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Strong gravitational lensing of gravitational waves can produce duplicate signals separated in time with dif-
ferent amplitudes. We consider the case in which strong lensing produces super-threshold gravitational-wave
events and weaker sub-threshold signals buried in the noise background. We present the Gst LAL-based Tar-
getEd Sub-threshold Lensing seArch (TESLA) search method for the sub-threshold signals using reduced tem-
plate banks targeting specific confirmed gravitational-wave events. We perform a simulation campaign to assess
the performance of the proposed search method. We show that it can effectively uprank potential sub-threshold
lensed counterparts to the target gravitational-wave event. We also compare its performance to other alterna-
tive solutions to the posed problem and demonstrate that our proposed method outperforms the other solutions.
The method described in this paper has already been deployed in the recent LVK collaboration-wide search for

lensing signatures of gravitational waves in the first half of LIGO/Virgo third observing run O3a [1]].

I. INTRODUCTION

General relativity predicts that waves emitted from a source
can be deflected before reaching the observer, an effect
known as gravitational lensing [2]], which has been exten-
sively studied with electromagnetic waves [3H13]. Since
the first successful detection of gravitational waves by the
LVK collaboration [14H24], works have started considering
gravitational-wave lensing, including lensing rates [25-H30],
strong-lensing [25H27, 31H38]], weak and micro-lensing ef-
fects [39H51] on gravitational waves. Claims or disclamations
of detected pairs of gravitational waves for being lensed im-
ages have also been made [52H54].

The LVK collaboration has recently published its first full-
scale analysis to search for gravitational lensing signatures
of gravitational waves within data from the first half of
LIGO/Virgo third observing run O3a [[1]]. They conclude that
no compelling evidence was found for gravitational lensing to
take place within O3a. In the paper, they consider the possibil-
ity that strong lensing produces multiple gravitational waves
from the same sources. In one scenario some images are
magnified and hence become identifiable as detections, and
the rest are demagnified and thus are buried within the noise
background. Through two independent search methods, they
search for the latter sub-threshold lensed counterparts to con-
firmed gravitational-wave detections by effectively reducing
the noise background while keeping the targeted foreground
constant. This paper explain in details one of the methods be-
ing use, namely the Gst LAL-based TargetEd Sub-threshold
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Lensing seArch (TESLA) pipeline. We provide an assessment
to its performance in searching for potential sub-threshold
lensed counterparts to super-threshold gravitational waves.

The paper structured as follows: In Section |lI} we provide
a brief overview of how matched-filtering search pipelines
work to search for possible gravitational-wave candidates, us-
ing GstLAL as an example, as well as explaining the ba-
sics of gravitational lensing, and the motivation to search
for sub-threshold strongly-lensed gravitational waves. In
Section we pose the problem of searching for potential
sub-threshold lensed counterparts, and introduce the TESLA
pipeline’s working principle. In Section[[V] we provide details
of a mock data challenge performed to assess the performance
of the TESLA pipeline, and compare its effectiveness to alter-
native proposals in solving the problem posed in the previous
section. Finally, Section [V] summarizes the findings and dis-
cusses possible future work to improve the search sensitivity
of the TESLA pipeline.

II. BACKGROUND

A. Search for gravitational waves with matched-filtering based
CBC search pipeline: Using GstLAL as an example

Searches for gravitational waves from compact binary coa-
lescences typically utilize matched-filtering search pipelines,
including Gst LAL [S5H62]], PyCBC [63H67], MBTA [68.69],
and SPIIR [[70]]. To better explain the rest of the paper, we will
give a brief overview of such pipelines. In particular, we are
using GstLAL as the example since it is mainly used in this
work.
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1. Populating the candidate event basis by matched-filtering

Waveforms of gravitational waves from compact binary co-
alescences (CBC) are well-modeled. Specifically, the time
evolution of a CBC waveform is empirically governed by in-
trinsic parameters of the source (e.g., the source component
masses m1,ms and dimensionless spins X1, x'2). Denote the
data stream d(t) in the time domain as d(t) = n(t) + h(t),
where n(t) represents noise and h(t) represents a signal in
the data (if it exists). We detect gravitational-wave signals by
cross-correlating noisy data using template with known pa-
rameters. The cross-correlation (quantified by the signal-to-
noise ratio (SNR)) timeserie for a given data stream with a
specific waveform template h; "™ e (1) as [551 561 63]

+o00
i(t) =2 / RSP () d (T + t)dr, (1)

where the “hat” above the template and the data means that
they are whitened with the single-sided power spectral density
(PSD) S,,(f) in the frequency domain (denoted by a “tilde”)
according to

iltemplate(t) _ e Etiemplate(f) eQﬂ'ift
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If a signal h is truly present in the data, the SNR will be max-
imized if it is cross-correlated with a template waveform that
has precisely the same parameters as it does, and when they
are perfectly aligned in time. We denote that as the optimal
SNR popt, defined mathematically as
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Note that the strains of CBC gravitational waveforms are
inversely proportional to the effective distance D.g to the
source, i.e.
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where F; and F. are the antenna response functions corre-
sponding to the signal, ¢ is the inclination of the source rel-
ative to the line of sight, and D is the luminosity distance to
the source. The optimal SNR for a given template therefore
scales inversely with the source’s effective distance, i.e.
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I The SNR is evaluated at different times of the data, and the results are
recombined to form a continuous time series.

We will exploit such scaling in later parts of this work.

