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The flavor evolution of neutrinos in environments with large neutrino number densities is an open
problem at the nexus of astrophysics and neutrino flavor physics. Among the many unanswered
questions pertaining to this problem, it remains to be determined whether neutrino-neutrino coher-
ent scattering can give rise to nontrivial quantum entanglement among neutrinos, and whether this
can affect the flavor evolution in a meaningful way. To gain further insight into this question, here we
study a simple system of two interacting neutrino beams and obtain the exact phase-space explored
by this system using the Husimi quasi-probability distribution. We observe that the entanglement
induced by the coupling leads to strong delocalization in phase-space with largely non-Gaussian
quantum fluctuations. The link between the neutrino entanglement and quantum fluctuations is
illustrated using the one- and two-neutrino entropy. In addition, we propose an approximate phase-
space method to describe the interacting neutrinos problem, where the exact evolution is replaced
by a set of independent mean-field evolutions with a statistical sampling of the initial conditions.
The phase-space approach provides a simple and accurate method to describe the gross features
of the neutrino entanglement problem. Applications are shown using time-independent and time-

dependent Hamiltonians in the non-adiabatic regime.

I. INTRODUCTION

In compact object astrophysical environments such as
core-collapse supernovae and binary neutron star merg-
ers, neutrinos play a potentially significant role in the dy-
namics and nucleosynthesis (e.g., [1-3]), making it vital
to understand their flavor evolution. These environments
are characterized by extremely high number densities of
neutrinos, which can lead to a multitude of collective fla-
vor oscillation phenomena driven by neutrino-neutrino
coherent scattering (e.g., [4-7] and references therein).
One intriguing facet of this problem is the possibility
of neutrinos experiencing quantum entanglement due to
neutrino-neutrino coherent scattering [8-16]. The pres-
ence of entanglement could modify neutrino oscillation
patterns, inducing departures from the “mean field” ap-
proximation, wherein such entanglement is explicitly for-
bidden. However, just like many-body systems in other
areas of physics, describing a system of mutually inter-
acting neutrinos is known to become intractable rapidly
as the particle number increases.

Much recent effort has focused on providing an accu-
rate description of neutrino many-body systems, espe-
cially on exploring their novel quantum behavior. The
problem is particularly difficult to treat, first because of
its many-body nature and second because the Hamilto-
nian should a priori be considered time-dependent be-
yond the adiabatic limit. Recently this problem was ad-
dressed using Bethe ansatz techniques [17-19] and the
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tensor network approach [13, 20]. Using quantum com-
puters is also being explored [21-25]. These many-body
techniques apply feasibly for small numbers of neutri-
nos or neutrino beams or for time-independent or slowly
evolving Hamiltonians.

In the present study, we take a different starting point.
The evolution of interacting neutrinos and their entan-
glement is analyzed in phase-space. Phase-space meth-
ods can be very useful in discussing quantum informa-
tion (e.g., [26]). Many criteria to discuss quantum en-
tanglement are based on the second moments of some
observables [27-32]. However, these criteria cannot re-
solve non-Gaussian entanglement between bipartite sys-
tems [33, 34]. Here, we construct directly the Husimi
function associated with the interacting particles and
analyze its connection to quantum entanglement. We
further show that the exact phase-space evolution can
be qualitatively mimicked by starting from a statistical
sampling of initial conditions and evolving them indepen-
dently as prescribed in Refs. [35, 36].

In the next section, we recall some ingredients of the
two-neutrino beams problem and its exact solution as
well as its approximate mean-field solution. In Sec. III,
we show the explicit connection between the quantum
fluctuations and the quantum entanglement of neutrinos.
Section IV discusses the Husimi quasi-probability distri-
bution of the neutrinos belonging to one of the beams,
which gives insight into these quantum fluctuations. Fi-
nally, in Sec. V, we present an approach based on a
set of mean-field evolutions with initial random fluctu-
ations able to describe approximately the complexity of
the quantum fluctuations and entanglement for the two-
neutrino beams problem.
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II. THE TWO NEUTRINO BEAMS SETUP

A. The two-neutrino beams Hamiltonian

The phase-space analysis is made here in the so-called
“two-beam geometry” (e.g., [10, 11, 37, 38]). We assume
two flavors and consider an ensemble of i+ = 1,..., N
neutrinos where each neutrino is described by a two-level
system associated with the creation operators (aL-, a;i).
The corresponding single-particle states |1,7) and |2,4)
are the neutrino’s mass-basis eigenstates. We assign to
each neutrino the quasi-spin operators (5%, j) defined as

Jh =af o2, ji = % (ai,ia‘l,i - a;iaz,i) QY
From these components, the spin vectors j; = (j;,j;ji)
are defined with ji = ji 44j;. These operators together
with the number operator n; = abal,i + a;iagvi obey
standard SU(2) algebra. In the two-beam approximation,
the neutrinos are split into two subsystems called beams
A and B with Ny and Np particles, respectively, that
interact through the Hamiltonian [37, 41]:
%Z%B-(JA—JB)—F%JA'JB, (2)
where jA/B = ZieA/B fi denotes the total quasi-spin
operators of A and B. Such an approximation has been
widely used as a test-bench for more general (e.g., [7,
39-41]) neutrino oscillation problems, both in the mean-
field approximation, and in many-body treatments. In
Eq. (2), B equals (0,0,—1) in the mass basis. Following
Ref. [37], we assume that all neutrinos in a given beam
have identical momenta (magnitude and direction) and
initial flavor. The initial state of the system is then given
by a Slater determinant denoted by |¥) = [Q4) ® |Qp).
Here, we have:

Na
Q4) = (04, 64) = [ ] aly ;10.) (3)
=1

with

0 0 .
ajr“ = cos (;) aJ{’i + sin (;) eld’Aa;i, (4)

where the (04,¢4) angles defined the transformation
from the mass to flavor single-particle basis. Such ini-
tial states correspond to a SU(2) coherent state for the
present problem [41-45]. The state |Q2p) is defined sim-
ilarly using the angles (6p5,¢p) to depict the neutrino
composition of system B.

B. Exact evolution

To obtain the exact solution, we use the method of
Ref. [38] that was further developed in Ref. [37] and ex-
tended to the three beams geometry in Ref. [47]. Using

the symmetry of the initial state together with the con-
servation laws induced by the simplified Hamiltonian, we
can decompose the exact solution at all times as

[U(®) = Y Crams()lma,mp). (5)

ma,mp

Here, we use the compact notations |ma,mp) =
|Ja,ma) @ |Jp,mp) with |Ja/p,m4,p) denoting the
standard angular momentum eigenstates. The numbers
of neutrinos N4 and Npg in the subsystems A or B are
constants of motion. These numbers are linked to the
total spin by the relationships J4,p = NA/B/2 together
withma,p = —Ja/B, -+, Ja/p. Note that, the exact so-
lution is obtainable here, because we start from an initial
state that is fully symmetric with respect to the exchange
of neutrinos within either subsystem. Because of this
symmetry, only states with highest multiplet value for
each subsystem appear in Eq. (5). This simplification re-
duces considerably the number of components to consider
and renders the exact problem numerically tractable. If
the symmetry with respect to the permutation of indices
is broken initially in one of the subsystems, then all multi-
plets should be considered, and consequently the method
would become much more difficult—if not impossible—to
solve numerically as the number of particles increases.

