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Primordial black holes (PBHs) can be not only cold dark matter candidates but also progenitors
of binary black holes observed by LIGO-Virgo-KAGRA (LVK) Collaboration. The PBH mass can
be shifted to the heavy distribution if multi-merger processes occur. In this work, we constrain the
merger history of PBH binaries using the gravitational wave events from the third Gravitational-
Wave Transient Catalog (GWTC-3). Considering four commonly used PBH mass functions, namely
the log-normal, power-law, broken power-law, and critical collapse forms, we find that the multi-
merger processes make a subdominant contribution to the total merger rate. Therefore, the effect
of merger history can be safely ignored when estimating the merger rate of PBH binaries. We also
find that GWTC-3 is best fitted by the log-normal form among the four PBH mass functions and
confirm that the stellar-mass PBHs cannot dominate cold dark matter.

I. INTRODUCTION

The successful detection of gravitational waves (GWs)
from compact binary coalescences [1–3] has led us into
a new era of GW astronomy. According to the recently
released third GW Transient Catalog (GWTC-3) [3] by
LIGO-Virgo-KAGRA (LVK) Collaboration, there are 90
GW events detected during the first three observing runs.
Most of these events are categorized as binary black
hole (BBH) mergers, and the BBHs detected by LVK
have a broad mass distribution. The heaviest event,
GW190521 [4], has component masses m1 = 85+21

−14M�
and m2 = 66+17

−18M�. Both masses lie within upper black
hole mass gap originated from pulsation pair-instability
supernovae [5], and current modelling places the lower
cutoff of the mass gap at ∼ 50 ± 4M� [5–9]. Even ac-
counting for the statistical uncertainties, it still im-
plies at least m1 is well within the mass gap and cannot
originate directly from a stellar progenitor [10]. There-
fore, the heavy event GW190521 greatly challenges the
stellar evolution scenario of astrophysical black holes.

Besides the astrophysical black holes, another possible
explanation for the LVK BBHs is the primordial black
holes (PBHs) [11–15]. PBHs are black holes formed in
the very early Universe through the gravitational collapse
of the primordial density fluctuations [16, 17]. Recently,
PBHs have attracted considerable attention [18–33] be-
cause they can be not only the sources of LVK detec-
tions [11, 12], but also candidates of cold dark matter
(CDM) [34] and the seeds for galaxy formation [35, 36].
The formation of PBHs would inevitably accompany the
production of scalar-induced GWs [37–45]. Recent stud-
ies [15, 46] show that the BBHs from GWTC-3 are con-
sistent with the PBH scenario, and the abundance of
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PBH in CDM, fpbh, should be in the order of O(10−3)
to explain LVK BBHs. In particular, the merger rate
for GW190521 derived from the PBH model is consistent
with that inferred by LVK, indicating that GW190521
can be a PBH binary [15, 24].

Accurately estimating the merger rate distribution of
PBH binaries can be crucial to extract the PBH popu-
lation parameters from GW data. Ref. [21] studies the
multi-merger processes of PBH binaries and show that
the merger history of PBH binaries may shift the mass
distribution from light mass to heavy mass depending
on the values of population parameters. Ref. [47] then
infers the population parameters of PBH binaries by ac-
counting for the merger history effect using 10 BBHs from
GWTC-1, finding that the effect of merger history can be
safely ignored when estimating the merger rate of PBH
binaries. In this work, we use the LVK recent released
GWTC-3 data to constrain the effect of merger history
on the merger rate of PBH binaries assuming all LVK
BBHs are of primordial origin. We extend the analyses
of Ref. [47] in several aspects. Firstly, we use a purified
subset of GWTC-3, which expands GWTC-1 with al-
most six times more BBH events. The GWTC-3 events
expand the mass and redshift coverage and can allevi-
ate the statistical bias by including significantly more
BBHs. Secondly, Ref. [47] only considers the PBH mass
functions with the log-normal and power-law forms. We
do more comprehensive analyses by including the broken
power-law and critical collapse PBH mass functions that
were not considered in Ref. [47]. It is claimed by Ref. [48]
that a broken power-law can fit the GW data better than
the log-normal form. Lastly, we consider the redshift dis-
tribution of the merger rate that is ignored in Ref. [47].
The aforementioned reasons have inspired us to
explore the possibility that the heavy black holes
detected by LVK have been formed, at least in
part, through second-generation mergers. This is
because the second-merger process has the poten-
tial to increase the mass distribution to a higher
value. A precise assessment of the influence of
second-generation mergers on mass distribution
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demands a meticulous analysis of the data, as has
been conducted in this study.

