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ABSTRACT: This paper focuses on the semiclassical behavior of the spinfoam quantum gravity
in 4 dimensions. There has been long-standing confusion, known as the flatness problem, about
whether the curved geometry exists in the semiclassical regime of the spinfoam amplitude. The
confusion is resolved by the present work. By numerical computations, we explicitly find curved
Regge geometries that contribute dominantly to the large-j Lorentzian Engle-Pereira-Rovelli-Livine
(EPRL) spinfoam amplitudes on triangulations. These curved geometries are with small deficit
angles and relate to the complex critical points of the amplitude. The dominant contribution from
the curved geometry to the spinfoam amplitude is proportional to e’Z, where Z is the Regge action of
the geometry plus corrections of higher order in curvature. As a result, In the semiclassical regime,
the spinfoam amplitude reduces to an integral over Regge geometries weighted by e'Z, where T is the
Regge action plus corrections of higher order in curvature. As a byproduct, our result also provides
a mechanism to relax the cosine problem in the spinfoam model. Our results provide important
evidence supporting the semiclassical consistency of the spinfoam quantum gravity.
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1 Introduction

The semiclassical consistency is an important requirement in quantum physics. Any satisfactory
quantum theory must reproduce the corresponding classical theory in the approximation of small A.
In particular, the semiclassical analysis is more crucial in the field of quantum gravity. Due to the
limitation of experimental tests, the semiclassical consistency is one of only few physical constraints
for quantum gravity: a satisfactory quantum theory of gravity must reproduce General Relativity
(GR) in the semiclassical regime.

This paper focuses on the semiclassical analysis of Loop Quantum Gravity (LQG). LQG as a
background-independent and non-perturbative approach has been demonstrated to be a competitive
candidate toward the final quantum gravity theory (see e.g., [1-6] for reviews). The path integral
formulation of LQG, known as the spinfoam theory [7—11], is particularly interesting for testing the
semiclassical consistency of LQG, because of the connection between the semiclassical approximation
of path integral and the stationary phase approximation. A central object in the spinfoam theory
is the spinfoam amplitude, which defines the covariant transition amplitude of LQG. The recent
semiclassical analysis reveals the interesting relation between spinfoam amplitudes and the Regge
calculus, which discretizes GR on triangulations [12-19]. This relation makes the semiclassical
consistency of the spinfoam theory promising.



Nevertheless, it has been argued that an accidental flatness constraint might emerge in the
semiclassical regime so that only flat Regge geometries would dominate spinfoam amplitudes. In
contrast, curved geometries were absent [20-24]|. The suspicion of lacking curved geometry in the
semiclassical regime has led to doubt about the semiclassical behavior. This flatness problem has
been a key issue in the spinfoam LQG for more than a decade.

In this paper, we resolve the flatness problem by explicitly finding curved Regge geometries
from the 4-dimensional Lorentzian EPRL spinfoam amplitude. These curved geometries are with
small deficit angles d;,, and have been overlooked in the model because they correspond to complex
critical points slightly away from the real integration domain. But they can be revealed by a more
refined stationary phase analysis involving the analytic continuation of the spinfoam integrand.
These curved Regge geometries still give non-suppressed dominant contributions to the spinfoam
amplitude. The contributions are proportional to e’Z where T is the Regge action of the curved
geometry plus corrections of the second and higher orders in d;. The spinfoam amplitude reduces to
an integral over Regge geometries weighted by e in the semiclassical regime.

These results are illustrated by the numerical analysis of the EPRL spinfoam amplitudes on
triangulations Az and 0.5 (FIG.1(a) and (b)). As a byproduct, the “cosine problem” [25] is shown
to be relaxed on Az. Moreover, our results provide important evidence supporting the semiclassical
consistency of the spinfoam theory.

2 Spinfoam amplitude

The 4-dimensional triangulation K contains 4-simplices v, tetrahedra e, triangles f, line segments,
and points. We denote the internal triangle by h and the boundary triangle by b (f is either h or b),
and assign the SU(2) spins jj, j» € No/2 to internal and boundary triangles h,b. The spin j; = j5
or j, relates to the quantum area of f by ay = 8myGh+/js(js + 1) [26, 27]. The Lorentzian EPRL
spinfoam amplitude on K sums over internal spins {jp }:
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where d;, = 2j, + 1. The boundary states of A(K) are SU(2) coherent states |jp,&es) where
Eop = ey > (1,007, uep, € SU(2). jp, £ determines the area and the 3-normal of b in the boundary
tetrahedron e. The summed/integrated variables are g,. € SL(2,C), z,; € CP', and j,. The
boundary jy, ey are not summed /integrated. dg,. is the SL(2, C) Haar measure. d, , is a scaling
invariant measure on CP'. The spinfoam action S is complex, linear to ju, jp [15] and has the
following expression,
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Zyer = gl.zuy and f = h or b. e and €' are boundary and internal tetrahedra, respectively.
Introducing the dual complex K*, the orientation of the face f* dual to f induces df*’s orientation
that is outgoing from the vertex dual to v and incoming to another vertex dual to v’. The logarithms
are fixed to be the principal value. The spinfoam action has the following continuous gauge freedom:

e At each v, there is the SL(2,C) gauge freedom g, — 7, ' gue, Zof — x}:zvf, x, € SL(2,C). We
fix one g, to be a constant SL(2, C) matrix for each 4-simplex. The amplitude is independent
of the choices of constant matrices.

e At each e, there is the SU(2) gauge freedom: gyre = gurehst, Gue = guehsl, he € SU(2).
To remove the gauge freedom, we set one of the group element g, along the edge e to be
the upper triangular matrix. Indeed, any g € SL(2,C) can be decomposed as g = kh with
h € SU(2) and k € K, where K is the subgroup of upper triangular matrices:

A
K=<k= 0 A , AERN\{0}, ueCy,. (2.7)
We use the gauge freedom to set g, € K.

e 7z, can be computed by g,. and .y up to a complex scaling: z,s ¢ ( f )71 £ey. Bach zyy

ve
has the scaling gauge freedom z,; = Ay Zyf, Aoy € C. We fix the gauge by setting the first
)T

)

component of z,r to 1. Then, the real critical point z,y is in the form of z,; = (1, &y
where &, 5 € C.

We have assumed the sum over internal j;, € No/2 in Eq.(2.1) is bounded by j™**. For some
smax

internal triangles, h, j
an IR cut-off in case of the bubble divergence.

smax

is determined by boundary spins j, via the triangle inequality, or j is

Moreover, we would like to change the sum over jj in Eq.(2.1) to the integral, preparing for the
stationary phase analysis. The idea is to apply the Poisson summation formula. Firstly, we replace
each dj, by a smooth compact support function 7j_, jmax,(jn) satisfying

T[—e,jmax+€] (]h) = djm Jn € [07jmax] and T[—e,jmax+e] (-]h) =0, Jjné¢ [_eﬁjmax + 6]7 (2'8)

for any 0 < e < 1/2. This replacement does not change the value of the amplitude A(K) but makes
the summand of > n smooth and compact support in j,. Applying the Poisson summation formula

> s =3 [ dngimy e,

nez keZ

the discrete sum over j;, in A(K) becomes integral. Therefore,

A(K) = Z /RdehHQT[—e,jm“-&-e](jh)/[dgdz] S, s® :S+4Wi2jhkh- (2.9)
h h h

{kh EZ}

By the area spectrum, the classical area ay and small /& imply the large spin jf > 1. This motivates
to understand the large-j regime as the semiclassical regime of A(K). To probe the semiclassical
regime, we scale uniformly {js, 5o} = {A\jb, Ajn}, where A > 1. Scaling spins implies S — AS. Then,
A(K) is given by

AK) = Y / [T T 2Adys0) / [dgdz] X5 (2.10)
h h

{kn€Z}



SW =S+ 4mi > " jukn, (2.11)
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where jj, is real and continuous.
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Figure 1. (a) The Agj triangulation (the center panel) made by gluing three 4-simplices (in blue, red,
and purple). The internal triangle (135) is highlighted in red. (b) The triangulation oi.5 made by the
1-5 Pachner move dividing a 4-simplex into five 4-simplices. 1.5 has 10 internal triangles and 5 internal
segments I =1,---,5 (red). (c) The real and complex critical points & and Z(r). S(r, z) is analytic extended
from the real axis to the complex neighborhood illustrated by the red disk.

3 Real critical points and flatness.

For each kj, in (2.10), by the naive stationary phase approximation, the integral with A > 1 is
approximated by the dominant contributions from solutions of the critical equations

Re(S) = 0,5 = y,,5 =0, (3.1)
8j,LS = 471'i/€h, ky € 7.