To obtain the exact solution of the problem, it is useful
to realize that the Hamiltonian is block diagonal in the
subspace where M = m4+mp = constant [38]. This fact
could indeed be proven by first rewriting the Hamiltonian
as:

H Q4 B 2 oaqB
;775(@ *Jz)JFﬁJz J;
1
+ (R +T2TT). (6)
The first two terms are diagonal in the basis and we have:
Q Q

2 2
<mA,mB|NJZAJZB|mA,mB> = ymams.

The last term in Eq. (6) gives the transitions

JfJf\mA,mB>=UmA,mB|mA+1,mB—1> (7)
JfJf\mA,mB> =Dy mplma—1,mp+1) (8)

with

From these expressions, it becomes evident that the
Hamiltonian only couples states of the same M and is
block-diagonal in this representation. Here we consider
a sufficiently small number of neutrinos to numerically



Mode ‘ Q ‘ 04 ‘(]SA‘ 0p ‘¢B‘
Bipolar 05| m—02 |7 0.2 0
Precession|1.2{0.5978067| 0 [0.2175694| 0

TABLE I. Two sets of parameters that are used in the illus-
tration (Bipolar and Precession modes [37]).

diagonalize the Hamiltonian in each block with constant
M:

Ng+ Np Na+ Np

M=— e
2 2

In practice, once all eigenvalues and eigenvectors are
obtained separately for the blocks corresponding to dif-
ferent values of M, the exact solution of the problem can
be computed provided that we have the initial values of
the coefficients Cy, , m . For the specific initial condition
considered in this work, these coefficients are given by:

N . N
CmA,mB (0) _ Cx:/Q“rmA [CA]TA-&-mA [SAez¢A]7A—mA
N . N
X \JONgIH T fep] F T [speite ) E T,
with the notation cy,p = cos (9,4/3/2) and sy/p =

sin (HA /B/ 2). The present method does not have any
specific difficulty provided that the maximal value of M,
i.e. number of neutrinos Ny, p is not too large. A more
specific discussion on practical aspects and Hilbert space
size of the present method can be found in Ref. [37].

The exact total density operator corresponds to a pure
state density D(t) = |U(¢))(P(t)|] at all times, where
|¥(t)) is given by Eq. (5). Starting from this total den-
sity, one can access the reduced density of each neutrino
beam using D 4,p(t) = Trp/4D(t). Focusing on the sys-
tem A and using Eq. (5), we obtain:

Dat)= Y

ma) | D Conasmnes (VCi s () | (M4l
ma,m’y mp

9)
from which any observable related to the subsystem A
can be numerically estimated.

Examples of exact evolutions of the polarization com-
ponents Py = 2(J4)/N4 are given in Fig. 1 for the so-
called “Bipolar symmetric” case of Ref. [37] with initial
parameters listed in Table I. We also present in panel (b)
the associated second moments defined as

4
0.124705 = W [<‘]124,o¢> - <‘]A70€>2} (10)
A

with a = x,y, 2. We note in passing that the oscillations
of P, as a function of time in the mean-field case, shown
in Fig. 1, have narrower tops and shallower dips than
what is usually expected for bipolar oscillations. This
difference in behavior is due to our chosen mixing angle
of # = 0.2 (taken from Ref. [37]), which is a bit on the
larger side. With smaller mixing angles, the tops will

get flatter and the dips sharper. In the many-body case,
one should not necessarily expect the oscillation curves to
look exactly like the bipolar picture, since entanglement
effects can change the patterns of these oscillations. In
the same vein as previous studies (e.g., [12-20, 37, 38,
47]), any signatures of quantum entanglement between
the neutrinos and the consequent departures from the
mean-field behavior are expected to be imprinted in the
evolution of these first and second moments P4, and
03 o

It is interesting to observe that, in the exact evolu-
tion shown in Fig. 1, the different quantities exhibit not
only oscillations but also a significant damping with time.
Such damping is generally not properly described by a
mean-field approach (see next section). Such behavior,
where one-body observables are damped and go to a kind
of stationary asymptotic limit, is systematically observed
in many schematic models, including the Hubbard model
[48], the pairing Richardson model [49], and the Lipkin
model [50] that was used previously by the authors. One
way to understand this process is to regard the one-body
observables as a system coupled to a “bath” of more
complex degrees of freedom (two-body correlations and
higher). Note that there are many more multi-body de-
grees of freedom than one-body ones. From that point of
view, the problem is very much like a system coupled with
a complex environment, and what we observe is typical
of an open quantum system immersed in a very complex
environment. Since the total system is “closed” (includ-
ing the multi-body correlations), there should indeed be
a Poincaré recurrence time at the many-body level, but
this time can be very long in principle.

In the following discussion, we will mainly focus our
analysis to the bipolar symmetric case. However, we also
studied other cases discussed in Ref. [37]. The conclu-
sions we draw below apply in all cases we studied. For
the sake of completeness, we also show additional illustra-
tions of exact evolutions for alternative sets of parameters
and initial conditions in Appendix A.

C. Mean-Field approximation

Exact solutions of coupled neutrino beams can be ob-
tained in very few cases, i.e., when the numbers of beams
and of neutrinos in each beam are both small and when
the Hamiltonian is time-independent, which is not the
case for neutrinos emitted from supernovae. For these
reasons, as already mentioned in the introduction, ex-
tensive efforts are being made to develop many-body ap-
proximations grasping the physics of neutrino oscillation
as much as possible. The simplest approximation is cer-
tainly the mean-field theory. This approximation has a
limited predictive power because it is unable to properly
account for the two-body correlations. An advantage,
which is rarely underlined, is that it easily accommodates
a time-dependent Hamiltonian even in the non-adiabatic
regime. As we will see below, the mean field will play



the role of the Gaussian phase-space distribution that
will serve as a reference. It also will be used to design
an approximate phase-space method able to accurately
describe beyond mean-field effects. We briefly recall here
the mean-field equations of motion (EOMs) for the model
case considered in the article.

The mean-field approximation for the “two-beam ge-
ometry” has been derived in several works (see, for in-
stance, Refs. [37, 38]). We only give here the main steps
leading to the equations of motion of the polarization
components that are solved numerically. In particular,
we derive the mean-field EOMs from the Ehrenfest the-
orem applied to the quasi-spin components:

d(J4.B)

ih I

= ([Ja/p. H)). (11)

A straightforward manipulation of the quasi-spin op-
erators leads to the set of exact coupled equations:

d - Q- - 2 L .
a<JA>_+§B/\<JA>+N(JBAJA>,

(12)
d, - Q- - 2 o o
— =-——B — )
dt<JB> 5 B (JB) + N<JA A JB)

Solving these equations requires us to write and solve
the equations of motion of the moments <J&4J§”) with
«, B = x,y,z where the coupling to higher moments of
the quasi-spin appears. This leads to the equivalent of
the so-called BBGKY hierarchy [58-61].

The mean-field theory assumes <J&4Jé3> ~ (J;f)(Jg%
which is a strong approximation for the quantum fluctu-
ations. Introducing the expectation values of the polar-
ization components of both systems, we end up with the
six coupled EOMs:

. Q

: Q
Pl = =5 Pl +apCyP

PA = 4apCAP
0 (13)
PwB = —5 UB — .’EAC;AB

. Q
B _ B AB
P, ——5-5139c —xACy

PP = gz, 008
with

. B N
CAB = (Pg) A (Pa), and 24,5 = %B.