A large template bank containing a set of gravitational
waveforms is used to cover the desired search parameter space
in a general search. Within the search space, templates are
not distributed uniformly, but instead in a way that satisfies a
minimal match criterion to balance between identifying sig-
nals with minimal loss of SNR, and accumulating too much
noise background. The general search space is wide since
we have no prior information regarding the signal’s parameter
subspace. For instance, the template bank used to search for
gravitational waves in data collected by LIGO/Virgo detectors
within the first half of the third observing run O3a consists of
1412263 templates. The templates have component masses
ranging from 1M to 400M), covering signals from binary
neutron stars, binary black-holes and neutron-star-black-hole
mergers (13, [16] (See Figures ] [7]or[6).

Prior to performing matched-filtering, Gst LAL further di-
vides the template bank by grouping templates that will re-
spond to noise in similar ways into sub-banks [55, 156, [71]]. It
then utilizes the LLOID method [[71} 72] to create orthogonal
basis filters from the sub-banks through in-order multiband-
ing and singular value decomposition (SVD) [73]] for each of
the time slicesﬂ The basis filters are then used to perform
matched-filtering through the data stream for each detector.
The results are combined to reconstruct the SNR timeseries
for each template. The SNR timeseries are then maximized
over short time windows in order to produce a set of triggersﬂ
for each template and each detector. To reduce the number
of triggers, only those with an SNR greater than 4 are kept to
form the candidate event basis.

2. Assigning statistical significances for the candidates

In order to rank the candidates, Gst LAL assigns each of
them a log likelihood-ratio In £, defined by
1 1 P, 0,5, 8, (AT, Ad]|d,signal) P(@lsignal)
P(ﬁH, 0, 7 52, (At A(EH@ noise) P(gnoise) ’
(7
which is the log of the probability ratio of obtaining the can-
didate event under the signal model versus the noise model.
The In £ ranking statistics depend on (1) the participating
detectors 6, (2) the horizon distances gand hence the sensi-
tivities) of the participating detectors Dy, (3) the matched-
filter SNRs g and (4) the auto-correlation based signal consis-
tency test values of the event at each detector 5_2 For coin-
cident eventsEl, In £ also depends on (5) the time delays Af
and (6) the phase delays Aq; of the trigger between partic-
ipating detectors, which are enclosed in square brackets in

2 Time slices are disjointly supported intervals in time within a template

3 A trigger refers to a certain time in the data stream which gives an SNR
larger than a threshold value.

4 That is, triggers that are found in multiple detectors within a certain time
window.



the above equation [55H57, [74]. Starting from the analysis
for O3a data, GstLAL also includes a template-dependent
factor, P(g\ signal) with 7 representing the template parame-
ters, that reflects how consistent the trigger template param-
eters are with an assumed astrophysical mass model [75].
GstLAL estimates the In £ distribution for noise triggers by
sampling the noise distributions of the parameters it depends
on using Monte Carlo methods [14} 155 156]. After assigning
the In £ ranking statistics, Gst LAL then evaluates, for each
event, a false-alarm-rate (FAR) that quantifies how often noise
can produce a trigger with a ranking statistic In £ greater or
equal to the ranking statistic In L of the trigger under consid-
eration, marginalized over all the data analyzed [14]. Mathe-
matically, we have

®)

where N is the total number of observed candidates, 1 is the
duration of the data being analyzed, and FAP, or false-alarm-
probability, is the probability for which noise can produce a
trigger with a ranking statistic In £ greater or equal to the
ranking statistic In Lx of the trigger under consideration, de-
fined mathematically as

P(In £ > In £*|noise) = / P(In Linoise)dIn L. (9)

In L*

3. Outputting a list of candidate events for further analysis

Finally, Gst LAL produces a list of candidate events ranked
by their evaluated ranking statistics for further analysis. The
FARs assigned to each candidate event by Gst LAL quantifies
how often noise fluctuations could generate the event under
consideration. The lower the FAR, the more likely the event
is a gravitational wave. It is up to the analysts to decide a
threshol above which they would perform further analysis
for a candidate event. In this work, we define super-threshold
triggers as those with FAR < 1/30 days, while sub-threshold
triggers are required to have SNR> 4. However, note that the
FAR assignment also depends on the number of noise trig-
gers found during the search, which depends on the number
(and distribution) of templates used for the search. Increasing
the number of templates to target a broader search space al-
lows us to look for gravitational waves coming from a broader
source population. However, this will also lead to a higher tri-
als factor and hence larger noise background. Consequently,
some potential (weaker) gravitational waves will have lower
ranking statistics that might not pass the usual conservative
threshold, and thus remain unidentified. Nevertheless, reduc-
ing the number of templates does not necessarily improve the
ranking statistics for all potential gravitational waves, since it
also depends on the template distribution, i.e. the search space
that we are interested in.

3 That is to say, there does not exist a decisive cut in FAR that distinguishes
gravitational-wave event triggers from noise triggers.

In later sections of this paper, we target a smaller region of
parameter space to search for potential weaker gravitational
waves signals within the data that could be lensed counter-
parts to a target super-threshold gravitational wave for further
analysis.

4. Parameter estimation: Determining the source parameters in a
more refined manner

While GstLAL and other aforementioned CBC search
pipelines provide a list of candidate events with the source pa-
rameters of the accompanying templates that identify them,
they should not be misunderstood to be providing a con-
crete estimation for the source parameters of each candidate
event, since the sole purpose of the search pipelines is simply
to identify possible gravitational-wave candidates. In order
to obtain a more rigorous estimation for the source parame-
ters, Bayesian parameter estimation (PE) is required. Details
about how PE is done are out of the scope of this paper, and
hence it will not be discussed extensively; interested readers
should refer to [[76-79]].It suffices to say here that PE outputs
a set of posterior samples that provides the posterior probabil-
ity distribution, which gives the best estimates of the source
parameters for each candidate event analysed. In later sec-
tions of this paper, we will use the posterior samples for con-
firmed gravitational-wave events to reduce the search param-
eter space to look for potentially weaker gravitational-wave
signals.

