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We write explicitly the complete Lorentzian metric of a singularity-free spacetime where a black
hole transitions into a white hole located in its same asymptotic region. In particular, the metric
interpolates between the black and white horizons. The metric satisfies the Einstein field equations
up to the tunneling region. The matter giving rise to the black hole is described by the Oppenheimer-
Snyder model, corrected with loop-quantum-cosmology techniques in the quantum region. The
interior quantum geometry is fixed by a local Killing symmetry, broken at the horizon transition. At
large scale, the geometry is determined by two parameters: the mass of the hole and the duration of
the transition process. The latter is a global geometrical parameter. We give the full metric outside
the star in a single coordinate patch.

I. INTRODUCTION

There is evidence in the sky of the presence of a huge
number of black holes, with matter spiralling into them.
General relativity predicts, arguably reliably, that this
matter crosses the hole’s horizon and reaches Planckian
densities in a short proper time. What happens next
is outside the reach of established physical theories. It
involves the quantum behaviour of the gravitational field
in the strong field domain.

A possibility that has attracted interest [1–18] is that
the Einstein field equations are violated by a quantum
tunnelling event, with a probability that depends on the
curvature. A natural scenario is the black-to-white hole
transition [19–26], where the internal geometry of the
hole undergoes a transition from trapped to anti-trapped
(possibly through an intermediate non-trapped region)
and the (outer) horizon tunnels from trapping to anti-
trapping as well. In this scenario the black hole evolves
into a white-hole ‘remnant’ living in the future of the
parent black hole, in its same asymptotic region and lo-
cation. Here we study the geometry of this process.

We consider the case of a spherical black hole formed
by the collapse of a homogeneous and pressure-less ‘star’,
as in the Oppenheimer-Snyder model [27]. We disregard
dissipative phenomena such as the Hawking radiation or
the Perez dissipation into Planckian degrees of freedom
[28]. The inclusion of the former in the interior geometry
of the black-to-white hole is studied in [29]. Dissipative
phenomena are likely present in astrophysics and render
the process irreversible. Here we only concentrate on
the physics of the black-to-white transition alone, under
the hypothesis that dissipative phenomena can be dis-
regarded in a first approximation, as it can be done for
a basketball bouncing on the floor. The hypothesis is
that the bounce can be described in a first approxima-

tion in terms of a few ‘large-scale’ degrees of freedom. We
also neglect rotational degrees of freedom, but the causal
structure of the spacetime we find has already similarities
with the Kerr geometry, suggesting that rotation might
not significantly alter the picture.

We explore quantum effects only as local violations of
the Einstein field equations, and not with a full quantum
analysis. We take one input from loop quantum grav-
ity, following [30] and [31]: the correction to the Fried-
mann equation studied in loop quantum cosmology [32–
35]. This same correction predicts a bounce at the end
of the collapse of a homogeneous and pressure-less star,
thus modifying the classical physics of the Oppenheimer-
Snyder model. We match the exterior geometry to the
star [9, 12]. As shown in [36], the geometry of the interior
of the hole outside the star is then uniquely determined
by the evolution of the bouncing star and the local Killing
symmetry. It turns out to be similar to the interior ge-
ometry of a Reissner–Nordström black hole.

We show that a quantum tunnelling briefly and locally
violating the Einstein field equations around the horizon
permits the bounce to happen also if no second asymp-
totic region exists. (See also [37].) The (surprising) com-
patibility of this scenario with the validity of the Einstein
field equations outside the tunnelling region was pointed
out in [20, 23]. Crucially, we show that the horizon tun-
nelling region can be filled with an (effective) regular
Lorentzian geometry. This geometry unravels the pos-
sible global horizon structure of the black-to-white hole:
there are no event nor global Killing horizons; there are
only apparent horizons, and these keep the trapped and
anti-trapped regions disconnected. The metric we con-
struct in this region is a proof of existence for a geom-
etry with these features; as any trajectory in quantum
tunnelling, it has no direct physical meaning.

The geometry we found is consistent with previous gen-
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eral results. For instance, it belongs to the category
A.I in the classification carried out in [38], the bounce
of the star takes place in a non-trapped interior region
I bounded by two inner horizons, consistently with the
analysis of matter collapse reported in [12], and the ex-
terior geometry fails to be exactly static in the vicinity
of the horizon at the transition [39].

Outside the star, the geometry we find depends on pa-
rameters that have transparent physical meaning. Two
of them are measurable from a distance: in natural units,
they are the mass m of the star, and the duration T of the
full process, from the collapse of the star into its black
horizon to its emersion from the white horizon. Other
parameters do not affect the large scale geometry; some
of them may be measured locally around the horizon tun-
nelling region: they determine its size. Interestingly, T is
a global geometric parameter (like the radius of a cylin-
der), not determined by the local geometry outside the
quantum tunnelling region. A quantum theory of gravity
should determine the values, or the probability distribu-
tion, of all parameters. Steps in this direction have been
taken in [22, 24, 25].

Section II deals with the physics of the bounce of the
collapsing star. This was called “region C” in [24]. Sec-
tion III deals with the physics of the interior of the black
hole where the curvature reaches Planckian value. This
was called “region A” in [24]. Section IV deals with the
physics of the horizon tunneling region. This was called
“region B” in [24]. Different physical processes happen
in the three regions, and they must be dealt with sep-
arately. In Section V we describe the physical meaning
and the large scale geometry of the spacetime we have
built. Global coordinates for this spacetime are given in
Section VI. In Section VII we build a Lorentzian metric
for the B region and in Section VIII we study its horizon
structure.

II. THE STAR

The metric inside a spherical pressure-less star of uni-
form density ρ and total mass m can be written in co-
moving coordinates (T,R) as

ds2 = −dT 2 + a2(T )(dR2 +R2 dΩ2) , (1)

where dΩ2 is the metric of the unit 2-sphere, R ∈
[0, Rboundary] and a(T ) is known as the scale factor. The
radial comoving coordinate of the boundary of the star
can be chosen to be Rboundary = 1 without loss of general-
ity. The uniform density of the star is then ρ = m/ 4

3πa
3.

The Einstein field equations imply that a(T ) satisfies
the Friedmann equation. Loop quantum gravity adds
a quantum correction term to this equation [34], which
becomes

ȧ2

a2
=

8πG

3
ρ

(
1− ρ

ρc

)
, (2)

T

a(T)

Figure 1. The scale factor a(T ) in eq. (4) that gives the
standard LQC bounce.

where the critical density ρc =
√

3c2/(32π2γ3~G2) ∼
c2/~G2, γ being the Barbero-Immirzi parameter, is a
constant with the dimension of a density and Planckian
value. Equivalently, defining a constant A = 3/(2πρc),
and using units in which G = c = 1 from now on, we can
write

ȧ2 =
2m

a
− Am2

a4
. (3)

In these units, the constant A ∼ ~ ∼ m2
Pl has dimension

of a squared mass and Planckian value. The last equation
can be integrated, giving

a(T ) =

(
9mT 2 +Am

2

)1/3

. (4)

As shown in Fig. 1, a(T ) is positive for the whole range
T ∈ [−∞,∞]: it decreases for T < 0, reaches a minimum

a0 = 3
√
Am/2 for T = 0 and then increases for T >

0. This is the characteristic bounce of loop quantum
cosmology. This feature of a(T ) assures that the line
element in eq. (1) is well defined everywhere.