The solution inside the integration domain is denoted by {3;“ Gve,Zvf}. We view the integration
domain as a real manifold, and call { jo'h, Gve, Zoy } the real critical point.

Every solution satisfying the part (3.1) and a nondegeneracy condition endows a Regge geometry
to K with 4d orientation [12-15]. Further imposing (3.2) to these Regge geometries gives the
accidental flatness constraint to every deficit angle d;, hinged by the internal triangle h [22, 23]

'yéh = 47T]<ih, ky € Z. (3.3)

The Barbero-Immirzi parameter v # 0 is finite. When kj, = 0, §,, at every internal triangle is zero,
so the Regge geometry endowed by the real critical point is flat. If the dominant contribution to



A(K) with A > 1 only comes from real critical points, Eq.(3.3) implies that only the flat geometry
and geometries with 70, = +4nZ, can contribute dominantly to A(K), whereas the contributions
from generic curved geometries are suppressed. If this was true, the semiclassical behavior of A(K)
would fail to be consistent with GR.

A generic {5}1,@@@,%@ 7} can endow discontinuous 4d orientation, i.e., the orientation flips
between 4-simplices. Then (3.3) becomes v ., 5,04 (v) = 4mky, where s, = 1 labels two possible
orientations at each 4-simplex v. ©(v) is the dihedral angle hinged by h in v.

4 Complex critical points.

As we will show, the large-\ spinfoam amplitude does receive non-suppressed contributions from
curved geometries with small but nonzero |d§;|. Demonstrating this property needs a more refined
stationary phase analysis of the spinfoam amplitude: We come back to the amplitude (2.10) and
separate M internal areas jj,, (h, = 1,---, M) from other internal areas j; (h = 1,--- ,F — M).
F' is the total number of internal triangles. M equals to number of internal segments I in K.
The areas {jp,} are suitably chosen such that we can change variables from {js,}4’_; to internal
segment-lengths {I;}2, (by inverting Heron’s formula ') in a neighborhood of {j,} of a real critical
point {jo'h,éve,ivf}. dMHN g, = 7,dM1; dF =M j; where J; is the jacobian.

M
A = 3 [ TTauzl™ @), (41)
{kn} I=1

Z (i) = / [T dsn [T @A) / [dgdz)e*s™ 7, (42)
3 h

The partial amplitude Z,gkh} have the external parameters r = {l1, jp, &ep} including not only the
boundary data but also internal segment-lengths I;. To study Z,{Ck”}
phase analysis for the complex action with parameters [28, 29]: We consider the large-) integral
fK M@ ANz and regard r as parameters. S(r, ) is an analytic function of r € U C R¥ 2 € K C
RY. U x K is a neighborhood of (#,%). & is a real critical point of S(#,z). S(r,2), z = x +iy € CV,
is the analytic extension of S(r,z) to a complex neighborhood of &. The complex critical equation
0.8 = 0 is solved by z = Z(r) where Z(r) is an analytic function of r in the neighborhood U. When
r =7+, Z(#) = Z reduces to the real critical point. When r deviates away from 7, Z(r) € CV can
move away from the real plane RY | thus is called the complex critical point (see FIG.1(b)). We have
the following large-\ asymptotic expansion for the integral

, we apply the stationary

e)xS(r,x)de _ l % e’\S(TvZ(V'))
/K (/\) \/det (—=62.8(r, Z(r))/27)
x [1+O(1/\)] (43)

where S(r, Z(r)) and 67 ,S(r, Z(r)) are the action and Hessian at the complex critical point.

The crucial information of (4.3) is: the integral can receive the dominant contribution from the
complex critical point away from the real plane. This fact has been overlooked by the argument of

1We relate the chosen M areas {jn, } to M segment-lengths {i7} by Heron’s formula as in Regge geometry. Inverting
the relation between {j5,} _, and {I;}L, defines the change of variables (ji,, ;) — (I1,43) in a neighborhood of
the real critical point. This procedure is just changing variables and does not impose any restriction.



the flatness problem. Moreover, Eq.(4.3) reduces A(K) to the integral

N

N M
(%) /Hdllmexsmzm) [1+O(1/\)] (4.4)

at each ky. A7 o< [],, (44n) \7l[det(—5§,z<5’/27r)]*1/2 at Z(r). Given that {l;} determines the Regge
geometry on K, Eq.(4.4) describes the dynamics of Regge geometries with the effective action S,
which does not exclude curved geometries. In the following, we make the above general analysis
concrete by considering 2 examples of spinfoam amplitudes on K = Ags, 015, and we compute
numerically the complex critical points and S, confirming the resolution of the flatness problem.
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Figure 2. (a) plots e**(®) versus the deficit angle d;, at A = 10" and v = 0.1 in A(A3), and (b) plots

e e(S) versus the deficit angle § = 1—10 Ziozl 62 at A=10"" and v = 1 in Z,, .. These 2 plots show the
numerical data of curved geometries (red points) and the best fits (5.8) and (6.4) (blue curve). (c) and (d)
are the contour plots of (%) as functions of (\,d,) at v = 0.1 and of (v,d5) at A = 5 x 10'* in A(A3).
(e) and (f) are the contour plots of e***(5) as functions of (\,d) at v = 1 and of (7,6) at A =5 x 10'° in
Z4,.5- They demonstrate the (non-blue) regime of curved geometries where the spinfoam amplitude is not
suppressed.



5 Asymptotics of A(Aj)

We firstly focus on a simpler example A(A3) where Ag contains three 4-simplices and a single
internal triangle h. All line segments of As are at the boundary, so M = 0 in (4.1). The Regge
geometry g on Ay is fixed by the (Regge-like) boundary data {js,&cp} that uniquely corresponds to
the boundary segment-lengths.

Translate the above general theory to A(As): r = {jy, &} is the boundary data. 7 = {Jjj, éeb}
determines the flat geometry g(r) with §, = 0. & = {]O'h, Gue, 2o} is the real critical point associated
to 7 and endows the orientations s, = +1 to all 4-simplices. 7, g(r), and & are computed numerically
in A.1 and A.2. The integration domain of A(Aj3) is 124 real dimensional. We define local coordinates
x € R1?* covering the neighborhood of # inside the integration domain (see A.3). S(r,z) is the
spinfoam action, analytic in the neighborhood of (#,4). z € C'2* complexifies . S(r,z) extends
holomorphically S(r, z) to a complex neighborhood of . We only complexify = but do not complexify
r. We focus on kj, = 0, and the different regimes of the boundary data r result in different large-\
asymptotic behavior of A(As).

e Regime 1: fixing the boundary data r = 7, A.2 gives numerically the real critical point for the
flat geometry g(7), whose deficit angle is d, = 0. e3("%) evaluated at the real critical points &
gives the dominant contribution to the asymptotic amplitude.

e/\S(%,i)’u(‘%)

R D H 14+ 0(1/))]. 5.1
/ ) <A> \Jdet (_55,965(7«,:%)/277)[ FOuA) >

The asymptotics behaves as a power law in 1/A. Here we only focus on the contribution from

the single real critical point Z. There is another real critical point which we will discuss in a
moment.

e Regime 2: fixing the boundary data r which determine the segment-lengths for a curved
geometry g(r), the real critical point is absent, then the integral is suppressed faster than any
polynomial in 1/A:

/de w(z) ) = oK) YK > 0. (5.2)

The above asymptotic behavior is based on fixing r and sending A to be large. However, in
order to clarify contributions from curved geometries and compare them to the contribution from
the flat geometry, we should also let » vary and have an interpolation between two regimes (5.1)
and (5.2). This motivates us to use the complex critical point of the analytically continued action
S(r,z). We vary the length log of the line segment connecting the points 2 and 6, leaving other
segment lengths unchanged. A family of (Regge-like) boundary data r = 7 + ér parametrized by lag
is obtained numerically, and gives the family of curved geometries g(r) with o, # 0 (see A.4).

At each r, the real critical point is absent. But we find the complex critical point z = Z(r)
satisfying 0,8 (r, z) = 0 with high-precision numerics. At each curved geometry g(r), the real critical
point is absent for d;, # 0. We numerically compute the complex critical point Z(r) satisfying the
complex critical equations 9,S(r, z) = 0 with Newton-like recursive procedure. First, we linearize
0.S(r, z) = 0 at the pseudo-critical point xyp € R24, Then, we have the linear system of equations

92 .8(r,xo) - 621 + 0.8 (r, o) = 0, (5.3)



We obtain z1 = x¢ + 021 by the solution dz;. We again linearize 0,S(r, z) = 0 at 2,
33728(7’, z1) - 029 + 0,S(r, z1) ~ 0, (5.4)

we obtain zo = 27 + §22 by the solution dz5. We iterate and linearize the complex critical equations
at 29,23, ,2p—1. The resulting z,, = z,_1 + 02, should approximates the complex critical points
Z(r) arbitrarily well for sufficiently large n. In practise, n = 4 turns out to be sufficient for our
calculation. The numerical results of complex critical point for each geometry r can be found in
Mathematica notebook [30].

