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We study compact stars with hybrid equations of state consisting of a nuclear outer region and
two nested quark phases, each separated from the lower density phase by a strong first-order phase
transition. The stability of these models is determined by calculating their radial oscillation modes
with different conversion rates between adjacent phases and hence junction conditions for the modes
at the phase separation interface between them. In the case when the timescale of transition is
faster than the period of oscillations, we recover the traditional stability criterion implying that
∂M/∂ρc > 0 on the stable branch(es), where M is the mass and ρc is the central density. In
the opposite limit of slow conversion, we find stable stellar multiplets beyond triplets consisting of
stars that are stable by the usual criterion plus slow-conversion (denoted by s) hybrid stars with
∂M/∂ρc < 0 that are stabilized due to an alternative junction condition on the fluid displacement
field at the interface reflecting the slow rate of conversion. We also study the properties of the
reaction mode, the radial mode that only exists for stars with rapid (abbreviated by r) phase
transitions, in stars with either two rapid phase transitions or alternating rapid and slow phase
transitions for the first time. The implications of alternative junction conditions are also examined,
with these conditions generally being found to provide stability properties similar to those for a slow
conversion rate.

I. INTRODUCTION

The study of various classes of compact stars that are
distinguished by the composition of their dense cores is
one of the best ways to constrain the equation of state
(EoS) of strongly interacting matter at densities above
nuclear saturation. Compact star models with quark
cores – hybrid stars – are of great interest because they
probe the properties of the phase diagram of dense quan-
tum chromodynamics (QCD) via astrophysical observa-
tions. (For recent reviews see [1, 2]).

Oscillations of stars are known to be a sensitive probe
of their internal composition. For example, the recent
studies of the spectrum of modes in the case of com-
pact stars show that higher g-mode frequencies are ex-
pected in their cores containing quark matter as opposed
to purely hadronic matter [3, 4]. The g-modes are also
sensitive to the presence of and size of the density jump
at a first-order phase transition between hadronic and
quark matter [5]. Hence the resulting phase shift in the
emitted gravitational wave signal due to the excitation
of g-modes during the binary inspiral of a neutron star
with another neutron star or black hole could indicate
the presence and properties of this transition. Even if
the density of this phase transition is not attained in
stable compact stars, signatures of a phase transition to
quark matter could appear during the mergers of bina-
ries composed of two compact stars, since densities even
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higher than those present in stable stars can be reached.
A phase transition to deconfined quark matter shortly af-
ter the merger may leave a signature in the gravitational
wave and electromagnetic signals from the postmerger
object [6–9], although it is not clear whether these shifts
will not be overshadowed by other effects.

Despite substantial progress in our understanding of
QCD both through lattice studies and phenomenologi-
cal models, the nature of the deconfinement transition
from nuclear matter to phase(s) of quark matter remains
an open question. The deconfinement can occur via a
first-order phase transition with a density discontinu-
ity [10, 11], a smooth hadron-quark crossover [12–14], or
a second-order transition from nuclear matter to quarky-
onic matter [15]. The deconfined quark matter phase di-
agram may contain various phases depending on strange
quark mass, beta-equilibrium conditions, chiral symme-
try, and its breaking, etc. Examples of phases include
(but are not limited to) various superconducting phases
of quarks [1] or quarkyonic matter [15]. Although the
various phases differ primarily by their spectrum close
to the Fermi surface(s) of quarks, their specific features
- for example, the gapped spectrum - affect the global
structure of compact stars [16, 17].

An observationally testable conjecture that follows
from first-order phase transition is the existence of twin
stars – hadronic stars and hybrid stars with the same
gravitational mass but different radii and internal com-
positions [18–28]. Note that a first-order phase transition
is required for twin stars to exist, but it does not guaran-
tee their existence, as it could also lead to a collapse to
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a black hole. In the case of two strong first-order phase
transitions (one of which is within the quark matter it-
self), triplets of stars can arise - three stars with the same
masses but different radii [29]. An example of such tran-
sition is that from 2SC to CFL color superconducting
phase [30, 31]. The most compact star in a triplet con-
tains two phases of quark matter, the next most compact
star - has a single phase, and the least compact star is
purely hadronic.

