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Recent work on improved efficiency of calculations for extreme mass ratio inspirals has produced
the useful byproduct of comparisons of inspirals of comparable mass by particle perturbation (PP)
methods and by numerical relativty (NR). Here we point out: (1) In choosing the rescaling of the
masses, consideration must be given to the differences in the PP and NR methods even in the
earliest, least nonlinear regime; in particular barycenter effects must be addressed. (2) Care must
be given to the comparison of the nonspinning remnant in PP and the rapidly spinning remnant in

NR.
I. INTRODUCTION

Next generation interferometric gravitational wave
(GW) detectors will be sensitive to signals from interme-
diate/extreme mass-ratio inspirals (I/EMRIS) of binary
black holes. For such sources a numerical relativity (NR)
solution of the full nonlinear Einstein equations may
prove to be challenging and may not be needed. Other
modeling methods for I/EMRIs include point-particle
black hole perturbation theory [1, 2], the gravitational
self-force [3-8] and effective-one-body [9-15]. High ac-
curacy and improved insights are likely to come from
particle perturbation (PP) methods. Even these meth-
ods, however, are computationally expensive. To reduce
the computational cost of NR and I/EMRI calculations,
data-driven “surrogate” models have been developed [16-
18]. Machine learning based surrogate models presented
in Refs. [17, 18] are “trained” using PP waveforms cali-
brated with NR results for various values of the ratio ¢
of M, the more massive hole, to the smaller hole M.

Every method is limited in the value of ¢ = M; /M, for
which it is appropriate. For ¢ much greater than approx-
imately 10, NR cannot easily handle the great disparity
in grid size around the two black hole regions. PP on the
other hand, treats M5 as a perturbation on the spacetime
of M. It is therefore appropriate for the EMRI limit and
may yield astrophysically reasonable results for ¢ much
greater than around 10. But, despite low expectations of
accuracy, there is nothing that prevents PP codes from
running for smaller values of g, i.e., for comparable mass
holes, and from comparing the results to those of NR. It
has been somewhat surprising that the results of these
PP explorations, when simply rescaled, agree rather well
with the NR results [17, 18].

Because black hole processes scale in black hole mass,
confusion lurks as a possibility in interpreting both NR
and PP data. The numbers reported in both cases, what
might be called “raw” data, have to be multiplied by
a mass to produce dimensional data. The relevant di-

mensional data in both cases are the periods of the GW
oscillations and the product of the (dimensionless) GW
strain h with the (dimensional) radius r at which the GW
data are extracted.

A correct interpretation of conversion from raw to di-
mensional numbers is that in the NR case, the raw num-
bers are to be multiplied by the total mass of the space-
time Miota1 = My + My, while the PP results are to
multiplied by the larger mass M;.

If we want to compare physically equivalent configu-
rations being computed in the two methods, then we
must arrange for them to refer to the same value of
M. If we were to compare the “raw” data we would
be comparing PP and NR data for different M;. To cor-
rect for this, the raw data for PP must be reduced to
a scaling corresponding to the M; of the NR computa-
tions. This means reducing the PP raw data by a factor
My /Miotal = 1/(1 + 1/q) This is what was done in the
surrogate papers, and what we, like those authors, will
call the naive rescaling.

For our primary example, ¢ = 3, this naive reduction
factor is 0.75. We compared the NR! [19] and PP raw
data [1] for ¢ = 3 from very early Newtonian orbits, with
a separation on the order of 3GMtota1/02, to very late
quasinormal ringing — for the entire range of cycles we
find a NR/PP ratio of gravitational wave periods 0.79 +
0.2.

For g = 3 we show the result of naive scaling in Fig. 1.
The dashed-black curves are the NR results. The solid
red curves are the PP results rescaled with reduction of

1 Tt should be noted that NR can’t produce long wave trains, there-
fore we use a hybridized surrogate model that combines late stage
NR data with the effective-one-body (EOB) model to generate
long-duration inspiral waveforms. We will refer to the hybrid
models simply as NR, since the issues we discuss (alignment,
barycenter, QNR) apply in the same way to the hybrid results
as to NR results.



values on both axes by the naive scaling 1/(1 + 1/q) =
0.75. The curves are aligned so that the peaks of both the
NR and PP runs agree. It is clearly seen that although
the amplitudes are in rough agreement, the phases are
not.