The absolute error of numerically solving 9,S(r, z) = 0 is measured by
e = max |0,S(r, zn)]| . (5.5)

We have z, well-approximate the complex critical point Z(r) if € is small (see A.5).

We insert Z(r) into S(r, z), and compute numerically the difference between S(r, Z(r)) and the
Regge action Zg of the curved geometry g(r):

0L(r) = S(r, Z(r)) — iZrlg(r)], (5.6)

where  Zp[g(r)] = an(r)dn(r) + > ay(r)Oy(r).
b

The areas ap(r), ay(r) and deficit/dihedral angles 5 (r),0,(r) are computed from g(r).

We repeat the computation for many r from varying log. The computations give a family of
0Z(r). We relate 6Z(r) to x(r) and find the best polynomial fit (see FIG.2(a))

0T = az(7)d}, + as(7)8), + as(7)8, + O(}), (5-8)

The coefficients a; at v = 0.1 are given in A.5.

By (4.3), the dominant contribution from Z(r) to A(Aj3) is proportional to [¢AS| = e Me(S) < 1.
As shown in FIG.2(a) and (c), given any finite A > 1, there are curved geometries with small nonzero
|01, such that |A(Ajz)| is the same order of magitude as |A(A3)| at the flat geometry. The range of
0y, for non-suppressed A(As) is nonvanishing as far as A is finite. The range of Jj, is enlarged when
~ is small, shown in FIG.2(d).

We remark that the semiclassical behavior of the spinfoam amplitude is given by the 1/
expansion as (4.3) with finite X\. It is similar to quantum mechanics, where £ is finite, and the
classical mechanics is reproduced by the h-expansion. The finite A leads to the finite range of
nonvanishing d,.

So far we have considered the real critical point z of the flat geometry with all s, = +1. Given
the boundary data 7, there are exactly 2 real critical points # and ', where z’ corresponds to the
same flat geometry but with all s, = —1. Other 6 discontinuous orientations (two 4-simplices has
plus/minus and the other has minus/plus) do not leads to any real critical point (see Figure 3 and
A.6 for 0;, values), because they all violates the flatness constraint 78} = v, 5,0p(v) = 0. |67 ] is
not small for the discontinuous orientation, so the contribution to A(As) is suppressed even when
considering the complex critical point.
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Figure 3. The Log-Log plot of |67 | for different s = {s,}» when varying log = loze- + 6l26.

We focus on the integrals over 2 real neighborhoods K, K’ of z, ', since the integral outside
K U K’ only gives suppressed contribution to A(As) for large A. The above analysis is for the
integral over K. We carry out a similar analysis for the integral over K’. The following asymptotic
formula of A(As3) is obtained with r = 7 + dr of curved geometries g(r)

1\ 60 , 4 )
A(Ay) = (}\) [J‘/JreMIR[g(r)]+A61(r) N e MR[g(M]HAT (T)} 1+ 0(1/)\)]. (5.9)

up to an overall phase. 2 complex critical points in complex neighborhoods of z, 2’ contribute
dominantly and give respectively 2 terms, with phase plus or minus the Regge action of the curved
geometry g(r) plus curvature corrections 6Z(r) in (5.8) and dZ'(r) = dZ(r)*|s,——s,. N4 are
proportional to [det(—6§728/277)]_1/2 evaluated at these 2 complex critical points (see A.6).

As an example of the suspected cosine problem [25], there has been the guess A(Ajz) ~
(MR 4 MoeMR)3 (each factor is from the vertex amplitude, see e.g. [31]) whose expansion
gives 8 terms corresponding to all possible orientations. But Eq.(5.9) demonstrates that A(A3) only
contain 2 terms corresponding to the continuous orientations. The cosine problem is relaxed.

6 1-5 Pachner move

o1.5 is the complex of the 1-5 Pachner move refining a 4-simplex into five 4-simplices (see B.1). 015
has 5 internal segments I = 1,--- .5 (see FIG.1(b)), in contrast to Az where all segments are at the
boundary. There are 10 internal triangles h in o1.5. The spinfoam amplitude A(o1.5) is given by
(4.1) with M =5 and F = 10. We consider {E‘h,f]w, Z,f} as a real critical point of flat geometry on
o1.5. The flat geometry on ;.5 is not unique. The position of Ps can move continuously in R?* to
lead to the continuous family of flat geometries on o1.5. The continuous family of flat geometries
result in the continuous family of real critical points. It implies that all these real critical points lead
to degenerate Hessian matrices, in contrast to A(A3) where the real critical point is nondegenerate.
Therefore we develop the following additional procedure to generalize the analysis from Ag to oq.5.

We label boundary spins j,,x by a triple of points m # n # k = 1,2,--- .5, and label the
internal spins jnne by m,n = 1,2,--- |5 and point 6. The dual faces and spins are labelled in
the dual cable diagram Fig.4(b). We pick up 5 internal spins jia6, j136, j146, J156, j236 and their
corresponding integrals in A(cy_5). The integrand is denoted by Z,, .. Namely

Ao15) = /5 dj126dJ136dj146d5156 5236 2oy 5 (1265 71365 T1465 J1565 J236) » (6.1)
R
5 10 ©
ZUl-s = Z/ deﬁ H2)\7—[76’)\jmax+6]()\jh)/[dgdZ}CAS s (62)
(b} /R R=1 h=1



where other five internal spins josg, J256, 346, J3565 ]456 are denoted by ],L (h=1,2,---,5). At the
real critical point constructed above, the 5 areas ]126, 3136, 3146, 3156, Jo36 are determlned by the
internal segment-lengths lm6 (m=1,2,---,5) via the Heron’s formula. We focus on a neighborhood
of (126, J136, J146, J156, J236) € R® around (ji26, j136. J146s J156, Jj2ss) such that the five j's in the
neighborhood uniquely correspond to the five segment-lengths I,,6, m =2,--- 5.

Z

01-5

We generalize the analysis of A(Aj3) to Z

01-5°

in Eq.(6.2) contain integrals with the
external parameters

7= {J126, J136, J146, J156, j236, Jb, Seb} (6.3)

which including not only boundary data but also 5 internal j’s. We focus on the integral in Z,, , at
krp=0. Givenr =71 = {3’126, 5'136, 3’1467 5156, ]0'236, ]O'b, éeb}, the integral has the real critical point
(s Gas Zqp} corresponding to the flat geometry g(7). The data of 7 and the real critical point are
given in B.1. The Hessian matrix at & is nondegenerate in Z,, ., as confirmed by the numerical

check.

1-57

The similar parametrizations in A.3 for g4, Za s, j; define the local coordinates z € R!%5 covering
a neighborhood K of 2 = (0,0, --,0). We again express the spinfoam action as S(r, z). The integral
in Z,, . is of the same type as (A.16) with N = 195.

T1-5

To give the curved geometries, we fix the boundary data jb,fcb and deform the 5 internal
segment-lengths I, = lom6 + 6lpmg, m=1,--- 5. We randomly sample 6l,,6 in the range 107 to
10~°. Each time, for the each new internal segment-lengths I,,,5, we can repeat the procedure in
B.1 to reconstruct the geometry and compute all the geometric quantities of triangulation: e.g. the
areas, the 4-d normals of each tetrahedron, and the deficit angles. Some data of the deformation
0lme = (0lyg, dlag, dls6, Olag, 0l56) and the corresponding deficit angles d;, are shown in B.2.

Fixing 3'1,, éeb, varying l,e = lomg ~+ 0l results in varying the 5 areas in r e.g. jio6 = 5’126 + 97126,
J136 = 5’136 + 07136, - - - Thus we obtain the deformation of external data r = 7 + or of Z,, .. We
denote by r; the external data obtained by sampling dl,,,6, and denote the Regge geometries by g(r;).
There are 4 degrees of freedom of dl,,¢ still resulting in flat geometries, whereas there is 1 degree of
freedom of dl,,¢ resulting in curved geometries.