B. Basics of strong lensing of gravitational waves

Gravitational lensing refers to the effect predicted by gen-
eral relativity that waves emitted from a source can be de-
flected due to the distortion of spacetime by the gravitational
potential wells of massive objects (e.g. galaxies or galaxy
clusters) before reaching the observer. Such effect has been
long observed and investigated for electromagnetic waves
(EM waves) [3H13]. However, gravitational waves are no dif-
ferent from EM waves according to the equivalence princi-
ple, and hence should also be affected similarly by gravita-
tional lenses. For the rest of this paper, we focus on strong
lensing of gravitational waves assuming geometrical optics.
That is, we assume the wavelength of gravitational waves is
much shorter than the spatial extent of the potential well of
the gravitational lenses, allowing one to neglect diffraction
effects. Under such an assumption, strong lensing can pro-
duce repeated signals for transient gravitational wave coming
from the same source separated by a relative arrival time de-
lay AtjE] with basically identical waveforms, apart from an
overall scaling factor ,/fz;, that amplifies / de-amplifies the

6 For instance, galaxy lenses can produce repeated gravitational-wave sig-
nals coming from the same source separated by a time delay ranging from
minutes to months [25427]].



signals, and an additional Morse phase factor, depending on
the lensed signal type [1, 31H33]]. Mathematically, suppose
iL( I 5, At; = 0) denotes the not-lensed gravitational wave-
form in the frequency domain with source parameters ) (in-
cluding the coalescence time ¢.), the 5™ strongly-lensed coun-
terparts will have waveforms hJL given by

IR, Aty oA,

(10)
where At; denotes the time delay relative to the not-lensed
signal’s coalescence time, ,/fi; is the amplitude scaling factor
due to lensing magnification / demagnification, and Ag; is the
additional Morse phase factor, given by

il]L(fagvﬂ'.ﬁAtJaA(b]) =

n;m
Ay = —~I=, (an

with n; = 0,1 and 2 for Type I, II and III lensed signals, cor-
responding to a minimum point, saddle point and maximum
time-delay solution to the lens equation respectively. Note that
the magnification factor /z; (1) is frequency-independent
under the assumption of geometric optics, and (2) can take
on values larger or smaller than 1, i.e. the lensed signals can
become either stronger or weaker in amplitude as compared
to the not-lensed waveform. Note that while images produced
from strong lensing will appear to be at different sky loca-
tions, the difference (in order of arc-seconds) is negligible
compared to the uncertainty in sky localization for gravita-
tional waves (in order of degrees). Hence, throughout this
work we assume multiple gravitational-wave images from the
same source will appear to come from essentially the same sky
location. To summarize, strongly-lensed gravitational wave-
forms are identical (with the same intrinsic parameters, i.e.
masses and spins, and sky location) to the not-lensed one apart
from (1) a relative arrival time delay, (2) an overall scaling fac-
tor which can either magnify or de-magnify the signal, and (3)
an additional Morse phase factor.

C. Search for sub-threshold lensed gravitational-wave signals

The lensing magnification factor can take on values smaller
than 1. Hence, it is possible for strong lensing to produce
multiple gravitational-wave images from the same source, in
which some are magnified and identified as super-threshold
gravitational-wave detections, and the rest being de-magnified
with much weaker amplitudes that are buried within the noise
background. We refer to the latter as sub-threshold signals.

In this work, we are interested in searching for lensed
counterparts, potentially being sub-threshold, to confirmed
super-threshold gravitational waves by effectively reducing
the noise background in a search while conserving the tar-
geted foreground. The following section describes the pro-
posed method.

III. THE TESLA SEARCH METHOD FOR
SUB-THRESHOLD LENSED GRAVITATIONAL WAVES

In this section we will introduce the TargetEd Sub-threshold
Lensing seArch (TESLA) pipeline aiming to search for po-
tential sub-threshold lensed counterparts to confirmed super-
threshold gravitational waves.

A. The need for a reduced targeted template bank

As explained in Section |lI} a large template bank is used
for a general search for gravitational waves to cover a wide
parameter space, solely because we have no prior information
about the parameters of the gravitational waves we are search-
ing for. However, higher number of templates results in higher
trials factors and larger noise background. This will lower
the ranking statistics of gravitational wave signal, particularly
those being weaker, and caused them to remain un-identified.
Hence, we have to develop a way to reduce the nuisance noise
background while keeping the targeted foreground constant
by reducing the search parameter space, keeping only a sub-
set of templates from the original full template bank.

B. Deciding which region of the parameter space should be
targeted: Signal sub-space and noise fluctuations

The task upfront now becomes deciding the parameter
space that we should be searching in to find sub-threshold
lensed counterparts to a given targeted super-threshold event.
We argue here that there are two major contributing factors:
(1) information about the signal sub-space gained from the
target super-threshold event, and (2) noise fluctuations in the
data, which can lead to finding a candidate event with a tem-
plate whose parameters differ from those of the target event.

1. Information about the signal sub-space

Recall from Section [[I] that strongly-lensed gravitational
waves from the same source should have identical waveforms
apart from (1) a relative arrival time delay, (2) an overall
amplitude scaling factor, and (3) an additional Morse phase
factor. That said, the potential sub-threshold lensed coun-
terparts we are searching for should have the same intrinsic
parameters (e.g. component masses and spins) as the tar-
get super-threshold event. In principle, if we know precisely
the underlying parameters for the target event, a single tem-
plate with the exact same parameters would be ideal to search
for its potential sub-threshold lensed counterparts. However,
the parameters of a gravitational wave are not exactly known,
but instead given by best estimates from the posterior prob-
ability distribution obtained by Bayesian parameter estima-
tion. Therefore, a good starting point would be to keep tem-
plates within the parameter space enclosed by the 90% credi-
ble region of the posterior probability distribution of the target
event’s parameters.