The dynamical stability of compact stars is also an im-
portant question, as an unstable star will quickly collapse
into black holes. One of the most common methods to de-
termine the stability of a star is by requiring that its mass
must increase with increasing central density (or central
pressure) ∂M/∂ρc > 0. This is part of the Bardeen–
Thorne–Meltzer (BTM) [32] stability criterion. Although
that violations of this criterion have been known to ex-
ist numerically for decades [33] (also in the case of ro-
tating stars, see Ref. [34]), it is still often used as it
only requires solving the Tolman–Oppenheimer–Volkoff
(TOV) equation for a given EoS. A more fundamental
criterion for stability is that the radial modes of oscil-
lation of a star have real frequencies. Since calculating
the oscillation modes is a Sturm–Liouville problem, they
can be arranged such that their successive eigenvalues
(i.e., frequencies squared) must increase. Hence, if the
lowest-order radial mode, with zero nodes (i.e., the fun-
damental or f -mode) has a positive frequency-squared,
the stellar configuration is dynamically stable; otherwise,
it is unstable. This criterion requires solving for the os-
cillation modes of the star in addition to computing the
background stellar models using the TOV equation. It is
generally found that, for a single phase of dense matter,
both stability criteria agree.

The study of stellar oscillations of compact stars with
phase transitions was pioneered by [35], with a nonrel-
ativistic star composed of two phases of uniform den-
sity, and [36], who studied nonrelativistic stellar models
with a phase transition and non-uniform density profiles.
These works emphasized the importance of the rate of the
phase transition: whether or not a fluid element at the
phase transition preserves its phase as the oscillation car-
ries it across the equilibrium boundary between the two
phases, which is related to the rate of the phase transi-
tion compared to the oscillation period. If fluid elements
perturbed across this boundary immediately undergo a
phase transition (a rapid transition), there emerges a dis-
tinct class of oscillation mode, the reaction mode [36].
The rate of a phase transition may additionally have
physically-relevant implications for the stability of com-
pact stars as shown in Ref. [37]. Specifically, they showed
that if the conversion rate is slow, i.e., its characteristic
timescale is longer than the period of oscillations then the
stability of fundamental mode extends beyond the max-
imum of the M(ρc) curve, i.e., stars on the ∂M/∂ρc < 0
branch are stable against f -mode oscillations. Such stars
were coined as slow stable or s hybrid stars [38, 39]. Re-
cently, Ref. [40] extended the stability analysis to EoS

with two-phase transitions and examined how the stabil-
ity conditions change when there are two distinct phases
in quark matter.
In this paper, we extend the study of the stability of

compact stars with two-phase transitions in several direc-
tions. We first employ EoSs that support classical twin
and triplet star configurations. By assuming slow con-
version we then look for higher-order multiplet stars due
to the fact that s hybrid stars increase the number of
stable stars with the same masses for any given EoS (for
example from a single star to a twin, from twin to triplet,
from triplet to a quadruplet, etc.) We then examine the
reaction mode of a compact star with one or more rapid
phase transitions, which were not studied in Ref. [40].
We conclude by examining different choices of junction
conditions for the fluid perturbations across the phase
transitions besides the usual slow (s) or rapid (r) cases
and examine their implications for dynamic stability.
In Sections II and III we review the equations of state

that we use in the paper and the calculation of the radial
modes of a relativistic star. In Section IV we demon-
strate the existence of potential higher-order multiplet
stars composed of classical twin and triplet configurations
plus s-stable stars. In Section V we discuss the reaction
modes for a star with multiple first-order phase tran-
sitions. Section VI discusses alternative junction con-
ditions to the usual fast and slow conditions, including
more physically realistic conditions. The results are re-
viewed in Section VII. We work in units where c = G = 1
throughout the paper.

II. EQUATIONS OF STATE

Current models of hybrid stars are commonly con-
strained by the multimessenger data which includes mas-
sive pulsars [41–43], the GW170817 gravitational wave
event [44] and NICER X-ray observations [45–48]. Be-
low, the model parameters that will be used are consis-
tent with these constraints within 2σ confidence intervals.
Below, we use the same zero temperature, chemically

equilibrated, constant speed of sound equations of state
as in Ref. [29] that describe compact stars with two first-
order phase transitions. The three phases of matter are
taken to be nuclear matter and two distinct quark matter
phases, for instance, two different color-superconducting
phases like 2SC (two-flavor color-superconducting) and
CFL (color-flavor-locked) phases. We use this nomencla-
ture for the two quark-matter phases, though we do not
claim that these phases must be color-superconducting.
The nuclear matter EoS is the DDME2 EoS from [49],
which is calculated using relativistic density functional
theory. The different EoSs are then parametrized by
choosing six parameters: 1) the energy density ρ1 at the
first (nuclear to 2SC) phase transition, which along with
the DDME2 EoS gives the pressure P1 at the lower den-
sity edge of the nuclear–2SC phase transition; 2) the en-
ergy density ρ2 at the lower-density edge of the 2SC–CFL
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FIG. 1. The EoS for parametrization A showing the defi-
nitions of the parameters in Eq. (1) and labelling the three
distinct phases.