FIG. 1: Comparison of NR results (dashed-black curve) for
gravitational wave amplitude, and “naively” rescaled PP re-
sults (solid-red curve) for ¢ = 3. The rescaling is a reduction
of both the time and the gravitational wave strength rhy by
the factor of 1/(1 4+ 1/¢) = 0.75. The curves are aligned so
that the peaks of both the NR and PP runs agree.

The purpose of this paper is to discuss the considera-
tions for a proper NR/PP comparison. This is a needed
first step if the physics of nonlinearities (beyond the adi-
abatic radiative corrections) is to be extracted from the
comparison.

The considerations will be presented in three separate
sections: the problem of aligning waveforms in Sec. II; the
inclusion of barycenter effects in Sec. III; the comparison
of quasinormal ringing and considerations of the spin of
the remnant, in Sec. IV; and comments on the relation of
our results with those from optimization [18] in Sec. V.
Some mention of possible future directions is given in

Sec. VI.

II. OVERALL: ALIGNMENT

The gravitational waveforms from NR and PP are a
list of raw times and the corresponding raw values for
the gravitational wave amplitudes rh .2 Since some
rescaling, whether naive or sophisticated, will be needed,
it should be clear that simply comparing the waveforms
at equivalent raw times does not amount to comparison
at equivalent physical configurations. (The small range
0.79+0.2 of the NR /PP period ratio, therefore, offers lit-
tle physical insight.) Previous attempts to compute the
rescaling via an optimization procedure [17, 18] while it
led to an unexpected agreement with NR, were also not
physically well motivated.

2 We have found nothing different about what can be extracted
from hy, the other polarization, so for simplicity we limit dis-
cussion to h4

FIG. 2: Aligned rescaled data for ¢ = 3. NR data is the solid-
red curve and the rescaled PP is depicted by the dashed-black
one. Rescaling is done by reducing both the period and GW
amplitude by the “naive” scaling factor (14 1/q), due to the
different total masses in NR and PP results for the same Mj.
The PP periods are then decreased by an additional factor
(1+1/¢)'/? due to barycenter effects (explained in Sec. III)
that have been omitted from previous PP work. Axis are in
units of Miogal.
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What then is the right way to make the comparison?
For the earliest GW cycles the orbits creating the wave-
forms are very nearly Keplerian. Subsequent differences
between the PP and NR waveforms can then be under-
stood as signs of nonlinear effects beyond the adiabatic
radiative correction. Figure 2 shows the results when this
is done with the ¢ = 3 data for NR and PP. This align-
ment requires the use of the rescaling, explained in the
next section. This is completely “theoretical” rescaling
based on Keplerian orbits, with no optimization. When
the theoretical rescaling is applied to the GW periods
in the PP data, the NR waveforms are searched for the
same period. In the case illustrated in Fig. 2, the earli-
est period used in the PP data was around the raw time
of —28000, and the raw period® is approximately 430.
The corresponding theoretically rescaled period is 280.
A search was then made in the NR data for this period,
and was found at time around —15000. The rescaled PP
data was then moved so that the GW oscillations over-
lap. The agreement of the rescaled GW amplitude in the
PP data and the GW amplitude in the NR data confirms
the validity of the procedure.

While some effort was made in order to test the ro-
bustness of this procedure, it should be noted that for
very long waveforms that involve many inspiral cycles
with very slowly varying periods, it may be difficult in

3 Found by subtracting the raw times between two consecutive
peaks or troughs.



practice to perform an alignment robustly based on the
approach taken above.

III. EARLY CYCLES: BARYCENTER

In the early cycles both NR and PP computations have
negligible nonlinear effects, but they are not based on the
same models. In particular, PP treats the binary dynam-
ics as if the coordinate origin, the center of M;, were an
inertial point. This of course is not physically correct. It
is the barycenter of the two black holes that is the in-
ertial point. With Ry, Rs representing, respectively, the
distance from the barycenter to M7, M5 a very straight-
forward calculation gives the angular velocity about the
barycenter to be

M,

oo =\ By 2
2

(1)
where s = R; + Rs. For the PP analysis the angular
velocity around the coordinate origin is

M
Qpp =1/ = . (2)
S
From these we find that the ratio of the period about the
barycenter to that about M is

Thar [ Ro [ 1
= e = . 3
Tpp S 1+ 1/(] ( )

The overall rescaling of the PP period is then (1 +
1/q)~3/2, consisting of a decrease by a factor (1 + 1/q),
due to the change of units and an decrease by (1+1/¢)'/?
from the barycenter omission of the PP method.