We organize the rest paper as follows. In Sec. II, we
briefly review the calculation of the merger rate of PBH
binaries by accounting for the merger history effect. In
Sec. III, we describe the hierarchical Bayesian framework
used to infer the PBH population parameters from GW
data. In Sec. IV, we consider four commonly used PBH
mass functions and present the results. Finally, we give
conclusions in Sec. V.

II. MERGER RATE DENSITY DISTRIBUTION
OF PBH BINARIES

In this section, we will outline the calculation of merger
rate density when considering the PBH merger history
effect. We refer to Ref. [21] for more details.

The BBHs observed by LVK suggest that BHs should
have a broad mass distribution, so we consider an ex-
tended mass function for PBHs. Here, we demand the
probability distribution function of PBH mass, P (m), be
normalized such that∫ ∞

0

P (m) dm = 1. (1)

Assuming the fraction of PBHs in CDM is fpbh, we can
estimate the abundance of PBHs in the mass interval
(m,m+ dm) as [49]

0.85fpbh P (m) dm. (2)

The coefficient 0.85 is roughly the fraction of CDM in
the non-relativistic matter, including both CDM and
baryons. Following Ref. [21], we may define an average
PBH mass, mpbh, as

1

mpbh
=

∫
P (m)

m
dm. (3)

Then, we can obtain the average number density of PBHs
with mass m in the total number density of PBHs, F (m),
by [21]

F (m) = P (m)
mpbh

m
. (4)

We can now estimate the merger rate densities of PBH
binaries by considering the merger history effect. We
assume that PBHs are randomly distributed following
a spatial Poisson distribution in the early Universe
when they decouple from the cosmic background evo-
lution [12, 50, 51]. The two nearest PBHs would at-
tract each other because of the gravitational interactions.
These two PBHs would obtain the angular momentum
from the torque of other PBHs and form a PBH binary
after decoupling from the cosmic expansion. The
binary would emit gravitational radiations and eventu-
ally merge.

We do not intend to give a detailed derivation but
quote the results from Ref. [21] here. The merger rate
density from first-merger process, R1(t,mi,mj), is given
by [21]

R1(t,mi,mj) =

∫
R̂1dml, (5)

where mi and mj are the masses of the merging
binary, ml is the mass of the third black hole that
is closest to the merging binary, and

R̂1(t,mi,mj ,ml) ≡ 1.32× 106 ×
(
t

t0

)− 34
37
(
fpbh
mpbh

) 53
37

×m−
21
37

l (mimj)
3
37 (mi +mj)

36
37F (mi)F (mj)F (ml).

(6)

Here, t is the cosmic time, and t0 is the present
cosmic time. Similarly, the merger rate density from
second-merger process, R2(t,mi,mj), is given by [21]

R2(t,mi,mj) =
1

2

∫
R̂2(t,mi −me,me,mj ,ml) dmldme

+
1

2

∫
R̂2(t,mj −me,me,mi,ml) dmldme,

(7)

where me is the mass of the fourth black hole that
is closest to the merging binary, and

R̂2(t,mi,mj ,mk,ml) = 1.59× 104 ×
(
t

t0

)− 31
37
(
fpbh
mpbh

) 69
37

×m
6
37

k m
− 42

37

l (mi +mj)
6
37 (mi +mj +mk)

72
37

× F (mi)F (mj)F (mk)F (ml).

(8)

We only consider the effect of merger history up to the
second-merger process. We have verified that the
fraction of the third merger rate over the sec-
ond merger rate is less than 0.005. Therefore the
total merger rate density, R(t,mi,mj), of PBH binaries
at cosmic time t with masses mi and mj is

R(t,mi,mj) =
∑
n=1,2

Rn(t,mi,mj), (9)

and the total merger rate is

R(t) =

∫
R(t,mi,mj)dmidmj =

∑
n=1,2

Rn(t), (10)

where

Rn(t) =

∫
Rn(t,mi,mj)dmidmj . (11)

All the above-mentioned merger rate (density) is mea-
sured at the source frame. We should emphasize that
although R2(t) should be smaller than R1(t) as ex-
pected, R2(t,mi,mj) is not necessarily be smaller than
R1(t,mi,mj) [21].
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Parameter Description Prior

fpbh Abundance of PBH in CDM log-U(−4, 0)

Lognormal PBH mass function

Mc Central mass in M�. U(5, 50)

σ Mass width. U(0.1, 2)

Power-law PBH mass function

Mmin Lower mass cut-off in M�. U(3, 10)

α Power-law index. U(1.05, 4)

Broken Power-law PBH mass function

m∗ Peak mass in M�. U(5, 50)

α1 First power-law index. U(0, 3)

α2 Second power-law index. U(1, 10)

Critical collapse (CC) PBH mass function

Mf Horizon mass scale in M�. U(1, 50)

α Universal exponent. U(0, 5)

TABLE I. Parameters and their prior distributions used in the
Bayesian parameter estimations. Here, U and log-U denote
uniform and log-uniform distributions, respectively.