For the specific initial state considered in the main
text, the above EOMs are solved with the initial condi-

tions:

P4 =sin(04) cos(¢pa), PE =sin(0p)cos(op),

x x

P;‘ = sin(f4)sin(pa), PyB = sin(fp) sin(ép),

PA = cos(04), PB = cos(fp).

As shown in Fig. 1 and further illustrated in Ap-
pendix A, the mean-field theory is able to describe the
short time evolution of one-body observables but fails
to reproduce the exact evolution at longer time even for
one-body quantities. Several general (connected) con-
siderations can be made about the origin of the failure
of mean-field: (i) This approximation generally poorly
treats quantum fluctuations and their effects on one-
body observables during the time evolution; (ii) A re-
lated aspect is that the quantum entanglement induced
by the two subsystems coupling is essentially neglected.
This absence actually becomes evident by noting that
the mean-field approximation is equivalent to assuming
that the wave function remains separable during the evo-
lution, i.e. [W(t)) = [Qa(t)) ® [2p(t)) where [Q4,/p5(t))
are Slater determinants. (iii) Mean-field theory leads in
general to significant underestimation of quantum fluc-
tuations. Besides, it implicitly assumes Gaussian fluctu-
ations in phase-space which turns out to be a too drastic
approximation for the neutrino oscillations problem (see
below).

In the following section, we clarify below the con-
nection between quantum fluctuations and quantum en-
tanglement between neutrinos (i.e., items (i) and (ii)),
demonstrating that the proper description of quantum
fluctuations is a prerequisite to describe entanglement in
neutrino physics. We then make a complete characteriza-
tion of quantum fluctuations by performing a phase-space
analysis of the two neutrinos beam exact evolution. Such
analysis is not only useful to understand the departure
from a mean-field picture, but also a strong guidance for
proposing an efficient many-body approach for the neu-
trino oscillation problem.

III. CONNECTION BETWEEN QUANTUM
FLUCTUATIONS AND TWO-PARTICLE
ENTANGLEMENT

To trace the connection of quantum fluctuations in
phase-space to entanglement, we compute the von-
Neumann entropy for either a given neutrino ¢ or a pair
of neutrinos (i # j) from subsystem A directly in the re-
duced Fock space. For this purpose, we use the technique
developed in Ref. [64].

We first construct explicitly the one-body reduced den-
sity and associated entropy of a single neutrino ¢ belong-
ing to the subsystem A. We suppose that the reduced
density D4(t) is known (given for instance by Eq. (9)
for the exact case), and we would like to construct the
reduced one-neutrino density RY’). In order to do so, we
consider the full Fock space basis for subsystem A. A



state in this basis can generically be written as:

‘n1,27n1,13 N2, M1, 7nNA,2)nNA,1>;

where n; 1,2 = 0,1 depending on whether the correspond-
ing single-particle state |i, 1) or |i,2) is occupied. i refers
here to the given neutrino. We therefore see that the
subspace associated with a given neutrino contains four
states denoted hereafter by {|00);, |01),,]10);, |11);}, us-
ing the shorthand notation [00); = |n;2 = 0,n;1 = 0).
The one-neutrino density associated with the neutrino
i is then obtained by tracing the total density over the
other neutrinos, i.e.

R =Ty .. NaDa(t). (14)

To obtain an explicit form of the reduced density, we use
the following properties:

=Lt

i<n2n1|R§i)|n2n1>i = Tr(|n2ny)i(nany|;Da). (15)

We then re-express the operator in the trace using the
expressions of the spins associated with neutrino 7 given
in Eq. (1). These identities give the correspondence:

101)i(01] = 2(1i +242),

1 y
10);(10[ = 5 (L = 272),
10):(01] = 7%, |o1)i{10] = j°
An important property of our system is that there is
strictly one neutrino ¢ which prevents any contributions

from the states |00); and |11);. Using these properties,
we finally deduce that the reduced density is given by:

0 0 0 0
@_ 1|0 (@+2(%) 20y 0
=300 sy o o| M
0 0 0 0]

The von-Neumann entropy can then be computed using
SO = Ty (Rﬁ“ In RY)) . (17)

The reduced one-body density can be expressed also
in terms of the polarization components leading to

0 0 0 0
: 1 1 ;
Rgl) _ 10 12(1 —|—P ) 2$Pz +iP,) 0 (18)
0 0 0 0

Here, we used the fact that all neutrinos within a beam
are equivalent. The eigenvalues of the density are given
by:

(1=20)? =[PP — de =5 (1£(P)),  (19)
where |P|? = P? + P? 4+ P2, leading to the expression of
the one-neutrino entropy given in Refs. [12, 14]. Equa-
tions (16) or (18) each show that the reduced one-body
density is directly linked to the expectation values of one-
body observable.

One can proceed in a similar way to obtain the reduced
two-body density Ré” ) associated with two neutrinos in
the subsystem A that are labeled by ¢ and j. The reduced
space associated with the two-neutrino system has a size
24, but, due to symmetries, only a 4 x 4 block has non-
zero components. For the sake of compactness, we only
give below the non-zero sub-block of Ré” ). Following the
same technique as for the one-body reduced component,
a lengthy but straightforward calculation leads to the
expression of Rg” ) in terms of the quasi-spin components
given by:

[ (1 + 23D +250) 2005 +2iD50) 2071 +241)) 4073
R Z L 200 +20050) (0, + 2021 - 200) 475 2L - 20) o)
2052 (L; + 241) NIV (1 =23 L +250)) 215 - 250)%)
| 4(750) 2057 (1; — 242)) 2((1; — 242)3%) (1 = 25) (1 = 242))
(
Due to the symmetry with respect to the exchange of  by:
neutrinos within the subsystem A, the above densities (i) (i) (i)
are independent of the choices of i or (4, j). Furthermore, Sy?) = —Tr (Rz 7 In Ry’ ) . (22)

the expectation values entering in the two densities can

be related to the mean-values and fluctuations of the .J, A
components. We have, for instance, for the z-component:

<JA z> -1
Na(Ng—1)

S\ <JA,Z>
<]z> - NA

. (gl = (21)

The two-neutrino von Neumann entropy is then given

The evolution of the one- and two-neutrino entropy is
shown in Fig. 2. In the mean-field limit, both entropies
are zero (and are therefore not shown in the figure).
The absence of entanglement in mean-field theory is
a clear shortcoming of this simplified approach. Equa-
tions (17) and (22) show how the entanglement between
neutrinos is encoded in the components of the reduced
one- and two-body density matrices. Furthermore, since



the elements of these matrices are related to the expecta-
tion values and fluctuations of the one-body observables,
one expects that the effects of entanglement will mani-
fest in their evolution, as mentioned before. In particu-
lar, we see from the expressions above that a condition
for the proper description of the two-body entanglement
is the proper account of quantum fluctuations, since the
reduced densities are directly expressed in terms of the
second moments of the quasi-spin. Equations (20)—(22)
also make explicit the link between quantum entangle-
ment and quantum fluctuations (i.e., items (i) and (ii)
discussed near the end of the previous section). A corol-
lary to this fact is that the proper description of entan-
glement could only be achieved by a theory able to de-
scribe accurately quantum fluctuations beyond the mean-
field picture. Such a theory is proposed and discussed in
Sec. V.

As an aside, we mention one interesting aspect that
could be uncovered from Fig. 2. We show in panel (b) of
this figure that we have the approximate scaling &,/; =

S’éij)/Sf) = (In3)/(In2), if both the neutrinos (i,j) are
taken from the same beam. This scaling can be explained
with the following symmetry argument.