We need to ask next how the barycenter omission af-
fects the GW amplitude in the PP work. To do this
we use the “slow motion” approximation [23] and com-
pute the ratio of /—pole moments in the PP and NR
approaches:

bar _ MiR{+ MRy 14+1/¢"! )
(. Myst (1+1/q)¢

The GW amplitude in the ¢-th moment is proportional
to the -th time derivative of Q¢ so, with Eq. (3), we have

B~ (L+1/q)2°

and the interesting conclusion that for the dominant
quadrupole radiation the GW amplitude is not affected
by the omission of barycenter effects in the PP compu-
tation. The gravitational wave amplitude must only be
scaled by the naive unit scaling. This has been done in
Fig. 2; the PP period has been divided by (1+1/q)*/? and
the amplitude has been reduced by (1+ 1/q).

It is natural to ask how the agreement shown in Fig. 2
compares with the agreement for naive scaling. That is,
how does the NR waveform compare to the PP wave-
form if the alignment is adjusted for a best fit to the
period? The brief answer is that the fit is about equally
good at least in one sense: In both cases the NR and PP
waveforms drift 180° out of phase after around 35 GW
periods.

A more careful answer involves several considerations.
Most important, over the ~ 35 periods of alignment drift,
both the NR and PP periods change by around 23%.
This is a much larger drift of phase than what is observed
in the NR vs. PP comparison.

The comparison of “fit” then is not a good basis for a
quick evaluation of the naive vs. improved scaling. What
is a good basis is a comparison of amplitudes for the best
fits. As shown in Fig. 2, a best fit to the period, gives
excellent agreement with the amplitude. By comparison,
for a best fit in the naive case, the PP amplitude is larger
by 10.7% than the NR amplitude.

Underlying the match in Fig. 2 is the assumption that
Keplerian orbits describe the motions in both the PP and
NR work and linearized general relativity is adequate for
the GW amplitude. It is interesting therefore to note
that the simple quadrupole formula [29] underestimates
the GW amplitude by around 10%, much larger than
would be suspected from Fig. 2 It should also be noted
that for ¢ = 3, the rescaling implied by Eq. (5), along
with the naive rescaling, implies a reduction of the PP
raw data by a factor of 0.54, whereas the raw data, when
aligned, show a ratio of around 0.41.

IV. LATE CYCLES: QUASINORMAL RINGING

At the end of both the NR and PP waveforms there
is the characteristically strongly damped, high frequency
oscillations of quasinormal ringing (QNR). It is noted
in Ref. [17] that a rescaling close to the naive rescaling
brings the QNR of the PP waveform into agreement with
the QNR of the NR waveform. That is an intriguing re-
sult, especially if one appreciates that the remnant in the
NR work is a rotating Kerr hole, while the PP calcula-
tion maintains the Schwarzschild form it started with. To
underscore this, Table I shows that this kind of rescaling
works well only for ¢ 2 5 and for these values we view the
agreement to be simply due to the fact that the there is
little variation for 5 < ¢ < co and the remnant QN oscil-
lation frequency is expected to increase with decreasing
q [30].

Although this particular aspect of the PP/NR com-
parison is not very useful, it turns out that a PP-related
calculation gives a remarkably accurate estimate of the
remnant spin. The underlying principle [24-26] is that
negligible angular momentum is radiated after the binary
enters the plunge. For a merger of non-spinning holes,
therefore, the angular momentum of the remnant should
be the orbital angular momentum of the binary at the



TABLE I: Comparison of the QNR frequency for a remnant
and the rescaled Schwarzschild QNR frequency. For each
value of ¢ in the first column, the second column gives the
remnant value of the spin parameter a listed in the SXS cata-
log [21] for the SXS model, given in the third column, a model
with negligible initial spins. The fourth column gives the real
part of the least damped ¢,m = 2,2 quasinormal frequency,
from the tables in Ref. 30. The last column gives the fre-
quency for a = 0 with “naive” rescaling. We do not show the
QNR damping times because extracting those values accu-
rately is difficult and they don’t vary much for the moderate
range in a that we are considering here.