We apply the Newton-like recursive method to numerically compute complex critical points
Z(ry) for all r;, the absolute errors are shown in B.3. Z(r;) is still in the real plane if r; corresponds
to the flat geometry, whereas Z(r;) is away from the real plane if r; corresponds to the curved
geometry. Once we have complex critical points Z(r;) for the curved geometries g(r;), we numerically
compute the analytic continued action S(r;, Z(r;)) at complex critical points and the difference
0Z(ry) = S(ry, Z(ry)) — S(ry, xo) where g is the pseudo-critical point of S(r;, ). We have S(r;, zp) =
—iZg[g(r)]+1iep, where @ only relates to the boundary data and is independent of [, as confirmed by
numerical tests (see also [14] for the analytic argument). The result of |e*S| = e*Re(S) is presented
in FIG.2 (b), (e), and (f), which demonstrate curved geometries with small |d;| do not lead to the
suppression of Z,, , (Iy). Moreover S(r;, Z(r;)) is numerically fit by (see B.3):

S(r1, Z(n)) = —iZrlg(r)] — az(7)3(r)* + O(6?), (6.4)

where 0(r;) =/ & }11():1 Sn(r1)? and az = —0.033i + 8.88 x 107> at v = 1. Zr[g(r;)] is the Regge
action of g(r;). As a result, we obtain the following large-A contribution to Z,
the neighborhood around (7, %)

s and A(oq.5) from

155
1\ 2 . ) .
Zors ™~ (/\) ezka;/l/ e~ IATR[8(r)]=Aaz()6(r)?+0(5%) [1+0(1/)\)], (6.5)
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155 5
1\ 2% -
A(ors) ~ (/\) e“\‘/’/ H dlmGJ%e—MIR[g(Tz)]—/\az(v)5(n)2+0(53) [1+0(1/\)], (6.6)
m=1

where we have made the local changes of variables from ji26, j136, j146, J156, j236 tO lmg, and the
Jacobian J; = | det(0;/0l)| (see B.3) is absorbed in 4] = J;.4;". The spinfoam amplitude A(c1.5)
reduces to the integral over geometries g(r;) in the semiclassical regime.

7 Discussion

Our results resolve the flatness problem by demonstrating explicitly the curved Regge geometries
emergent from the large-j EPRL spinfoam amplitudes. The curved geometries correspond to complex
critical points that are away from the real integration domain. They give non-suppressed e*Re(S)
and satisfy the bound Re(az(7))6? < 1/, if we consider the examples (5.8) and (6.4) neglecting
O(83). This bound is consistent with the earlier proposal [23] and the result in the effective spinfoam
model [32-34], although this bound should be corrected when taking into account O(83) in (5.8)
and (6.4). The similar bound should be valid to the spinfoam amplitude in general.

All resulting curved geometries are of small deficit angles §,. The large-j spinfoam amplitude
is still suppressed for geometries with larger d; violating the above bound. This is not a problem
for the semiclassical analysis. Indeed, non-singular classical spacetime geometries are smooth with
vanishing §5. To well-approximating smooth geometries by Regge geometries, the triangulation
must be sufficiently refined, and all §;,’s must be small.

The confusion in the flatness problem can be seen as a wrong order of limits: If one fixes the
triangulation first, one can find boundary data for which the amplitude goes wrong for large A.
But this is the wrong limit. The right one is: for each boundary data (hence each \), there is a
triangulation for which the amplitude gives a good result to any desired accuracy [35, 36].

Lastly, the 1-5 pachner move is the elementary step for the triangulation refinement. Our
results provide a new routine for analyzing triangulation dependence in spinfoam models. This
should closely relate to the spinfoam renormalization [37-39], with the goal to address the issue of
triangulation-dependence.
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A The spinfoam amplitude A(Aj)

A.1 The flat geometry on Aj

The Aj triangulation is made by three 4-simplices sharing a common triangle. Az has 18 boundary
triangles and one internal triangle. All line segments of Az are at the boundary, and the segment-
lengths l,p(a £ b =1,2,3,4,5,6) determine the Regge geometry g(r) (g(r) does not contain the
information of the 4-simplex orientations).

The dual cable diagram for the Ag triangulation is represented in FIG.4(a). Each box in FIG.4
carries group variables g, € SL(2,C) 2. Each strand carries an SU(2) spin j, ;, where a, b corresponds

2For convenience, the indexes of group variables in FIG. 4(a) are a = 1,2, 3..., 15, the corresponding tetrahedra e
are labeled by the number circles in FIG.1(a). The correspondence are: g — €2,3.4,5, g2 —> €1,2.4,5, g3 —* €1,2,3,4,
g4 — €1,3,4,5, g5 — €1,2,3,5, 96 — €1,2,3,5, g7 —» €1,2,5,6, g8 — €1,3,5,6, g9 — €1,2,3,6, 910 — €2,3,5,6, gi1 — €1,3,5,6,
g12 —> €1,3,4,5, 13 — €1,4,5,6, g14 —* €1,3,4,6, 915 — €3,4,5,6-
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to 2 different tetrahedra sharing the same 4-simplex. We have the identification j, ;s along the
same strand, e.g. jo 5 = je,7 along the pink strand. The red strands dual to the common triangle
shared by three 4-simplices. We use j, to denote the spin js45 = js,s = j11,12 of the internal triangle.
The circles at the ends of the strands represent the SU(2) coherent states.

Figure 4. (a). The dual cable diagram of the Az spinfoam amplitude: The boxes correspond to tetrahedra
carrying g, € SL(2,C). The strands stand for triangles carrying spins js. The strand with the same color
belonging to different dual vertex corresponds to the triangle shared by the different 4-simplices. The circles
as the endpoints of the strands carry boundary states |js,&ecs). The arrows represent orientations. This
figure is adapted from [19]. (b). The dual cable diagram of the 1-5 pachner move amplitude. The internal
faces are colored loops carrying internal spins j,. The boundary faces are black strands carrying boundary
spins jp. The arrows represent orientations. This figure is adapted from [39].

We firstly construct the flat Regge geometry on Az, in order to obtain the corresponding
boundary data 7 = {jp, £ep } and compute the associated real critical point . We set the 6 points of
Az in R* as

Pi = (0,0,0,0), P> = (0, ~2v/10/3%/, —V/5/3%/1, —\/5/31/1)
Py = (0,0,0, —2\/5/31/4) Py = (—3*1/410*1/2, —\/5/2/33/4,—\/5/33/4,—\/5/31/4) :
P = (0,0, _3t/4y, —31/4\/5) , Ps = (0.90,2.74, —0.98, —1.70) . (A1)
The 4-simplex with points (12345) has the same 4-simplex geometry as in [40, 41]. We choose
Ps in (A.1) so that we have the length symmetry l1o = l13 = l15 = lag = las = I35 &~ 3.40,
114 = 124 = l34 = l45 ~ 207, 116 = l36 = l56 ~ 325, 126 ~ 5.44 and l46 ~ 3.24.
All tetrahedra and triangles are space-like. The tetrahedron 4-d normal vectors N, are determined

by the triple product of three segment-vectors If', 15,15 (the segment-vectors are given by P}* — PJ')
along three line-segments labeled by 1,2, 3 adjacent to a common point

v JP Jo
(Na)u: GMVPUlalla2la3 (A2)

Hfuupcrl&lgzlgSH ’

where the norms || - || is given by the Minkowski metric n = diag(—, +, +, +), and €., follows the
convention €23 = 1. We list below the 4-d normals (N,) u of the tetrahedra in each 4-simplex:
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e The first 4-simplex with points 12345:

Ny = (1.07,—0.12,-0.17, —0.30) , N3 = (1.07, —0.12, —0.17,0.30) ,
N3 = (1.07, -0.12,0.35,0), Ny = (1.07,0.37,0,0), N5 = (—1,0,0,0). (A.3)

e The second 4-simplex with points 12456:

Ng = (1,0,0,0), Ny = (—1.15,—-0.19, —0.26, 0.46) , N = (1.06,0.35,0,0),
Ny = (—1.15,-0.19,0.53,0) , N1g = (—1.15,—0.19, —0.26, —0.46) . (A.4)

e The third 4-simplex with points 13456:

Nip = (—1,0.02,0,0), N1z = (—1,0,0,0), N3 = (1,-0.02,—0.01,0.01),
Ny = (1,-0.02,0.01,0), Ny5 = (1,—0.02, —0.01, —0.01).. (A.5)

The triangles within a 4-simplex are classified into two categories [13]: The triangle corresponds to
the thin wedge if the inner product of normals is positive; The triangle corresponds to thick wedge if
the inner product of normals is negative. The dihedral angle 6, ; are determined by:

thin wedge: Ny - Ny = coshl,y,
thick wedge: Ny - Ny = —coshb,. (A.6)

where the inner product is defined by 1. Then we check the deficit angle d;, associated to the shared
triangle h

0= 5h = 0475 + 06,8 + 911,12 ~ 0.36 — 0.34 — 002, (A?)

which implies the Regge geometry is flat.
To determine the 3-d normals of triangles, we proceed with a similar method as in [41]. To
transform all 4-d normals to t* = (1,0,0,0), we use the following pure boost A, € O(1,3):

o
(Aa)”)p = omy + TN 3 (N;Nap +tt, +oNJt, — (1 —20N, - t)at”Nap>, (A.8)
where o =1 for N9 > 0 or 0 = —1 for N9 < 0. Then, the 3-d normals i, can be expressed by A,

and 4-d normals:
Nbp + Ng (Nb . Na)

(Ny-N)2—1

Ngb = (07{{@,1)) = (Aa)yp (Ag)
Here, 1, are the outward normals of the triangles in the tetrahedron a, then the inward normals
are —fi, ;. We associate fig, = Mg, (or —fl, ) to a strand oriented outward from (or inward to) the
box labelled by g,. The data of i, can be found in the Mathematica notebook [30].