First, assuming that all eigenvalues of Rgl) and Ré” )
are equal and completely degenerate would lead to &5/ =
2. This value would represent the most general case
where all the sub-components with total quasi-spin 1
(symmetric) and 0 (anti-symmetric) of a composite two-
neutrino state are represented. However, in this case,
since all the neutrinos within a given beam are assumed
to have identical momenta and flavor evolution, only the
symmetric subspace is represented. Since this subspace
has dimension 3, the ratio of the maximum possible one-
and two-neutrino entropies is quenched due to the sym-
metry constraint. We observe that, even if the entropies
are less than maximal, this ratio still represents a rea-
sonable approximation. We checked more generally that
the ratio of the n-neutrino entropy to the one-neutrino
entropy &,/1, for n < Na, is approximately given by
[In(n + 1)]/[In2] and is strongly quenched compared to
the symmetry-unrestricted case &, /1 = n.

IV. HUSIMI PHASE-SPACE DISTRIBUTION

We make here a phase-space analysis of the exact sub-
system A evolution. We use the Husimi quasi-probability
distribution, also called Q-representation, which has the
advantage over the Wigner distribution of being always
positive [51-54].

A. Husimi distribution for neutrinos

To study the phase-space properties, we introduce the
Husimi quasi-probability distribution associated with the
subsystem A. Such a distribution is obtained by decom-

posing the reduced density matrix D4(t) on the over-
complete basis formed by coherent states. For the prob-
lem considered here, these coherent states identify with
the coherent states of the SU(2) group [42].

Since a phase-space analysis has not been presented
previously in the context of collective neutrino oscilla-
tions, we recall some important aspects of the Husimi
approach that will be useful for the discussion below.
We denote here generically the coherent states for the
subsystem A by |2). Such coherent states identify with
the Slater determinants given by Eq. (3), with varying
angles. More precisely, the full set of coherent states are
obtained using |Q?) = |0,¢) in Eq. (3) with 0 < 6§ <«
and 0 < ¢ < 27 [70, 71]. We note in passing that the
initial state considered previously is one of the coherent
states with 8 = 04 and ¢ = ¢4. These coherent states
are not orthogonal with each other; in fact

Q) = (Cos ?) " (23)

with cos©® = cosfcosd + sinfsinb’ cos(¢p — ¢') [42].
These states form an over-complete basis having the clo-
sure relation:

2J4 + 1 B
2at [l =1, (24)

with dQ = sin6df de¢.
The Husimi phase-space distribution associated with
the density D (¢) is then defined as:

Qa(2,1) = (2[Da(t)|2). (25)

Two useful examples of Husimi quasi-probability distri-
butions are: (i) the one associated with a coherent state
itself |90, ¢0>,

Q0,0)=

b

1+ cos 6 cos Oy + sin 6 sin 6 cos(p — (bo)} Na
2

(26)
and (ii) the one associated with a given |m4) state:

a1 4 cos 0\ VA/EEmaA
Q(0,9) = O/ (2 )

1— S0 Na/2—ma
X (;"b) . (27)

The Husimi quasi-probability distribution has the ad-
vantage over other phase-space distributions, such as the
Wigner function, of being positive for all values of (6, ¢).
We can also describe the phase-space with a pair of con-
jugate variables p = cosf and ¢ = ¢, corresponding to
the normalized relative population difference between the
states 1 and 2 and the relative phase between these two
states, respectively. Still, this distribution contains all
quantum effects beyond purely the classical limit. Quan-
tum effects are contained in the nonorthogonality of the
coherent states (see Eq. (23)). Another signature of the



quantum nature of the distribution is that the expecta-
tion values of any operator O require the introduction of
the Weyl symbol denoted hereafter by Po(2) and defined
via:

_NA+1

0 47

/ Po(9)]2)(2/dS. (28)

In particular, we have for the expectation value of any
operator O:

Tra [ODA(t)] = YA

+1

. / Po(Q)Qa(Q)d. (29)
T

For instance, the Weyl symbols for the spin operators
JA  are given by [66]:

Z,Y,2

_NA+2

Pja(9) N

(Q72%), (30)

with
N,
(Jhg = 7‘4 sin 0 cos ¢,
N.
(Jhg = 7A sin @ sin ¢, (31)

(JMg = % cos 6,

where we used the compact notations (J2)q = (Q|JA|9).
We can similarly obtain for the non-centered moments of
the quasi-spins:

Nyg+2)(Nyg+3
Pirgn (@ = EAFDEAED )

N +2
SR (32)
where {J&, J4} = J2 T8 + T¢I
Let us consider the polarization components of the
system A given by Pa, = 2(J2)/Na. Denoting
2(JMN0/Na = Pao(), then due to Eq. (31), we have
for each coherent state:

P4 () + P1,(2) + P4 .(Q) = 1. (33)

One can therefore assign to each coherent state a point
on the Bloch sphere corresponding to the crossing be-
tween the line defined by the vector P, (€2) and the Bloch
sphere of radius 1. However, it should be kept in mind
that these coherent states are also described by a certain
dispersion in phase-space, given by Eq. (26). This dis-
persion together with the use of non-trivial Weyl symbols
prevent a direct interpretation of the Husimi distribution
as a classical probability. Nevertheless, in the limit of
large particle numbers Ny — +00, we see from Eq. (23)
that we have (Q|Q) — §(Q2 — Q). We also observe from
Egs. (30) and (32) the limits:

Pya(Q) — (Q1219),
Pria,ssy () — Pra(@)Pa ().

More generally, symmetrized moments of any combi-
nation {JZ,---,J2 1} will identify with the product
Pja () - ~~PJ(§k (). Therefore, in the large N4 limit,
Eq. (29) identifies with the standard statistical average
in classical theory and the Husimi distribution can be
interpreted with no ambiguity as a classical probability.

B. Exact phase-space evolution for the two
neutrino beam problem

Starting from the reduced density D 4(t) given by Eq.
(9) and obtained by solving exactly the two neutrino
beams problem, we computed explicitly the Husimi dis-
tribution as a function of time. In practice, this calcula-
tion is achieved starting from Eq. (9) and using Eq. (27)
for each state |m4). Illustrations of the subsystem A
Husimi distribution are shown at different times in Fig. 3
for the Bipolar symmetric case.

We observe in Fig. 3a-b that the Husimi distribution
is rather localized for short time evolution. This trend
is indeed expected, since we assume that the initial con-
ditions for subsystem A (or B) are both coherent states.
For the system A (resp. B) the initial Husimi distribution
therefore identifies with Eq. (26) provided that (6o, ¢o)
are replaced by (04,04) (resp. (0p,¢p) and N4 is re-
placed by Npg). For a large enough neutrino number as
considered in the present example, Eq. (26) verifies:

(QQY) ~ e Na©?/8 (34)

and the distribution associated with a coherent state
identifies with a localized Gaussian distribution in phase-
space. Such a localized distribution is the one shown
in Fig. 3a. In the mean-field approximation, the wave-
function is assumed to remain coherent during the evolu-
tion. This assumption automatically implies a Gaussian
approximation for the phase-space distribution together
with the impossibility of describing large, complicated
fluctuation patterns. For long time evolution (panel (c)),
the phase-space distribution has a multimodal structure
with several localized peaks, unambiguously revealing the
non-Gaussian nature of the reduced evolution. These
highly nontrivial large fluctuations emerge due to the
coupling and entanglement with the subsystem B, and
are much beyond the effects that could be treated in a
mean-field framework.