@ |SXS Xrem | SXSID  |wK™ [ (141/q) wimShv
1.5/0.6641 |BBH:007 |0.5175 |0.6228
2 [0.6234  |BBH: 0169 |0.5021 |0.5605
2.5/0.5807 | BBH : 0259 |0.4877 |0.5231
3 0.5406  |BBH :0030|0.4755 |0.4982
4 (04716 | BBH :01820.4567 |0.4671
5 04166 | BBH :0054|0.4436 |0.4484
6 |0.3725 |BBH:0181|0.4438 |0.4360
8 |0.3067 |BBH :0063(0.4208 |0.4204
9.5/0.2708  |BBH :0302|0.4142 |0.4130
0o |0 - 0.37367 | 0.37367

innermost stable circular orbit.

The predicted spin of the remnant is given in Refs. 24—
26 but, for completeness, are repeated here for a particle
of mass p, in a circular orbit of radius r, around a Kerr
hole of parameters M, a. From Ref. 22 the angular mo-
mentum L, is found

L MY2 (72— 2aV/Mr + a?)

Zz 6

w3432 — 3Mr1/2 4 2aM1/2 ©)
and the radius of the innermost stable circular orbit is
given by

a2

Zi = 14(1-15)" {(1+%)”3+(1—%)“3} (7)

Zy = \/3a2/M2 + 72 8)

rsco = M [3 + Zy —sgna/(B3— 23+ Z1 + 222)@;)

In Egs. (6)-(9), “M” is the total spacetime mass. We
use the notation [L,/u] to mean the expressions above
with M = 1. In our notation the expression [L,/u] is
dimensionless and has the meaning

L,| angular momentum
w |~ (particle mass)(M; + Ms)

(10)

We take the particle mass to be the reduced mass of the
system,

MM,

— (11
M1+M2 ( )

1 = particle mass = reduced mass =

In our comparisions we will be using the dimensionless
Spin Xrem Of the remnant defined in the SXS catalog as
L, divided by the square of the total system mass. The
comparable quantity in our PP work is the dimensionless
spin

_ L. | L. | particle mass
R S N ET R TA
/~L (M1+M2)2

In our table below we find this value for given system
parameters by computing [L./u] from Egs. (6)-(9) ,with
M = 1, and a moderate, but arbitrary, choice for a.
The resulting app is then used as the starting point in
Egs. (6)-(9), and the procedure is iterated until a stable
PP “prediction” is found for app. This result is then
compared with the value of Y em for the same model.
The accuracy of this approximation can be seen in the
comparison with the NR results in the SXS catalog. The

TABLE II: Comparison of the Kerr spin parameter for a rem-
nant from NR and PP. For each value of ¢ in the first column,
the second column gives the remnant value of the spin pa-
rameter a listed in the SXS catalog [21] for an SXS model,
given in the third column, with negligible initial spins. The
last column gives the comparable spin parameter computed
by the procedure described in Egs. (6)-(12), and show excel-
lent agreement.

q | SXS Xrem | SXS ID app
1.5]0.6641 BBH : 007 |0.6442
2 10.6234 BBH : 0169 | 0.6092
2.5(0.5807 BBH : 0259 0.5714
3 10.5406 BBH : 0030 | 0.5350
4 10.4716 BBH : 0182]0.4708
5 10.4166 BBH : 0054 | 0.4182
6 |0.3725 BBH : 0181 0.3753
8 |0.3067 BBH : 0063 |0.3103
9.50.2708 BBH : 0302 0.2742
oo |0 - 0.0

excellent agreement of this approximation with NR results
supports the argument [24—26] that little angular momen-
tum is radiated during the plunge and merger.