The spinors &ep in Eq.(2.3) relate to g p by 7ap = (Eab, 0ap). We use the following rule to
convert a unit 3-vector to a normalized spinor (by fixing the phase convention):

N 1 +1
Nab = (l',y,Z) — fa,b = \@ <V 1+ Z, ;%) . (A]'O)

The data for j,p,&q,p are listed in Tables 1, 2, 3. In these tables, jq 3, &q,p for the internal face are
labeled in the bold text, and the others are the boundary data. We denote the boundary data in
these tables by 7 = (js, Eep)-
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Table 1. Geometry data ja,b,fa,b for 1st 4-simplex with points 12345

Cap \D .
» o \b
- 1 2 3 4 5 Jab ol3lals
1 ~ (1,0.01 = 0.01i) | (0.87,0.01+0.491) | (0.87,0.46+0.171) | (0.3,-0.55-0.781) |~ SR AE R R
2 (1,-0.01,-0.011) ~ (0.49,0.0210.871) | (0.49,0.82+0.311) | (0.95-0.17-0.251) 55tz
3 (0.86,-0.0110.51i) | (0.51,-0.0210.861) ~ (0.71,0.56-0.431) | (0.71,-0.2410.671) 3tz
1 (0.86,0.4810.161) | (0.51,0.8210.271) | (0.71,0.59-0.301) ~ (0.71,0.71) s
5 (0.3,-0.55-0.781) | (0.95,-0.17-0.251) | (0.71,-0.24+0.671) | (0.71,0.71) ~
Table 2. Geometry data jq,»,&q,b for 2nd 4-simplex with points 12456
Lo \D 6 7 8 9 10 Jab\b
A 67| 8 9 | 10
6 ~ (0.95,-0.17-0.251) (0.71,0.71) | (0.71,.02410.67) | (0.3-055-0.781) |— SR =
7 (0.95,-0.17-0.251) ~ (0.29,-0.4710.831) | (0.88,-0.02-0.481) | (1,-0.02-0.031) Tt 55 510
3 (0.71,0.71) | (0.31,-05710.761) ~ (071,0.2510.661) | (0.31,0.57-0.761) R S e B B
9 | (0.71,.02410.67) | (0.85,0.02:0521) | (0.71,0.1910.681) ~ (0.85,-0.0210.521) T —t—T51o
10 (0.3,-0.55-0.781) (1,0.020.031) (0.29,0.47-0.831) | (0.88,0.0210.481) ~ :
Table 3. Geometry data jq,5,&q,p for 3rd 4-simplex with points 13456
b b
St 11 12 13 14 15 Job 1n |12 13|14 15
a a
11 ~ (0.71,0.71) | (0.31,0.57-0.761) | (0.71,0.25+0.661) | (0.31,0.57-0.761) T |~ |5 47| — | —w
12 0.71,0.71) ~ (0.51,0.8210.271) | (0.71,0.59-0.391) | (0.86,0.4810.161) 2 | — | —]| 2 | 2 2
13 | (0.31,-0.57+0.761) | (0.51,0.82+0.271) ~ (0.5,0.871) {0,0.9510.311) 3| — | —| — | 3138|318
14| (0.71,0.25-0.660) | (0.71,0.59-0.391) (0.5,0.871) — (0.5,0.871) T4 | 471 | — | — | — | 318
15 (0.31,0.57-0.761) | (0.86,0.4810.161) | (0,-0.95-0.311) (0.5,-0.871) ~ 5470 | — | — | — | —

Once the flat geometry data éa,b and }a’b are constructed, we are ready to obtain the real
critical points & = (jn, Ja, Za,p) by solving the critical point equations Eq.(3.1) and (3.2). Here
Jn = Ja5 = Jo.8 = Ji1,12 = D is the same as the area of h.

A.2 The real critical point

The solution of the critical point equations relates to the Lorentzian Regge geometry, as described
in [13, 14]. g, relates to the Lorentzian transformation acting on each tetrahedron and gluing them
together to form the Ag triangulation. The general form of g, can be expressed by:

—

g

),

. (A.11)

ga = €xp <9rcf,aﬁrcf,a .
where 6yer, o is the dihedral angle which is defined in Eq. (A.6), ¢ are the Pauli matrices, and
ref = 5,6, 12 are the reference tetrahedra, whose 4-d normals equal £¢. The data for 3-d normals
Tivet, o can be found in Mathematica notebook [30]. On Aj triangulation, we fix g, to be constant
SL(2, C) matrices for a = 1,10,15 3, and the group elements g, for the bulk tetrahedra a =5, 8,12
are fixed to be the upper triangular matrix.

By Eq.(A.11) and the gauge fixing for gye, 2,5, we obtain the numerical results of the real
critical points (5}1, Gas Zq,b) corresponding to the flat geometry and all s, = +1. j, = 5 as the area
of the internal triangle. The numerical data of g, Z4» are shown in Table 4, 5 and 6.

3The choice of a = 1,10, 15 for the SL(2,C) gauge fixing is different from the ref = 5,6, 12, because we would like
to apply the SL(2,C) and SU(2) gauge fixings to different sets of gq’s.
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Table 4. The real critical point ga, Za, for the 1st 4-simplex with points 12345.

a 1 2 3 120,6)\b -

- - - : - 7 8 9 10
p 087 —0.06+ 0.0 T16  —0.06 + 0.007 102 —0.06-0.17) || a
9o ] \-0.06-0.09i 116 —0.06-0.09i 087 ~0.06+017i  1.02 6 (1-0.13 - 0.267) (8] (1,042 | 0.22) | (1033 = 0.941)
a 1 5 7 < (1191 + 1.26) | (-0.1-0.43) | (1-0.08-0.12)
p 103 0 10 8 < ~ (1003 + 10) | (1,022-3.72)
0.36 0.97 01 9 < < < (1-0.13 © 0.741)

Table 5. The real critical point ga, Zq,p for the 2nd 4-simplex with points 12456.
a [§ 7 B 2a.6) \b

<1 0) ( 082 0.09 - 0.131') <0.97 034) a 7 8 o 10

Ja 01 0.09+0.13i  1.26 0 1.03 6 (1,-0.18 - 0.261) (1,1) (1,042 + 0.22i) | (1,-0.33 + 0.94i)
a 9 10 7 ~ (1,-1.94 + 1.261) | (-0.1-0.431) | (1,-0.08 - 0.12)
P ( .04 0.09 + 0.251') ( 126 0.00 — 0,13i) 8 ~ ~ (1,0.03 + 1.i) (1,0.22 - 3.72i)
I 18009 -025 104 0.09+0.13i  0.82 9 ~ < ~ (1,-0.13 1 0.741)

Table 6. The real critical point ga, Za, for the 3rd 4-simplex with points 13456.

_ ENY . .
a 11 2 13 1 12 13 14 15

; 101 —0.02 0.97 —0.36 102500017 —0.19+0.0037) |- _ ___
Ya 036 0.97 0 103 019~ 0.003i 1.01 — 0.001 1 ~ @D | (101 + 3730 ~ ~
=

- 7 5 12 ~ (L1411 0.310) | (1,0.92-0.4) | (1,0.68 | 0.15)

T.012 — 0.0017 —0.19 — 0.0067 T.01 7 0.0017 —0.19 1 0.0037 13 ~ [~ ~ (1,068 + 1520) | (1,535 + 0.08)

9o | \ =0.19+0.006i 1.02 +0.001i —0.19 — 0.003i 1.02 — 0.001i 14 (1,064 +0.771) | ~ ~ ~ (1,0.67 - 1.5
15 (1,1.92 - 1.161) ~ ~ ~ ~

All the boundary data r = (}a,b, foayb) and the data of the real critical point (}h,fya, Zqp) can be
found in the Mathematica notebook in [30].

We focus on the Regge-like boundary data r = {ji,&e}. The Regge-like boundary data
determines the geometries of boundary tetrahedra that are glued with the shape-matching and
orientation-matching conditions [16] to form the boundary Regge geometry on dAj. Then the
resulting boundary segment-lengths uniquely determine the 4d Regge geometry g(r) on Ag. The
above 17 = (jo'a,b,émb) is an example of the Regge-like boundary data, which determine the flat
geometry g(r) on As. Generic Regge-like boundary conditions r determines the curved geometries

g(r).