The coordinate T is the proper time along the comov-
ing worldlines, hence it is also the proper time on the
boundary of the star. This means that eqs. (3-4) give the
evolution of the physical radius rb(T ) = a(T )Rboundary =
a(T ) of the star in its own proper time, hence

ṙ2b =
2m

rb
− Am2

r4b
. (5)

III. THE EXTERIOR

Where the quantum corrections are negligible, an ex-
act solution of the Einstein field equations is given by
the geometry for the star described above (with negligi-
ble A) surrounded by the Schwarzschild geometry. The
Schwarzschild geometry (i) matches the geometry of the
star on the star’s surface [27], (ii) is spherically symmet-
ric, and (iii) is characterised by a killing field in addi-
tion to those related to the spherical symmetry. (This is
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timelike outside the horizon, where it enforces the sta-
tionarity of the exterior geometry, and spacelike inside
the horizon, where the geometry is not stationary.) In
[36], it is shown that if we do include the quantum cor-
rections, that is A 6= 0, these three features are realized
by the metric

ds2 = −F (r) dt2 +
dr2

F (r)
+ r2 dΩ2 , (6)

where

F (r) = 1− 2m

r
+
Am2

r4
. (7)

This geometry is clearly spherically symmetric and ad-
mits the killing field ξ = ∂t.

A thin shell freely falling in it has the conserved quan-
tity E = F (r)ṫ, where E ∼ 1 if the shell starts with
vanishing velocity at large distance. The normalization
of its proper time gives

−1 = − 1

F (r)
+

ṙ2

F (r)
, (8)

from which it follows that

ṙ2 =
2m

r
− Am2

r4
, (9)

which is exactly eq. (5) (as it should be, since this equa-
tion gives the evolution of the physical radius r of the
shell in its own proper time). This shows that the sur-
face of the pressure-less star is in free fall in this metric.

The exterior geometry depends on two parameters: the
total mass m of the star and the constant A ∼ m2

Pl
characterizing the quantum correction to the Friedmann
equation. If m � mPl, the last term in eq. (7) gives a
negligible correction to the Schwarzschild geometry for r
of order m or larger.

Interestingly enough, the same exterior metric can be
derived by starting from Schwarzschild spacetime and
considering quantum corrections coming from loop quan-
tum gravity [40].

Let us study this geometry. Killing horizons are de-
fined by the vanishing of the norm of the killing field
ξ = ∂t, namely by gtt = −F (r) = 0. The investigation
of the roots of F (r), which is thoroughly performed in
Appendix A, shows that there are two real roots r±, see
eq. (80), and thus two killing horizons. For m � mPl,
that is m2 � A,

r+ = 2m+O(A/m) ∼ rSchwarzschild (10)

is the outer horizon of the black hole and it is located in
the classical region, while

r− = 3
√
Am/2 +O(A2/3/m1/3) ∼ 3

√
m/mPl lPl (11)

is an inner horizon and it is located inside the quantum
region, that is the region where the spacetime curvature

r+

r+

r-

r-

L

SI

A

T

U

Figure 2. Conformal diagram of the maximal extension of
the spacetime representing the star and the exterior region
defined by eqs. (6-7).

has Planckian size. A direct study of the metric in eqs. (6-
7) shows that r = r± are also apparent horizons. That
is, they separate trapped, non-trapped and anti-trapped
regions.

Studying the geodesics of the spacetime it is easy to
see that the coordinate t diverges on all these horizons.
The metric, however, is regular on them and it can be
extended past them. This extension follows closely the
extension of the Reissner–Nordström metric and it will
be performed shortly. The spacetime resulting from the
maximal extension of the metric is represented in the
Penrose diagram in Fig. 2. The spacetime comprises of
several regions separated by the horizons:

• There are two asymptotic regions, a “lower” region
L bounded by a lower outer horizon and an “upper”
region U bounded by an upper outer horizon, where
r > r+.

• There are a trapped region T and an anti-trapped
region A where r− < r < r+.

• There are two interior non-trapped regions; one
inner region I next to the star’s bounce where
rb(τ) < r < r−, rb(τ) being the wordline of the
star’s boundary satisfying eq. (9), and an interior
region S bounded by a timelike singularity where
0 < r < r−.

The bounce of the star takes place in the non-trapped
interior region I bounded by the two inner horizons. As
mentioned, this is consistent with the analysis of matter
collapse in [12].

The coordinate system (t, r) separately cover each of
the six regions represented in Fig. 2. In order to maxi-
mally extend the metric in eqs. (6-7) we can proceed as
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follows. The metric can be trivially rewritten as

ds2 = F (r)

(
−dt2 +

dr2

F 2(r)

)
+ r2 dΩ2, (12)

which suggests to introduce a generalized tortoise coor-
dinate r∗ satisfying

dr∗ =
dr

F (r)
. (13)

The integration of this differential equation is performed
in Appendix B and the analytical expression of r∗(r)
can be found in eq. (92). The function r∗(r) is sepa-
rately well-defined in each of the six regions represented
in Fig. 2, but it diverges logarithmically on the horizons.
By substituting eq. (13) in eq. (12) we get

ds2 = F (r(r∗))
(
−dt2 + dr2∗

)
+ r2 dΩ2, (14)

which allows us to introduce the null coordinates

u = r∗(r)− t, (15)

v = r∗(r) + t, (16)

in terms of which the metric reads

ds2 = F (r(u, v)) du dv + r2(u, v) dΩ2. (17)

The function r(u, v) is implicitly defined by

2r∗(r) = v + u. (18)

The sign of the coordinate u defined here is the inverse of
the one normally used in the literature. This convention
much simplifies later formulas.

The new coordinates u and v diverge respectively on
the two upper horizons and the two lower horizons, so
the coordinate system (u, v) is still ill defined on every
horizon, thus preventing any extension of the spacetime.
We can however use the coordinate system (v, r), whose
metric reads

ds2 = −F (r) dv2 + 2 dv dr + r2 dΩ2, (19)

to cover in a single patch either regions L, T, I or regions
S, A or region U , and the coordinate system (u, r), whose
metric reads

ds2 = −F (r) du2 + 2 dudr + r2 dΩ2, (20)

to cover in a single patch either regions U, A, I or regions
S, T or region L. This allows all these regions to be
glued as in Fig. 2 and shows that they define together
the maximal extension of the spacetime.