transition; 3) and 4) the energy density jumps of the two
phase transitions ∆ρ1 and ∆ρ2; 5) and 6) the two con-
stant sound speeds squared c2s1 and c2s2 in the 2SC and
CFL phases. The pressure P2 of the 2SC to CFL phase
transition is determined by P2 = P1+cs1(ρ2−ρ1−∆ρ1).
Hence the EoS is expressed as

P (ρ) =



PDDME2(ρ), ρ < ρ1,

P1, ρ1 ≤ ρ ≤ ρ1 +∆ρ1,

P1 + c2s1 [ρ− ρ1 −∆ρ1] , ρ1 +∆ρ1 < ρ < ρ2,

P2, ρ1 ≤ ρ ≤ ρ2 +∆ρ2,

P2 + c2s2 [ρ− ρ2 −∆ρ2] , ρ2 +∆ρ2 < ρ.

(1)
We choose c2s1 = 0.7c2 or 0.8c2, and c2s2 = c2 for all cal-
culations, but allow the other four parameters P1, ρ2,
∆ρ1, ∆ρ2 to vary. We are using the Maxwell construc-
tion to join the different phases (hence the large density
jumps), but other choices (the Gibbs construction or a
crossover transition) are in principle possible. This EoS,
for parametrization A (see Table I later in the paper for
the specific parameters) is show in Figure 1.

Ref. [29] shows that the above choice of the EoS with
two phase transition leads to classically (i.e., in the case
of rapid conversion) stable twin and triplet compact star
configurations for some range of parameters. For our
purposes, such parameter sets are of particular interest
for studies of appearance of higher-order multiplets of
compact stars such as quadruplets, quintuplets, and sex-
tuplets. Such multiplets can indeed exist because one
needs to add to classically stable stars, those stars on the
classically unstable branch which are stabilized by the
conjecture of slow conversion.

III. CALCULATION OF THE MODE
FREQUENCIES

The formalism to compute the radial normal modes of
a general relativistic star was first developed by Chan-
drasekhar in Ref. [50]. Below, we use an alternative set
of equations given by [51, 52]

dξ

dr
=

(
dν

dr
− 3

r

)
ξ − ∆P

rΓP
, (2)

d∆P

dr
=

[
e2λ

(
ω2e−2ν − 8πP

)
+

dν

dr

(
4

r
+

dν

dr

)]
× (ρ+ P ) rξ

−
[
dν

dr
+ 4π(ρ+ P )re2λ

]
∆P, (3)

where ξ = ξdim/r with ξdim being the standard dimen-
sionful definition of the Lagrangian displacement and r
being the radial coordinate, ∆P is the Lagrangian per-
turbation of pressure P , ρ is mass-energy density, ω is the
angular frequency, Γ is the adiabatic index, and e2ν and
e2λ are metric coefficients for the interior metric tensor
of a spherically symmetric, static perfect fluid. We note
that Eq. (2)–(3) are derived without using the Cowling
approximation.
The metric tensor is given by

ds2 = −e2νdt2 + e2λdr2 + r2(dθ2 + sin2 θdϕ2). (4)

λ and ν are functions of r only. Like ρ(r) and P (r),
they are determined by solving the TOV equations for
a particular central pressure Pc and choice of EoS. The
TOV equations are given by

dP

dr
= − 1

r2
(ρ+ P )(m+ 4πr3P )

(1− 2m/r)
, (5)

dm

dr
= 4πρr2, (6)

where m is the enclosed by r gravitational mass. They
are integrated from r = 0 and P = Pc outward until
P = 0, which then fixes the stellar radius r = R and
the gravitational mass M = m(r = R) of the star. The
functions λ(r) and ν(r) are given by

λ(r) = − 1

2
ln

(
1− 2m(r)

r

)
, (7)

ν(r) = −
∫ r

0

dP

ρ+ P
+ C, (8)

where C is a constant determined by requiring that
ν(r = R) matches the Schwarzschild metric at the stellar
exterior

ν(r = R) =
1

2
ln

(
1− 2M

r

)
. (9)

The adiabatic index for a chemically equilibrated rela-
tivistic fluid is

Γ =
ρ+ P

P

(
∂P

∂ρ

)
s

, (10)
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where the entropy per particle s is held constant. In
the nuclear matter region of the EoS, Γ is computed by
finite-differencing P (ρ), while in the quark matter phases,
it is computed using the constant sound speeds squared
c2s = (∂P/∂ρ)s. Following [37], we make the approxima-
tion that the matter is always in chemical equilibrium
(corresponding to beta equilibrium in the nuclear mat-
ter) since the difference between the Γ calculated in beta
equilibrium and with frozen composition differ by ≲ 15%
in the relevant density and temperature range [53].

