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We constrain the distribution of merging compact binaries across the celestial sphere using the
GWTC-3 catalog from the LIGO-Virgo-KAGRA Collaborations’ (LVK) third observing run. With
63 confident detections from O3, we constrain the relative variability (standard deviation) of the rate
density across the sky to be < 16% at 90% confidence assuming the logarithm of the rate density
is described by a Gaussian random field with correlation length > 10°. This tightens to < 3.5%
when the correlation length is > 20°. While the new O3 data provides the tightest constraints on
anisotropies available to-date, we do not find overwhelming evidence in favor of isotropy, either.
A simple counting experiment favors an isotropic distribution by a factor of B% = 3.7, which is
nonetheless an improvement of more than a factor of two compared to analogous analyses based on

only the LVK’s first and second observing runs.

I. INTRODUCTION

The observation of gravitational waves (GWs) from
the coalescence of compact binaries provides a new way
to study how these systems form, evolve, and are dis-
tributed throughout the universe (see Ref. [1] and refer-
ences therein). In particular, the spatial distribution of
GW sources can test the cosmological principle: is the
universe statistically homogeneous and isotropic? De-
viations from perfect homogeneity have already been
proposed as a way to infer cosmological parameters
through cross-correlations of clustering within GW and
electromagnetic observations (see, e.g., [2, 3]). How-
ever, these studies assume a priori that GW events fol-
low anisotropies measured from electromagnetic surveys.
That is, they do not directly measure anisotropies from
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the GW data. Our goal in this paper is to constrain
anisotropies in the population of merging binaries using
only GW data.

Although large deviations from isotropy are not ex-
pected, it behooves us nevertheless to check this, similar
to the motivation within Ref. [4]. Directly constrain-
ing anisotropies with GW catalogs may be of interest
in several astrophysical situations. For example, resolv-
ing clustering scales from GW data alone may be used
to test the assumption that GW sources are always as-
sociated with galaxies. Along these lines, GW sources
could be used to directly trace clustering scales; see, e.g.,
Refs. [5, 6] for discussion of this in the context of 3'¢ gen-
eration detectors. Similarly, the identification of individ-
ual host galaxies for specific events and/or the statisti-
cal association between the full GW catalog and different
types of galaxies may suggest, perhaps through the mass-
dependent galaxy clustering scale, which types of galaxies
most often host compact binary coalescences [7, 8]. This
could be combined with knowledge of the star formation
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s0 history to in turn constrain the delay time distribution
s between binary formation and coalescence [9]. See, e.g.,
o Ref. [10] for a similar application to short gamma-ray
s bursts (GRBs).

63 It is also worth remembering that the LIGO-Virgo-
s KAGRA (LVK) collaborations [11, 12] search for unmod-
ss eled “burst” events in addition to compact binaries [13].
e Given that the source of such events will not be known a
o7 priori, their spatial distribution will likely provide crucial
68 clues as to their origins. Indeed, determining whether
e burst events correlate with local structure will inform
7 the distance to the sources and therefore their intrinsic
n energy scales, analogous to GRBs [14] and other high-
7 energy astrophysical phenomena.

73 The detection of anisotropies within the distribution
of merging binaries could be the signature of more exotic
s physics, such as wormholes that may effectively tunnel
% to larger volumes and therefore higher number of merg-
7 ing binaries [15] or lensed events, which appear as re-
s peated signals from the same part of the sky [16, 17].
In particular, strong lensing may distort the shape of
the waveform, particularly the relative phasing between
a different harmonics [18]. These effects may be difficult
to distinguish from more general alternative theories of
gravity [19], and the identification of anisotropies may be
& a cleaner signature of lensing than the waveform’s phas-
s ing alone. Indeed, many searches for lensed events begin
with overlaps on the sky.
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e Several authors have already studied the distribution
s of merging binaries with the LIGO-Virgo Collabora-
tions’ [11, 12] first catalog of 11 detections (GWTC-
1 [20]). Specifically, Ref. [21] modeled anisotropies with
o 12 pixels of equal area and a set of Euler angles that
rotated the pixelization across the sky. Using an approx-
imation of the catalog’s sensitivity that assumed constant
and equal power spectral densities for both LIGO detec-
tors throughout the run, neglecting the presence of Virgo,
but accounting for the diurnal cycle and correlations in
when the LIGO interferometers recorded science-quality
data [22], they found weak evidence in favor of isotropy.
Similarly, Ref. [23] used the same 11 events but a different
estimate of survey sensitivity to constrain anisotropies
with a model constructed from a low-order spherical har-
monic expansion. They considered several models with
different numbers of harmonics up to lnax = 5, finding
equivalently weak evidence in favor of isotropy regardless
of Imax- Finally, Ref. [24] attempted to measure the two-
point correlation function of GW events with a spherical
harmonic decomposition of the sum of individual event
localizations while assuming the sensitivity of the detec-
tor network was uniform over the entire sky. They also
found no evidence for an excess of correlation at any an-
gular scale.

Maps of upper limits on anisotropies in the stochastic
GW background are routinely produced under various
assumptions in either the pixel or spherical-harmonic do-
mains. Although no statistically significant detection has
116 been made, these analyses typically make assumptions
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about the power spectrum of the stochastic GW back-
ground and produce maximum likelihood estimates of the
angular distribution of the intensity. See Ref. [25] for a
review. While there has been no unambiguous detection
of the stochastic GW background to date, let alone the
detection of anisotropies, there may still be information
about the distribution of merging binaries at high red-
shift encoded in the nondetection (see, e.g., Ref. [26]).

Additionally, anisotropies are of general interest in
other high-energy astrophysical phenomena. Analyses of
GRBs show that they are consistent with isotropic distri-
butions, regardless of how the catalog is subdivided [14],
the distribution of fast-radio bursts (FRBs) is an active
area of research [27], and multiple groups have claimed
detections of anisotropies in the arrival directions of cos-
mic rays [28-31].