It is convenient to choose v = 0 as the advanced time
in which the star’s boundary enters the lower outer hori-
zon r+ and u = 0 as the retarded time in which the
star’s boundary exits the upper outer horizon r+. That
is: the origin of the advanced time in L is determined by
the moment the star collapses into its own outer horizon

forming a black hole and the origin of the retarded time
in U is determined by the moment the star emerges from
its own outer horizon ending the white hole.

There is a subtle but important fact to consider. The
function r∗(r) does not enter the definition of the metrics
of the two patches in eqs. (19-20). However, it enters the
coordinate transformation on the overlap:

u = 2r∗(r)− v. (21)

The integral r∗(r) of eq. (13) depends on an integration
constant which can be fixed by selecting r∗ at some lo-
cation (see eq. (92)). The integral however diverges on
the two (real) zeros of F (r), namely on the two horizons.
Hence so does r∗. We can therefore define r∗(r) in differ-
ent patches across horizons, but we must remember that
doing so adds a distinct constant in each patch. That is,
r is defined globally, but r∗(r) is defined up to a constant
in each patch. This will play a key role below.

IV. THE HORIZON TUNNELING

The spacetime represented in Fig. 2 cannot be a re-
alistic approximation of the dynamics of a black hole,
because as soon as the Hawking evaporation process is
taken into account, the lifetime of the black hole as seen
from the lower asymptotic region L becomes finite. This
is incompatible with the geometry of Fig. 2, where this
lifetime is infinite.

The dynamics of the horizon at the end of the evap-
oration is governed by quantum gravity. Here, follow-
ing [20–26], we consider the possibility that there is a
non-vanishing probability for the geometry around the
black hole horizon to tunnel into the geometry around
white hole horizons, via a local process within a single
asymptotic region.

We do not compute the probability for this transi-
tion (for steps in this direction, see [22, 24, 25].) Anal-
ogy with non-relativistic quantum tunnelling suggests
that the tunnelling probability could be of the order of
exp{−m2/~G} = exp{−m2/m2

Plank}. If so, the transi-
tion probability is suppressed until the very last phases
of the evaporation, where m ∼ mPlanck, and the tun-
neling physics we specify below describes the tunneling
geometry at the end of the evaporation. If instead the
transition probability is not so suppressed at larger m,
the tunnelling may happen earlier (an heuristic argument
in favor of a shorter timescale is given in [20, 41]).

Notice however that even if we entirely disregard the
Hawking radiation and the consequent decrease ofm with
time, any nonzero transition probability implies any-
way that sooner or later the tunnelling happens, because
small probabilities pile up with time, as in ordinary ra-
dioactivity. Thus the inclusion of the evaporation process
in the analysis should not alter the resulting qualitative
picture. The tunnelling we describe below can happen
in any case, unless it is forbidden by something that at
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0

r=2m+δ
vα

vβ

α

βL

σL

Figure 3. The points (2-spheres) α, βL, σL. In blue, the
surface t = 0 and its intersection with v = 0. In red, the
worldline of an observer at a constant distance.

present we cannot see. Hence below we neglect the Hawk-
ing radiation and we make no assumption about the tran-
sition amplitude, which can be arbitrary small. We will
see below which parameter of the resulting geometry de-
pends on this quantum transition amplitude.

In this section we construct the spacetime describing
the horizon tunnelling. We do so starting from the max-
imally extended spacetime in Fig. 2, cutting away a part
of it, inserting a new spacetime region and gluing some
resulting boundaries. We start by excising a part of the
maximally extended spacetime described above.

Fix three constants rα, rβ and rδ with the dimension
of a length and satisfying rα < r− < r+ < rδ < rβ . We
shall also use δ ≡ rδ − r+ > 0. The geometry we are
going to define is thus based on these four parameters
in natural units: m, rα, rβ , rδ (plus A ∼ m2

Pl = ~G that
determines a scale). We are particularly interested in the
regime where rα is close to r−, and rβ (and so rδ) is close
to r+.

In region I, consider the t = constant surface contain-
ing the bounce point of the star (see Fig. 3). On this
surface, let α be the point with radial coordinate rα (the
first of the parameters for the geometry we are construct-
ing). Let vα be the advanced time of α. This is going
to be the advanced time at which the horizon transition
begins.

It is a simple exercise to express vα as a function of rα.
First, we have to determine the advanced time vb of the
bounce point of the star. This can be determined from
a standard calculation in general relativity and it is of
order m. The t coordinate of the star’s bounce is then,

vβ

0

vα

0

α

βL

βU

uβ

uα

σL

Figure 4. The blue line is the boundary of the region that is
excised, because it is not a good approximation of the space-
time of a physical black hole. The two horizontal portions of
the blue line are identified; the excised region is replaced by
a non-singular geometry.

from eq. (16),

t = vb − r∗(rb), (22)

and since α is on the same t surface, we also have

t = vα − r∗(rα). (23)

The two relations imply

vα = vb + r∗(rα)− r∗(rb), (24)

which does not depend on the undetermined integration
constant of r∗(r) in I. If rα approaches r−, the advanced
time vα can be arbitrarily long, as r∗ diverges in r−. We
are particularly interested in this regime, where the time
from the collapse of the star to the onset of the horizon
tunnelling can be arbitrarily long. The radial coordinate
rα is going to be the maximum radius on the t = constant
surface in region I for which the metric constructed in
section III is a good approximation of the spacetime of a
black hole.

Next, observe that all constant-t time surfaces in the
L region intersect the line v = 0 outside the outer hori-
zon. (Recall that v = 0 is the advanced time of the point
where the boundary of the star enters the outer horizon.)
We insist on this detail because it is a counter-intuitive
feature of classical general relativity. The later the time
t, the closer to the horizon the constant-t surface inter-
sects v = 0. Consider the constant time surface that
intersect v = 0 at the radius rδ = r+ + δ (the second of
the parameters that we introduce). An arbitrarily small
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δ determines an arbitrarily late t. (Later on, this time
t will determine the reflection surface under time inver-
sion.)

Without loss of generality, we can call this surface
t = 0, because this simply amounts to fixing once and
for all the integration constant of r∗(r) in region L, and
represent it in a conformal diagram as in Fig. 4. Ex-
plicitly, the intersection has coordinates v = t = 0 and
r ∼ 2m+ δ. Therefore eq. (16) fixes r∗(rδ) = 0.

Consider then the point βL with radius rβ (the third
parameter we introduce) on the t = 0 surface. Let vβ
be its advanced time. We assume that the constants we
have introduced are such that vβ > vα. (Given rα and
rβ , this is always possible by taking δ small enough).
We are particularly interested in the regime in which rβ
is close to r+. Since rβ > rδ = 2m + δ > r+, this
means that δ must be small. Let σL be the intersection
of the past outgoing null geodesic originating in βL and
the past ingoing null geodesic originating in α. These
null geodesics are represented as dashed lines in Fig. 3
and as blue lines in Fig. 4.