Nevertheless, we argue that the posterior space is insuffi-
cient to cover all potential sub-threshold lensed counterparts.
Bayesian parameter estimation for gravitational waves typi-
cally assumes that noise in the data is Gaussian and stationary,
which is not true in reality. That said, the posterior probabil-
ity distribution obtained is for one noise realization only, i.e.
the width of the posterior space does not account for noise
fluctuations in actual data. Should the super-threshold signal
be found at a different time in the data, the resulting poste-
rior probability distribution obtained from Bayesian param-
eter estimation can be significantly different from the initial
one. This argument will be demonstrated in later sections of
this paper.

2. Noise fluctuations in the data

Should noise in actual data be stationary and Gaussian,
the posterior space of the target event would be sufficient to
serve as a search sub-space to look for potential sub-threshold
lensed counterparts. However, noise fluctuations in actual
data add complexity, since they can result in the sub-threshold
signal being found with a template that falls outside this pa-
rameter sub-space. Hence, we will need to also consider
the effects of noise fluctuations in actual data when deciding
which region of the parameter space should be targeted. We
do this by injecting sub-threshold signals into noisy detector
data and identify all the templates that can recover them; this
is described in some details below.

C. An injection campaign accounting for both factors

Strongly-lensed gravitational waves from the same source
should have exactly the same waveform, differing only by an
overall scaling factor. Hence we can use the posterior samples
obtained by Bayesian parameter estimation of the target event
to generate possible simulated lensed injections that have sim-
ilar parameters (i.e. component masses and spins) and sky
location as the target event. To mimic the effect of lensing de-
magnification, we reduce the amplitude and hence the SNRs
of the injections. This can be done by increasing the source
effective distance, as the optimal SNR scales inversely with
the source’s effective distance (see equation @ In detail, we
take the posterior samples of the target event and rank them
in decreasing order of likelihood. Within a given injection
period, we generate, for each posterior sample, one injection
with the original optimal SNR, and nineﬂ additional weaker
injections with smaller optimal SNRs by increasing their ef-
fective distances, requiring that their SNRs in each detector
have to be > 4 to ensure they can be registered as a trigger dur-
ing the matched-filtering process in the search. These simu-
lated lensed injections represent possible sub-threshold lensed

7 The number nine is arbitrarily chosen. In principle, one can generate as
many injections as one wishes.

counterparts to the super-threshold target event. We then in-
ject these simulated signals into actual data, and use Gst LAL
to recovel{ﬂ them with a general template bank. Because of
noise fluctuations, some injections will be found by templates
that have parameters significantly different from those within
the posterior space of the target event. In the end, we keep
only templates that can find these injections, and use them
to construct a reduced targeted template bank to search for
possible sub-threshold lensed counterparts to the target event.
Performing the injection campaign allows us to approximate
a near-to-optimal targeted template bank taking into account
both the information of the signal subspace we gained from
the target event (by using the posterior samples to generate
simulated lensed injections) and noise fluctuations in actual
data. This ensures templates in the reduced bank can identify
any potential sub-threshold lensed signals while effectively re-
ducing the noise background.

D. A targeted search to dig up possible lensed candidates

Once a targeted bank is constructed, we again use Gst LAL
to search through all possible data with the targeted bank to
look for potential sub-threshold lensed counterparts to the
target super-threshold event. As explained in Section
GstLAL outputs a list of candidate events ranked by their
assigned ranking statistics, including FARs and In £. It is im-
portant to remind readers that the assigned FARs to the can-
didate events here are not measures of how likely they are
to be lensed counterparts to the target event, but rather, as in
the full search, we use the FAR to distinguish noise events
(false alarms) from real astrophysical signals, whether or not
they are lensed counterparts to a target event. In this case, we
should use the ranking statistics assigned as a priority rank-
ing for follow-up analysis to decide how likely each candidate
event is a lensed counterpart to the target event. The details
for the follow-up analysis are discussed in [80} 181]] and are out
of this paper’s scope. Readers are reminded that the sole pur-
pose of the TESLA search pipeline is to reduce the nuisance
noise background effectively, and in turn up ranking possible
sub-threshold lensed counterparts to a target super-threshold
event, assuming it is strongly lensed. It does not serve the pur-
pose of estimating how likely the found potential candidates
are indeed lensed counterparts to the target event.

Figure [T] summarizes the major steps in the TESLA search
pipeline discussed in this section.

IV. SIMULATION CAMPAIGN

We perform a simulation campaign to test the effectiveness
of the proposed TESLA pipeline to search for potential sub-
threshold lensed counterparts to a target super-threshold grav-
itational wave, assuming it is strongly lensed. Figure [2| out-

8 An injection is considered “recovered” if the corresponding trigger has a
False-Alarm-Rate (FAR) < 1/30 days.
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Figure 2. The analysis flow of the simulation campaign.

lines the flow of the simulation campaign. We first prepare a
mock data stream with a set of injected lensed signals, one be-
ing super-threshold and the other being sub-threshold. A gen-
eral search is then performed using GstLAL with the usual

6

large general template bankﬂ The general search is expected
to recover the super-threshold signal. Bayesian parameter es-
timation is then performed for the found super-threshold sig-
nal, which outputs a set of posterior samples. Then, we ap-
ply the TESLA search pipeline to perform an injection cam-
paign and construct a targeted bank to search for the potential
sub-threshold lensed counterparts to the target event. Finally,
we perform another search with GstLALFElgusing the targeted
bank to see if we can uprank the remaining sub-threshold
lensed signal that is injected. It has been suggested that ex-
treme template banks, including

(1) asingle template bank with the template parameters be-
ing those of the posterior sample for the target event
with the maximum posterior probability,

(2) a PE template bank constructed by only keeping tem-
plates that lie within the 90% credible region of the pos-
terior probability distribution for the target event, and

(3) a random template bank constructed by randomly se-
lecting templates from the full bank,

will have higher efficiencies than the targeted bank generated
with the proposed TESLA pipeline. We therefore perform ex-
tra searches with Gst LAL using the proposed banks and com-
pare their performance.