III. HIERARCHICAL BAYESIAN INFERENCE

We adopt a hierarchical Bayesian approach to infer the
population parameters by marginalizing the uncertainty
in estimating individual event parameters. This section
describes the hierarchical Bayesian inference used in the
parameter estimations. The merger rate density (9) is
measured in the source frame, and we need to convert it
into the detector frame as

Rpop(θ|Λ) =
1

1 + z

dVc
dz
R(θ|Λ), (12)

where z is the cosmological redshift, θ ≡ {z,m1,m2},
Λ is a collection of fpbh and the parameters from mass
function P (m), and dVc/dz is the differential comoving
volume. The factor 1/(1 + z) converts time increments
from the source to the detector frame. We take the cos-
mological parameters from Planck 2018 [52].

Given the data, d = {d1, d2, · · · , dNobs
}, of Nobs BBH

merger events, we model the total number of events as an
inhomogeneous Poisson process, yielding the likelihood
[53–55]

L(d|Λ) ∝ NNobs
exp e−Nexp

Nobs∏
i=1

∫
L(di|θ)Rpop(θ|Λ)dθ

ξ(Λ)
,

(13)
where Nexp ≡ Nexp(Λ) is the expected number of detec-
tions over the timespan of observation. Here L(di|θ) is
the individual event likelihood for the ith GW event that
can be derived from the individual event’s posterior by
reweighing with the prior on θ. Here, ξ(Λ) quantifies se-
lection biases for a population with parameters Λ and is
defined by

ξ(Λ) =

∫
Pdet(θ)Rpop(θ|Λ) dθ, (14)

where Pdet(θ) is the detection probability that depends
on the source parameters θ. In practice, we use the sim-
ulated injections [56] to estimate ξ(Λ), and Eq. (14) can
be approximated by a Monte Carlo integral over found
injections [57]

ξ(Λ) ≈ 1

Ninj

Nfound∑
j=1

Rpop(θj |Λ)

pdraw(θj)
, (15)

where Ninj is the total number of injections, Nfound is the
number of successfully detected injections, and pdraw is
the probability density function from which the injections
are drawn. Using the posterior samples from each event,
we estimate the hyper-likelihood (13) as

L(d|Λ) ∝ NNobs
exp e−Nexp

Nobs∏
i=1

1

ξ(Λ)

〈
Rpop(θ|Λ)

d2L(z)

〉
, (16)

where 〈· · · 〉 denotes the weighted average over posterior
samples of θ. The denominator d2L(z) is the standard
priors used in the LVK analysis of individual events where
dL is the luminosity distance.

In this work, we incorporate the PBH population dis-
tribution (9) into the ICAROGW [58] package to estimate
the likelihood function (16), and use dynesty [59] sam-
pler called from Bilby [60, 61] to sample over the pa-
rameter space. We use the GW events from GWTC-3 by
discarding events with false alarm rate larger than 1 yr−1

and events with the secondary component mass smaller
than 3M� to avoid contamination from putative events
involving neutron stars following Ref. [62]. A total of 69
GW events from GWTC-3 meet these criteria and the
posterior samples of these BBHs are publicly available
from Ref. [63].

IV. RESULTS

Based on the hierarchical statistical framework, we do
the parameter estimations for four different PBH mass
functions commonly used in the literature. These mass
functions are the log-normal, power-law, broken power-
law, and critical collapse (CC) distributions, respectively.
We summarize the parameters and their prior distribu-
tions in Table I. Below we show the results for each of
the PBH mass functions.

A. Log-normal mass function

We first consider a PBH mass function with the log-
normal form of [64]

P (m) =
1√

2πσm
exp

(
− ln2 (m/Mc)

2σ2

)
, (17)

where Mc represents the central mass of mP (m), and σ
characterizes the width of the mass spectrum. The log-
normal mass function can approximate a huge class of
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FIG. 1. The marginalized one- and two-dimensional posterior
distributions for hyper-parameters {Mc, σ, fpbh} in the log-
normal mass function inferred from GWTC-3. The blue color
denotes the results from the first merger only, while the orange
denotes the results from both the first and second mergers.
The contours represent the 1σ, 2σ, and 3σ credible regions,
respectively.

extended mass distributions if PBHs are formed from a
smooth, symmetric peak in the inflationary power spec-
trum when the slow-roll approximation holds [19, 65, 66].
The hyper-parameters are Λ = {Mc, σ, fpbh} in this case.
We can then derive the averaged PBH mass and averaged
number density from Eq. (3) and Eq. (4) as

mpbh = Mc exp

(
−σ

2

2

)
, (18)