Therefore, it is of general interest to develop meth-
ods to constrain the rate of mergers as a function of
their position on the celestial sphere. We use hierarchi-
cal Bayesian inference to construct posterior processes for
the distribution of merging compact binaries over the sky
using 63 confidently detected binaries, including binary
black hole (BBH), neutron star-black hole (NSBH), and
binary neutron star (BNS) sources, from the the LVK’s
third observing run (O3, 1 April 2019-27 March 2022 [32—-
34]). In addition to the nearly 6-fold increase in sample
size from GWTC-1, our analysis benefits from estimates
of survey sensitivity derived from simulated signals in-

us jected into real detector noise and processed directly with
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the searches used to construct the catalog [35]. These
injections implicitly account for variability in each de-
tector’s sensitivity and correlations between the times
when detectors record data.! This improves upon pre-
vious estimates of survey sensitivity, which depended on
approximations with poorly quantified systematic uncer-
tainties [21, 23]. We also self-consistently incorporate
realistic models of the masses, spins, and redshift distri-
butions of merging binaries derived from GW observa-
tion [1, 36].

We find mild evidence in favor of isotropy. This agrees
with Refs. [21] and [23], but we place tighter constraints
on anisotropies because of the larger sample size now
available. In fact, we find Bayes factors in favor of
isotropy (B!%) similar to Refs. [21, 23] when we use only
events from GWTC-1, and these increase by a factor of 2
when we only use the 63 events from O3. Although there
are a few persistent “hot pixels” from O3 in all our mod-
els on average, we cannot confidently bound the rate den-
sity in these directions to be inconsistent with isotropy.
Indeed, we bound the relative variability (standard devi-
ation) in the rate density to < 16% of the isotropic rate
at 90% credibility if the correlation length scale in the
rate density is > 10°, and this is improved to < 3.5% if
the length scale is > 20°.

1 Appendix B shows that the O3 catalog’s sensitivity is nearly uni-
form over the entire sky, although measurable deviations exist.
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The rest of this paper is structured as follows. In
Sec. I1, we perform a simple counting experiment by di-
viding the sky into hemispheres, showing that most of
the information about (an)isotropy comes from the best
localized events (less than half our catalog). Sec. III
presents additional models of varying complexity, includ-
ing pixelized representations like Ref. [21] (Sec. IIIB 1)
and representations based on low-order spherical har-
monic expansions like Ref. [23] (Sec. III B 2), culminating
in a nonparametric description of the rate density as a
Gaussian random field (Sec. IITC). We discuss implica-
tions of current constraints and conclude in Sec. IV.

II. COUNTING EXPERIMENTS

We begin with a simple counting experiment: divide
the sky into two hemispheres and “count” the number of
events that fall within each.? In the context of GW cat-
alogs, this simple model is useful because of the symme-
try inherent in the sensitivity for current interferometers.
Each interferometer’s sensitivity has even parity when re-
flected across the plane defined by its arms. This means
that the sensitivity to each hemisphere will be equal re-
gardless of how many interferometers participate in the
survey and exactly where hemispheres are drawn as long
as they divide the sky in half equally.

To wit, we construct a model that divides the sky
in half, assigning a different rate density to each hemi-
sphere: the expected fraction of events coming from the
“northern” hemisphere is f, and the corresponding frac-
tion from the “southern” hemisphere is 1 — f. We also
consider all possible hemispheres by sampling over Eu-
ler angles that rotate the simple north-south hemisphere
model into arbitrarily oriented hemispheres. This ro-
tated model is similar to the approach in Ref. [21]. In-
ference proceeds by effectively counting the number of
events consistent with each hemisphere and infering the
expected fraction of events and the hemispheres’ orienta-
tion most consistent with the observations. Uncertainty
in the fraction of events in a particular hemisphere, then,
roughly corresponds to counting uncertainty from a Bino-
mial distribution. We list the prior ranges for the Rotated
Hemisphere model and compare it to others in Table II.

Much of the information about isotropy comes from
the best-localized events, and we find that the data prefer
equal fractions of events from each hemisphere (f = 0.5)
by a factor of Bi5% = 3.7, assuming uniform priors for f
and the Euler angles and calculating B via the Savage-
Dickey density ratio [37] (Fig. 1). The model also finds
no preference for specific rotations, which is expected if
f ~ 0.5. Furthermore, the number of events in one hemi-
sphere is binomially distributed, and the uncertainty in

2 Because GW events often have very broad localizations, we al-
ways employ hierarchical Bayesian inference to account for mea-
surement uncertainty. See Sec. IIT A for more details.
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FIG. 1. Marginal prior (blue) and posterior (orange) for the

mixing fraction in the Rotated Hemisphere model (Table IT).
The data favor isotropy (grey, f = 0.5) by a factor of Biy
3.7 and rule out anisotropies bigger than 3:1.

the fraction of events will be 0]20 = f(1 - f)/N with N
events. With our selection of 63 events and assuming
isotropy, we expect oy = 6.3%. However, this is signif-
icantly smaller than the actual standard deviation ob-
served in Fig. 1, which corresponds to only 23.5 effective
events (o = 10.3%). While this could be due in part to
the trials factor associated with sampling over possible
rotations, it is likely because many of the events in our
catalog have uninformative broad localization uncertain-
ties. Indeed, if we only use the 25 best-localized events
from our catalog,® we find oy = 12.6% and BSS = 2.7,
only slightly less constraining than the uncertainty ob-
tained with the full catalog. Similarly, if we only include
the 10 best-localized events, we obtain o5 = 17.5% and
B = 1.9, only slightly worse than expected from the
binomial distribution (o = 15.8% with 10 events).

This should be contrasted with the constraints ob-
tained using only GWTC-1: B2 = 1.3 and of = 18.9%.4

Ref. [21] found B% = 1.3 and Re. [23] quote BSS ~ 1.1 -

anil
1.6 depending on how many spherical harmonics they in-
clude. We see, then, that our larger sample size provides
the tightest constraints to-date.