A. Mock data generation and information

Search start time Search end time

Jan 11,2022 Jan 11,2022
UTC 10:33:05 UTC 13:25:43
GPS = 1325932403 GPS = 1326029161

Data start time Data end time
Jan 11,2022 Jan 12,2022
UTC 09:23:53 UTC 13:39:40
GPS = 1325928251 GPS = 1326029998
Super-threshold lensed signal Sub-threshold lensed signal
Jan 11, 2022 Jan 12,2022
UTC 10:34:35 UTC 13:23:53

GPS = 1325932493 GPS = 1326029051
Figure 3. Information about the mock data used for the simulation
campaign.

Figure3]summarizes the basic information of the mock data
stream used for this simulation campaign. For LIGO Hanford,
LIGO Livingston and Virgo detector, we generate a ~ 28-
hour-long data stream with Gaussian noise recolored with O3a

9 The general template bank is composed of several sub-banks targeted dif-
ferent systems. The minimal match of the sub-banks are in general > 97%,
with certain banks having minimal match > 99%, see Table II in [13].

10° A re-filtering is required only because (a) PE posteriors correspond to tem-
plates that are not in the full template bank, and (b) the results of the search
with the full template bank discarded most sub-threshold triggers, requiring
us to re-run the search pipeline.



characteristic power spectral densities (PSDs). We assume
no detector downtimg''| and no times are vetoed. A pair of
strongly-lensed gravitational waves simulated following [82]
is generated using the SEOBNRv4pseudoFourPN [83] wave-
form approximant, and is injected into the mock data. The
super-threshold signal and sub-threshold signal are injected at
times shown in figure [3] Details about the source parameters
of the gravitational-wave signal pair are listed in table [l In

Properties super-threshold signal | Sub-threshold signal
GPS time 1325932493 1326029051
Magnification p; 1.503 —0.595
Distance (Mpc) 2842.00 4518.21
Image type I II
Primary mass m3 42.0M¢g
Secondary mass ms 39.9M¢

Dimensionless spins X1/2,2 = X172,y = 0 R

X1,z = 04488, X2,z = —0.245

Right ascension o 2.939
Declination & 0.143
Inclination ¢ 2.720
Polarization ¥ 4.093
Source redshift zsource 0.579
Lens redshift zjens 0.245

Table I. Information of the injected lensed gravitational-wave pair for
the simulation campaign. All properties reported here are measured
in the detector frame.

later parts of this paper, we may refer to the super-threshold
lensed signal as MGW220111a and to the sub-threshold sig-
nal as MGW220112a.

B. Performing a general search

We use GstLALto perform a search at the times shown
in figure [3] following the settings used to search for gravita-
tional waves within O3a data in GWTC-2 [15]. As shown
in figure [4 the general template bank consists of 1412263
templates, covering component masses between 1M and
400M, with the dimensionless spins assumed to be ei-
ther aligned or anti-aligned of magnitudes < 0.999. Tem-
plate waveforms with chirp mass (detector frame) Mt =
(m1m2)3/®/(my + m2)Y/® < 1.73M, are generated us-
ing the TaylorF2 waveform approximant [84—94112], and the
rest using the SEOBNRv4_ROM waveform approximant [|83]].
As expected, the search recovers the super-threshold signal
with the highest ranking statistics (FAR= 2.25 x 10~2'Hz,
rank 1) among all other triggers. The sub-threshold signal is
also registered as a trigger, but with insufficient significance
(FAR= 1.53 x10~3Hz, rank > 100) to be considered as a pos-
sible gravitational-wave signal. Table [[I] summarizes the gen-
eral search results for the two injected signals. We then apply

1T A detector is considered “down” if it is not in observing mode.

12 The TaylorF2 approximant only covering the inspiral is used for the BNS
region because the merger and ringdown are outside of the LIGO sensitive
band.
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Search results \ Super-threshold signal \ Sub-threshold signal

GPS time 1325932493 1326029051
Rank 1 > 100
FAR (Hz) 2.25 x 1072 1.53 x 1073
InL 43.37 2.88
Network SNR pretwork 12.1 7.40

Table II. Results of the search for the two injected lensed signals
using the general template bank.

Bilby [76,[77], a Bayesian inference library for gravitational-
wave astronomy, to perform parameter estimation (PE) for the
super-threshold signal, which outputs a set of posterior sam-
ples required for applying the TESLA search pipeline.

C. Applying the TESLA method

Next, we apply the TESLA search pipeline to perform an
injection campaign to construct a reduced targeted template
bank to search for the remaining sub-threshold lensed coun-
terpart to the super-threshold target event. We generated 5868
simulated lensed injections using the posterior samples ob-
tained from the PE of the super-threshold lensed event. We
inject these simulated signals into the mock data and perform
another search using Gst LAL with the general template bank
and try recovering them. 552 templates are rung up by the
recovered injectionsﬂ and they are used to construct the tar-
geted template bank (see figure ). As we can see, even when
the noise is almost stationary and Gaussian, sub-threshold
lensed signals can still be found by templates with parame-
ters very different from those within the posterior space of the
super-threshold target event. This demonstrates our earlier ar-
gument that the posterior space of the target event itself is
insufficient to cover all possible sub-threshold lensed counter-
parts. Finally, we perform another search using Gst LALwith
the targeted template bank over the same period of mock data
to try recovering the remaining injected sub-threshold lensed
signal. Note that we also included the lensed injection set that
was used to determine the templates that we are keeping in the
reduced template bank in the search for performance analysis
in later sections of the paper (see section [VD?2). Table [[I]
summarizes the search results for the two injected signals us-
ing the TESLA targeted template bank. We can see that (1)

Search results \ Super-threshold signal \ Sub-threshold signal

GPS time 1325932493 1326029051
Rank 1 3
FAR (Hz) 5.37 x 10721 4.27 x 107°
InC 48.63 12.13
Network SNR pretwork 12.20 7.60

Table III. Results of the targeted search of the simulation campaign
for the two injected lensed signals.