At the center of the star, we require the displacement
field to be divergence-free, which according to Eq. (2)
implies

∆P (r = 0) = −3ΓPξ(r = 0). (11)

The overall amplitude of ξ is unconstrained and we
choose the normalization ξ(r = 0) = 1. This leaves
us with a single free parameter – the mode frequency
squared ω2. As a boundary condition we require that
∆P (r = R) = 0 for all allowed frequencies {ωi}. We
use a shooting method to compute ω2, i.e., starting from
r = 0, Eqs. (2) and (3) are integrated outward for a
given value of ω2 until the outer boundary condition is
satisfied. The values of ω2 are labeled according to the
number of radial nodes in ξ; the stability is determined
by the nodeless mode ω2

0 > 0.

At the phase transitions between the nuclear and 2SC
phases and the 2SC and CFL phases, junction conditions
that relate the values of ξ and ∆P on each side of the
transition are needed. These junction conditions were
first worked out in the nonrelativistic case in Ref. [36],
and were later generalized to the general relativistic case
in Ref. [54]. These conditions then were employed in
Refs. [37, 40] to obtain fundamental modes of hybrid stars
with slow and rapid conversion. In the case of a slow
conversion rate, these conditions are given by

[∆P ]
+
− = 0, [ξ]

+
− = 0, (12)

with the + and − corresponding to the high and low-
density sides of the transition. For a rapid conversion
rate, the junction conditions are

[∆P ]
+
− = 0,

[
ξ − ∆P

r

(
dP

dr

)−1
]+

−
= 0. (13)

As the timescale of conversion between hadronic and
quark phases (the quark matter nucleation timescale) is
highly model-dependent [55, 56], we allow for both rapid
and slow phase transitions at the nuclear-2SC phase tran-
sition. We do likewise for the 2SC-CFL phase transition
in the absence of detailed knowledge of the timescale of
such a phase transition. We later modify the above junc-
tion conditions to examine the stability implications of
alternative junction conditions in Section VI.

IV. HIGHER-ORDER STELLAR MULTIPLETS

The potential existence of twin stars consisting of one
classically stable neutron star and a slow stable hybrid
star was discussed by Ref. [37]. They also mentioned that
higher-order stellar multiplets could exist for EoSs with
a third or fourth family of stable stars. Subsequently,
Ref. [40] employed EoSs with two strong first-order phase
transitions, which [29] showed can support classically sta-
ble triplet stars. However, they did not use parametriza-
tions of the EoS which support even classically stable
twin stars. In this section we examine parametrizations
that permit the existence of both classically stable twins
and triplets and determine whether they can support ad-
ditional slow stable hybrid stars, becoming slow stable
quadruplets, quintuplets, and sextuplets.
Next, following Ref. [40], we label the stellar configura-

tion resulting from EoS with the two phase transition by
the rates for each phase transition ab where a = s or r for
a slow or rapid nuclear–2SC transition, and where b = s
or r for a slow or rapid 2SC–CFL transition. For the EoS
parametrization A in Table I, we plot the fundamental ra-
dial mode (cyclical) frequency f0 = ω0/(2π) as a function
of central pressure Pc in Fig. 2. The curves are not shown
when f0 becomes imaginary/unstable. The mass of the
stellar model corresponding to the central pressure Pc is
overlaid and its values are shown on the secondary ver-
tical axis. Vertical lines corresponding to local maxima
in M(Pc) (violet) and the two-phase transitions (grey)
are included. These features are common to each mode
spectrum in all Figures in the remainder of this paper.
The EoS parametrization A supports classical twin

stars, with the mass range for these twins shaded in the
Figure. For two rapid transitions (rr configuration), only
the classical twins are stable as expected, but for the con-
figurations with at least one slow transition one (rs) or
two (sr and ss) additional slow stable stellar models are
stable in the classical twin mass range, hence the EoS
supports a triplet of two classically stable and one slow
stable star for the rs configuration, and a quadruplet of
two classically stable and two slow stable stars for the sr
and ss configurations. Interestingly, the presence of the
slow stable 2SC transition stabilizes the sr configuration
beyond the CFL transition, which is rapid for this con-
figuration, so that there exist stable stellar models with
Pc greater than the 2SC-CFL transition pressure, which
is not the case for the rr configuration.
In Fig. 3, we plot the fundamental radial modes for

the EoS parametrization B in Table I, which supports
classically stable triplet stars. Like the previous EoS
parametrization, for the rr configuration only the clas-
sically stable stellar models are stable, whereas one (rs)
and two (sr and ss) additional slow stable stellar models
in the classical triplet mass range are supported if there is
a slow phase transition inside the star. This EoS, there-
fore, supports slow stable quintuplets or quadruplets.
The maximum mass supported by this parametrization
is too low to agree with the astronomical constraint of
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TABLE I. EoS parametrizations used in this paper. Defini-
tions of each parameter are given in the text in Section II.
Parameters are given in units of MeV/fm3 except for c2s1 and
c2s2, which are in units of c2.