The above construction in the regions L, T, I can be
repeated symmetrically in the upper regions U,A, I. See
Fig. 4. By symmetry, the retarded time coordinate u of α
in the upper region is uα = vα. We consider a constant-t
surface in the upper region U as well, which we can call
t = 0 by fixing the integration constant of r∗(r) in region
U , and a point βU with radius rβ . Its retarded time is
uβ = vβ .

With these definitions in place, we now come to the key
point of the construction. We excise from the spacetime
the entire region surrounded by the blue line in Fig. 4.
We identify βL with βU and the (t = 0, r > rβ) surface
in the lower asymptotic region with the (t = 0, r > rβ)
surface in the upper asymptotic region. The gluing is
possible, since these are isometric surfaces with vanishing
extrinsic curvature in the two isometric outer regions.
Call B the spacetime diamond defined by α and β ≡
βL = βU and discard any previous information about the
metric inside B. The resulting spacetime is the black-to-
white hole spacetime we were looking for and it has the
Penrose diagram depicted in Fig. 5.

The geometry outside the B region depicted in Fig. 5 is
everywhere locally isomorphic to the geometry in the ex-
terior of the blue lines depicted in Fig. 4, but the two are
not globally isomorphic. The interior region S bounded
by a timelike singularity discovered in the spacetime con-
structed in section III is not present in the black-to-white
hole spacetime. There is a unique asymptotic region in
the exterior of both black and white hole. As we shall
see below, a non-singular metric can be assigned to the
region B. This will be done below, in Section VII.

0

0

α β
<latexit sha1_base64="N38sAgDakTfXe5Sn8iwVKLBoFmY=">AAAB7XicbVBNSwMxEJ34WetX1aOXYBE8lV0V9VjqxWMF+wHtUrJpto3NJkuSFcrS/+DFgyJe/T/e/Dem7R609cHA470ZZuaFieDGet43WlldW9/YLGwVt3d29/ZLB4dNo1JNWYMqoXQ7JIYJLlnDcitYO9GMxKFgrXB0O/VbT0wbruSDHScsiMlA8ohTYp3U7FIicK1XKnsVbwa8TPyclCFHvVf66vYVTWMmLRXEmI7vJTbIiLacCjYpdlPDEkJHZMA6jkoSMxNks2sn+NQpfRwp7UpaPFN/T2QkNmYch64zJnZoFr2p+J/XSW10E2RcJqllks4XRanAVuHp67jPNaNWjB0hVHN3K6ZDogm1LqCiC8FffHmZNM8r/lXl4v6yXK3lcRTgGE7gDHy4hircQR0aQOERnuEV3pBCL+gdfcxbV1A+cwR/gD5/AN3Vjqw=</latexit>B

vβ

vα

uβ

uα

Figure 5. Conformal diagram of the black-to-white hole space-
time.

V. PHYSICAL INTERPRETATION AND
LARGE SCALE GEOMETRY

Let us pause to discuss the physical interpretation and
the logic of this construction and of the new parameters
introduced. The advanced-time vα is the time at which
the horizon transition is triggered. The radial coordinate
rα, which is uniquely specified by vα and vice versa, is
the maximum radius on the t = constant surface in re-
gion I containing the bounce point of the star for which
the metric constructed in section III is a good approxi-
mation of the spacetime of a black hole. The radial coor-
dinate rσ is the maximum radius on the v = vα surface
for which the quantum physics of the horizons is non-
negligible. The metric constructed in section III is not a
good approximation of the spacetime of a black hole in
the future lightcone of σL, because it neglect the possibil-
ity of tunnelling. Since the black-to-white hole spacetime
has a unique asymptotic region, the metric constructed
in section III must not be a good approximation of the
spacetime of a real black hole also in the future of some
surface reaching spacelike infinity in the lower region L.
This is the t = 0 surface identified by δ which intersect
the outgoing component of the future lightcone of σL in
βL. The radius rσ is completely specified once rα and rβ
are given.

Let’s now consider the features of this geometry that
can be measured at large radius. At first sight, since
the geometry at a large distance from the hole is the
Schwarzschild geometry, one might think that the only
parameter measurable at large distance is the mass m,
but this is wrong.

Consider an observer that remains at distance R� 2m
from the hole. Consider their proper time T between
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0

0

2Tα β T

Figure 6. In red, the worldline of an observer moving at a
constant distance R� 2m.

their v = 0 advanced time and their u = 0 retarded
time (that is from the advanced time in which the star
enters its horizon and the retarded time in which the star
exits it). Their worldline is shown in red in Fig. 6. By
symmetry, T is twice the proper time along this worldline
between the v = 0 advanced time and the t = 0 surface,
namely the proper time of the worldline in red in Fig. 3.
This is approximately (minus) the t-coordinate tR of the
observer at v = 0, that is

T/2 ∼ −tR = r∗(R)− v = r∗(R). (25)

For R� m� mPl, recalling that we have fixed r∗(rδ) =
0, we have

r∗(R) ∼ R+ 2m ln(R− 2m)− 2m ln δ. (26)

Using this,

T ∼ 2R+ 4m ln(R− 2m)− 4m ln δ. (27)

The first two terms of this expression depends on R. Not
so the last term

T ≡ −4m ln δ. (28)

This is independent from the observer and is large and
positive when δ is small. This means that δ can be mea-
sured by comparing the proper times of two distant ob-
servers.

Let’s see this more explicitly, since it is a key point.
The first term in eq. (27), namely 2R, is the travel-time of
light from an observer at radius R to the center and back,
in flat spacetime. The second (logarithmic) term is a rela-
tivistic correction to this travel time in the Schwarzschild
geometry. This can be seen by comparing T with the cor-
responding proper time T ′ of a second distant observer

at a constant radius R′ satisfying R � R′ � 2m. The
difference of these proper times is

T − T ′ ∼ 2R− 2R′ + 2m ln(R− 2m)− 2m ln(R′ − 2m)

∼ R+ 2m ln(R− 2m), (29)

which shows that the first two terms in eq. (27) simply
account for the back and forward travel-time of light and
they are not related to the actual lifetime of the hole.

The quantity T is therefore a parameter that can be
measured from a distance and characterises the intrinsic
duration of the full process of formation of the black hole,
tunnelling into a white hole and dissipation of the white
hole. We can therefore properly call the quantity T the
duration of the bounce, or ‘bounce time’. We have thus
found the geometrical interpretation of δ in terms of the
total bounce time T :

δ = e−
T
4m . (30)

Notice that δ, unlike rα and rβ and in spite of being
small, is a macroscopic parameter. Namely it is a pa-
rameter of the global geometry that can be determined
by measurements at large distance from the hole. The
gluing of the upper and lower regions in Fig. 4 introduces
this global parameter, in the same manner in which glu-
ing two portions of flat space can introduce the radius
of a cylinder: a global parameter not determined by the
local geometry. The two other parameters rα and rβ
determine only the location of the B region, without af-
fecting the observations at large distance. Large distance
observations are therefore determined by two parameters
only: the mass m of the star and δ, or the bounce time
T = −4m ln δ.