13 Note that this does not mean only 552 injections are recovered. The same
template can be used to recover multiple injections. See Table for the
actual number of injections recovered.
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Figure 4. (Color online) The templates in the original and targeted
bank, plotted in dark blue and orange respectively on the mq-m2
plane. The best-match template for MGW220111a is indicated by a
red star, and the true parameters of MGW220111a is represented by
a green diamond. As we can see, even when the noise in the mock
data is almost stationary and Gaussian, sub-threshold lensed signals
can still be found by templates with parameters very different from
those within the posterior space of the super-threshold target event.
This demonstrates that the posterior space of the target event itself is
insufficient to cover all possible sub-threshold lensed counterparts.

The FAR of the sub-threshold signal has been reduced by two
orders of magnitude, with the log likelihood ratio In £ and net-
work SNR pperwork increased. That is, the ranking statistics of
the sub-threshold signal have been improved. (2) The rank-
ing of the sub-threshold signal improves significantly from
its previous position of > 100 to the current 3. This means
the TESLA search pipeline has successfully upranked the sub-
threshold signal, and hence made it easier to be identified as
a possible gravitational wave for further analysis. We admit
that the new FAR of the sub-threshold signal still does not
pass the usual FAR threshold of 1 in 30 days. This is pri-
marily due to the observing time being too short. However,
we note that the FARs assigned to each candidate here should
only be treated as priority ranking for follow-up analysis to
determine whether or not (1) they are gravitational waves, and
(2) they are lensed counterparts of the target event. The in-
crease in ranking of the sub-threshold signal from > 100 to
3 demonstrates that the TESLA search pipeline is effective
in reducing unwanted noise background while conserving the
desired foreground, fulfilling its task to uprank potential sub-
threshold lensed counterparts for a targeted super-threshold
event.

D. Performance comparison with other suggested alternatives

Suggestions have been made that (1) a single template bank,
(2) a PE template bank or (3) a random template bank will
be more efficient than the targeted template bank constructed
with the proposed TESLA pipeline. Here we conduct addi-
tional searches using the proposed alternative banks to com-
pare their performance. A random template bank is generated
by randomly selecting the same number of templates (i.e. 552
templates) as the targeted template bank. A PE template bank
with 81 templates is generated by keeping only templates that
lie within the 90% credible region of the posterior probability
distribution obtained by Bayesian parameter estimation for the
target event. A single template bank in principle should only
contain one template with parameters identical to those of the
posterior sample with maximum posterior of the target super-
threshold event{]ﬂ Figures E] and [7|show the distribution of
templates in the “single-template” bank, PE bank and random
bank respectively.
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Templates in the original O3 bank

Templates in the single-template bank

my (M)

Figure 5. (Color online) The templates in the original and “single-
template” bank, plotted in dark blue and orange respectively on the
m1-mo plane. The “single-template” bank is a bank with 100 tem-
plates having component masses within +0.1M, from those of the
posterior sample with maximum posterior to mimic the single tem-
plate bank.

14 For practical reasons, we use a bank with 100 templates having component
masses within £0.1 M from those of the posterior sample with maximum
posterior to mimic the single template bank.
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Figure 6.  (Color online) The templates in the original and PE
bank, plotted in dark blue and orange respectively on the mq-m2
plane. The best-match template for MGW220111a is indicated by a
red star, and the true parameters of MGW220111a are represented
by a green diamond. The purple curve represents the boundary to
the 90% credible region of the posterior probability distribution for
MGW?220111a. The PE bank is generated by keeping only templates
that lie within the 90% credible region of the posterior probability
distribution, containing only 81 templates.

1. Recovering the sub-threshold lensed signal

Three additional searches using GstLALare performed
over the same period of mock data as the injection run with
the random template bank, the PE template bank and “single-
template” bank respectively, in order to recover the sub-
threshold injected signal. Tables[[V] [V]and [VI|summarize the
search results for the two injected signals.

Search results ‘ Super-threshold signal ‘ Sub-threshold signal

GPS time 1325932493 1326029051
Rank 1 > 100
FAR (Hz) 3.07 x 107 1.54 x 1072
Int 28.0 —2.14
Network SNR pnetwork 10.45 7.21

Table IV. Results of the search for the two injected lensed signals
using the random template bank.

From the results, we see that (1) The ‘“single-template”
bank fails to even register the sub-threshold signal as a trig-
ger in the first place during the matched-filtering process, (2)
the PE template bank successfully upranks the sub-threshold
signal to a rank 7 candidate and improves its ranking statistics,
but its performance is not as good as compared to that using
the TESLA search pipeline, and (3) the random template bank

Templates in the original O3 bank
Templates in the random bank
Best-match template for MGW220111a

True parameters for MGW220111a

L3

msy (M)

my (M)

Figure 7. (Color online) The templates in the original and random
bank, plotted in dark blue and orange respectively on the mi-mso
plane. The best-match template for MGW220111a is indicated by a
red star, and the true parameters of MGW220111a are represented
by a green diamond. The random bank contains the same number of
templates, i.e. 552 templates, as the targeted template bank, and they
are randomly selected from the original template bank.