Note that one could combine all events from O1, 02,
and O3 in order to obtain an even tighter constraint on
anisotropy under the Rotated Hemisphere model with-
out accurate estimates of search sensitivity because of the
symmetry in the model. We avoid this because of the ex-
pectation that systematic uncertainty from the relatively
strong assumptions behind the shape of anisotropies al-
lowed by this model will be more important than any
improved statistical uncertainty, and therefore focus on
more flexible models of isotropy, for which accurate esti-

3 In general, selecting events in this way may significantly com-
plicate our estimate of the catalog’s sensitivity. However, our
Rotated Hemisphere model is immune to such considerations be-
cause of the symmetry of the interferometer antenna patterns.

4 Although our sensitivity estimates only cover O3, we can analyze
GWTC-1 without accounting for selection effects because of the
symmetry in this model.
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mates of search sensitivity are more important, in what
follows.

III. HIERARCHICAL MODELS

We now consider several additional representations of
the distribution of merging binaries and construct maps
of the merger rate across the sky with each. Section IIT A
briefly reviews hierarchical Bayesian inference before Sec-
tion IIT B presents our results. Comparing different mod-
eling choices allows us to examine, to some extent, which
features are constrained by the data and which are dom-
inated by our modeling choices.

In what follows, we assume fixed distributions for the
source-frame component masses, redshift, spins, inclina-
tion, orientation, and arrival time of GWs from binary
systems. These are described in Table I. In order to fo-
cus on isotropy, we only infer the parameters of the dis-
tribution over right ascension (a) and declination ().
While we do not expect the assumption of, e.g., fixed
masss, redshift, and spin distributions to affect our con-
clusions about (an)isotropy, it would be worthwhile to
check this. However, we leave studies of possible cor-
relations between the direction to the source and other
source properties to future work.

We only consider events from O3 (GWTC-2 [32],
GWTC-2.1 [33], and GWTC-3 [34]), as the publicly avail-
able set of simulated signals processed with real searches
used to estimate the catalog’s sensitivity only covers
03 [35]. However, we consider all events from O3, in-
cluding BNS, NSBH, and BBH systems. We approxi-
mate the catalog selection by requiring the false alarm
rate (FAR) from at least one pipeline within GWTC-3
to be < 1/year.® With this selection threshold, we retain
63 events from O3. See Appendix B for more details.

A. Formalism

We employ hierarchical Bayesian inference to infer the
rate density of merging compact binaries:

dN

= Rp(OlA)

(1)
where each event is described by parameters 6 (masses,
redshift, right ascension, declination, etc), the popula-
tion distribution p(f|A) is described by some set of pa-
rameters A (minimum and maximum masses, anisotropy
parameters, etc), and R acts as an overall normalization
constant.

5 We include all searches present in GWTC-3: both modeled (Gst-
LAL, MBTA, PyCBC broad, and PyCBC BBH) and unmodeled
(cWB) searches. See Ref. [34] for more details about individual
searches.
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Specifically, we sample from the rate-marginalized in-
homogeneous Poisson likelihood for the observed data
{D;} from N events

[ d8 p(D,19)p(81)

p({Di}|A) = [ d6 P(det|0)p(6]A)

H

with a corresponding prior for A. Here, P(det|6) is the
(time-averaged) probability of detecting a signal with pa-
rameters 6. Eq. 2 implicitly assumes p(R) ~ 1/R within
the marginalization over R. We estimate the numera-
tors in Eq. 2 via Monte Carlo importance sampling of
single-event posterior samples for each event, and the de-
nominator with a set of detected simulated signals (Ap-
pendix B). See, e.g., Refs. [39-42] and references therein
for more details.

(2)

B. Cartography

Within the hierarchical framework, we consider several
different representations of the distributions over the sky.
Broadly, these can be classified as those based on pix-
elizations (like the Rotated Hemisphere model in Sec. II)
and those based on spherical harmonic decompositions.
Table IT summarizes our models, their parameters, and
the priors chosen for those parameters. While there is
no fundamental difference between the two approaches,
each introduces different priors on the types of variation
over the sky. Nonetheless, as we will see, we obtain com-
parable results regardless of the precise model choices.

1. Pizelized Representations

The simple Rotated Hemisphere model (Section II)
found weak evidence for isotropy, but this could be due
to the assumptions implicit in the model. We now fo-
cus on pixelization schemes that allow for more complex
anisotropies. Fig. 2 shows Mollweide projections of p(2)
derived from different modeling assumptions. Specifi-
cally, we employ the Healpix pixelization scheme [43] and
consider models with 12, 48, and 192 pixels, respectively.
In each model, the rate density in each pixel is indepen-
dently, exponentially distributed a priori. The exponen-
tial distribution is convenient because it only has sup-
port for non-negative rate densities. Furthermore, the
independent priors for each pixel give models with more
pixels more freedom. That is, as the number of pixels in-
creases, the prior not only allows for, but actually prefers
increased variation across the sky.

We additionally consider a radically different pixeliza-
tion scheme: the 88 constellations® defined by the In-
ternational Astronomical Union (IAU) [44]. Although

6 Although there are only 88 constellations, we fit the rate in 89
pixels, dividing Serpens (Ser) into its two disjoint regions.
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TABLE I. Fixed population models for the source-frame primary mass (m. ), secondary mass (mz < m1), Cartesian spin vectors
for each component (51, §2), and redshift (2). We employ the mazimum a posteriori values for the Broken Power-Law + Dip
model from Ref. [36] as well as a flat ACDM cosmology with Ho = 67.32km/s/Mpc, Qar = 0.3158, and Qp = 1 — Qar (first
column of Table 1 in Ref. [38]). While there is evidence that the (BBH) population evolves with redshift and the spins are not
isotropically distributed, these effects are not expected to strongly influence our inference for the right ascension and decliation.
We also assume events’ orbital inclinations are isotropically distributed, events’ phases at coalescence and polarization angles
are uniformly distributed throughout their physical ranges, and that events’ arrival times are uniformly distributed throughout

the duration of the experiment.