In view of Fig. 3c, one can anticipate that even when
beyond mean-field effects are included, it is unlikely that
a method based on a Gaussian approximation [47, 56, 57]
can account for this complex behavior. For instance, a
standard strategy to go beyond the mean-field approxi-
mation is to use the BBGKY hierarchy and truncate the
equations of motion at second or higher order. At second
order, this truncation is equivalent to following the first
and second moments of the Jy /B components [61-63].
However, we conclude from the complexity of the distri-
bution shown in Fig. 3 that the accurate description of



such distribution can only be achieved if higher moments
are included as well as their actions on first and second
moiments.

V. APPROXIMATE PHASE-SPACE METHOD
FOR NEUTRINO OSCILLATIONS

In this section, we propose a method to accurately
describe the exact evolution presented previously. To
obtain an approximate description of the entanglement
evolution of two neutrino beams, we have adapted here
the phase-space approach (PSA) originally proposed in
Refs. [35, 36] to the neutrino oscillations problem. This
method was successfully applied to different areas of
physics [48-50, 66—68] and was shown to be rather accu-
rate while not relying on any Gaussian approximation of
the phase-space distribution [69]. In PSA, the quantum
problem of interacting fermions is mapped into a statis-
tical problem where an ensemble of initial conditions is
considered. The initial fluctuating conditions are chosen
in such a way that the classical average over the initial
values matches the quantum expectation of the initial
state. Then, each initial condition is evolved using mean-
field EOMs that are independent of each other. The fact
that only the mean-field evolution is needed makes the
method rather simple and versatile. We discuss below
how the approach can be adapted to the neutrinos case.

A. DMatching initial conditions for the two-beam
problem

The PSA replaces the exact many-body problem by
an ensemble of independent mean-field trajectories with
fluctuating initial conditions [35, 36]. For the present
model, this corresponds to considering a distribution of
initial values for the polarization components that will
then be used to solve the time-dependent equation (13).
These initial conditions are treated as classical config-
urations of our system, restricted by the crucial prop-
erty that their statistical averaging exactly reproduces
the mean values and quantum fluctuations of the polar-
ization obtained with the initial wave function we are
given. In this sense, the PSA approach replaces a quan-
tum problem by a statistical problem and the observ-
ables’ evolution is obtained by performing classical statis-
tical averages over different trajectories. We detail below
how fluctuating initial conditions reproducing quantum
expectations values are constructed.

The initial many-body state considered in this work
corresponds to a tensor product |¥) = [Q4)®|Qp), where
both states are coherent states (see Eqs. (3-4)). Because
of the tensor product form of the initial state, one can
consider the fluctuations in subsystems A and B sepa-
rately.

We focus here first on the subsystem A, with the dis-
cussion being identical for subsystem B. The mean val-
ues and fluctuations are easier to compute in the rotated
basis where, for each neutrino, the operator ajﬂl)i given by
Eq. (4) is complemented by the creation operator:

6 ; 0
aTAf’i = —sin (2‘4) e‘”"‘a]{’i + cos <;> a;i.

We note in passing that the creation operators (ai"i, a% i)

correspond to the flavor basis. We introduce the associ-
ated quasi-spin operators (7, JyA, JA). The state [Q4)
corresponds to the lowest eigenstates of 7 in the rotated
space with eigenvalue m4 = —N4/2. This observation
immediately gives us:

(TA = (T =0, (T = —%.

In the following, we define the quantum second moment
of two operators acting in the A space, denoted by X and
Y, as:

Py = XY HYX) - (X)Y),  (35)

where the expectation values are performed over the total
system. It is straightforward to show that the second
moments of the j components at the initial time are
given by

2?4,22 = E?&yz = Zil,my = E124,zz =0. (36)

The only non-zero fluctuations are ¥% ., and Zi’yy, for
which we have [50]:

Na
We consider now the PSA method. In this ap-

proach, we introduce a statistical ensemble of values
(j;““’,Jf(”,J;‘W) where A = 1,.... Ny labels the
events. These variables are treated as classical objects.
Then, mean values and fluctuations are obtained by clas-
sical averages over the events. A simple way to reproduce
the quantum means and second moments given above is
to assume that 72V = — N, /2 is a non-fluctuating vari-
able while 7:*™ and JyA(A) are considered as Gaussian
Stochastic variables with mean zero and widths equal to
Na/4.

The mean-field equations that will be used for the evo-
lution are given in the mass basis. Therefore, it is neces-
sary to transform the initial fluctuations in the rotated
space to the fluctuations in the original space where the
EOMs (13) are written. To do so, we use the fact that
the two sets of quasi-spin quantum operators are linked
through:



J =+ [ — s% cos(204)] T — 5% sin(204) T, + sin(0.4) cos(dpa) T, (38)
J; = —s%sin(204) T2 + [ci + 5% cos(2¢.4)] ij +sin(f4) sin(¢a) T2, (39)
JA = —sin(04) cos(¢pa) T2 —sin(fa) sin(qSA)JyA + cos(04) T2, (40)

with ¢4 = cos(64/2) and s4 = sin(64/2). It is easy to check that, if we replace the operators by the fluctuating quasi-

spin (‘754(”7.7;‘(”“724@)

in the right-hand side, we obtain a new set of fluctuating quantities (Jfo‘), J{f()‘), J;A(A))

that will reproduce properly the quantum fluctuations in non-rotated space.
If, instead of quasi-spin, we use the polarization vectors and finally obtain:

Pf(’\) =+ [ci — 54 COS<2¢A)} 73;40‘) — 54 sin(2¢A)P;()‘) + sin(04) cos(¢A)77;4(>‘),

Y

pPAN) — —s% sin(2¢A)P;4()‘) + [ci + 54 cos(?gbA)} P{;‘(}‘) + sin(f4) sin(qﬁA)Pf(A),

PZAO‘) = —sin(64) cos((bA)’Pf(A) —sin(f4) sin(cﬁA)P;‘(A) + (ZOS(QA)’PZAO‘)7

where 77;4 N 1 is constant for all events, while Pf )

and variances equal to 1/N4.

A(X . .
and P, M) are two random Gaussian numbers with mean zero

The initial fluctuations of subsystem B can be obtained in a similar way, leading to two additional Gaussian random

numbers PP and Pf ) with variances equal to 1 /Np.

B. Simulation of the evolution by independent
mean-field paths

In the PSA approach, a set of initial fluctuating condi-

tions is used for the polarization components (15:&)‘), 15;(;\))
where A = 1,- -+, Neyt. Each initial condition (event) A
is evolved independently from the others according to the
mean-field equation, i.e.:

BAO = 12 PAO) 4 apoB0)

d Q
A(X A(X AB(X
P()——*P()—FfﬂBOy N

PAY) — 1 p0AP0)
(41)

pB _ 8 PBOY _ 4, AP
xr 2 xr

: 0
B(\) _ B(\ AB(\
py(>_+§pz<>_“cy 6

PBO) — g, CABO

In practice, at a given time, the mean-value and sec-
ond moments of a given observable are deduced by per-
forming the classical average of this quantity. We have
for instance for the mean polarization and its fluctuation
the definition (for a = z,y, 2):

POl = = 3 PAO],

evt \

o2 = {PAV} -

Results obtained with the PSA approach are shown
in Fig. 1 and further illustrated in Appendix A. In all

_—2
pofj\()\) 1]

(

examples considered, the method successfully reproduces
the average evolution and quantum fluctuation beyond
mean-field, although it misses the long-term oscillations
of the fluctuations.