VI. GLOBAL COORDINATES

Using eqs. (16-18) the v coordinate can be defined ev-
erywhere except for the region specified by v ∈ [vα, vβ ]
and u ∈ [ustar(v), uα], where ustar(v) represent the word-
line of the boundary of the star in (u, v) coordinates. This
region is depicted in red in Fig. 7. If we continue the v
coordinate into this red region, it diverges on the two
horizons. Similarly, the u coordinate is well defined ev-
erywhere except for the region specified by u ∈ [uα, uβ ]
and v ∈ [vstar(u), vα], represented in blue in Fig. 7.

In this section we define well-behaved global coordi-
nates outside region B (and outside the star). This will
allow us to write a regular and singularity-free metric in
region B in the next section.

Starting from the coordinate v, introduce a smooth
function f(v) such that f(v) = v for v < vα and v >
vβ , while for v ∈ [vα, vβ ] the function f(v) ranges in
[vα,∞] ∪ [∞,−∞] ∪ [−∞, vβ ], diverging logarithmically
in two points, that we call v+ and v−. Specifically, let

f(v) = v +R(v) (31)
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α β

vβ

vα

uβ

uα

0

0

Figure 7. In red, the region defined by v ∈ [vα, vβ ] and u ∈
[ustar(v), uα]. In blue, the region defined by u ∈ [uα, uβ ] and
v ∈ [vstar(u), vα].

where R(v) = 0 outside the interval v ∈ [vα, vβ ], and in
this interval is defined as

R(v) = 2h(v)
(
c+ log |v − v+|+ c− log |v − v−|

)
, (32)

with vα < v− < v+ < vβ and c± = 1/F ′(r±). (The
constants c± multiply the divergent logarithms in the
expression of r∗(r) in eq. (92).) The function h(v) can
be chosen to be any function that interpolates smoothly
between h(vα) = h(vβ) = 0 and h(v−) = h(v+) = 1, and
has vanishing derivatives up to an arbitrary order n in
these four points1. See Fig. 9.

We then define a new v coordinate in the red region
by

f(v) = 2r∗(r)− u , (33)

instead than eq. (16). The coordinate v defined in this
way covers the red region in its range v ∈ [vα, vβ ] and
matches with the v coordinate defined elsewhere. Notice
that (2r∗(r)− u) diverges on the horizons, but v, so de-
fined, does not: on the horizons it takes the finite values
v− and v+. Hence u and (this newly defined) v are finite
continuous coordinates in the red region. For v to be
a good coordinate for the region, we also need to check
that the metric is well-defined there. This can be done
as follows.

1 A simple example is h(v)=0 for v<vα and v>vβ , h(v)=1 for
v ∈ [v−, v+], h(v) = Sn((v − vα)/(v− − vα)) for h ∈ [vα, v−],
and h(v) = 1 − Sn((v − v+)/(vβ − v+)) for v ∈ [v+, vβ ], where
Sn(x) is the n-th order ‘smooth step’ function that interpolates
between Sn(0) = 0 and Sn(1) = 1, with vanishing derivatives
up to order n at x = 0 and x = 1 [42]. For instance, S2(x) =
6x5 − 15x4 + 10x3.

The line element in the red region reads

ds2 = F (r(u, v))f ′(v) du dv + r2(u, v) dΩ2. (34)

Near the horizon r = r± the function F (r) has a zero of
the form r − r± while f ′(v) diverges as the derivative of
the logarithm, namely 1/(v− v±). In particular, the guv
component of the metric behaves as

guv =
F (r)f ′(v)

2
∼ r − r±
v − v±

(35)

near the horizon r = r±. Let us now study the trans-
formation in eq. (33) around the horizons. For r ∼ r±,
eq. (92) gives

r∗(r) ∼ c± log |r − r±|+ µ1 , (36)

with

µ1 =r± + c∓ log |r± − r∓|+
c1
2

log(r2± + ar± + b)

+
(2c1/c2 − a)√

b− a2/4
tan−1

(
r± + a/2√
b− a2/4

)
+K .

(37)

If v ∼ v±, then eqs. (31-32) give

f(v) ∼ 2c± log |v − v±|+ µ2 , (38)

with

µ2 = c∓ log |v± − v∓|. (39)

This means that near the horizon r = r± eq. (33) reads

2c± log |v − v±|+ µ2 − 2c± log |r − r±| − 2µ1 ∼ u , (40)

namely

r − r±
v − v±

∼ e−
2µ1−µ2

2c± e
− u

2c± . (41)

The metric component guv, and so the complete metric,
is thus well-behaved around the horizons.

vα v- v+ vβ

1

f(v)

Figure 8. The function f(v) defined in eqs. (31-32).
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vα v- v+ vβ

1

h(v)

Figure 9. The interpolating function h(v) defined in Footnote
1.

The same construction can be performed in the sym-
metric blue region. Given the values u± ≡ v±, and re-
membering that uα = vα and uβ = vβ by construction,
we define a new u coordinate in the blue region by

f(u) = 2r∗(r)− v , (42)

where the function f is given in eqs. (31-32). The co-
ordinate u defined in this way covers the blue region in
its range u ∈ [uα, uβ ] and matches with the u coordinate
defined elsewhere. The line element in the blue region
reads

ds2 = F (r(u, v))f ′(u) du dv + r2(u, v) dΩ2 (43)

and it is well-behaved everywhere. This completes the
construction of a global coordinate chart for the black-
to-white hole spacetime.

Summarizing, the line element is

ds2 = g(u, v) du dv + r2(u, v) dΩ2. (44)

In the white regions of Fig. 7, namely where

u ∈ [uβ ,+∞),v ∈ [vstar(u),+∞) , (45)

u ∈ [ustar(v),+∞),v ∈ [vβ ,+∞) , (46)

u ∈ [ustar(vα), uα],v ∈ [vstar(u), vα] , (47)

we have

g(u, v) = F (r(u, v)) (48)

and the radius r(u, v) is implicitly given by

2r∗(r) = v + u . (49)

In the red region specified by

u ∈ [ustar(v), uα], v ∈ [vα, vβ ] , (50)

we have

g(u, v) = F (r(u, v))f ′(v) (51)

and the radius r(u, v) is implicitly given by

2r∗(r) = f(v) + u = v + u+R(v). (52)

In the blue region specified by

u ∈ [uα, uβ ], v ∈ [vstar(u), vα] , (53)

we have

g(u, v) = F (r(u, v))f ′(u) (54)

and the radius r(u, v) is implicitly given by

2r∗(r) = v + f(u) = v + u+R(u). (55)

This metric is well-behaved everywhere and, thanks to
the interpolating function h in eq. (32), it joins regularly
(up to an arbitrary order n) at the boundaries of the red
and blue regions.