F (m) =
Mc√

2πσm2
exp

(
−σ

2

2
− ln2 (m/Mc)

2σ2

)
. (19)

Using 69 BBHs from GWTC-3 and performing
the hierarchical Bayesian inference, we obtain Mc =
17.3+2.2

−2.0M�, σ = 0.71+0.10
−0.08, and fpbh = 1.8+0.3

−0.3 × 10−3.
In this work, we present results with median value and
90% equal-tailed credible intervals. The posteriors for
the hyper-parameters Λ = {Mc, σ, fpbh} are shown in
Fig. 1. Note that we get a larger value of Mc than that
inferred from GWTC-1 in Ref. [47] because GWTC-3
contains heavier BHs than those from GWTC-1. From
Eq. (10), we also infer the local merger rate as R(t0) =
41+16
−12Gpc−3 yr−1. The results of local merger rate and

abundance of PBHs are consistent with the previous esti-
mations [12, 13, 15, 46, 47, 49, 51, 67, 68], confirming that
CDM cannot be dominated by the stellar-mass PBHs.

1 5 10 50 100
1

5

10

50

100

m1[M⊙]

m
2
[M

⊙
]

0.02

0.04

0.06

0.08

0.10

FIG. 2. The ratio of merger rate density from
the second merger to that from the first merger,
R2(t0,m1,m2)/R1(t0,m1,m2), as a function of component
masses for the log-normal mass function. We have fixed the
hyper-parameters {Mc, σ, fpbh} to their best-fit values.

In Fig. 2, we show the ratio of merger rate den-
sity from the second merger to the one from the first
merger, namely R2(t0,m1,m2)/R1(t0,m1,m2), by fix-
ing the hyper-parameters {Mc, σ, fpbh} to their best-
fit values. It can be seen that the second merger
provides more contribution to the total merger rate
density as component mass increases. Even though
R2(t0,m1,m2)/R1(t0,m1,m2) can reach as high as &
10%, the ratio of merger rate from second merger to that
from the first merger is R2(t0)/R1(t0) = 1.0+0.2

−0.1% and
is negligible. This is because the major contribution to
the merger rate is from the masses less than 50M�, and
the correction is negligible in this mass range. Therefore
the effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries.

B. Power-law mass function

We next consider a PBH mass function with the power-
law form of [69]

P (m) =
α− 1

Mmin

(
m

Mmin

)−α
, (20)

where Mmin is the lower-mass cut-off such that m >
Mmin, and α > 1 is the power-law index. The power-
law mass function can typically result from a broad or
flat power spectrum of the curvature perturbations [70]
during radiation-dominated era [19, 34]. The hyper-
parameters are Λ = {Mmin, α, fpbh} in this case. We
can then derive the averaged PBH mass and averaged
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FIG. 3. The marginalized one- and two-dimensional poste-
rior distributions for hyper-parameters {Mmin, α, fpbh} in the
power-law mass function inferred from GWTC-3. The blue
color denotes the results from the first merger only, while
the orange denotes the results from both the first and second
mergers. The contours represent the 1σ, 2σ, and 3σ credible
regions, respectively.

number density from Eq. (3) and Eq. (4) as

mpbh = Mmin
α

α− 1
, (21)

F (m) =
α

m

(
m

Mmin

)−α
. (22)

Using 69 BBHs from GWTC-3 and performing the
hierarchical Bayesian inference, we obtain Mmin =
6.5+0.3
−0.8M�, α = 1.9+0.2

−0.2, and fpbh = 2.3+0.3
−0.3 × 10−3. The

posteriors for the hyper-parameters Λ = {Mmin, α, fpbh}
are shown in Fig. 3. Note that we get a smaller value of
α than that inferred from GWTC-1 in Ref. [47] because
GWTC-3 contains heavier BHs than those from GWTC-
1. From Eq. (10), we also infer the local merger rate
as R(t0) = 48+15

−12Gpc−3 yr−1. The results of the local
merger rate and abundance of PBHs are consistent with
the previous estimations [12, 13, 15, 46, 47, 49, 51, 67, 68],
confirming that CDM cannot be dominated by the
stellar-mass PBHs.

In Fig. 4, we show the ratio of merger rate den-
sity from the second merger to the one from the first
merger, namely R2(t0,m1,m2)/R1(t0,m1,m2), by fix-
ing the hyper-parameters {Mmin, α, fpbh} to their best-
fit values. It can be seen that the second merger
provides more contribution to the total merger rate
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FIG. 4. The ratio of merger rate density from
the second merger to that from the first merger,
R2(t0,m1,m2)/R1(t0,m1,m2), as a function of component
masses for the power-law mass function. We have fixed the
hyper-parameters {Mmin, α, fpbh} to their best-fit values.

density as component mass increases. Even though
R2(t0,m1,m2)/R1(t0,m1,m2) can reach as high as &
10%, the ratio of merger rate from second merger to that
from the first merger is R2(t0)/R1(t0) = 0.9+0.1

−0.1% and
is negligible. This is because the major contribution to
the merger rate is from the masses less than 50M�, and
the correction is negligible in this mass range. Therefore
the effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries.