Search results ‘Super-threshold signal ‘ Sub-threshold signal

GPS time 1325932493 1326029051
Rank 1 7
FAR (Hz) 3.61 x 107° 9.05 x 107°
InLC 48.13 12.69
Network SNR preiwork 12.53 7.663

Table V. Results of the search for the two injected lensed signals
using the PE template bank.

Search results

‘ Super-threshold signal ‘ Sub-threshold signal

GPS time 1325932493
Rank 1 —
FAR (Hz) 6.11 x 107 -
Int 24.11 -
Network SNR preiwork 12.49 -

Table VI. Results of the search for the two injected lensed signals
using the “single-template” bank.

fails to improve the ranking and the ranking statistics of the
sub-threshold event. This means that the targeted foreground
is affected by the reduction in the number of templates for the
random template bank. It is therefore evident that the ran-
dom bank is not suitable to search for potential sub-threshold
lensed gravitational waves.



2. Simulated lensed injections recovery

To further compare the performance of the banks, we anal-
yse the change in number of lensed injections recoveredf] us-
ing the four proposed banks as compared to using the gen-
eral template bank. Table summarizes the findings. The

Injections  |General| TESLA |Random| PE | Single
Total 5868 5868 5868 5868 5868
Found 1793 1959 402 299 1076
Missed 4075 3909 5466 5569 4792

Found % change| - [4+9.26% |—77.5%|—80.3%|—40.0%

Table VII. Number of injections found and missed during the search
of mock data using the general template bank, TESLA targeted tem-
plate bank, random template bank, PE template bank and “single-
template” bank respectively.

targeted template bank constructed using the TESLA search
pipeline succeeds in recovering more lensed sub-threshold in-
jections than the other banks. The “single-template” bank, the
PE template bank and the random template bank miss more
lensed sub-threshold injections. The random template bank
is expected not to give a satisfactory performance in recov-
ering the lensed sub-threshold injections. While the lensed
sub-threshold injections are generated using the exact same
parameters as the posterior samples of the target event (i.e.
the injections should all have similar parameters as to the tem-
plates in the PE template bank), the PE template bank misses
even more injections as compared to using the general tem-
plate bankpﬂ This again demonstrates our argument that con-
structing the targeted template bank solely by considering the
posterior signal sub-space of the super-threshold target event
is insufficient. In this simulation campaign, we are simply for-
tunate that the PE bank can recover the injected sub-threshold
lensed signal. Should the injected sub-threshold signal be
even weaker, or should it be injected at a time at which noise
is very different from that around the super-threshold signal,
the PE template bank is more likely to miss it. On the other
hand, the targeted template bank created using the TESLA
pipeline is more likely to recover it since the bank is con-
structed by considering both information about the signal sub-
space gained from the target event as well as noise fluctuations
in the data.

15 As before, an injection is considered “recovered” if the corresponding trig-
ger has a FAR < 1/30 days.

16 1 fact, it misses even more injections than the random bank, but this should
not be alarming. Given that the injections are sub-threshold, they are more
likely to be recovered by templates with very different parameters than
their true parameters. The random bank, while being completely random,
covers a much wider parameter space than the PE bank, and hence have a
higher chance in recovering the sub-threshold injections.
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3. Sensitive range at different FAR threshold

Finally, we use the 5868 lensed sub-threshold injectiony"’|
to evaluate the sensitive rangePE] at different combined FAR
threshold for each template bank. Figure [§] shows the per-
centage changes in sensitive range v.s. FAR curves obtained
using the alternative banks as compared to that using the
full template bank for lensed sub-threshold signals that are
similar to the target super-threshold event. We can see that

40004 —— Full template bank

3500 4 Targeted template bank
’;g: 3000 —;\ —— Random template bank
= 2500 \k —— PE template bank

500

\ Single template bank
2000 4 — —————|
1500 ‘L\_Vx =
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ge change
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Figure 8. (Color online) (Top panel) The sensitive range v.s. FAR
for MGW220111a-alike signals using the full template bank (black),
targeted template bank (orange), “single-template” bank (blue), PE
template bank (green) and random template bank (red) respectively.
The shaded band for each curves represent the corresponding 1-
sigma region. (Bottom panel) The corresponding percentage changes
in sensitive range v.s. FAR for the different banks. The percentage-
change curve (orange) representing results using the targeted bank
constructed by the TESLA search pipeline is above that of the full
template bank, showing improvement in terms of sensitivity towards
MGW220111a-alike (lensed) sub-threshold signals. The vertical
striped line shows the typical FAR threshold for triggers below which
we consider as possible lensed candidates.

the percentage-change curve representing results using the
targeted bank constructed by the TESLA search pipeline is
above that of the full template bank, showing improvement
in terms of sensitivity towards MGW220111a-alike (lensed)
sub-threshold signals. Meanwhile, the same curves for the
random bank, the PE bank and the “single-template bank” are
below that of the full template bank, showing that the sensi-
tivity towards MGW220111a-alike (lensed) signals is wors-
ened. This further demonstrates that the targeted template
bank created using the TESLA search pipeline has the best
performance among the four banks to search for potential
sub-threshold lensed gravitational waves for a target super-
threshold event.

17 These are the same injections used in the simulation campaign to create the
reduced template bank.

18 The sensitive range is the distance out to which we may identify gravita-
tional waves averaged over relevant parameters including sky location and
binary orientation. Note that in this analysis we assumed the injections are
not lensed, i.e. they have magnification p = 1.