A.3 Parametrization of variables

Given the Regge-like boundary condition r, we find the pseudo-critical point (j,g,gg,zgyb) inside
the integration domain, where (j3, g0,z ,) only satisfies Re(S) = 9,,.5 = 9,,,S = 0 but does not
necessarily satisfy ;, S = 4miky. The pseudo-critical point (3, g9, 2] ;) is the critical point of the
spinfoam amplitude with fixed jp, jp [14], and endows the Regge geometry g(r) and all s, = +1 to
Ajz. It reduces to the real critical point (;hja,ia,b) when r = 7. (j,ol,gg,zgvb) is close to (]o'hja, Zab)
in the integration domain when r is close to # (by the natural metrics on the integration domain
and the space of r). The data of the pseudo-critical points are given in [30].

We consider a neighborhood enclose both (57, g2, zg’b) and (}h,ﬁm Zq). We use the following
real parametrizations of the integration variables, according to the gauge-fixing in A.2,

e Asa=1,10,15, g, = ¢°.

e Asa=5,8,12, g, is gauge-fixed to be an upper triangular matrix (¢° is upper triangular):
Ty Thtivs
= (1T ), (A.12)
0 Ha

here, pi, is determined by det(g,) = 1.
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e Asa=2,3,4,6,7,9,11,13,14, g, is parameterized as:

1 4 Zativa zativg
0

Go =90 | p0E V2 (A.13)
a\/i “ Ha

e The spinors are parametrized by two real parameters:
Zab = (1, ag,b + Tap + iya,b)~ (A14)

(U 0
where o, ;, is the second component of z ab

e For the internal spin j,, we parametrize it by one real parameter
gn=jn+i, JER (A.15)

1,2

x € R are denoted by these 124 real variables j, 123, y1-23 and 2, 1,94 . The parametrizations

define the coordinate chart covering the neighborhood enclosing both zy = (jg, a9, z27b) and £ =
(5';“ Ja,Zq,b). This neighborhood is large since the parametrizations are valid generically. The
pseudo-critical point is zg = (0,0, ...,0), which contains 124 zero components. The spinfoam action
can be expressed as S(r,z). The integrals in (2.10) (for £ = A3) can be expressed as

/ AN p(x) 5 (A.16)

where N = 124. Both S(r,z) and u(x) is analytic in the neighborhood of &. We only focus on the
integral kp, = 0 in (2.10), since other kj, # 0 integrals has no real critical point by the boundary
data 7. S(r,x) can be analytic continue to a holomorphic function S(r,z), z € CV in a complex
neighborhood of #. Here the analytic continuation is obtained by simply extending € RY to
z € CN. The formal discussion of the analytic continuation of the spinfoam action is given in [42].

A.4 Geometrical variations

To obtain the curved geometries, we fix the geometries of the 4-simplices 12345 and 13456, but
change the geometry of 4-simplex 12356 by varying the length of log (the length of the line segment
connecting point 2 and 6) from 5.44 4+ 9.2 x 10717 to 5.44 + 9.2 x 107°. For each given lo6, we repeat
the steps in A.1 and A.2 to reconstruct the geometry and compute all the geometric quantities, such
as the triangle areas, the 4-d normals of tetrahedra, the 3-d normals of triangles, &, 5, the deficit
angle, etc. Part of the data for the fluctuation dlog = log — 1026 and the corresponding deficit angle §j,
are shown in Table 7. These new geometries g(r) are curved geometries because of non-zero deficit
angles.

Table 7. Each cell of the table is the value of internal deficit angle §, with fluctuation dlzs = log — l26-
[0l [9.2x 1077 [83x10° " [ 7.3x 10" ™[ 64x1071 [ 46x10"T [83x107 0] 73x107° [ 46x107° [92x10°°[92x107" |
[ 0n [ 20x107T0 [ 1.8 x 107 | 1.6 x 10° [ 140 x 10~ | 1.00 x 10" [ 1.81 x 107 | 1.61 x 10=® [ 1.00 x 10—° | 2. x10~® | 0.0002 |

A.5 Numerical solving complex critical points and error estimate

The absolute error € in the case of v = 0.1, n = 4 for some deficit angles are shown in Table 8. The
absolute errors are small and have the scales as € ~ 1.31(52 at n =4.
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Table 8. Deficit angles J;, and corresponding absolute errors
[n] 2x10° 56 T1.8x10° ™ [1.6x10 ¥ [14x10 2 [1.0x10° P [ 1.8x10° [ 1.6x10°° [ 1.6x10° [ 2x107° [ 0.0002 |
[e [43x107™ [25x10° % [1.4x10 5 [ 71x10°% [ 13x 10" [25x 107 [14x 1075 [ 1.4 x10 2 [ 42x 102 [42x 10" |

A.6 Flipping orientations and numerical results

Given the boundary data r, Table 9 lists ¢;’s at different orientations.

Table 9.
s | +++|--——|++--| -+ |+ | —"++ | —"+—| +—+
5,‘3 0 0 0.043 | —0.043 0.72 —0.72 | —0.68 0.68

As in A.4, we deform the boundary data r = 7 + dr to obtain curved geometries. Both real
critical points with all s, = 4+ and all s, = — move smoothly away from the real plane and become
complex critical points. We numerically compute the other complex critical point Z’(r) with all
Sy = — by the same procedure as in A.1-A.5. We compute

0L(r) = 8(r, Z(r)) — iZg[g(r)], 0I'(r) =S(r,Z'(r)) +iZr[g(r)] (A.17)

for the sequences of r of curved geometries. 6Z and dZ’ associate to two continuous orientations
Sy = + and s, = — respectively. Part of the results are shown in Table 10 at v = 0.1.

Table 10. §Z(r) and 6Z'(r) at different deficit angles |4;"].

16,7 2.x 1077 1.4 x 107" 1x10° 1 1.61 x 10~ 2x 1077
0T | 636 x10 °F —334x 10 > | 312x10 ® —1.63x10 74 | —159x10 ** —834x 10 %% | 407 x10 ® —213x 10 % | 630 x 10 2 —332x 10 %4
07 | =636 x 10 *T4+334x 10> [ =3.12x 10 ® +1.63 x 10 i | —1.59 x 10 *T+8.34 x 10~ "% [ —4.07x 10 ™ +2.13 x 10 "% | —=6.30 x 10" +3.32x 10 'Ti

The best-fit functions are

SI(r) = az(6;)? + as(6;7)% + aa(s;)* + O((57)7), (A.18)
0T'(r) = a3(3;,)* — a3(8;,)* + a3(8;,)" + O((6;,)°), (A.19)
where 625 = (Sljfii. a} is the complex conjugate of a;. The best fit coeflicient a; and the corresponding

fitting errors are

Ay = _0'00016i10_17 — 0.00083i10—16i,
—0.00711q0-15 — 0.0114 10124,
—0.059.19-5 + 0.0704 1o (A.20)

as

Q4

Fig 2(a) demonstrates the excellent agreement between the numerical data and the fitted polynomial
function at v = 0.1 and A = 10'".

Then, the asymptotic amplitude is obtained

1 60 , ) ,
A(Ag) — ()\) |:€/K“+61AIR[g(T)]+AEI(r) + c/VT—e—z)\IR[g(r)]+)\5I (r) [1 + O(l/)\)] ) (AQI)

Aty = 0.1,5f ~ 42 x 1074, we have A" /A4~ ~ 0.001 + 0.005i, Zr ~ —0.227,
6T ~ —6.30 x 10712 — 3.32 x 1071 and 67~ ~ —6.30 x 10712 4 3.32 x 10714
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B 1-5 Pachner move and A(o1.5)

B.1 Flat geometry, boundary data, and real critial point

The triangulation o1.5 of the 1-5 pachner move is made by five 4-simplices. o1_5 is obtained by
adding an point 6 inside a 4-simplex and connecting point 6 to the other 5 points of the 4-simplex
by 5 line segments (1,6),(2,6),---,(5,6). The dual cable diagram of oy_5 is in Fig.4(b) * (see also
[39]). o1.5 consists of 10 boundary triangles b (dual to black strands in Fig. 4(b)) and 10 internal
triangles h (dual to colored loops in Fig. 4(b)). Here, we set the coordinates of Py, P, P3, Py, P5 the
same as Eq.(A.1). The coordinate of the point 6 is

Ps = (—0.068,—0.27, —0.50, —1.30) , (B.1)

Py, -+, Ps determines a flat Regge geometry on o1.5. We obtain five Lorentzian 4-simplices,
5123467 812356, 512456, 513456, 523456 with all tetrahedra and triangles space—like. The lengths of the
internal line segments are l1g = 2.01, log =~ 6.66, I3 ~ 4.72, l46 =~ 0.54, l56 =~ 6.19. The 4-d normals
are determined by Eq.(A.2). For convenience, we choose (N,), with a = 2,6,13,18,23 to be
(—1,0,0,0) as reference for each 4-simplex. Hence, the 4-d normals (N,), in each 4-simplex are
given by:

e The first 4-simplex 12346:

Ny = (1.02,-0.06,0.17,0), Na = (—1,0,0,0), N3 = (—1.15,0.07,—0.53,0.19),
Ny = (1.50,0.98,—0.54,0), N5 = (—1.04,0.06,—0.28, —0.06).