VII. AN EFFECTIVE METRIC IN THE B
REGION

Can the B region be filled with an effective Lorentzian
metric that joins regularly with the exterior metric at
their boundary? To show that the answer is affirmative,
let us now construct one such metric.

We can write the metric constructed in the last section
in a more compact form by choosing a regular-enough
function S(x) such that S(x) = 1 for x < vα, S(x) = 0 for
x > vβ and S(x) interpolates between these two values
in x ∈ [vα, vβ ]. For instance,

S(x) = 1− Sn((x− vα)/(vβ − vα)) (56)

in x ∈ [vα, vβ ], where Sn(x) is the n-th order smooth step
function mentioned in Footnote 1. The function S(x) is
represented in Fig. 10. This allows us to write compactly
(see eq. (44))

g(u, v) = F (r(u, v)) f(u, v) , (57)

vα vβ

S(x)

Figure 10. The interpolating function S(x) defined in eq. (56)
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where

f(u, v) = (1 + S(u)R′(v)) (1 + S(v)R′(u)) (58)

and r(u, v) is implicitly defined by

2r∗(r) = v + u+ S(u)R(v) + S(v)R(u) . (59)

The interpolating function S(x), so far, serves only to
simplify notation: it does not actually affect the met-
ric, which for the moment does not regard the B region,
defined by

u ∈ [uα, uβ ], v ∈ [vα, vβ ] . (60)

It is now easy to perform the standard conformal trans-
formation u = tanU , v = tanV to bring the coordinates
in a finite and compact domain, but we do not do this
explicitly. The coordinates (U, V ) are those in which all
the Penrose diagrams of this article are drawn.

To extend the metric to the B region, the idea is to
extend eqs. (44) and (57-59) to the B region. The global
coordinate system (u, v) constructed in the last section
extends naturally to this region, because the coordinate
intervals are the same on the opposite sides of the dia-
mond boundary of the B region. Furthermore, thanks to
the properties of the function R, it is easy to show that
the functions f(u, v) and r(u, v) defined on the whole
black-to-white hole spacetime (outside the star) joins reg-
ularly (up to an arbitrary order n) at the boundary of the
region B.

Eqs. (44) and (57-58) can then be used to extend
the metric to the complete black-to-white hole spacetime
outside the star, thus providing an (arbitrary) effective
Lorentzian metric describing the interior of the region B.

VIII. HORIZONS

Finally, we study the structure of the horizons defined
by the Lorentzian metric we have constructed in region
B.

There are no event horizons: the past of future null
infinity is the entire spacetime.

There are no global killing horizons. This is due to the
fact that the local Killing symmetry is broken in the B re-
gion (and in the star). This can be shown as follows. The
norm |ξ| of a Killing field ξ is conserved along its own inte-
gral lines because the Lie derivative Lξ|ξ| = Lξ(gabξaξb)
vanishes, as the Lie derivative of each factor does. Take
one of the killing horizons outside region B, say u = u±.
It is a null integral line of the Killing field. If the Killing
symmetry was respected in B, its integral line would re-
main null. So, it would follow the null geodetic. The null
geodetic is u = constant, so the killing horizon would
have to continue to the outer region through region B.
But it does not. Hence, the Killing symmetry is broken
inside the B region and there is no global killing horizon2.

2 We thank Alejandro Perez for pointing this out.

tra
pped

anti trapped

Figure 11. One of the possible qualitative behaviours of the
apparent horizons.

This is comprehensible physically: what happens in-
side the B region is a quantum tunnelling, and a tun-
nelling breaks stationarity. This, by the way, is why cal-
culations that impose a global killing symmetry outside
the star miss the possibility of the tunnelling.

The horizons in the red and blue regions are however
not only local killing horizons, but also apparent hori-
zons. That is, they separate trapped, non-trapped and
anti-trapped regions. These regions can be characterized
by the causal character of the r = constant surfaces,
which are timelike in the non-trapped regions and space-
like in the trapped and anti-trapped regions. By conti-
nuity, the apparent horizons must continue inside the B
region. How?

The qualitative way they continue inside B follows
from a topological consideration. The overall spacetime
is symmetric under a past↔future flip. Call Σ0 the
u = v reflection surface. By reflection symmetry, the
r = constant surfaces can only be either parallel or or-
thogonal to Σ0. Outside region B they are clearly orthog-
onal to Σ0, both in the asymptotic exterior region and in
the interior region where the star’s bounce takes place.
By continuity, since the r = constant surfaces cannot
jump from orthogonal to parallel to Σ0, they must be
(almost) everywhere orthogonal to Σ0, also inside region
B. Given that only timelike surfaces can be orthogonal
to Σ0, the internal non-trapped region is expected to be
connected to the external one through the region B. A
possible way for this to happen is that the apparent hori-
zons qualitatively behave as in Fig. 11, making sure that
the trapped and anti-trapped regions are compact and
do not share a finite boundary. The surfaces of constant
radius would then have the qualitative form represented
in Fig. 12.

Other possible topological structures for the constant-
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η Δα β

Figure 12. One of the possible qualitative behaviours of the
surfaces of equal radius.

radius surfaces and for the trapped and anti-trapped re-
gions can result from different choices of the interpolat-
ing metric and in particular distinct relative values of
the parameters vα < v− < v+ < vβ . Given that the
metric in B may be highly dynamical, there are possibly
other compact trapped/anti-trapped regions created in
B in addition to the ones shown in Fig. 11.

IX. CONCLUSIONS

We have constructed a spacetime geometry that de-
scribes the collapse of a spherically symmetric pressure-
less star, the subsequent formation of a black hole, the
bounce of the star, the quantum transition of the black
hole into a white hole and the final expansion of the star
out of the white hole. The entire geometry outside the
star is given in a single global null coordinate patch. The
metric satisfies the Einstein field equations at a distance
from the quantum transition region. If the mass of the
star is large compared to the Planck mass, this classical
region includes a large portion of the interior of the black
and the white holes.

The geometry of the classical region is determined by
two parameters: the mass m of the star and the global
duration T of the process, from the collapse of the star to
its emersion from the white hole. The duration T can be
determined by measurements at large distance from the
hole. Since this duration is not determined by the ini-
tial conditions and the classical Einstein field equations,
it must be determined (probabilistically) by the quan-
tum theory as a function of m and ~, like the lifetime
in radioactive decay. A quantum theory of gravity must
provide the probability distribution of T as a function of
m [22, 24, 25]. In the classical limit, T → ∞ and black
holes are eternal.

The geometry of the full spacetime depends also on mi-
croscopic parameters relating to quantum gravity effects
but not affecting the observation at large distance. Two
of these parameters, rα and rβ , determine the location
and the size of the horizon tunneling region B. These two
parameters are not however the only microscopic param-
eters determining the geometry in B. The latter depends
also e.g. on the arbitrarily chosen interpolating function
S(v). Although this geometry depends on some choices,
it is still remarkable that there exists a regular metric
in B, given that this region was a mystery in the earlier
studies of the black-to-white hole transition.