A B C D
ρ1 471.2 384.8 471.2 471.2
P1 108.4 59.2 108.4 108.4
ρ2 1193.2 739.8 880.7 819.9
∆ρ1 282.7 269.4 282.7 282.7
∆ρ2 122.8 230.3 116.6 115.9
c2s1 0.7 0.7 0.8 0.7
c2s2 1 1 1 1
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FIG. 2. Fundamental radial modes f0 as a function of the
central pressure Pc of a stellar model for each of the four
different configurations of slow (s) and rapid (r) transitions at
the two phase transitions, with lower density phase transition
labeled first. The EoS parametrization is given by column A
in Table I. The pressures of the two phase transitions are the
vertical lines labeled 2SC and CFL respectively. The mass M
for the given Pc is labeled on the right vertical axis, with the
unlabelled vertical lines marking the local maxima of M(Pc).
This EoS supports classical twin stars in the shaded mass
range.

2M⊙, but it does illustrate an important point: the mass
does not reach a local maximum and begins to decrease
back into the classical triplet mass range until such high
central pressures that the fundamental radial modes for
the ss, rs, and sr configurations are imaginary. Thus
there is no third slow stable configuration for this EoS.

However, it is possible to find EoS parametrizations
that can support sextuplets consisting of three classically
stable and three slow stable stars. This requires choosing
a parametrization such that the stellar mass has a local
maximum for Pc sufficiently close to the 2SC–CFL phase
transition that the fundamental radial mode for the slow
2SC–CFL transition case is stable for Pc above the point
at which the stellar mass drops below the triplet band
above the final local maximum. Fig. 4 shows the fun-
damental radial modes for such a parametrization (C in
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FIG. 3. Fundamental radial modes f0 for each of the four
different configurations of slow s and rapid r transitions at the
two phase transitions for EoS parametrization B in Table I.
This EoS supports classical triplet stars in the shaded mass
range, and slow stable quintuplets for a slow nuclear–2SC
transition.
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FIG. 4. Fundamental radial modes f0 for each of the four
different configurations of slow s and rapid r transitions at
the two phase transitions for EoS parametrization C in Ta-
ble I. This EoS supports classical triplet stars in the shaded
mass range, and slow stable sextuplets for a slow nuclear–2SC
transition.

Table I). The rr configuration matches the classical re-
sult and only supports stable triplet stars. But now f0 for
the ss, sr and rs configurations becomes imaginary for
Pc above that for which the stellar mass passes through
the classical triplet mass band for the sixth time, and
so slow stable stars are supported here. The ss and sr
configurations both support slow stable sextuplets, while
the rs configuration supports slow stable quintuplets.
We can use the information about stability provided

by computing the fundamental radial modes to deter-
mine the ranges of radii for which stable stars exist given
a particular configuration of phase transition speeds.
The M vs. R diagrams for the four different phase
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FIG. 6. Same as Figure 5 but for EoS parametrization B.

transition speed configurations are given in Figures 5–7
for EoS parametrization A–B. This shows how different
phase transition speed configurations at multiple first-
order transitions could be distinguished from each other
by filling in the M–R diagram with observations, as each
configuration has (sometimes subtle) differences in terms
of the radius ranges which support stable stars.

How rare are EoS parametrizations which can support
slow stable sextuplets compared to those which can sup-
port slow stable quadruplets and quintuplets? Figures 8–
9 show the regions in ∆ρ1–∆ρ2 parameter space which
support different slow stable multiplets for the ss configu-
ration. The other EoS parameters are held constant with
their values in Table I column B (Fig. 8) and column C
(Fig. 9). The overlaid contour lines show the maximum
mass stellar model for the specified EoS parametrization.
Only the highest-order multiplet is shown, so if e.g., an
EoS parametrization supports multiple sets of slow sta-
ble twins in different mass ranges, this parametrization
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FIG. 7. Same as Figure 5 but for EoS parametrization C. The
classical triplet-supporting mass range is shaded.