Variates Name/Description Functional Form Visualization
T 102 T
L _ log1o(mimzp(my, m
£l 13
Broken Power-Law p(ma,ms) = s 10
m ) o< p(mi1)p(m2) : o
1, M2 + Dip ] £
(BPL+Dip) X Ppair (m27 m2/m1) 1 i g
see Refs. [1, 36] 1
I 100
10° 10! 10? 102
miMo] my[Mo]
uniform in
z comoving volume p(2) o< (dV./dz)/(1 + z)
& source-frame time
z
T T T T 1.0 T T T
log10(p(sx, Sy))
1 0.8 a
~| | 0.6 1
if i itud ﬁ @
oo uniform in magnitude N -2 <Y J
S1,52 g isotropic orientation p(5i) = 1/4m|3i] i | 04
0.2 5

0'%.0 0.2 0.4 0.6 0.8 1.0
Sx

0.0 0.2 04 0.6 0.8 1.0
Sx

we expect the TAU constellations to be completely un-
related to GW events, which come from much greater
distances than the stars that make up the constellations,
they provide a convenient and memorable alternative pix-
elization. As with the Healpix models, the rate in each
constellation is independently exponentially distributed
a priori. Because we parametrize the model in terms of
the rate (count per steradian) within each constellation,
this implies that the expected number of events from a
constellation scales with the constellation’s area.

Unlike our Rotated Hemisphere model and Ref. [21],
we do not consider rotations of these pixelizations.
Ref. [21] only used 12 pixels and introduced 3 Euler an-
gles to attempt to control for model systematics associ-
ated with the placement of the 12 pixels. We instead use

354

355

356

357

358

359

360

361

362

363

364

365

366

models with more pixels and different methods of parti-
tioning the sky to test for model systematics.

Fig. 2 shows one-dimensional summary statistics de-
fined for each direction on the sky. We show the average
a posteriori rate for each direction (£2)

W) = [dapalDbp@s) @

where p(A[{D;}) is the hyperposterior distribution in-
ferred via Eq. 2. This average is normalized by the equiv-
alent rate for an isotropic distribution: p(Qliso) = 1/4.
We also show the difference (p(€2)) — p(£2|iso) divided by
the standard devitation of the one-dimensional marginal
posterior distribution: o,(q).

We find similar features with all models. Although
there are “hot pixels” throughout the sky for each, on
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TABLE II. Population models for the distribution over right ascension («) and declination (J).

See text for more detailed

definitions of each model’s parameters. We denote the uniform distribution between X and Y as U(X,Y), the exponential

distribution with scale parameter Z as Exp[Z] (p(z) = Z~ e

-1 —x/Z

), and the multivariate Normal distribution with mean vector

w and covariance matrix = as N (i, Z). Where relevant, we denote the area of pixel ¢ with A;.

Variates Name Parameters Functional Form Example
f~U(0,1)
Rotate by Euler angles (¢, 0, ¥).
Rotated Hemisphere ¢~ U(0,2m) a,d — @,o
(RH) 0~ U(0.2 In the rotated frame
(0. 2m) p=(fO(3 > 0) + (1 - /)0 < 0))/2n
Y =0
Bl ~ U(0,1) o
Simple Dipole =(1+b-Q)/4r
(SD) arctan(by, /b,) = ¢ ~ U(0, 2) B <1
b./|bl = cos@ ~ U(—1,+1)
Healpix pixelization
(HP: Ny = 12,48,192)
Q=0q,6 fi ~ Exp(A; ")
Viell, -, Npix)
IAU Constellations
(TAU: Npiy = 89)
p= Z fiA71O((a,8) € Ay)
log(fi/Ai) ~ N(0,Zi5) Npix
Zij = 02ndij + o2 (80i5)? /92 Z fi=1
Gaussian Random Field
o~ U(0,3)
Own =0 /10
R{b%70, . } ~ U(=10,+10)
Exponentiated H{bl<l =0 p x exp [ S b7Y™ (o, 8)
Spherical Harmonics max b e
(ESH: lmax = 1,2,3,4)  R{pj%7° } ~ U(—10,+10) b = (b
I{b;27° } ~U(—10,410)

average (left column of Fig. 2) there is a consistently
hot pixel near (o, ) = (—45°,4+10°). This hot spot lies
within Equuleus (Equ: the “little horse”), which has the
second smallest area of any of the IAU constellations and
is associated with a handful of relatively well localized
events (see Appendix B). Even though the horse is little,
at face value it may play a big role in GW anisotropy
measurements. However, while hot pixels can at times
correspond to rates several times larger than the rate for
an isotropic distribution, there is still significant uncer-
tainty in the posterior. In fact, the expected value of the
rate in any pixel is always less than +1.5 standard devi-
ations away from isotropy a posteriori (right column of
Fig. 2).

We note that the size of the deviations from isotropy
are less significant within models with more pixels. This
is because there are fewer expected events per pixel and
therefore greater relative uncertainty in each pixel’s rate
density. Indeed, while there are always some pixels for
which the rate is not confidently bounded away from zero,
there are (many) more poorly constrained pixels for mod-
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els with larger Npix. See Appendix A for more discussion.

While comparisons based on only one-dimensional
marginal posteriors do not actually represent a full test
of isotropy (the rate density must be consistent with
isotropy in all pixels simultaneously, not just separately
for each pixel), this is nevertheless suggestive. We also
eschew B9 for these models due to the possibly strong
dependence on our prior choices (see discussions in, e.g.,
Refs. [45, 46]). We quantify constraints on anisotropies
in more detail in Section IIID.