C. Broken power-law mass function

We then consider a PBH mass function with the broken
power-law form of [48]

P (m) =

(
m∗

α1 + 1
+

m∗
α2 − 1

)−1{
( mm∗

)α1 , m < m∗

( mm∗
)−α2 , m > m∗

,

(23)
where m∗ is the peak mass of mP (m). Here α1 > 0 and
α2 > 1 are two power-law indices. The broken power-law
mass function is a generalization of the power-law form.
It can be achieved if PBHs are formed by vacuum bubbles
that nucleate during inflation via quantum tunneling [48].
The hyper-parameters are Λ = {m∗, α1, α2, fpbh} in this
case. We can then derive the averaged PBH mass and
averaged number density from Eq. (3) and Eq. (4) as

mpbh =
α1α2

(α1 + 1) (α2 − 1)
m∗, (24)
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FIG. 5. The marginalized one- and two-dimensional posterior
distributions for hyper-parameters {m∗, α1, α2, fpbh} in the
broken power-law mass function inferred from GWTC-3. The
blue color denotes the results from the first merger only, while
the orange denotes the results from both the first and second
mergers. The contours represent the 1σ, 2σ, and 3σ credible
regions, respectively.

F (m) =
α1α2

α1 + α2

{
( mm∗

)α1 , m < m∗

( mm∗
)−α2 , m > m∗

. (25)

Using 69 BBHs from GWTC-3 and performing
the hierarchical Bayesian inference, we obtain m∗ =
31.1+1.8

−2.1M�, α1 = 0.54+0.08
−0.06, α2 = 5.6+0.9

−0.8, and fpbh =

0.9+0.1
−0.1 × 10−3. The posteriors for the hyper-parameters

Λ = {m∗, α1, α2, fpbh} are shown in Fig. 5. From
Eq. (10), we also infer the local merger rate as R(t0) =
46+15
−11Gpc−3 yr−1. The results of the local merger rate

and abundance of PBHs are consistent with the previous
estimations [12, 13, 15, 46, 47, 49, 51, 67, 68], confirm-
ing that CDM cannot be dominated by the stellar-mass
PBHs. We also confirm that there is a mass peak at
m∗ ∼ 34M� as was found in Ref. [48].

In Fig. 6, we show the ratio of merger rate den-
sity from the second merger to the one from the first
merger, namely R2(t0,m1,m2)/R1(t0,m1,m2), by fix-
ing the hyper-parameters {m∗, α1, α2, fpbh} to their best-
fit values. It can be seen that the second merger
provides more contribution to the total merger rate
density as component mass increases. Even though
R2(t0,m1,m2)/R1(t0,m1,m2) can reach as high as &
10%, the ratio of merger rate from second merger to that
from the first merger is R2(t0)/R1(t0) = 0.9+0.3

−0.1% and
is negligible. This is because the major contribution to
the merger rate is from the masses less than 50M�, and
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FIG. 6. The ratio of merger rate density from
the second merger to that from the first merger,
R2(t0,m1,m2)/R1(t0,m1,m2), as a function of component
masses for the broken power-law mass function. We have
fixed the hyper-parameters {m∗, α1, α2, fpbh} to their best-fit
values.

the correction is negligible in this mass range. Therefore
the effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries.

D. Critical collapse mass function

We last consider a PBH mass function with the critical
collapse form of [71–74]

P (m) =
α2mα

Mf
1+α Γ(1/α)

exp (−(m/Mf)
α) , (26)

where α is a universal exponent relating to the critical
collapse of radiation, and Mf is the mass scale at the or-
der of horizon mass at the collapse epoch [73]. There is
no lower mass cut-off for this mass spectrum, but it is ex-
ponentially suppressed above the mass scale of Mf . The
critical collapse mass function is closely associated with
a δ-function power spectrum of the density fluctuations
[71–74]. The hyper-parameters are Λ = {Mf , α, fpbh} in
this case. We can then derive the averaged PBH mass
and averaged number density from Eq. (3) and Eq. (4)
as

mpbh =
MfΓ(1/α)

α
, (27)

F (m) = αMf
−αmα−1 exp (−(m/Mf)

α) . (28)

Using 69 BBHs from GWTC-3 and performing
the hierarchical Bayesian inference, we obtain Mf =
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FIG. 7. The marginalized one- and two-dimensional poste-
rior distributions for hyper-parameters {Mf , α, fpbh} in the
critical collapse mass function inferred from GWTC-3. The
blue color denotes the results from the first merger only, while
the orange denotes the results from both the first and second
mergers. The contours represent the 1σ, 2σ and 3σ credible
regions, respectively.