would be labeled “2”. For both parametrizations, slow
stable twins are the most common multiplet, followed by
quadruplets, then triplets.
In Fig. 8, quintuplets exist mostly within a wedge-

shaped region spanning roughly 230 ≲ ∆ρ1 ≲ 295
MeV/fm3 and 50 ≲ ∆ρ2 ≲ 550 MeV/fm3. For greater
∆ρ2 only quadruplets are supported, with a narrow
boundary region in parameter space supporting sextu-
plets between the quadruplet and quintuplet regions.
Like in Fig. 8, in Fig. 9 quintuplets exist mostly within
a wedge-shaped region but which spans a smaller region
of parameter space given by roughly 260 ≲ ∆ρ1 ≲ 290
MeV/fm3 and 30 ≲ ∆ρ2 ≲ 150 MeV/fm3. Sextuplets
are similarly possible in a very narrow regions of param-
eter space along the boundary between the quintuplet
and quadruplet-supporting regions, largely concentrated
around ∆ρ1 = 270 MeV/fm3 and ∆ρ2 = 150 MeV/fm3.
Quintuplets or sextuplets are also possible in a very nar-
row region along the boundary between the quadruplet
and twin-supporting regions for both parametrizations–
these regions can be difficult to notice in Fig. 8 and 9.
The regions of parameter space allowing triplets and
quadruplets are much larger in Fig. 8 than Fig. 9. An-
other significant difference between these parametriza-
tions is the maximum mass: for B, the maximum mass
drops from above 2M⊙ to below 1.6M⊙ as ∆ρ1 is in-
creased, while for C it is at or above (within < 1%) 2M⊙
for the entire ∆ρ1–∆ρ2 parameter space.

V. THE REACTION MODE IN STARS WITH
MULTIPLE FIRST-ORDER PHASE

TRANSITIONS

The reaction mode is a distinct class of radial oscilla-
tion that only appears in the mode spectrum for a com-
pact star with a rapid phase transition. This mode is dis-
tinguished by examining the radial mode spectrum in the
limit of vanishing higher-density phase core; the reaction
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FIG. 8. Highest-order slow stable multiplet supported by a
particular EoS parametrization, using parametrization B from
Table I but with varying ∆ρ1 and ∆ρ2. Regions supporting
slow stable twins are denoted by a 2, triplets by a 3, etc. The
overlaid contours show the maximum mass supported by a
particular EoS parametrization in units of M⊙. The maxi-
mum value of ∆ρ1 is set by ∆ρ1 = ρ2 − ρ1. The region in
parameter space for 0 < ∆ρ1 < 90 MeV/fm3 (not shown)
supports only slow stable twins. Note the small, isolated
sextuplet-supporting regions along the boundary between the
quadruplet and twin-supporting regions.
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FIG. 9. Same as Fig. 8 but using parametrization C from Ta-
ble I but with varying ∆ρ1 and ∆ρ2. The region in parameter
space for 0 < ∆ρ1 < 210 MeV/fm3 (not shown) supports only
slow stable twin stars. Note the small, isolated quintuplet or
sextuplet-supporting regions along the boundary between the
quadruplet and twin-supporting regions.
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FIG. 10. Fundamental and first two overtones radial modes
for EOS parametrization A, with the corresponding stellar
mass shown on the secondary vertical axis. Modes are de-
noted by a pair of letters r and s indicating the rate of the
phase transitions, and a number indicating the fundamental
(0), the second harmonic (1), or third harmonic (2). The re-
action modes for the two phase transitions are labeled with
an additional R1 or R2 denoted the reaction mode for the
nuclear–2SC and 2SC–CFL phase transition respectively.

mode does not correspond to any mode of a single-phase
star, and so there should be a frequency jump when going
from one phase to another for the same radial node num-
ber mode. The reaction mode is often the fundamental
mode, but it can be an overtone. In effect this mode slots
into the usual mode spectrum, pushing the other modes
to a higher frequency than in the slow phase transition
case.

To demonstrate the changes to the reaction mode in
hybrid stars with multiple first-order phase transitions of
different transition rates, we examine the mode spectrum
of stars for different phase transition configurations and
EoS parametrizations. First, Fig. 10 shows the first three
radial modes for EoS parametrization A and the four
different phase transition rate configurations. Fig. 11
focuses on the phase transitions and local maxima in
M(Pc) to show the behavior of the rr modes in particular
in this region. For this EoS parametrization, panel (a)
shows the fundamental mode is the reaction mode for a
rapid nuclear–2SC phase transition (rr and rs).