4. Summary of results

To sum up the results presented above, in this simulation
campaign we investigated four proposed banks to search for
possible sub-threshold lensed counterparts of a given super-
threshold gravitational wave. Three of the cases are found to
be inferior in performance compared with the TESLA bank,
namely the single-template bank, the PE template bank and
the random template bank. The results show that none of the
three alternative cases can outperform an intermediate tem-
plate bank created based on the TESLA pipeline in terms of
search sensitivity and effectiveness.

It should be noted that in this simulation campaign, we
considered the case where lensing creates a pair of repeated
gravitational-wave signals from the same source, separated by
roughly a day ( 1.11 days). In practice, the relative time delay
between repeated signals can range from minutes to months
for galaxy lenses. We will need to perform the injection cam-
paign over a longer time range with a larger number of injec-
tions. This will result in an increase in size for the reduced
template bank, and may affect the performance of the reduced
template bank. The ranking statistics, in particular the FAR
of the triggers, will also be affected based on the number of
templates we have in the reduced template bank. Future work
will investigate how to fine tune the selection procedure for
templates included in the targeted template bank in order to
find the optimal balance between coverage and sensitivity.

V.  CONCLUDING REMARKS

The LVK collaboration has recently published the first full-
scale analysis to search for lensing signatures of gravita-
tional waves within the first half of LIGO/Virgo third ob-
serving run O3a [1l], and concluded that there is not yet
any compelling evidence for gravitational lensing of gravi-
tational waves. One featured analysis in the paper explores
the possibility of strong lensing producing magnified super-
threshold gravitational-wave signals, and de-magnified sub-
threshold copies that have insufficient significance and remain
un-identified as detections. Two independent search methods
were applied to search for the latter potential sub-threshold
lensed signals, one being the Gst LAL-based TargetEd Sub-
threshold Lensing seArch (TESLA) pipeline.

In a general search for gravitational waves, a large tem-
plate bank covering a wide parameter space is used since we
have no prior information regarding the parameters of gravi-
tational waves we are searching for. The large number of tem-
plates used contributes a high trials factors. This may bury
potential sub-threshold (lensed) gravitational waves in the
huge noise background. To search for possible sub-threshold
lensed counterparts to super-threshold confirmed gravitational
waves, we need to reduce the noise background while keeping
the targeted foreground constant. In other words, we want to
lower the noise background by tactically focusing a particu-
lar region in the parameter subspace, while keeping the tar-
geted foreground constant, and hence upranking any potential
sub-threshold lensed candidates to the super-threshold target
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events.

In this paper we explain the methodology of the TESLA
pipeline in detail, and demonstrate that the TESLA pipeline
can efficiently search for possible sub-threshold lensed coun-
terparts to confirmed super-threshold gravitational-wave de-
tections.

The TESLA pipeline fulfils the task by conducting an injec-
tion campaign. It prepares simulated lensed injections based
on posterior samples obtained from Bayesian parameter es-
timation of the super-threshold target event, such that they
have similar intrinsic parameters as the target event, but with
varying effective distances and hence weaker amplitudes to
mimic the de-magnifying effect caused by gravitational lens-
ing. These injections are then injected into actual dateff] and a
GstLAL search is performed using the general template bank
to recover these injections. Templates that can find the injec-
tions are used to construct a targeted template bank, which
is then used to perform another GstLAL search to look for
possible sub-threshold lensed counterparts to the target event,
should it be strongly lensed. We argue that the TESLA search
pipeline can generate a template bank that performs better
than alternatives to search for these potential sub-threshold
signals, as it accounts for both information about the signal-
subspace gained from the target event, as well as noise fluctu-
ations in actual data.

To assess the performance of the TESLA search pipeline,
we conducted a simulation campaign in which we simulated
LHO, LLO, and Virgo data streams with Gaussian noise recol-
ored with O3a representative power spectral densities (PSDs)
and a pair of lensed signals, one being super-threshold and the
other being sub-threshold. We first perform a Gst LAL search
using the general template bank to recover the super-threshold
signal, and perform Bayesian parameter estimation to gen-
erate a set of posterior samples. Then, we use the TESLA
pipeline and try to recover the remaining sub-threshold lensed
signal from the mock data. Our results show that the TESLA
pipeline can effectively uprank the sub-threshold signal, im-
proving the probability that it will be identified as a gravita-
tional wave, and with further analysis, a lensed counterpart to
the target super-threshold event.

We also compare the performance of the targeted template
bank constructed with the TESLA search pipeline to sug-
gested alternative template banks: (1) a single template bank
with the template parameters being those of the posterior sam-
ple for the target event with the maximum posterior proba-
bility, (2) a PE template bank constructed by keeping only
templates from the general bank that lie within the 90% cred-
ible region of the posterior space for the target event, and (3)
a random template bank constructed by randomly selecting
templates from the general template bank. We show, by con-
sidering their performance in (1) recovering the injected sub-
threshold lensed signal, (2) recovering the simulated lensed
injections and (3) their sensitive range for gravitational waves

19 Note that the results in this paper make use of Gaussian simulated data, but
for the actual sub-threshold search, these injections are made into actual
data.



that are similar to the target events, that the targeted template
bank constructed using the TESLA search pipeline outper-
forms the other three alternative banks. In fact, the results
show that one would not expect additional improvement when
further narrowing the template bank.

The search sensitivity of the TESLA search pipeline can
be further improved. For instance, since we are looking for
lensed counterparts of targeted events, using the target’s sky
location, we should be able to set a consistent range for the
difference in arrival time and phase between participating de-
tectors for the lensed counterparts. This will be discussed in
a future paper under development. Also, the selection proce-
dure for templates included in the targeted template bank may
require further tuning to find the optimal balance between cov-
erage and sensitivity.

This method is intended to be applied to subsequent
searches for sub-threshold lensed events, in future LVK pa-
pers.
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