2. Spherical Harmonic Representations

We now turn our attention to representations of p(£2)
based on spherical harmonic decompositions. There are
many ways to construct a representation of a positive
semi-definite function defined on S, in terms of spherical
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FIG. 2. Mollweide projections of the posterior for the rate density across the sky with pixelized representations. (top to
bottom) Healpix pixelizations with 12, 48, and 192 pixels as well as a pixelization based on the 88 IAU Constellations (89
pixels; Serpens is divided into two disjoint regions). (left) The average rate density a posteriori scaled by the rate for an
isotropic distribution. (right) A measure of statistical significance: the difference between the average rate density and the rate
for an isotropic distribution scaled by the standard deviation of the rate density in each pixel a posteriori.

harmonics. We explored several models of the form w7 by a single vector b so that

lmax m=-+1 1 N
pe)=r (355 v 0 ) = g (145-0). ®)

=0 m=—1

ws with [b] < 1. This model is similar to the Rotated Hemi-
with the additional constraint b, ™ = (bl‘Fm)* to ensure 4o sphere model from Sec. I, but avoids sharp features in
the sum is real, where (-)* denotes complex conjugation. «o the rate density. It corresponds to F'(z) =z and lmax = 1

To begin, we consider a Simple Dipole model described a1 in Eq. 4. With a uniform prior over |b| and isotropic
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Mollweide projections of the posterior rate density across the sky when it is represented by a spherical harmonic
(top to bottom) Spherical harmonics are included up to lmax = 1, 2, and 3. As more

harmonics are included, we observe structure across the sky similar to what is found with the pixelized representations. However,
as in Fig. 2, the fluctuations in the posterior are larger than the difference between the mean a posteriori and an isotropic

distribution.

w2 priors on its orientation, we constrain |b| < 0.5 at 90%
a3 credibility, in agreement with the Rotated Hemisphere
ss model. We also find B¢ = 2.5, slightly smaller than the

anil
a5 Rotated Hemisphere model. This is because the simple

a6 dipole lacks sharp features in p(£2) and therefore larger
a7 anisotropies are harder to constrain.

s We now additionally consider I, > 1. Although we
a0 find consistent results with several choices of F(z),” we

7 Ref. [23] chose F(z) = x2, and we also explored F(z) = |z|.
However, both of these approaches complicate the interpretation
of the model as they introduce strong degeneracies. That is, mul-
tiple distinct sets of b]* can produce similar p(2). For example,
a distribution with only b(l) # 0 produces similar p(Q2) to a distri-
bution with only bg # 0. It is this mixing between different [ can
be difficult to interpret. These degeneracies render the posterior
for {b]"} multimodal, which in part motivated Ref. [23]’s choice
to limit the magnitude of b to small values a priori.
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focus on F(x) = e*, which we refer to as the Exponen-
tiated Spherical Harmonic (ESH) model. That is, we
model the logarithm of the probability density with a
spherical harmonic decomposition. This preserves the
parity of all Y}, thereby removing many of the degen-
eracies introduced by other choices and simplifying the
interpretation of posterior constraints for b;".

We consider independent, uniform priors for the real
and imaginary parts of b (subject to the reality con-
straint) up to several maximum harmonic numbers
(Imax). Just as larger Npix allow for more model free-
dom, larger [,,x allow the spherical harmonic decompo-
sition to represent more complex distributions over the
sky. Fig. 3 shows maps constructed with this Exponen-
tiated Spherical Harmonic model for l,.x = 1, 2, and
3.

As a rule of thumb, constraints on low-I coefficients
weaken as [, increases. However, we consistently find
that the [ (dipole) coefficients are constrained to
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FIG. 4. Prior (blue) and posterior (orange) for the spherical harmonic coefficients (b;") with lmax = 2. Other Imax produce
similar behavior. (lower left) Distributions over b". Although the marginal posteriors for some b;%, peak at nonzero values,

they are all consistent with isotropy. Our priors are, perhaps,
broader than the posterior. (upper right) Distributions over

unrealistically broad, but were intentionally chosen to be much
the power in each angular harmonic. Even though isotropy is

strongly disfavored a priori, the data constrain the power in higher harmonics to be small compared to the prior.

be rather small, consistent with the Rotated Hemisphere
and Simple Dipole models. Constraints on higher har-
monics are weaker, but they are also all constrained to be
relatively small. Fig. 4 shows the prior and posterior for
individual b when lyax = 2. We again eschew B¢ for
this model because of ambiguity in the choices for the
prior bounds on the {b;"}. Indeed, because the posterior
is consistent with isotropy, we can make Bi5% as large as
we like by simply increasing the extent of the prior.

When lhax > 2, we begin to see structure appear across

uo the sky on average a posteriori (Fig. 3). This resem-
w0 bles the structure observed with pixelized representation,
1 and, like the pixelized representations, there are large
2 fluctuations in the posterior that render the difference
3 between the marginal means and isotropy statistically
s insignificant. Another way to view this is to examine the
ss5 power in each harmonic. Fig. 4 shows these distributions
w6 as well. Indeed, the power allowed in each harmonic a
a7 posteriori is larger for higher harmonics, but it is always
sss much smaller than the prior, showing that the data favor
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FIG. 5. Posterior probability for GRF parameters (o:
marginal uncertainty; 9: correlation length) assuming inde-
pendent, uniform priors for each (see Table II) when we use
Healpix decompositions with (light blue) 192, (dark blue) 768,
and (green) 3072 pixels. The distributions do not depend
strongly on the number of pixels used.

isotropy.

C. Gaussian Random Fields

We complete our survey of the impact of model choices
by modeling the (logarithm of the) rate density as a
Gaussian random field (GRF, also known as a Gaussian
process [47]).

Specifically, we assume a Healpix pixelization scheme
with many pixels but, importantly, do not assign inde-
pendent priors to each pixel. Instead, we assume the rate
density in each pixel is correlated with neighboring pixels
according to a covariance kernel

Cov [p(£%;), p(£2;)]

— ..
—

)

AG;;)?
= O'Evn(sij +02 exp (—( 19;) ) (6)

composed of a white noise component (uncorrelated vari-
ance within each pixel scaled by ¢2,) and a squared ex-
ponential component (described by a marginal variance
02 and correlation length scale ) that correlates neigh-
boring pixels based on the angular separation between
their centers (A6;;). We fix oy, = 0/10, as we wish
pixels to be significantly correlated and only include the
white-noise variance for numerical stability. While this
choice was made primarily to guarantee numerical sta-
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bility within Cholesky decompositions of (at times) ill-
conditioned covariance matrices with large 4, it also in-
troduces a natural resolution scale at which oy, from
many pixels tends to dominate the variance in p(2) over
the sky. For large ¢ (strong squared-exponential correla-
tions), we expect oy, to contribute a significant fraction
of the overall variability when Npix 2 100 if oy = ¢/10.
However, for ¢ ~ 60°, this increases to Vpix ~ 1100, and
for ¥ ~ 10° it increases to Npix ~ 41,000. We therefore
expect our results to not depend strongly on the choice
own = 0/10 given the range of ¥ included and the number
of pixels used. We confirmed this by also investigating
own = 0/100 and oy, = ¢/1000, finding consistent re-
sults.