The regular metric that interpolates the geometry
within the horizon tunneling region that we have con-
structed is sensitive to short-distance quantum gravity
effects. This is only a proof of existence: uniqueness is
beyond the scope of this paper. It could be interesting
to better understand the metric in this region in terms
of effective equations that could fix the ambiguity. Still,
getting a sense of the size of this tunnelling region may
be interesting. This can be done for instance by comput-
ing the length of the spacelike curve u = v from rα to rβ
and the proper time along the other formal diagonal of
the diamond. We leave this as an exercise to the reader.
On the other hand, the size and shape of the boundary
of the region B are crucial for the quantum calculation
of the transition amplitude [22, 24, 25].

Although no dynamical equations are involved for con-
structing the geometry outside the star, the existence of
the regular metric of the entire spacetime and, in par-
ticular, of region B suggests that certain effective dy-
namics of spherical symmetric quantum gravity should
be able to derive the geometry from first principles (see
e.g. [6, 8, 13, 14, 17, 31, 43–45] for some recent progress
on the effective dynamics of spherical symmetric black
hole).

The metric we have constructed has much in common
with the Reissner-Nordström and Kerr metrics, with the
fundamental difference that it avoids all singularities of
those geometries. See also [26]. Importantly, it also
avoids the Cauchy horizon instability of these metrics
[46–49]: no observer crossing the inner horizon receives
an infinitely blue-shifted energy from outside the hole.3

We have neglected Hawking radiation under the as-
sumption that its effects are negligible in a first approxi-
mation of the phenomenon. If we take the Hawking radi-
ation into account the relevant mass for the phenomenon
is not the initial mass m0 of the star anymore, but the
actual shrinking mass m of the evaporating hole, deter-
mined by the horizon area, because the tunneling of the
horizons is a phenomenon regarding the local geometry of
the horizons. In a realistic black hole, the accumulation
of quantum effects trying to trigger the horizon transition
and the Hawking evaporation happen at the same time.

3 We thank Cong Zhang for a discussion on this point. The issue
is also discussed in [26].
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The geometry described here must then be corrected to
account for the earlier evaporation phase and the fact
that the size of the interior of the hole is determined by
its age and not by the area of the horizon [50, 51]. There-
fore we expect only the tunnelling region of the geometry
described here to be relevant for a realistic situation, not
the long term evolution. We nevertheless expect the two
main large scale parameters to remain key observables at
large distance in general.

It is reasonable to expect that the closer is the shrink-
ing mass m to the Planckian value, the more probable is
the horizon transition to be triggered. For a macroscopic
black hole of initial mass m0 it takes a time of the or-
der m3

0 for the mass m to reach a Planckian value, and
therefore for the probability of the transition to be of or-
der unity. In this scenario the lifetime of the black hole
would thus be long. Furthermore, the resulting white
hole would be of Planckian size and it may not suffer
the Eardley instability [52], being stabilized by quantum
gravity as discussed in [53], opening an intriguing po-
tential connection with dark matter. This is possible
because most of the energy of the black hole is emitted
via the Hawking radiation before the horizon transition,
while the information can remain trapped inside the hole
and be emitted slowly during the long life of the white
hole [54–57].

Finally, notice that the effective metric described here
differs from the model previously studied by one of the
authors (CR), because the trapped and the anti-trapped
regions are not contiguous. The overall scenario consid-
ered is compatible with all reasonable constraints that
known physics arguably sets on the evolution of realistic
black holes: Hawking evaporation, conservation of in-
formation, no need of a different asymptotic region, no
singularity, and validity of the Einstein’s field equations
in the low curvature region. Furthermore, although the
geometry outside the star is not derived from any existing
effective model of black holes, it provides some guides to
the effective models by the intriguing physical properties
demonstrated in this paper. As a future perspective, it
would be interesting to see if the results obtained could
connect to the effective dynamics in LQG, especially the
one [14] recently proposed by one of the authors (MH).
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daron peoples. This research was made possible thanks
to the project on the Quantum Information Structure of
Spacetime (QISS) supported by the JFT grant 61466.
M.H. receives support from the National Science Foun-

dation through grants PHY-1912278 and PHY-2207763,
and the sponsorship provided by the Alexander von Hum-
boldt Foundation. In addition, M.H. acknowledges IQG
at FAU Erlangen-Nürnberg, IGC at Penn State Univer-
sity, Perimeter Institute for Theoretical Institute, and
University of Western Ontario for the hospitality during
his visits. C.R. acknowledges support by the Perime-
ter Institute for Theoretical Physics through its distin-
guished research chair program. Research at Perime-
ter Institute is supported by the Government of Canada
through Industry Canada and by the Province of On-
tario through the Ministry of Economic Development and
Innovation. F.S.’s work at Western University is sup-
ported by the Natural Science and Engineering Council
of Canada (NSERC) through the Discovery Grant ‘Loop
Quantum Gravity: from Computation to Phenomenol-
ogy’.

APPENDIX A: ZEROS OF F (r)

We want to find the zeros of the function

F (r) = 1− 2m

r
+
Am2

r4
(61)

with A being a constant with dimensions of a squared
mass and satisfying A� m2. Finding the zeros of F (r) is
equivalent to finding the roots of the fourth-degree equa-
tion

r4 − 2mr3 +Am2 = 0 . (62)

Although the exact solutions to this problem are known,
their expression is too complicated to be of any help in
our analysis. Instead, we want to study these solutions
perturbatively in the small parameter A.

To rigorously treat eq. (62) as a perturbation problem
in a small dimensionless parameter, let x = r/m, such
that the equation to solve becomes

x4 − 2x3 + ε = 0 , (63)

where ε := A/m2 � 1. The unperturbed equation

x4 − 2x3 = 0 (64)

has the four solutions

x1,2,3 = 0 x4 = 2 . (65)

We want to perturbatively search for solutions of eq. (63)
of the form

xi =

∞∑
n=0

ai,nε
n , (66)

where i = 1, 2, 3, 4 and a4,0 = 2, aj,0 = 0 for j = 1, 2, 3.
The coefficients ai,n can be determined by solving eq. (63)
order by order.
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Let’s start with the ε order for x4. Inserting

x4 = 2 + a4,1ε+O(ε2) (67)

in eq. (63) we find

(
2+a4,1ε+O(ε2)

)4−2
(
2+a4,1ε+O(ε2)

)3
+ε = 0 . (68)

Solving to order ε we obtain a4,1 = −1/8. This means
that

x4 = 2− ε

8
+O(ε2) . (69)

If we try to do the same for

xj = aj,1 +O(ε2), (70)

where j = 1, 2, 3, we get

(
aj,1ε+O(ε2)

)4 − 2
(
aj,1ε+O(ε2)

)3
+ ε = 0 . (71)

This equation is clearly not consistent, which means that
the ansatz in eq. (66) is not consistent. It simply means
that xj ∼ ε (j = 1, 2, 3) for ε� 1 is not true. In order to
find the right scaling we can study the dominate balance
of eq. (63) when ε� 1 (see [58]):

• If x4 ∼ x3, and thus

ε� x4, x3 , (72)

we find one solution s.t. x ∼ 1. Eq. (72) gives
ε � 1, which is consistent. This solution is the
solution x4 we already found.