As shown in Ref. [69], one key ingredient of this ap-
proach is that it accounts for higher order moments of ob-
servables without any specific truncation scheme. An il-
lustration of the phase-space explored by the trajectories
is given in Fig. 3d-f. We observe that the long time evolu-
tion (panel (f)) presents differences with the exact evolu-
tion. The PSA approach does not properly describe the
localization along the ¢-axis while the splitting along the
f-axis is reproduced to some extent. Despite these dif-
ferences, Fig. 1 clearly demonstrates its predictive power
for mean values and fluctuations.

From the mean values and fluctuations of the polar-
ization obtained by averaging statistically over trajecto-
ries, one can finally construct the equivalent of the one-
and two-neutrino densities and evaluate the correspond-
ing entropies. The results are shown in Fig. 2, where a
good agreement with the exact results is observed. We
tested extensively the PSA approach by considering the
various sets of initial angles (04,p,¢4/p) like those re-
ported in Ref. [37] and always obtained very satisfactory
results (see Appendix A).

C. Application to time-dependent Hamiltonian

We have shown above that the PSA approach is predic-
tive for the two-neutrino beam with a time-independent
Hamiltonian. As underlined in the introduction, one of
the difficulties in describing neutrino oscillations subject
to multi-beam entanglement is related to the fact that
the Hamiltonian is time-dependent. This complication
introduces obstacles in the application of most numerical
techniques able to treat the neutrino interaction. Of the



semi-analytic and numerical methods in literature that
have been used to treat this problem, some can only be
applied in the time-independent or adiabatic limit (e.g,.
Bethe Ansatz methods [12, 17-19], or exact methods for
two-beam systems [37, 38]); those that can go beyond
the adiabatic regime, such as Runge-Kutta [14, 16] or
Tensor Network-based [13, 20] numerical integration, are
currently able to treat only a limited number of neutri-
nos [O(10-100) neutrinos depending on the symmetries
in the system]. The adiabatic picture is expected to hold
rather far from the compact object from which neutrinos
are emitted but may not be valid close to the point of
emission.

For such types of problems, the PSA approach can be
a very useful tool, since it is simple to implement, it is
predictive, and non-adiabatic effects are automatically
included through the mean-field evolution. To illustrate
such a situation, we follow Ref. [12, 14, 18, 20, 39] and
consider a time-dependent Hamiltonian where the two-
body part of the Hamiltonian given by Eq. (2) is multi-
plied by a time-dependent factor:

F(t) = [1— (1 - (R2/r(£)?)". (42)

Such parameterization mimics the weakening of the two-
neutrino interaction with the distance from the source of
emission. Here, R, stands for the emitter radius and is
taken as R, = 32.2 Q7! [14]. r(¢) should be interpreted
as distance from the center of the emitter to the point
of interest at which neutrinos are interacting with each
other. This distance ranges a priori from r(0) = R,
to infinity. One source of difficulty is that F'(t) varies
rapidly when r(¢) is close to R, and non-adiabatic effects
are expected to be important.

In Ref. [12], a Bethe-Ansatz approach, able to treat
many-body entanglement in the adiabatic regime, was
applied to the neutrino entanglement problem where the
distance r(t) was parametrized as r(t) = ro + t, with rg
the initial value of r(t). Because of the adiabatic assump-
tion, the method proposed in Ref. [12], was applied to
cases where o = 210.64 Q~! > R, i.e. already rather
far from the neutrino emission point. With the PSA ap-
proach, we do not have this limitation and can consider
a more realistic situation where ro = R, = 32.2Q7!. Re-
sults obtained with the time-dependent Hamiltonian in
the non-adiabatic regime are reported with dotted green
lines in Figs. 1 and 2. We observe that the use of time-
dependent two-body interaction affects the evolution sig-
nificantly. This difference is actually expected due to the
reduction of the two-body interaction induced by Eq. (42)
as time increases. The two-body entanglement entropy
is also reduced compared to the case where the strength
of the interaction is fixed to its initial value. With this
example, we illustrate that the PSA approach we propose
in the present work will be useful to study both qualita-
tively and quantitatively neutrinos oscillation with time-
dependent coupling.

VI. CONCLUSIONS AND DISCUSSION

We studied here the connections between the disper-
sion in phase-space and the entanglement entropy for
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two interacting neutrino beams. The interaction be-
tween neutrinos entails large non-Gaussian fluctuations
in phase-space leading to a non-trivial evolution of the
entanglement between the two subsystems. The Husimi
distribution computed here clearly underlines the need to
properly describe quantum fluctuations beyond the sec-
ond moments in phase-space.

We propose an approach, called the phase-space ap-
proach (PSA), where a set of independent mean-field
trajectories with random initial conditions accurately de-
scribes the gross features of entanglement between neu-
trino beams. This approach, illustrated here for two
beams, turns out to provide a good reproduction of both
one-body and two-body evolution to describe neutrino
oscillations including the effect of coupling between dif-
ferent neutrino beams.

Due to its simplicity, the PSA approach can for in-
stance easily be generalized to many beams having vari-
ous neutrino numbers in each beam and evolving through
a time-dependent interaction Hamiltonian. An illustra-
tion of application to the case of time-dependent Hamil-
tonian is made for a situation where the adiabatic as-
sumption is expected to break down.
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Appendix A: Additional illustrations of exact,
mean-field and PSA results

We made extensive applications of both the exact
Husimi quasi-probability distribution and comparisons
with the phase-space approach by picking several exam-
ples of initial conditions in the tables of Ref. [37] includ-
ing symmetric Ny = Np or asymmetric Ny # Np situ-
ations. In all cases, we found very good agreement be-
tween the exact evolution. We illustrate in Fig. 4 the
evolution of the mean polarization and of its second mo-
ments for the “Precession mode” case with the initial con-
dition reported in Table I. The corresponding entropies
are shown in Fig. 5. Finally we show an asymmetric case
(N4 # Np) for the bipolar parameters in Figs. 6 and 7.



11

[1] Fuller, G. M., Mayle, R., Meyer, B. S., Wilson, J. R.,
Can a Closure Mass Neutrino Help Solve the Supernova
Shock Reheating Problem?, Astrophys. J. 389, 517 (1992)

[2] Huaiyu Duan, Alexander Friedland, Gail C McLaughlin
and Rebecca Surman, The influence of collective neutrino
oscillations on a supernova r process, J. Phys. G: Nucl.
Part. Phys. 38, 035201 (2011)

[3] Zewei Xiong, Andre Sieverding, Manibrata Sen, and
Yong-Zhong Qian, Potential Impact of Fast Flavor Oscil-
lations on Neutrino-driven Winds and Their Nucleosyn-
thesis, Astrophys. J. 900, 144 (2020)

[4] Duan, Huaiyu and Kneller, James P, Neutrino flavour
transformation in supernovae, J. Phys. G. 36, 113201
(2009)

[5] Chakraborty, S. and Hansen, R. and Izaguirre, I. and
Raffelt, G., Collective neutrino flavor conversion: Recent
developments, Nucl. Phys. B 908, 366-381 (2016)

[6] Tamborra, Irene and Shalgar, Shashank, New Develop-
ments in Flavor Evolution of a Dense Neutrino Gas, An-
nual Review of Nuclear and Particle Science, 71, 165-188
(2021)

[7] H. Duan, G. M. Fuller, and Y.-Z. Qian, Collective Neu-
trino Oscillations, Annu. Rev. Nucl. Part. Sci. 60, 569
(2010).