Just as our GRF model is related to our pixelized
models with a different prior, it can also be expressed
in terms of a spherical harmonic representation. Specif-
ically, the b" are independently, Normally distributed
within a GRF prior, and their individual variances de-
pend on the form of the covariance kernel (see, e.g.,
Ref. [48, 49]). The GRF prior controls how the prior un-
certainty in ;" decreases as [ increases; the contribution
of high-Il modes are limited and the resulting rate density
is smooth. Similarly, the same prior controls how quickly
the rate density is allowed to vary from pixel to pixel.

The key advantages of the GRF approach are that it
is straightforward to learn the correlation parameters at
the same time we fit the data and that it does not depend
strongly on how many pixels or harmonics are included.
That is, we need not make strong (and poorly under-
stood) prior choices about how many pixels or b* to in-
clude. The data itself will determine which correlations
are preferred. Fig. 5 shows the resulting posteriors for the
GRF parameters. The data prefer small o when ¢ 2 15°,
and are consistent with the isotropic limit (¢ — 0) for all
3.

The data do not strongly constrain the correlation
length, although the constraints on ¢ are more stringent
for longer ¢. In other words, if neighboring pixels are
significantly correlated, then the data are less consistent
with large fluctuations in the rate density across the sky.
This is similar to the fact that we are able to more tightly
constrain the low-[ coefficients in the spherical harmonic
model compared to high-/ coefficients.

Finally, Fig. 6 shows Mollweide projections analogous
to Figs. 2 and 3 when we impose several lower limits on
the correlation length (¢ > ¥min). The key differences
between Figs. 6 and 2 are that the most extreme excur-
sions of the posterior’s mean are smaller for the GRF
models due to the correlations between neighboring pix-
els from the prior. We also note that, correspondingly,
the fluctuations that do occur in the GRF model appear
even less significant.

Nevertheless, we see features reminiscent of individual
events within the posterior process’s mean when ¥, is
small. This is not unexpected, as the posterior mean is
related to the sum of individual events’ posteriors when
the anisotropies are small. Appendix A describes this in
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FIG. 6. Mollweide projections of the mean and significance of the rate density marginalized over correlation parameters within
the GRF model with Npix = 3072. We observe generally consistent results with the rest of our models, with a decrease in the
difference between the posterior mean and isotropy as the minimum allowed correlation length (¥min) increases.

s2 more detail.

D. Quantifying Constraints on Anisotropy

533

s As we have discussed, it can be difficult to interpret
Bayes factors within our models because of ambiguity
in the choices of prior ranges. For example, B;Sn"i can be
ss7 made as large or as small as one would like within the Ex-
s3s ponentiated Spherical Harmonic model by changing the
s prior ranges allowed for each b;". Therefore, we propose
se0 & more direct measure of the extent of anisotropies: the

sa variance of the rate density across the sky,

, 1 1)°

se2 This is closely related to the GRF model’s ¢ parameter.
ses Isotropy corresponds to the limit o)) = 0.

s In both the Healpix and Exponentiated Spherical Har-
s monic models, we find that the posterior supports larger

535

536

(7)

amounts of variability as we increase Npix O l;max. That
is, the data does not strongly constrain rapid oscillations
within the distribution over the sky, and the variability
in the inferred distribution is dominated by the prior in-
sso duced over these high-I modes. In particular, both the
ss1 Healpix and Exponentiated Spherical Harmonic a priori
ss2 have vanishingly small support for small variance over
ss3 the sky. This carries over to the posterior, and any upper
ss¢ limit on the variance will strongly depend on the prior.

546
547
548

549

sss.  The GRF model, on the other hand, naturally avoids
sse this issue by simultaneously sampling over both the cor-
ss7 relation parameters and the distribution over the sky.
sss Because the GRF model contains support for all correla-
ss0 tion lengths (), as opposed to a fixed choice of Npix or
s60 lmax, we do not observe vanishing support for small vari-
s61 ances. Indeed, we obtain a consistent upper limit within
s2 the GRF model when ¢,;, = 10° regardless of the num-
s63 ber of pixels used. The distribution of merging binaries
ses produces 0,y S 16% of the isotropic rate at 90% credi-
ses bility when ¢ > 10°. That is, the rate density fluctuates
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620

by < 16% across the sky. When ¢ > 20°, this is reduced
to < 3.5%.

Additionally, we compare multiple representations of
the rate-density in order to assess possible model sys-
tematics associated with each. These systematics can be
thought of as correlations within the prior process for
the distribution over the sky that determine the allowed
shapes of the distribution. See Ref. [50] for more dis-
cussion in the context of the Neutron Star equation of
state. These correlations can be very high-dimensional
and therefore difficult to visualize. What’s more, statis-
tics based on one-dimensional marginal prior distribu-
tions analogous to those shown in Figs. 2, 3, and 6 are
uninformative; our priors were intentionally designed to
have the same marginal distribution for the rate in all
directions (although this is only approximately true for
the ESH models).

Because the high-dimensional correlations induced by
different model assumptions are difficult to visualize di-
rectly, we only compare a few summaries of the posterior
process over the sky. Nevertheless, these show that prior
assumptions can strongly affect the types of anisotropies
inferred a posteriori. While we leave a full investigation
to future work, Appendix A presents techniques to help
diagnose which features are constrained by the data and
which are constrained by the prior.

IV. DISCUSSION

Using 63 confidently detected GW sources from the
LVK’s third observing run, including BNS, NSBH, and
BBH systems, we constrained the distribution of merging
binaries across the celestial sphere. Our constraints im-
prove upon previous work that used the 11 events from
GWTC-1, finding constraints on anisotropies (B15%) that
are a factor of a few stronger. However, because of ambi-
guity in the interpretation of B due to arbitrary prior
choices, we instead quantify constraints on anisotropies
with a direct measure of how much p(Q2) varies over the
sky. Modeling anisotropies as a Gaussian random field,
we constrain the fluctuations to be <16% if the field
is correlated with a length scale > 10°. That is, the
distribution of merging binaries varies by < 16% of the
isotropic rate at 90% credibility.