• If x4 ∼ ε, and thus

x3 � x4, ε , (73)

we find three solutions s.t. x ∼ ε1/4. Eq. (73) gives
ε3/4 � ε, which is not consistent.

• If x3 ∼ ε, and thus

x4 � x3, ε , (74)

we find three solutions s.t. x ∼ ε1/3. Eq. (74) gives
ε4/3 � ε, which is consistent. Hence, the remaining
solutions xj (j = 1, 2, 3) behave as xj ∼ ε1/3 for
ε→ 0.

The new ansatz for the solutions xj (j = 1, 2, 3) is then

xj =

∞∑
n=1

bj,n(ε1/3)n . (75)

Inserting

xj = bj,1ε
1/3 +O(ε2/3) (76)

in eq. (63) we find(
bj,1ε

1/3 +O(ε2/3)
)4 − 2

(
bj,1ε

1/3 +O(ε2/3)
)3

+ ε = 0.
(77)

Keeping only the order ε we get b3j,1 = 1/2. The three
solutions are thus

b3,1 =
1

21/3
and b(1,2),1 =

1

21/3
e±2πi/3 . (78)

All the subsequent orders of the solutions can be found
in this way.

The roots of eq. (63) to their second non-vanishing
order in ε are

x1,2 =
(ε

2

)1/3
e±2πi/3 +

1

6

(ε
2

)2/3
e±4πi/3 +O(ε) ,

x3 =
(ε

2

)1/3
+

1

6

(ε
2

)2/3
+O(ε) ,

x4 = 2− ε

8
+O(ε2) .

(79)

Going back to the original variable r, the solutions to
eq. (62) to their second non-vanishing order in A are

r1,2 =

(
Am

2

)1/3

e±2πi/3 +
1

6

(
A

2
√
m

)2/3

e±4πi/3

+O(A/m) ,

r− = r3 =

(
Am

2

)1/3

+
1

6

(
A

2
√
m

)2/3

+O(A/m) ,

r+ = r4 = 2m− A

8m
+O(A2/m3) .

(80)
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APPENDIX B: THE GENERALIZED TORTOISE COORDINATE r∗

The generalized tortoise coordinate r∗ was defined in eq. (13) as the coordinate satisfying

dr∗ =
dr

F (r)
. (81)

Let us integrate this differential equation. First of all, consider the fourth-degree equation

r4 − 2mr3 +Am2 = 0 . (82)

The analysis in Appendix A tells us that this equation has two real solutions r± and two complex conjugate solutions
r1,2. This means that the polynomial r4 − 2mr3 +Am2 can be rewritten as

r4 − 2mr3 +Am2 = (r − r+)(r − r−)(r2 + ar + b) , (83)

where r2 + ar + b = (r − r1)(r − r2) is a positive-definite second-degree polynomial. The values of a and b can be
easily computed by expanding the polynomial in the right-hand side of eq. (83) and then equating it order-by-order
to the left-hand side. This gives

a = (r+ + r−)− 2m (84)

and

b =
Am2

r+r−
. (85)

Eq. (81) can then be integrated as

r∗(r) =

∫
dr

1− 2m/r +Am2/r4
=

∫
r4 dr

r4 − 2mr3 +Am2
=

∫
dr +

∫
2mr3 −Am2

r4 − 2mr3 +Am2
dr

= r +

∫
2mr3 −Am2

(r − r+)(r − r−)(r2 + ar + b)
dr .

(86)

Using partial fraction decomposition we look for an expansion of the form

2mr3 −Am2

(r − r+)(r − r−)(r2 + ar + b)
=

c+
r − r+

+
c−

r − r−
+

c1r + c2
r2 + ar + b

, (87)

where c+, c− and c1,2 are constants whose value need to be determined. By rewriting the right-hand side of this
expression using a common denominator and then equating order-by-order the polynomials in the numerator of
respectively left and right hand side we find

c+ =
2mr3+ −Am2

(r+ − r−)
(
r2+ + ar+ + b

) =
r4+

(r+ − r−)
(
r2+ + ar+ + b

) =
1

F ′(r+)
, (88)

c− =
2mr3− −Am2

(r− − r+)
(
r2− + ar− + b

) =
r4−

(r− − r+)
(
r2− + ar− + b

) =
1

F ′(r−)
, (89)

c1 = −−2a2mr−r+ + aAm2 − 2abmr− − 2abmr+ +Am2r− +Am2r+ − 2b2m+ 2bmr−r+(
r2+ + ar+ + b

) (
r2− + ar− + b

) , (90)

c2 = −a
2Am2 + aAm2r− + aAm2r+ − 2abmr−r+ −Abm2 +Am2r−r+ − 2b2mr− − 2b2mr+(

r2+ + ar+ + b
) (
r2− + ar− + b

) . (91)
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This leads to

r∗(r) = r + c+

∫
dr

r − r+
+ c−

∫
dr

r − r−
+ c1

∫
r + c1/c2
r2 + ar + b

dr

= r + c+ log |r − r+|+ c− log |r − r−|+
c1
2

∫
(2r + a) + (2c1/c2 − a)

r2 + ar + b
dr

= r + c+ log |r − r+|+ c− log |r − r−|+
c1
2

log(r2 + ar + b) + (2c1/c2 − a)

∫
dr

(r + a/2)2 + (b− a2/4)

= r + c+ log |r − r+|+ c− log |r − r−|+
c1
2

log(r2 + ar + b) +
(2c1/c2 − a)√

b− a2/4
tan−1

(
r + a/2√
b− a2/4

)
+K .

(92)

The integration constant K plays a key role: the fact that it can be independently fixed in two different regions that
end up glued together is the technical reason for the appearance of the global geometrical parameter T (see eq. (28))
measuring the overall duration of the process described.

More precisely: we have picked an integration constant by posing r∗(rδ) = 0. The constant δ, which determines T ,
is determined by the choice of the reflection surface, namely the gluing of the Lower and Upper regions. Formally,
the choice of the reflection surface is equivalent to choosing the overlap between the lower (v, r) coordinates and the
upper (u, r) coordinates. This is given by identifying t = 0, namely, (from v = t+ r∗(r) and u = −t+ r∗(r)) having
v = −u + 2r∗(r). Hence it is r∗(r) that determines which surface in L we glue with which surface in U . If we look
only at the metric at large radius (for all times), we do not understand where the parameter T comes from. It comes
from the gluing, and the gluing is formally determined by the choice of the constant in r∗(r).
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