10.8+3.7
−3.6M�, α = 1.0+0.2

−0.2, and fpbh = 1.5+0.2
−0.2×10−3. The

posteriors for the hyper-parameters Λ = {Mf , α, fpbh}
are shown in Fig. 7. From Eq. (10), we also infer
the local merger rate as R(t0) = 49+26

−16Gpc−3 yr−1.
The results of the local merger rate and abundance
of PBHs are consistent with the previous estimations
[12, 13, 15, 46, 47, 49, 51, 67, 68], confirming that CDM
cannot be dominated by the stellar-mass PBHs.

In Fig. 8, we show the ratio of merger rate den-
sity from the second merger to the one from the first
merger, namely R2(t0,m1,m2)/R1(t0,m1,m2), by fix-
ing the hyper-parameters {Mf , α, fpbh} to their best-
fit values. It can be seen that the second merger
provides more contribution to the total merger rate
density as component mass increases. Even though
R2(t0,m1,m2)/R1(t0,m1,m2) can reach as high as &
10%, the ratio of merger rate from second merger to that
from the first merger is R2(t0)/R1(t0) = 2.2+1.3

−0.1% and
is negligible. This is because the major contribution to
the merger rate is from the masses less than 50M�, and
the correction is negligible in this mass range. Therefore
the effect of merger history can be safely ignored when
estimating the merger rate of PBH binaries.
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FIG. 8. The ratio of merger rate density from
the second merger to that from the first merger,
R2(t0,m1,m2)/R1(t0,m1,m2), as a function of component
masses for the critical collapse mass function. We have fixed
the hyper-parameters {Mf , α, fpbh} to their best-fit values.

V. CONCLUSION

In this work, we use 69 BBHs from GWTC-3 to con-
strain the merger history of PBH binaries by assuming
the observed BBHs from LVK are attributed to PBHs.
We perform comprehensive Bayesian analyses by consid-
ering four commonly used PBH mass functions in liter-
ature, namely the log-normal, power-law, broken power-
law, and critical collapse mass functions.

We summarize the key results in Table II. It can be
seen that the contribution of the merger rate from the
second merger to the total merger rate is less than 5%.
Therefore, the higher-order hierarchical merger af-
ter the first one has a subdominant effect, and this
effect can be neglected when evaluating the merger rate
of PBH binaries. It can also be seen that the Bayes fac-
tors for the model with a second merger versus the model
with only the first merger, BF2nd

1st , are all smaller than
3, indicating the evidence for the second merger is “not
worth more than a bare mention” [75]. In this sense, the
Bayes factors also imply that the effect of merger history
can be ignored.

Furthermore, for all four mass functions, we infer the
abundance of PBH in CDM, fpbh, to be at the order of
O(10−3). The results of the local merger rate and abun-
dance of PBHs are consistent with the previous estima-
tions [12, 13, 15, 46, 47, 49, 51, 67, 68], confirming that
CDM cannot be dominated by the stellar-mass PBHs.
PBHs cluster at the late time of the Universe may
play an important role in the merger rate. For all
of the four PBH mass functions, we always have
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LN PL BPL CC

BF2nd
1st 0.9 0.4 0.89 1.2

BFPL 166 1 49 139

103fpbh 1.8+0.3
−0.3 2.3+0.3

−0.3 0.9+0.1
−0.1 1.5+0.2

−0.2

102R2/R1 1.0+0.2
−0.1 0.9+0.1

−0.1 1.3+0.3
−0.1 2.2+1.3

−0.5

TABLE II. Summary of the key results for the log-normal
(LN), power-law (PL), broken power-law (BPL), and critical
collapse (CC) mass functions. The first row, BF2nd

1st , shows
the Bayes factors for the model with 2nd merger versus the
model with only 1st merger; the second row, BFPL, shows the
Bayes factors for the model with different PBH mass function
versus the model with the power-law PBH mass function by
accounting for the second merger effect; the third row, fpbh,
shows the abundance of PBH in CDM inferred from different
models by accounting for the second merger effect; the last
row, R2/R1, shows the merger rate ratio between the second
merger and the first merger.

fpbh . 3× 10−3. Therefore, according to Ref. [27],
this effect can be safely ignored.