The second 4-simplex 12356:
Ng = (-1,0,0,0), N;=(1.02,-0.06,0.17,0), Ng = (1.00,—0.03,—0.04,0.07),
Ny = (1.03,0.26,0,0), Ni9 = (1.00,—-0.02,—-0.02,—0.04).
e The third 4-simplex 12456:

Np1 = (1.0,-0.091,-0.13,0.22), Nyo = (1.3,—0.11,0.79, —0.28), Ny3 = (—1,0,0,0),
Niy = (1.1,0.50,0.077, —0.13), Ni5 = (—1.5,0.14,0.19, —1.1).

e The fourth 4-simplex 13456:
Nig = (1.0,0.10,0,0), Ny7 = (—1.2,—0.57,0.30,0), N5 = (—1,0,0,0),
Nig = (—=1.0,—0.19, —0.029,0.049), Nao = (—1.0, —0.14, —0.012, —0.020).
e The fifth 4-simplex 23456:
Nap = (1.0, —0.11, —0.15, —0.26), Nap = (1.1, —0.11,0.49,0.10), Noz = (—1,0,0,0),
Noy = (1.6,—0.16,—0.22,1.3), Nas = (1.1,0.42,0.037,0.064).
4For convenience, the indexes of group variables in FIG. 4(b) area = 1,2, -, 25, the corresponding tetrahedra e are

labeled by the numbers in FIG.1(b) in the letter. The correspondence are: g1 — €1,2,3,4, g2 — €1,2,3,6, 93 — €1,2,4,6,
g4 — €1,3,4,6, g5 — €2,3,4,6, 96 — €1,2,3,5, g7 —» €1,2,3,6, g8 —> €1,2,5,6, 99 — €1,3,5,6, J10 — €2,3,5.6, g11 —~ €1,2,4,5,
gi12 — €1,24.6, 913 — €1,2,5,6, 914 — €1,4,5,6, gis5 — €2.4,56, gi6 — €1,3,4,5, 917 — €1,3,4,6, g18 — €1,3,5,6,
g19 — €1,4,5,6, §20 —> €3,4,5,6, 921 —7 €2,3,4,5, §22 — €2.3.4,6, §23 — €2,3.5,6, g24 — €2,45.6, g25 —» €3,4,5.6-
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Then we compute all dihedral angles 6, in each 4-simplex. We check that all deficit angles
Op, h =1,2,--- 10 hinged by 10 internal triangles vanish,

0=06, =
0=16; =
0=26; =
0 =107 = 603,10+ 62
0=269 = 09,10 + 62

~
~

3,24 + 015,13

~
~

3,25 + 620,18

025 + 012,15 + 0.7 &~ —0.54 + 0.77 — 0.23,
03,4 + 017,19 + 014,12 =~ 1.37 — 0.47 — 0.90,
02,5 4+ 022,23 + 010,7 =~ —0.29 4+ 0.49 — 0.2,
—0.12 4+ 1.07 — 0.95,
~0.28 + 0.42 — 0.14,

0=35 =024 + 01715 + 0.7 ~ 0.965 — 0.604 — 0.361,
0=04 =089+ 018,19 + 014,13 =~ —0.3 —0.24 0.5,
0 =066 = 03,5 + 022,24 + 01512 = —0.3 — 1.2 + 1.5,
0 =08 = 04,5 + 022,95 + 02017 ~ 1.18 — 0.69 — 0.49,
0= 610 = 01415 + 024,25 + 020,10 ~ 1.26 — 1.17 — 0.09.

We adapt the similar steps as in Az with Eq.(A.8), (A.9) and (A.10) to compute the normalized
spinors £, ;. We compute areas j, in each 4-simplex:

Eap \P ) _ —
- 1 2 3 4 5 Jab N
i — (0.71,-0.241 0.671) (0.86,0.01-0.511) (0.71,0.57-0.431) (0.51,0.02-0.861) T S 3 B B R
2 (0.61-0.26 1 0.7 ~ (0511 0.021,-0.13 1 0.851) | (0.66-0.041,-0.640.401) | (0.7110.01i,-0.16 1 0.681) oot %
3 | (0.97-0.031-0.03-0.251) (032.-0.14-0.94) — (0.42:0.01,-0.49 1 0.761) | (-0.99-0.021,-0.035-0.111) i R B
T | (0.56-0.021,0.67-0.49i) | (0.82-0.051,-0.51+0.241) | (0.800.01i,-0.440.401) ~ (0.54-0.02i,0.65-0.531) NN L
5 [ (0.69-0.051,-0.01-0.72i) (0.61-0.19 1 0.771) (0.99-0.021,0.05-0.15)) | (0.8170.093,0.45-0.331) — :
‘(l b b Ja b
Lu 6 7 8 9 10 Job 7 |s| 9|10
a a
6 ~ (0.71,-0.24 = 0.67) (0.30,0.551 0.781) (0.71,-0.71) (0.95,0.17+0.251) 6 |~| —|5|5 |5
7 | (0.64,0.2610.72) — {0.5110.011,-0.13+0.851) | (0.66-0.041,-0.64+0.401) | (0.71+0.01,-0.1610.681) 75 — |~ — | —
8 | (0.33,055-0.771) | (0.59+0.021,-0.120.80) ~ (0.62-0.02,0.77 1 0.11) (0.14,0.57 1 0.811) 3 |~| 17 |—| 1.6 |32
9 (0.79.-0.61) (0.78-0.041,-0.53-0.321) | (0.51-0.013,0.85+0.121) ~ (0.75,0.66-0.061) 9 |~] 096 |—| — | 2.7
10 | (0.96,0.1710.24) (0.78.-0.1510.611) (0.12,0571 0.811) (0.65,-0.76-0.071) — 0 || 28 |—| — | —
I\ Ja,b \D
bab 1 12 13 14 15 PN | 2 |13 1| s
3 a
1 < (0.87-0.01-0.499) (030,055 0.781) (049,082 0.311) (0.015,0.58 1 0.82)) T[] < [ <] 2] 2
12 | (0.97-0.031,0.03-0.251) — (032-0.1410.946) | (0.42:0.013,-0.43 0.76)) | (0.09-0.02i,-0.036:0106) || 12 | 2 | — [ 17 ] — | —
13 (0330551 0.77) | (0.5070.021,0.12 0.80) — (0.62-0.021,0.77 - 0.111) (0.14,0.57 1 0.813) B 5 | — |~ — | —
T4 | (0.30-0.025,0.91+0.30) | (0.75-0.145,-0.38+0.521) | (0.4170.01%,0.00 7 0.151) = (0.09-0.0241,0.9470.321) 4 |~ ]029]1.6] — |06s
B (0.14,0.57-0.81) (0.94-0.01,-0.08-0.341) (0.21,0.56+0.80) (0.32-0.051,0.86  0.309) — 5 2] — | —]068] —
ab \P Ja,b \P
St 16 17 18 19 20 7N 16| 17 | 18 | 19 |20
a a
16 — (0.71,0.59-0.391) (0.71-0.71) (0.51,0.82-0.271) (0.51,-0.82-0.27) 6 [~ — | — [ <2
17 | (0.56-0.02,0.67-0.481) ~ (0.8210.061,-0.5110.231) | (0.8010.021,-0.450.400) | (0.54-0.013,0.66-0.52) || 17 | 2 | ~ | 0.96 | 0.20 | —
13 (0.79.-0.61) i ~ (0.51-0.013,0.85+ 0.121) (0.75,-0.66-0.06) B 5] <] — 16—
19 | (0.30-0.021,0.91+0.300) } (0.41-0.011,0.90+ 0.157) — (0.1-0.031,0951032) || 10 |2 | — | — | — | —
20 | (0.46-0.021,0.85-0.27) | (0.73-0.021,0.53-0.430) (0.61,-0.79-0.061) (0.3710.09,0.88 | 0.300) ~ 20 [~ ] 076 ] 27 | 068 | —
€00 ; —
. o b
- 21 22 23 2 2% TN T T oo Tos | on | a5
21 ~ (0.49,0.02-.0.871) (0.95,0.1710.251) (0.015,-0.58-0.82) (0.49,-0.82-0.311) R g oy 1 oo e
22| (0.69-0.051,-0.01-0.721) ~ (061,-0.1870.77) | (0.99-0.025,-0.05-0.150) | (08T-0.09,0.48-0.880) |—e——=———t———=> ==
23 (0.96,0.17+0.24) (0.78,-0.15+-0.611) ~ (0.12,0.5710.811) (0.65,-0.76-0.071) T ——17%
24 (0.141,0.57-0.81i) | (0.94-0.013,-0.08-0.341) | (0.21,0.56+0.801) ~ (0320051086 10307 | —pe——5—+—t—t+——1——
25 | (0.46-0.02i,0.84-0.271) | (0.73-0.02i,0.53-0.431) | (0.61,-0.79-0.061) | (0.37+0.025,0.88-0.301) ~