For the same EoS parametrization, examining the
2SC–CFL phase transition in Fig. 11 panel (b) shows
the novel behavior of the reaction mode for a two phase
transition star since both rr and sr configurations have a
reaction mode here. We label this second reaction mode
R2; it is the first (and only) reaction mode for the sr
model but the second such mode for the rr configura-
tion. Note first that the fundamental mode for the rr
configuration, which was the reaction mode R1 for the
nuclear–2SC phase transition, is not the reaction mode
for the 2SC–CFL phase transition since there is no fre-
quency jump for the fundamental mode across the phase
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FIG. 11. (a) Zoomed-in view of FIG. 10 near the nuclear–
2SC phase transition and the first local maximum in M(Pc).
Note that the rr and rs, and ss and sr, configurations are
identical between the two phase transitions. (b) Zoomed-in
view of FIG. 10 near the 2SC–CFL phase transition and the
second local maximum in M(Pc).

transition. It is now the third harmonic that is the reac-
tion mode, for both rr and sr configurations.

Using a different EoS parameterization, we can show
another interesting aspect for the R2 modes. The funda-
mental radial mode and first two overtones for the EoS
parametrization D in Table I are shown in Fig. 12. In
this case, the frequency of the R2 mode in the limit of
zero CFL core can differ between the rr and sr configu-
rations, and the corresponding overtone is different: for
the sr case it is the second harmonic, and for the rr case
the third harmonic. Note that the third harmonic in the
limit of zero CFL core converges to the second harmonic
for the nuclear plus 2SC s configurations; the second har-
monic is pushed to higher frequencies, corresponding to
a higher radial node number and hence higher overtone,
by the reaction mode.
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FIG. 12. Fundamental and first two overtones radial modes
for EoS parametrization D, with the corresponding stellar
mass shown on the secondary vertical axis. Other labelling
follows Fig. 10 (a).

VI. CHOICES OF JUNCTION PHYSICS

The junction conditions employed in previous calcula-
tions of radial oscillations of two or more phase compact
stars have been the rapid and slow conditions given by
Eq. (12) and (13) respectively. However, these are not the
only possible conditions, and in fact [54] found the most
general junction conditions at first-order phase transi-
tions for the radial perturbations of general relativistic
fluids. These conditions are

[ξ −F ]
+
− = 0, (14a)

[(ρ+ P )F ]
+
− = 0, (14b)

[∆P ]
+
− = 0. (14c)

where

F =
∆F

r

(
dF

dr

)−1

,

for a function F = F (r) which defines the phase bound-
ary. The rapid conversions correspond to F = P , and
the slow conversions to taking ∆F = 0. While these
two limits are the most obvious, and simplest, choices of
junction conditions and have simple physical interpreta-
tions, there are other possible choices. So an interesting
question is: could alternative choices of F change stabil-
ity, perhaps restoring the BTM criterion by destabilizing
the slow stable stellar models? We examine alternative
junction conditions in the following subsections.

A. Phase transition at fixed radius

As an alternative junction condition to the usual slow
and rapid cases, we examine the stability implications
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FIG. 13. Fundamental radial modes for EoS parametriza-
tion A, including all nine permutations of the phase transi-
tion junction conditions including the fixed radius junction
conditions Eq. (15) (denoted f in the line labeling).

of simply taking F = r and thus F = ξ, which corre-
sponds to the phase transition occurring at a fixed ra-
dius. Eq. (14a) reduces to 0 = 0 in this case, and the two
nontrivial junction conditions are now

[(ρ+ P )ξ]
+
− = 0, [∆P ]

+
− = 0. (15)

The first condition corresponds to the continuity of the
stress-energy tensor T ν

µ projected perpendicular to the
phase transition boundary. Denoting a phase transi-
tion with this junction condition with the letter f , there
are now nine possible configurations of the two phase
transitions. The fundamental radial modes for each of
these combinations are plotted in Fig. 13 using EoS
parametrization A. The fixed radius junction condition
stabilizes the fundamental mode in the BTM unstable
regions like the slow conversion rate junction condition,
but the fundamental modes when this junction condition
is used becomes unstable at a lower Pc than the corre-
sponding mode calculated using the slow conversion rate
condition.

B. Intermediate speed phase transition

For a barotropic EoS P = P (ρ), F can only be a func-
tion of P or r, and any attempt to write F as a more
complicated function of P will give F that is equal to the
rapid conversion case. As an attempt to determine the
stability implications of an intermediate conversion speed
between the slow and rapid conversion speed cases, we
thus choose junction conditions that do not follow from
Eq. (14a) for any particular F , but interpolate between
the slow and rapid cases. Thus the following junction
conditions can be selected:

[∆P ]
+
− = 0,

[
ξ − α

∆P

r

(
dP

dr

)−1
]+

−
= 0, (16)
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FIG. 14. Fundamental radial modes for EoS parametrization
A, including the rr and ss phase transition speed configu-
rations and the ii (two intermediate conversion speed tran-
sitions) configuration for different values of the parameter α
defined in Eq. (16).

where the value of 0 ≤ α ≤ 1 is varied. The slow and
rapid conversion rate junction conditions are recovered
by choosing α = 0 and α = 1, respectively. Note that
Eq. (16) are not proper junction conditions according to
Eq. (14a)–(14c), and we are only using them as a way
to smoothly interpolate between two cases which do in-
dividually satisfy Eq. (14a)–(14c).