We also compute the Bayes factors between the mod-
els with different PBH mass functions. The Bayes fac-
tors BFPL are estimated by taking the model with the
power-law mass function as the fiducial model. We find
that BFLG

PL has the largest value, indicating that the log-
normal mass function can best fit GWTC-3 among the
four mass functions considered in this work. Our findings
contradict the results from Ref. [48] claiming that the
broken power-law mass function can fit better than the
log-normal form. There are some drawbacks from analy-
ses in Ref. [48]. Firstly, Ref. [48] neglects the uncertain-
ties in measuring each event’s masses and completely ig-
nores the redshift evolution of the merger rate. Secondly,
Ref. [48] deals with the selection effect of GW detectors
improperly. In this sense, we disagree with Ref. [48] and
conclude that the most frequently used log-normal mass
function can fit GWTC-3 best among the four mass func-
tions.
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[27] Gert Hütsi, Martti Raidal, Ville Vaskonen, and Hardi
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Hardi Veermäe, “Single Field Double Inflation and
Primordial Black Holes,” JCAP 1709, 020 (2017),

http://dx.doi.org/10.1016/j.physletb.2012.03.056
http://arxiv.org/abs/1202.3848
http://dx.doi.org/10.1103/PhysRevLett.102.161101
http://arxiv.org/abs/0812.4339
http://arxiv.org/abs/0812.4339
http://dx.doi.org/ 10.1103/PhysRevLett.122.201101
http://arxiv.org/abs/1810.11000
http://arxiv.org/abs/1810.11000
http://dx.doi.org/10.1103/PhysRevD.100.081301
http://dx.doi.org/10.1103/PhysRevD.100.081301
http://arxiv.org/abs/1906.11549
http://dx.doi.org/10.1103/PhysRevD.101.043019
http://dx.doi.org/10.1103/PhysRevD.101.043019
http://arxiv.org/abs/1910.09099
http://dx.doi.org/ 10.1103/PhysRevD.101.063018
http://arxiv.org/abs/1912.00885
http://arxiv.org/abs/1912.00885
http://dx.doi.org/10.1103/PhysRevLett.124.251101
http://dx.doi.org/10.1103/PhysRevLett.124.251101
http://arxiv.org/abs/1910.12239
http://arxiv.org/abs/1910.12239
http://dx.doi.org/ 10.1088/1475-7516/2020/03/014
http://arxiv.org/abs/1911.09689
http://dx.doi.org/10.1103/PhysRevD.99.103521
http://dx.doi.org/10.1103/PhysRevD.99.103521
http://arxiv.org/abs/1810.12224
http://dx.doi.org/10.1103/PhysRevLett.122.211301
http://dx.doi.org/10.1103/PhysRevLett.122.211301
http://arxiv.org/abs/1810.12218
http://arxiv.org/abs/2205.11278
http://dx.doi.org/ 10.1103/PhysRevD.101.083008
http://arxiv.org/abs/2001.03833
http://arxiv.org/abs/2001.03833
http://dx.doi.org/10.1088/1475-7516/2021/04/058
http://dx.doi.org/10.1088/1475-7516/2021/04/058
http://arxiv.org/abs/2101.11098
http://dx.doi.org/10.3847/1538-4357/aaf581
http://dx.doi.org/10.3847/1538-4357/aaf581
http://arxiv.org/abs/1809.10360
http://dx.doi.org/ 10.1086/310886
http://dx.doi.org/ 10.1086/310886
http://arxiv.org/abs/astro-ph/9708060
http://dx.doi.org/ 10.1103/PhysRevD.96.123523
http://arxiv.org/abs/1709.06576
http://dx.doi.org/10.1051/0004-6361/201833910
http://dx.doi.org/10.1051/0004-6361/201833910
http://arxiv.org/abs/1807.06209
http://dx.doi.org/10.1063/1.1835214
http://dx.doi.org/10.1063/1.1835214
http://arxiv.org/abs/astro-ph/0409387
http://dx.doi.org/ 10.1017/pasa.2019.2
http://arxiv.org/abs/1809.02293
http://dx.doi.org/10.1093/mnras/stz896
http://dx.doi.org/10.1093/mnras/stz896
http://arxiv.org/abs/1809.02063
http://arxiv.org/abs/1809.02063
http://dx.doi.org/ https://doi.org/10.5281/zenodo.5546676
http://dx.doi.org/ https://doi.org/10.5281/zenodo.5546676
http://arxiv.org/abs/2111.03634
http://dx.doi.org/10.1103/PhysRevD.104.062009
http://arxiv.org/abs/2103.14663
http://dx.doi.org/10.1093/mnras/staa278
http://dx.doi.org/10.1093/mnras/staa278
http://arxiv.org/abs/1904.02180
http://dx.doi.org/10.3847/1538-4365/ab06fc
http://dx.doi.org/10.3847/1538-4365/ab06fc
http://arxiv.org/abs/1811.02042
http://arxiv.org/abs/1811.02042
http://dx.doi.org/ 10.1093/mnras/staa2850
http://dx.doi.org/ 10.1093/mnras/staa2850
http://arxiv.org/abs/2006.00714
http://dx.doi.org/ 10.1088/1475-7516/2021/05/003
http://arxiv.org/abs/2102.03809
http://dx.doi.org/https://doi.org/10.5281/zenodo.5655785
http://dx.doi.org/10.1103/PhysRevD.47.4244
http://dx.doi.org/10.1103/PhysRevD.94.063530
http://arxiv.org/abs/1609.01143
http://dx.doi.org/10.1088/1475-7516/2017/09/020


