Q%uy —wvy|?/4 g*N2 \ Q2|s; —t; —r[?/4

(C38)

where (), is the gluon saturation momentum and r; = X, — Y] .
Carrying out integration over variables u, v, u/, v/, we can write J; + Jo + J3 = J, which

depends on pg, Xg = Yy, 71 and 6,.. It turns out that J is given by

4N2 N2_1 8 7 sX No ) ’97"
j(p07Q8X07Qs‘TJ_|,9r) = g C( ¢ ) QS j(Q 0 Q |TL‘ )

4(2m)tpy  gSNE Q? ’ (C39)

where 6, = cosT'(r?/|ri|) and J(QsXo0,Qslril,0,) = J1(QsX0,Qslril,0;) +
jg(Qon, Qs|ri],0r) +j3(QsX0, Qs|r1],0r) is a dimensionless quantity obtained after carrying out
the eight-dimensional integrals. The behaviour of jl(Qon, Qs|ril,0r) + jQ(QSXo, Qs|ril,0r) +
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J3(Qs X0, Qs|r1|,0,) with respect to QsXo for fixed values Q |r1| = 0.05 and 6, = 7/2 is shown
in Fig. 9. Since j1,273(Q5X0,0.O5,0r) ~ j1,2,3(Q3X0,0.05,0), for numerical efficiency, we approx-
imate J1.23(Q5X0,0,0) ~ J1.23(QsX0,0.05,7/2) and also J(QsX0,0,0) ~ J(QsXo,0.05,7/2).
The same approximation is applied to i172’3 and Z (see Ref. [90]). For brevity, we denote
J(QsX0) = T(Q4Xo,0,0) ans similarly for Z(Q,Xo), J1.2.3(QsX0), and Z; 2,3(QsXo).

6=", Qs|r.|=0.05

50000[ ... )

1

40000}

~ 30000}
]

20000}

10000}

FIG. 9: Numerical results for jl, j% js as a function of Q4Xj.
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