[8] Nicole F. Bell, Andrew A. Rawlinson, R.F. Sawyer,
Speed-up through entanglement—many-body effects in
neutrino processes, Physics Letters B 573 (2003) 86-93

[9] Alexander Friedland and Cecilia Lunardini, Neutrino fla-
vor conversion in a neutrino background: Single- ver-
sus multi-particle description, Phys. Rev. D 68, 013007
(2003)

[10] Alexander Friedland and Cecilia Lunardini, Do many-
particle neutrino interactions cause a novel coherent ef-
fect?, JHEP10(2003)043

[11] Alexander Friedland, Bruce H. J. McKellar, and Ivona
Okuniewicz, Construction and analysis of a simplified
many-body neutrino model, Phys. Rev. D 73, 093002
(2006)

[12] Michael J. Cervia, Amol V. Patwardhan, A.B. Bal-
antekin, S.N. Coppersmith, and Calvin W. Johnson, En-
tanglement and collective flavor oscillations in a dense
neutrino gas, Phys. Rev. D 100, 083001 (2019).

[13] Alessandro Roggero, Entanglement and Many-Body ef-
fects in Collective Neutrino Oscillations , Phys. Rev. D
104, 103016 (2021).

[14] Amol V. Patwardhan, Michael J. Cervia, and A.B. Bal-
antekin, Spectral splits and entanglement entropy in col-
lective neutrino oscillations, Phys. Rev. D 104, 123035
(2021).

[15] A.B. Balantekin, Quantum Entanglement and Neutrino
Many-Body Systems J. Phys.: Conf. Ser. 2191 012004
(2022).

[16] Ermal Rrapaj, Ezact solution of multi-angle quantum
many-body collective neutrino flavor oscillations, Phys.
Rev. C 101, 065805 (2020).

[17] Y. Pehlivan, A. B. Balantekin, Toshitaka Kajino, and
Takashi Yoshida, Invariants of collective neutrino oscil-
lations, Phys. Rev. D 84, 065008 (2011).

[18] Savas Birol, Y. Pehlivan, A. B. Balantekin, and T. Ka-
jino, Neutrino spectral split in the exact many-body for-
malism, Phys. Rev. D 98, 083002 (2018).

[19] Amol V. Patwardhan, Michael J. Cervia, and A. Baha
Balantekin, Figenvalues and eigenstates of the many-body
collective neutrino oscillation problem, Phys. Rev. D 99,
123013 (2019).

[20] Michael J. Cervia, Pooja Siwach, Amol V. Patward-
han, A. B. Balantekin, S. N. Coppersmith, Calvin W.
Johnson, Collective neutrino oscillations with tensor net-
works wusing a time-dependent variational principle
arXiv:2202.01865.

[21] Benjamin Hall, Alessandro Roggero, Alessandro Baroni,
and Joseph Carlson, Simulation of collective neutrino os-
cillations on a quantum computer, Phys. Rev. D 104,
063009.

[22] Kiibra Yeter-Aydeniz, Shikha Bangar, George Siopsis,
and Raphael C. Pooser, Collective neutrino oscillations
on a quantum computer, Quantum Inf Process 21, 84
(2022).

[23] Abhishek Kumar Jha and Akshay Chatla, Quantum stud-
ies of neutrinos on IBM(@ processors, Eur. Phys. J. Spec.
Top. 231, 141 (2022).

[24] Marc Illa, Martin J. Savage, Basic Elements for Sim-
ulations of Standard Model Physics with Quantum An-
nealers: Multigrid and Clock States, arXiv:2202.12340
[quant-ph]

[25] Valentina Amitrano, Alessandro Roggero, Piero Luchi,
Francesco Turro, Luca Vespucci, Francesco Pederiva,
Trapped-Ion Quantum Simulation of Collective Neutrino
Oscillations, arXiv:2207.03189 [quant-ph]

[26] Stefan Floerchinger, Martin Géarttner, Tobias Haas, and
Oliver R. Stockdale, Entropic entanglement criteria in
phase space, Phys. Rev. A 105, 012409 (2022).

[27] R. Simon, Peres-Horodecki Separability Criterion for
Continuous Variable Systems, Phys. Rev. Lett. 84, 2726
(2000).

[28] L.-M. Duan, G. Giedke, J. I. Cirac, and P. Zoller, In-
separability Criterion for Continuous Variable Systems,
Phys. Rev. Lett. 84, 2722 (2000).

[29] S. Mancini, V. Giovannetti, D. Vitali, and P. Tombesi,
Entangling Macroscopic Oscillators Exploiting Radiation
Pressure, Phys. Rev. Lett. 88, 120401 (2002).

[30] V. Giovannetti, S. Mancini, D. Vitali, and P. Tombesi,
Characterizing the entanglement of bipartite quantum
systems, Phys. Rev. A 67, 022320 (2003).

[31] O. Giihne, Characterizing Entanglement via Uncertainty
Relations, Phys. Rev. Lett. 92, 117903 (2004).

[32] P. Hyllus and J. Eisert, Optimal entanglement witnesses
for continuous-variable systems, New J. Phys. 8, 51
(2006).

[33] C. Weedbrook, S. Pirandola, R. Garcia-Patrén, N. J.
Cerf, T. C. Ralph, J. H. Shapiro, and S. Lloyd, Gaussian
quantum information, Rev. Mod. Phys. 84, 621 (2012).

[34] A. Serafini, Quantum Continuous Variables (CRC Press,
Boca Raton, FL, 2017).

[35] S. Ayik, A stochastic mean-field approach for nuclear dy-
namics, Phys. Lett. B 658, 174 (2008).

[36] D. Lacroix and S. Ayik, Stochastic quantum dynamics
beyond mean field, Eur. Phys. J. A 50, 95 (2014).

[37] Joshua D. Martin, A. Roggero, Huaiyu Duan, J. Carl-
son, V. Cirigliano, Classical and Quantum Evolution in
a Simple Coherent Neutrino Problem, Phys. Rev. D 105,
083020 (2022).



[38] Zewei Xiong, Many-body effects of collective neutrino os-
cillations, (2021), arXiv:2111.00437 [astro-ph.HE].

[39] Huaiyu Duan, George M. Fuller, J. Carlson, and Yong-
Zhong Qian, Simulation of coherent monlinear neu-
trino flavor transformation in the supernova environ-
ment: Correlated neutrino trajectories, Phys. Rev. D 74,
105014 (2006).

[40] A. B. Balantekin, Neutrinos, Weak Interactions, and r-
process Nucleosynthesis, arXiv:nucl-th/0608047.

[41] A. B. Balantekin, Y. Pehlivan, arXiv:astro-ph/0607527,
J.Phys. G 34, 47 (2007).

[42] Wei-Min Zhang, Da Hsuan Feng, and Robert Gilmore,
Coherent states: Theory and some applications Rev.
Mod. Phys. 62, 867 (1990).

[43] R. Gilmore and D. H. Feng, Phase-Transition in nuclear
matter described by pseudospin Hamiltonian, Nucl. Phys.
A301, 189 (1978).

[44] Jean-Pierre Gazeau, Coherent States in Quantum
Physics, (Wiley-Vch Verlag, Weinheim, 2009).

[45] V. R. Vieira and P. D. Sacramento, Ann. Phys. 242, 188
(1995).