11

arXiv:1705.06225 [astro-ph.CO].
[67] Zu-Cheng Chen and Qing-Guo Huang, “Distinguishing

Primordial Black Holes from Astrophysical Black Holes
by Einstein Telescope and Cosmic Explorer,” JCAP 08,
039 (2020), arXiv:1904.02396 [astro-ph.CO].

[68] Li-Ming Zheng, Zhengxiang Li, Zu-Cheng Chen, Huan
Zhou, and Zong-Hong Zhu, “Towards a reliable recon-
struction of the power spectrum of primordial curvature
perturbation on small scales from GWTC-3,” Phys. Lett.
B 838, 137720 (2023), arXiv:2212.05516 [astro-ph.CO].

[69] Bernard J. Carr, “The Primordial black hole mass spec-
trum,” Astrophys. J. 201, 1–19 (1975).

[70] V. De Luca, G. Franciolini, and A. Riotto, “On the
Primordial Black Hole Mass Function for Broad Spec-
tra,” Phys. Lett. B 807, 135550 (2020), arXiv:2001.04371
[astro-ph.CO].

[71] Jens C. Niemeyer and K. Jedamzik, “Near-critical gravi-
tational collapse and the initial mass function of primor-
dial black holes,” Phys. Rev. Lett. 80, 5481–5484 (1998),

arXiv:astro-ph/9709072.
[72] Jun’ichi Yokoyama, “Cosmological constraints on pri-

mordial black holes produced in the near critical grav-
itational collapse,” Phys. Rev. D 58, 107502 (1998),
arXiv:gr-qc/9804041.

[73] B. J. Carr, Kazunori Kohri, Yuuiti Sendouda, and
Jun’ichi Yokoyama, “Constraints on primordial black
holes from the Galactic gamma-ray background,” Phys.
Rev. D 94, 044029 (2016), arXiv:1604.05349 [astro-
ph.CO].

[74] Andrew D. Gow, Christian T. Byrnes, and Alex Hall,
“Accurate model for the primordial black hole mass dis-
tribution from a peak in the power spectrum,” Phys. Rev.
D 105, 023503 (2022), arXiv:2009.03204 [astro-ph.CO].

[75] Robert E. Kass and Adrian E. Raftery, “Bayes factors,”
Journal of the American Statistical Association 90, 773–
795 (1995).

http://arxiv.org/abs/1705.06225
http://dx.doi.org/ 10.1088/1475-7516/2020/08/039
http://dx.doi.org/ 10.1088/1475-7516/2020/08/039
http://arxiv.org/abs/1904.02396
http://dx.doi.org/10.1016/j.physletb.2023.137720
http://dx.doi.org/10.1016/j.physletb.2023.137720
http://arxiv.org/abs/2212.05516
http://dx.doi.org/10.1086/153853
http://dx.doi.org/ 10.1016/j.physletb.2020.135550
http://arxiv.org/abs/2001.04371
http://arxiv.org/abs/2001.04371
http://dx.doi.org/10.1103/PhysRevLett.80.5481
http://arxiv.org/abs/astro-ph/9709072
http://dx.doi.org/ 10.1103/PhysRevD.58.107502
http://arxiv.org/abs/gr-qc/9804041
http://dx.doi.org/ 10.1103/PhysRevD.94.044029
http://dx.doi.org/ 10.1103/PhysRevD.94.044029
http://arxiv.org/abs/1604.05349
http://arxiv.org/abs/1604.05349
http://dx.doi.org/10.1103/PhysRevD.105.023503
http://dx.doi.org/10.1103/PhysRevD.105.023503
http://arxiv.org/abs/2009.03204
http://dx.doi.org/10.1080/01621459.1995.10476572
http://dx.doi.org/10.1080/01621459.1995.10476572

	Constraining the Merger History of Primordial-Black-Hole Binaries from GWTC-3
	Abstract
	Introduction
	Merger rate density distribution of PBH binaries
	Hierarchical Bayesian Inference
	results
	Log-normal mass function
	Power-law mass function
	Broken power-law mass function
	Critical collapse mass function

	Conclusion
	Acknowledgments
	References