We also observe consistently hot pixels within all of
our models of p(2). While none of these are statisti-
cally significant, the brightest pixel is in the direction of
the constellation Equuleus. Our hot pixels tend to fall
near the equator on average, and they do not match the
hot spots found in previous work with GWTC-1 [21, 23].
This is consistent with the expectation that the distribu-
tion is isotropic, and we are in effect “fitting noise” when
we construct maps of the mean p(92).

Nonetheless, it may be interesting to extend this work
in the future. In particular, we have only studied
isotropy, and the cosmological principle also predicts
homogeneity. It may be of interest to not only con-
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sider clustering in three spatial dimensions,® but also
correlations between intrinsic source properties (masses,
spins, etc) and extrinsic properties (location, orientation,
etc). Furthermore, correlating anisotropies and/or inho-
mogeneities in GW catalogs with other catalogs will be
of increasing importance. Under the assumption that
GW events only come from galaxies, current galaxy cat-
alogs have been used to provide a weak constraint on the
Hubble parameter [2]. With larger GW catalogs, it may
be possible to directly test the assumption that GWs
only come from galaxies, or to determine which types
of galaxies are more likely to host GW sources [7, 8.
More generally, this may constrain cosmic structure, and
clustering scales in GW catalogs could connect to the
mass scales of typical host galaxies [9]. Of course, there
may also be synergies from connecting the distribution
of nearby, well-resolved systems with the stochastic GW
background from the myriad more distance sources [26].

The LVK also searches for unmodeled “burst” events.
If such events are detected and no obvious source presents
itself, determining whether the sources are isotropically
distributed or correlated with local structure can inform
the distance to the events and therefore their energy
scale. Demonstrating the ability to perform such a mea-
surement and determining the size of the catalog needed
to rule out isotropy? may be worth establishing before
such events are detected.

For all these reasons and more, it is worth studying
in greater detail which properties of individual events
make them informative and over what angular scales.
Indeed, as the size of the catalog grows, we may wish
to know whether the isotropy constraints will always be
dominated by the best-localized events or whether the le-
gion of poorly localized events will eventually dominate
through sheer force of numbers. We have also shown that
most of the information about (an)isotropy is carried by
the best-localized events. As searches become more sen-
sitive to quieter events and/or events detected in a single
interferometer, we may expect the rate at which isotropy
constraints improve to slow as a larger fraction of GW
catalogs will have large, uninformative localizations.'’

Here we used 63 confident BNS, NSBH, and BBH de-
tections from O3 to place limits on the anisotropy of
gravitational wave events on the sky. We do not find
any evidence for anisotropy. On the contrary, using flex-
ible and data-driven models we bound the variability of

8 The rate of GW sources almost certainly evolves over cosmic
time [1, 51]. This means we will need to consider the effect of
lookback time when considering inhomogeneities in the spatial
distribution.

Note that even a single event may rule out the correlation with
local structure, and therefore ruling out isotropy when the events
do correlate with local structure is likely to be of greater interest.
Appendix A introduces an eigenvalue analysis of which
anisotropies can be best constrained with current data. The
magnitude of the eigenvalues rapidly decreases, suggesting that
it may take many more events to precisely constrain high-/ modes
compared to low-l modes.

©

10



se7 the gravitational wave merger rate over the sky to < 16%
on scales larger than 10°, or < 3.5% on scales larger than
20°. As the GW catalog continues to grow, implementa-
tion of our methodology will lead to more definitive mea-
surements. Understanding the homogeneity and isotropy
of GW sources is an important astrophysical and cosmo-
logical probe of this newly discovered population. There
are still many unknowns about the distribution of merg-
ing binaries, and future catalogs will continue to provide
surprises if we continue to look for them.
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989 Appendix A: Perturbative Analysis for Small Anisotropies

wo  We consider in detail how the data constrain different degrees of freedom in the distribution of merging binaries.
w1 Ref. [58] introduced expressions for the Fisher information matrix that describes how constraining the data is expected
o2 to be on average. We instead consider the constraints from a particular realization of data by perturbing the likelihood
903 directly.
oa  In particular, we construct a model that perturbs a “base distribution” over the single-event parameters 6 by a
95 small amount. That is, we consider a rate density

dN

o = Rp(O18) (1 +1(0)) (A1)

with || < 1V 6. Inserting this into the inhomogeneous Poisson likelihood [39-41, 58], we obtain

N
W p((DIR,A, ) = Nia[R] R [ db POl 1+ 1(6) + 3 | [ dop(Di0)p(610)1-+0(0)]

N
— NI[R] - R / 40 P(et|0)p(0]4) + " n [ / d p(DZ-G)p(GA)]

N

. R/de P(det|0)p(0|A)n(8) + Z

J A9 p(Di|0)p(6|A)n(6) 1 (fdepwiwm(em)n(e))? L
Jdop(Dilo)p(lN) 2\ [ d0p(Di[0)p(0]A)

K3

(A2)
w6 We recognize
p(Di|0)p(0]A)
=p(0|Di, A A3
Taop(Dowien) ~ "0 o
and, retaining only terms up to second order in 7, obtain
N
Inp({D;}[R, A, n) — p({Di}|R, A, = 0) = */d977(9) RP(det|A)p(6]det, A) — > p(6]D;, A)
1 N
~ 5 [ d6asm(®) | S0 01D M)p(@ D )| ) (A1)

o7 We see, then, that the inhomogeneous Poisson likelihood naturally induces a Gaussian process over small perturbations
os away from a base distribution. In particular, the Gaussian process has a positive semi-definite inverse covariance matrix