The boundary data 7 = {jj, éeb} are given in the above tables. The real critical point (j4, Ja, Zab)
corresponding to the above flat Regge geometry is obtained by solving critical point equations Egs.
(3.1) and (3.2). To remove the gauge freedom, We choose ¢,, a = 1,6, 11,16, 21, to be identity and
Ja, @ = 2,3,8,9,14,15,17,20, 22, 23, to be upper triangular matrix. In each 4-simplex, we choose
a=1,6,11,16,21 as the references and use Eq.(A.11) to obtain critical points g,. The resulting g,
and %, are given below. The critical point in 1.5 endows the continuous orientation s, = —1 to all
4-simplices.

a T 2 3 [Za,) \b R 3 4 -

. ( 1.02 —0.06 — 0.177') (0.99 —0.06 — o.m) (osa —0.12— o.ou) a ) ] ’

Ja 1 \ 006+ 0.17i 1.02 0 1.01 0 1.20 1 (1,033 + 0.941) | (1,0.08-0.691) (0.68-0.731) | (1,0.18- 1.431)

a 1 5 2 ~ (1,-0.14 + 1.50 1) | (1,-0.93 1 0.370) | (1,-0.16 + 0.77i)
0.99 055+ 0.20 0.94 —0.12 — 0.45i 3 NG < (1,-0.93 + 0.481) | (1,0.078 - 0.58 1)

Ja 0.25 1.14 + 0.074i 0 1.02 1 < < < (1,0.64 - 0.881)
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B.2 Geometrical variations

a 6 7 5 N 6 7 8 9 10
10 0.99 —0.06 —0.177\ | (1.03 —0.03 + 0.0457\ |- S— -
Ga (0 1) ( o Lol ) ( 0 0.96 ) 6 ~ = (1,182 + 2.57) () {0.18 1 0.261)
a 9 10 7 (1,-0.33 + 0.941) ~ ~ ~ ~
7098 035\ | 7008 0,025 0.057 8 = (1,-0.14+ 1.500) = (1,136 + 0.271) | (1,460 + 6.500)
Ja ( 0 1.02) ( 0 1.02 ) 9 ~ (1,-0.93 + 0.37) ~ ~ (1-1.11 - 0.0721)
10 ~ (1,-0.16 + 0.771) ~ ~ ~
a T B 13 N 1 12 13 14 15
) 108 —0.031 004 077 —0.080.6% 096 0 |2 S -
Ga <—(],03—U.U4i, 0.93 ) <U4l)2+[).04i 1,3241)2/) (0.03+0,u41 11)4) 1 ~ ~ ~ _ [(@L77 - 080) [ (196 + 13.58)
- - = 12| (1,003 - 0.62) = (1-023 1 131) = =
- 0.85 0.45 — 0117 152 ~0.147 0.2 13 | (1,182 | 2.57) ~ ~ ~ ~
da ( o e ) ( P ) 0] = (1081 1 033 | (L1211 0.16) = (1502 1 2.0
i = (1,0.027 - 0.53) | (1,615 1 9.173) = =
a 16 7 8 N 16 17 18 19 20
) 100 —0.07 0.96 0.27 + 0.281 102 0 a i
Ja (4).07 1.00 ) ( 0 L.04 ) (—().26 [).98) 16 S ~ >~ ~ [ (17 0.68)
- 5 50 17 | (1,0.87 - 0.481) — (1-0.82 + 0.581) | (1-0.76 + 0.751) ~
[/ 0.96+0.01i 0.19— 0067\ | (101 —0.12—0.017 18 (D ~ ~ (1121 + 0.14) ~
Ya (—().26— 038 0.99 ) ( 0 0.99 ) 19 [ (1151 +042) ~ ~ ~ ~
20 = (1,085 - 059) | (1,1.20 - 0.131) | (1,2.64 + 0.651) =
a 21 22 23 [Za,0)\P . o , o5
i ( 087 —0.06+ 0.086z‘> (0.97 013 U.45L> (0,93 ~0.016 1 0.0231) a 2 # 2 »
9o | \—0.06—0.085i  1.16 0 1.03 0 1.02 22 | (1,0.18- 1431) | (1.-0.15 + 0.78) | (1,0.078 - 0.581) | (1,0.64 - 0.88))
a 21 % 23 [ (1,0.18 1 0.261) ~ (1,46 + 6.5 | (1L11-0.072)
i ( 1.64 —0.17 + 0.241) (1.04 —0.14 — 0.01;) 24 (1,5.72 + 8.081) ~ ~ (1,4.58 + 3.901)
9 | (“005-007 062 0.26 0.99 — 0.003i % (IL-141-030) = = <

Some data of the deformation dl,,6 = (8l16, dlag, 0136, dls6, dl56) and the corresponding deficit angles
0p, are shown in Tables 11 and 12,

Table 11. Deficit angles as dlme = (3.0 x 107°,3.7 x 107°%, -3.1 x 107%, —2.8 x 107°, —3.6 x 107°)

01 [

& | &

[ & ]

05 [ 06

[ o

g

)

610

]

[6Ix10°

2.6 x 1077 [ 1.1 x 10~

T]14x107T] 46

x 107

[ TAx 10

1.8x 1077

5

T3x10 " [1Ix10 7 [41x107° | 12x10 " |

Table 12. Deficit angles as dlme = (—3. x 1078,5.0 x 107%,3.4 x 1073,3.1 x 107%,4.0 x 10™%)

[ & | & [ & [ & [ 6 | &% [ 6 | & [ & d10 0 |
[15x1075[6.4x10°[28x10°[35x10 5 [1.1x10° [36x107 [45x10 7 [33x10° [28x10°[1.0x10° | 29x10°° |
. . _ 1 10 2
Here ¢ is the average of deficit angles 6 = \/ 15 24— .-

B.3 Complex critical points and numerical results

The absolute errors in the case v = 1,n = 3 for some averaged deficit angles are shown in the Table

1.2 x 107%

1.2 x 10~

5

2.1x10°°

6.5 x 10~7

1.3x 1078

1.2 x 10~ 10

x 10711

1.4 x 1012

4.0x 10710

2.1 x 10~

1 20x10"22

2.0 x 10727

2.3 x 10731

2.3 x 10739

1.
D.

5
0

x 1074

5.0 x 10=%7

Some numerical results of the difference dZ(r;) = S(ri, Z(r;)) — S(r1, %) at the complex critical
points are shown in the Table

[ ]

12x 1071

21x10°°

3.8 x 10~ [

6.5 x 10710

6.5 x 107! ‘

\
[0T [ -12x10" P +45x1071% [ 38 x 10 0+ 14 x 10" | -1.3x 1077 +47x 1077 [ —3.8 x 10~ + 1.4 x 10~ |

—3.8 x

107+ L4x10 7 |

The best-fit function is 0Z = —as ()62 + O(63), the best fit coefficient and the corresponding
fitting errors at v =1 is:

as = 8.88 x 10

—5

+10-12

- i0.033i10—10 .

— 20 —

(B.2)




We use FIG. 2(b) in the paper to demonstrate the excellent agreement between the numerical data
and the best-fit function.

The Jacobian J; in Eq. (6.6) reads:

lielaslaslaslse (174 + 136 — Ud6) (IT5 + 136 — [36)
16/, +2 (13 + 13) 132 — (136 — 136) 2
% {[(llﬁ - lgﬁ) (l26 - l36) l 3l ] Z%Q + (l2 - l2 ) [(l,j(} l26) l 13 + l25 (l lgﬁ)]}
Vs 236 +136) B — (13 — 136) 2\/—135 + 2 (136 + 36) 125 — (136 — 136) 2
1
X
Vol 2B + ) By — (s — 136) 2Vl + 2 (s + 136) 135 — (15 — 126)
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