[46] Supplement material for the present article

[47] Alessandro Roggero, Ermal Rrapaj, Zewei Xiong, Entan-
glement and correlations in fast collective neutrino flavor
oscillations , arXiv:2203.02783.

[48] Denis Lacroix, S. Hermanns, C. M. Hinz, and M. Bonitz,
Ultrafast dynamics of finite Hubbard clusters: A stochas-
tic mean-field approach, Phys. Rev. B 90, 125112 (2014).

[49] Denis Lacroix, Danilo Gambacurta, and Sakir Ayik,
Quantal corrections to mean-field dynamics including
pairing Phys. Rev. C 87, 061302(R) (2013).

[50] Denis Lacroix, Sakir Ayik, and Bulent Yilmaz, Symme-
try breaking and fluctuations within stochastic mean-field
dynamics: Importance of initial quantum fluctuations,
Phys. Rev. C 85, 041602(R) (2012)

[51] K. Husimi, Some formal properties of the density matriz,
Proc. Phys.-Math. Soc. Jpn. 22, 264 (1940).

[52] W. Gardiner and P. Zoller, Quantum Noise, 2nd ed.
(Springer- Verlag, Berlin, 2000).

[63] W. P. Schleich, Quantum Optics in Phase Space (Wiley-
VCH, Berlin, 2001).

[64] H.-W. Lee, Theory and application of the quantum phase-
space distribution functions, Phys. Rep. 259, 147 (1995).

[65] John Parr Snyder, Flattening the Earth: Two Thousand
Years of Map Projections (The University of Chicago
Press, Chicago, IL, 1993), pp. 131.

[56] G. H. Wannier, Statistical Physics (Dover, 1966).

[57] Alessio Lerose and Silvia Pappalardi, Origin of the slow
growth of entanglement entropy in long-range interacting

12

spin systems, Phys. Rev. Research 2, 012041(R) (2020).

[58] N.N. Bogolyubov, Kinetic equations, J. Phys. (URSS)
10, 256 (1946).

[59] H. Born, H.S. Green, A general kinetic theory of liquids
I. The molecular distribution functions, Proc. Roy. Soc.
A 188, 10 (1946).

[60] J.G. Kirwood, The Statistical Mechanical Theory of
Transport Processes I. General Theory, J. Chem. Phys.
14, 180 (1946).

[61] M. Bonitz, Quantum Kinetic Theory (Springer, Berlin,
2016).

[62] C. Volpe, D. Vadnanen, and C. Espinoza, Eztended evo-
lution equations for neutrino propagation in astrophysical
and cosmological environments, Phys. Rev. D 87, 113010
(2013).

[63] C. Volpe, Theoretical developments in supernova neu-
trino physics : mass corrections and pairing correlators,
Int. J. Mod. Phys. E 24, 1541009 (2015).

[64] Caroline Robin, Martin J. Savage, and Nathalie Pillet,
Entanglement rearrangement in self-consistent nuclear
structure calculations, Phys. Rev. C 103, 034325 (2021).

[65] H.-P. Breuer and F. Petruccione, The Theory of Open
Quantum Systems, (Oxford University Press, Oxford,
2002).

Phys. Rev. C 87, 061302(R) (2013).

[66] Bulent Yilmaz, Denis Lacroix, and Resul Curebal, Im-
portance of realistic phase-space representations of ini-
tial quantum fluctuations using the stochastic mean-field
approach for fermions, Phys. Rev. C 90, 054617 (2014).

[67] Ibrahim Ulgen, Bulent Yilmaz, and Denis Lacroix, Im-
pact of initial fluctuations on the dissipative dynamics
of interacting Fermi systems: A model case study, Phys.
Rev. C 100, 054603 (2019).

[68] Thomas Czuba, Denis Lacroix, David Regnier, Ibrahim
Ulgen and Bulent Yilmaz, Combining phase-space and
time-dependent reduced density matriz approach to de-
scribe the dynamics of interacting fermions, Eur. Phys.
J. A 56, 111 (2020).

[69] D. Lacroix, Y. Tanimura, S. Ayik, B. Yilmaz, A sim-
plified BBGKY hierarchy for correlated fermions from a
stochastic mean-field approach Eur. Phys. J. A 52, 94
(2016) .

[70] Jean-Pierre Gazeau, Coherent States in Quantum
Physics, (Wiley-Vch Verlag, Weinheim, 2009).

[71] V. R. Vieira and P. D. Sacramento, Ann. Phys. 242, 188
(1995).



Px(t)

0.0
-0.5

Py(t)

0 10 20 30 40 50 60 70 80
time [u~!]

0.4
0.3

ax 0.2

D .
0.1 )7
0.0
0.4

~ 03
=)
0.2

0.1

0.0
0.4 (f)

~ 03
=

0.1

10 20 30 40 50 60 70 80
time [u~1]

0.0
0

FIG. 1. Illustration of the evolution of the polarization com-
ponents P4 (top) and their quantum fluctuations (bottom) for
the Bipolar Symmetric case with N4 = Np = 50 as a func-
tion of time for the exact (black solid), mean-field (blue dot-
dashed), and phase-space method (red dashed). The Bipolar
Symmetric case corresponds to an initial state described by
a Slater determinant (see Sec. ITA) with the different an-
gles recalled in Table I. In the bottom panel, the mean-field
fluctuations are constant in time and remain equal to their
initial values (not shown). The green dotted curve corre-
sponds to the time-dependent Hamiltonian case discussed in
Sec. V C. Note that the mean-field picture suggests normaliz-
ing the time as [\/zaw] ", but it has been observed that this
scaling breaks down in the exact many-body treatment due to
entanglement. For this reason, we choose the normalization
of time to be [u]™" as in Ref. [37].

13



14

e
®

o
S

Two neutrinos Entropy
° o
o Y

4
o

10 20 30 40 50 60 70
time [u™1]

FIG. 2. One-neutrino (a) and two-neutrino (b) entropies ob-
tained as a function of time for the exact (black solid) and
approximate phase-space (red dashed) approaches as a func-
tion of time. In lower panel, the blue dot-dashed curve repre-
sents the exact one-neutrino entropy times a scaling factor of
(In3)/(In2). The green dotted curve corresponds to the time-
dependent Hamiltonian case discussed in the conclusion.
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FIG. 3. Illustration of the Husimi phase-space distribution obtained at different times tp = 0 (a), 10 (b), and 60 (c), for the
subsystem A.In the top part, we depict the exact solutions. In the bottom part, we show the probability distribution directly
obtained with the phase-space approach using 10° events (panels (d), (e) and (f)). Note that, in the latter case the probability
integrated in bins of (0, ¢) is directly normalized to 1. This normalization factor is different from the Husimi distribution. The
results are obtained for the “bipolar symmetric case” of Ref. [37] with Q@ = 0.5, 04 = 7 —0p, 0 = 0.2, ¢4 =7, ¢pp =0
and N4 = Np = 50. Each subfigure shows the phase-space using the Aitoff projection technique that projects a 3D spherical
distribution on a 2D space [55].
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FIG. 4. Tllustration of the evolution of the polarization com-
ponents Py = 2(J4)/Na (left) and their quantum fluctuation
(right) for the Precession Symmetric case with N4 = Np = 50
as a function of time for the exact (black solid line), mean-field
(blue dot-dashed line) and phase-space method (red dashed
line). In the right panel, the mean-field fluctuations are con-
stant in time and remains equal to their initial values (not
shown).
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