N
Cov™"[n(6),n(0")] = ZP(9|D1‘7 A)p(¢'| D, A) (A5)

o9 Fxamining the mean vector in more detail, we see that it is proportional to the difference of two terms. Taking
w0 the maximum likelihood estimate for R conditioned on A and N, we expect RP(det|A) = N. Therefore, the mean
wa vector is proportional to the difference between the distribution over 6 for detectable sources and the average of the
w02 single-event posteriors. This is intuitively appealing and explains why stacking (adding) posteriors can often produce
wos useful diagnostics even if it is not the correct way to perform a hierarchical inference [39]. This is also why the mean of
wos the GRF model in Sec. IITC at times displays features reminiscent of individual events. Some events are well localized
wos relative to p(f|det, A) and therefore the mean looks as if we simply summed the posteriors of each event (compare
wes Fig. 6 to Fig. 9).

wor  We can also consider which types of features are constrained by the data by examining the eigenvectors and
wos eigenvalues of the inverse covariance matrix. While this analysis is completely general,!! we specialize to the case at

11 Similar “semi-parametric” analyses have been conducted for the
mass distribution, although they implemented a spline model for
the deviations from the base model [59]. However, considering
the full Gaussian process induced by the likelihood and adopting
a conjugate prior may allow for a clearer determination of exactly
which features are driven by the data and which are driven by

the prior assumptions, particularly when the correlations in the
prior span high-dimensional spaces. Furthermore, this type of
perturbative analysis can be conducted completely post hoc given
any base distribution, even semi-parametric or non-parametric
representations of p(6|A).
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FIG. 7. Non-vanishing eigenvalues and example eigenvectors from the perturbative analysis of 63 events from O3. (top, left to
right) The best-constrained eigenvector and two less constrained eigenvectors. (bottom) The distribution of eigenvalues, which
decays roughly exponentially up to the 63' eigenvalue. After that, the eigenvalues for the remaining eigenvectors are many
orders of magnitude smaller.

hand: an isotropic base distribution with masses, spins, and redshifts distributed as in Table I. We also only perturb
the distribution over the sky. Immediately, we see that the only pixels that are constrained by the data are those
that have non-zero probability of containing at least one event under the base model (p(6|D;, A) # 0 for at least
one D;). It is natural to control these poorly constrained eigenvectors with a Gaussian process prior, like the one
introduced in Sec. ITI C. Indeed, if we fix the base distribution (including the rate), then we can construct a posterior
for n analytically.

What’s more, the magnitude of the inverse-covariance matrix’s eigenvalues rapidly decays. Fig. 7 demonstrates
this with our selection of 63 events from O3. As such, we can always expect there to be many eigenvectors that are
dominated by the prior for any finite catalog. Fig. 7 also shows a few eigenvectors. Typically, the best-constrained
eigenvectors resemble well-localized individual events, or just a few pixels on the sky, while less constrained eigenvectors
resemble the overlap of multiple events.

Appendix B: Selected Events and Catalog Sensitivity

For completeness, we present the estimates of our survey’s sensitivity (false alarm rate for any search < 1/year)
across the sky assuming the mass, spin, and redshift populations in Table I. As the injected distribution within
Ref. [35] is somewhat complicated and not particularly astrophysically motivated, we have reweighed the injections so
the injected distribution matches the distributions listed in Table I. Fig. 8 shows the distribution of detected events
from an isotropic source distribution.

While the search sensitivity is nearly uniform, we do observe slight excesses of detected injections from the mid-
latitudes and a dearth of detections near the equator, in agreement with Fig. 1 of Ref. [22]. We also note that the
diurnal cycle identified by Ref. [22] during the first observing run (O1) is not apparent in O3. This is likely due to
a combination of factors: the detector duty cycles were higher in O3 than in O1 [60], and O3 lasted for nearly a full
calendar year, thereby washing out the impact of a diurnal cycle (determined by the Earth’s orientation to the Sun)
when projected on the celestial sphere.

Fig. 9 shows the superposition of all the individual events’ localizations assuming an isotropic distribuiton and
reweighing individual events’ posterior samples to match the mass, spin, and redshift populations listed in Table I.
Overdensities of points correspond to hot-spots in Fig. 6, as expected based on the analysis in Appendix A. Table ITI
shows the medians and 90% symmetric credible intervals for the component masses, spins, and redshifts of each of
the 63 selected events after reweighing the posteriors samples so the prior matches the distributions in Table I and
an isotropic distribution over the sky.
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FIG. 8. Distribution of detected injections from O3 [35] assuming an isotropic population with mass, spin, and redshift
distributions listed in Table I. (left) Scatter plot of detected events in a Mollweide projection. (right) Marginal distributions
of the detected population (red) and the isotropic distribution (black) for reference. Shaded regions correspond to 1-, 2-, and
3-0 uncertainty on the detected distribution’s marginals from the finite number of injections.
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FIG. 9. Superposition of localization estimates from all 63 events considered in this study. Each point is a fair draw from
one event’s posterior assuming an isotropic distribution over the sky and the mass, spin, and redshift distributions in Table I.
Darker shading corresponds to areas with many overlapping events or extremely well localized events, and roughly correspond
to the hot-spots seen in the posterior means in Fig. 6. See Table III for individual events’ localizations.

s Single-event posterior samples for all events detected during the first half of O3 (O3a; GWTC-2 [32]) were
1w taken from Ref. [61], with the exception of two events first published in GWTC-2.1 [33]: GW190725.174728 and
10 GW190805.211137. Posterior samples for these events are available in Ref. [62]. Samples for events from the second
wa half of O3 (O3b; GWTC-3 [34]) are available within Ref. [63].

w2 Although only used to benchmark our constraints from O3, posterior samples for events from GWTC-1 are available
e in Ref. [64]. Because these samples do not include all the Cartesian spin components and because spin inference largely
104¢ decouples from localization, we do not include the prior for the spin within analyses of GWTC-1.
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TABLE III. Medians and 90% symmetric credible regions for each of our 63 events assuming an isotropic source distribution
and the mass, spin, and redshift distributions from Table I. We also show the smallest area on the sky that contains 90% of the
posterior probability and a scatter plot of posterior samples. Brighter colors in scatter plots correspond to higher likelihoods,
and each point is a fair draw from the posterior.
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