It is interesting to consider how the accuracy of our
PP approximation is modified if the holes have nonzero
initial spin. As an example, we consider the SXS model
BBH:0051, with ¢ = 3, with an initially non-spinning
smaller hole, but x; = Lz/(M;)?> = 0.5 for the more
massive black hole. We use our procedure in Eqs. (6)-
(9). We add the contribution to app due to the an-
gular momentum carried by M;, which means adding
X1 M3 /(M + My)?. We then use the result as the input



for the next iteration. The result, the PP prediction, is
0.7056, in rough agreement with the SXS result 0.7551.
For SXS model BH:0049, it is the smaller hole that is
spinning, with x2 = 0.5. In this case, our PP proce-
dure predicts app = 0.6217, in rough agreement with
the comparable SXS value 0.5773.

Ref. 26 gives an extensive exploration of parameter
space for the remnant spin approximation. Both in that
reference and in our two examples above, the accuracy
of the simple model is worse when there is initial spin
rather than no spin. This suggests that tidal interaction
during the pre-ISCO motion may play a non-negligible
role.

V. COMPARISON WITH OPTIMAL
RESCALING OF REF. [18]

In Ref. [18] an optimization procedure was used to
compute the rescaling parameters for PP in order to max-
imize agreement with NR. In particular, the PP ampli-
tude was scaled by a parameter « and the time (period)
by 8. Then a and 8 were computed in order to minimize
the L2-norm difference between the rescaled PP and NR
waveforms. As an example, for ¢ = 3 and for the hos
waveform the optimal values of o and /3 were both found
to be 0.7 approximately. The « and 3 values based on the
total mass and barycenter corrections we present here are
a = 0.75 and 8 = 0.65. While we do not view a direct
comparison of these values as meaningful, but the fact
that the optimized rescaling yields good agreement with
NR over the entire waveform duration does suggest that
there are other (nonlinear) corrections that are somehow
being addressed through the optimized rescaling proce-
dure over the barycenter correction that we have identi-
fied here.

In the context of higher-modes, it has been noted that
the value of 8 stays the same as the dominant £ = m = 2
case, but the value of the amplitude rescaling o drops
significantly [18]. For example, for £ = m = 3 the op-
timal value of a = 0.4, a sharp drop from 0.7 for the
£ = m = 2 case! It has been suggested that the drop
in the amplitude rescaling comes from the fact that the
PP calculation doesn’t account for the substantial size
of the smaller black hole in the context of comparable
mass-ratios like ¢ = 3 [18]. In other words, the PP ap-
proximation generates artificially higher amplitudes for
higher modes due to the fact that the PP itself has a
wider bandwidth than an object of finite size. We argue
that while this issue is likely to play a role, it should only
be significant for much larger values of £, m because the
wavelength of the radiation would need to become com-

parable to the size of the smaller black hole [31]. Instead,
as we pointed out in Sec. III the barycenter corrections
we propose here result in a value of @ = 0.54 which is
strongly suggestive of a large drop from the value of 0.75
computed for the ¢/ = m = 2 case.

VI. CONCLUSIONS

As stated in the Introduction section, the comparison
of PP results and NR results are a resource for probing
the interaction of inspiraling black holes as they draw
closer. Exploiting this, however, must be done in a way
that compares the two methods at physically equivalent
moments of the inspiral. We have pointed out that this
has not been done in the work associated with establish-
ing surrogate models [17, 18]. The goal of that effort was
to use NR results as calibration data for high-mass ratio
gravitational waveform computations. We suggest that
such models may be aided by addressing the issues we
raise above about alignment and physically based rescal-
ing.

Aside from that, possible directions should be consid-
ered for future work. The loss of spin angular momentum
during inspiral, and its connection to tidal interactions,
has already been made in Sec. IV. Work has already
been started in this area [26]. We have also pointed out
in Sec. ITI, that the quadrupole formula and the equiv-
alent for the octupole are less accurate than might be
expected. These formulas are slow-motion approxima-
tions and are being applied in what would appear to be
an appropriate setting. Understanding why the formulas
miss the mark may be very useful in a variety of appli-
cations.

As a much more challenging extension of the PP/NR
comparison, one might consider binary inspirals of holes
with spin angular momentum not aligned with orbital
angular momentum. Such a comparison would be help-
ful in understanding how to use a spinning particle as a
proxy for a rotating black hole.

We also expect that there are other insights that can be
extracted from an extended PP/NR comparison; insights
beyond our current imagination.
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