Denoting the intermediate conversion speed junction
condition by an i, we plot the fundamental radial mode
for EoS parametrization A with two intermediate conver-
sion speed phase transitions in Fig. 14. Varying values of
α are used, showing that for α > 0, there is at least some
infinitesimally small set of central pressures for which
the star is stabilized in the ii configuration that would
be unstable in the rr configuration. Even a moderate
value of α = 0.9 stabilizes the stellar models with cen-
tral pressures spanning the entirety of the 2SC phase.
The main distinguishing characteristic of smaller values
of α in terms of stability is thus the central pressure be-
yond which all stars are unstable, which approaches the
ss value for α → 0.

Both the fixed radius and intermediate conversion
speed junction conditions share similarities with the slow
conversion speed conditions in terms of their stability im-
plications; they can both stabilize stellar models that are
unstable according to the BTM criterion and in the rr
configuration. This suggests that even if the physics of
these junction conditions is not exact and more compli-
cated microphysical input is required to accurately rep-
resent them, it should be expected that at least certain
stellar models which violate the BTM criterion will be
stable if they contain a strong first-order phase transi-
tion.
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VII. CONCLUSION

Studying compact star stability and the implications
that phase transitions have on this could allow us to de-
termine properties of phase transition in dense matter
from observations of compact stars. In particular, the
existence of twin stars or higher-order stellar multiplets
would strongly suggest the presence of a first-order phase
transition in the star’s core, possibly between hadronic
and deconfined quark matter. It is also theoretically pos-
sible that multiple phase transitions could occur within
the density range of a very massive compact star’s core.
Motivated by this we studied the stability of hybrid stars
with multiple first-order phase transitions from nuclear
to quark matter and between quark matter phases using
a simple parametrized EoS. The stability of the compact
stellar models was determined by computing the funda-
mental radial oscillation modes of the stars while impos-
ing different junction conditions on the oscillation modes
at the phase transitions. These junction conditions, and
the rate of the conversion between phases at the phase
transitions, can have significant effects on the stability as
has been demonstrated in previous calculations.

We demonstrated the existence of higher-order stel-
lar multiplets up to sextuplets with two slow first-order
phase transitions. The members of a multiplet higher
than a triplet are slow stable stars that would be clas-
sified as unstable according to the BTM criterion but
are stable according to their fundamental radial mode
having a real frequency. However, we found that stable
sextuplets with slow stable stars only exist for a narrow
range of EoS parameter space, and require that the max-
imum of the M–Pc curve occurs at pressures close to that
of the 2SC–CFL phase transition. Slow stable quadru-
plets and quintuplets are far more common in the EoS
parametrizations we examined, and likely in general.

We also studied the reaction modes, the radial modes
only existing in stars with rapid phase transitions, for
a two phase transition compact star for the first time.
We showed that there exists one reaction mode per rapid
phase transition and that the overtone of the reaction
mode is not necessarily the same for each phase transi-

tion (e.g., the fundamental mode is the reaction mode
for the first phase transition and the second harmonic
is the reaction mode for the second phase transition).
We also discussed the stability implications of alterna-
tive junction conditions for the radial oscillation modes
at the phase transitions in compact stars. We examined
two simple alternative sets of junction conditions cor-
responding to the phase transition happening at a fixed
radius and interpolation between the slow and rapid con-
version speed cases. For both of these alternatives, the
resulting radial modes and stability behavior are closer
to the slow conversion speed junction conditions than the
rapid conversion speed conditions.
The conclusions of this paper were reached using a sim-

ple sequential constant speed of sound parametrization of
the EoS of quark matter that can describe a three-phase
compact star core, but an improved study could employ a
wider variety of EoS. As constructed, the EoS for exam-
ple does not recover the conformal limit of the speed of
sound c/

√
3 from below [57]. To satisfy this, one needs a

non-monotonic dependence of sound speed with density
which has been proposed as necessary to support 2M⊙
and satisfy the conformal limit [58]. EoSs which include
more microphysics or, for example, are non-barotropic
(e.g., including dependence on species fractions like the
proton fraction in nuclear matter or strangeness in quark
matter), could be better suited for modeling complex
phase transitions, especially at non-zero temperatures
which are relevant for binary neutron star mergers. Such
approaches may allow for more complicated junction con-
ditions. As we have shown, employing the correct junc-
tion conditions is key to determining the existence of s
hybrid stars and their corresponding higher-order stable
multiplets.
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