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We apply Bayesian approach to construct a large number of minimally constrained equations of state (EoSs)
and study their correlations with a few selected properties of a neutron star (NS). Our set of minimal constraints
includes a few basic properties of saturated nuclear matter and low density pure neutron matter EoS which is
obtained from a precise next-to-next-to-next-to-leading order (NLO) calculation in chiral effective field theory.
The tidal deformability and radius of NS with mass 1 — 20 are found to be strongly correlated with the
pressure of 3-equilibrated matter at densities higher than the saturation density (po = 0.16 fm~2) in a nearly
model independent manner. These correlations are employed to parameterize the pressure for S-equilibrated
matter, around 2, as a function of neutron star mass and the corresponding tidal deformability. The maximum
mass of neutron star is also found to be strongly correlated with the pressure of S-equilibrated matter at densities

~ 4.5p0.

I. INTRODUCTION

Gravitational-wave astronomy promises unprecedented
constraints on the Equation of State of neutron star matter
through the detailed properties of gravitational waveform ob-
served during the merging of binary neutron stars (BNS). In
addition, X-ray observations from NICER instruments have
also provided a compelling constraint on the equation of
state independently. The tidal deformability parameters in-
ferred from these gravitational wave events encodes informa-
tion about the EoS. For the first time, BNS event (GW170817)
was observed by LIGO-Virgo detector from a low mass com-
pact binary neutron star merger with a total mass of the sys-
tem 2.744_'8:8‘11M@ [L, 2. Another gravitational wave event
likely originating from the coalescence of BNS, GW190425,
is observed [3] subsequently. These two events have already
triggered many theoretical investigations to constrain the EoS
of neutron star matter [3-H12]]. The upcoming runs of LIGO-
Virgo-KAGRA and the future detectors, e.g., Einstein Tele-
scope (ET) and Cosmic Explorer (CE), are expected to ob-
serve many more BNS signals emitted from coalescing neu-
tron stars. The mass and radius of NS, observed either in iso-
lation or in binaries, by the Neutron star Interior Composition
Explorer (NICER) [[13H15] have offered complementary con-
straints on the EoS. A sufficiently large number of such ob-
servations over a wide range of NS mass may be employed
to constrain several key quantities associated with the EoS
of SB-equilibrated matter which are not readily accessible in
the terrestrial laboratory. The behaviour of the EoS at supra-
saturation densities are generally studied using the observed
maximum neutron star mass, together with radius and tidal de-
formability corresponding to the neutron star with canonical
mass 1.4M, [16-18]. Recently in Ref. [19-24], efforts are
made to constrain the EoS of S-equilibrated matter which is
relevant to the studies of NS properties. The values of tidal de-
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formability of NS with mass 1 —2M0/, are found to be strongly
correlated with the EoS at twice the saturation density.

Statistical tools are quite helpful in providing a quantita-
tive interpretation of NS observables. A Bayesian approach
is often applied to analyze gravitational-wave signals, which
involves nearly fifteen parameters for binary compact object
mergers, to infer their source properties [25[]. It has been
also extended to investigate the properties of short gamma-
ray burst [26], neutron star [27-H29], the formation history of
binary compact objects [30-34] and to test general relativity
[35H38]). Of late, Bayesian approach has become a useful sta-
tistical tool for parameter estimation in the field of nuclear
physics and nuclear-astrophysics [39]. It allows one to ob-
tain joint posterior distributions of the model parameters and
the correlations among them for a given set of data. Vari-
ous constraints on the parameters known a prior: are incor-
porated through their prior distributions. The Bayesian tech-
niques have also been employed to constrain symmetry energy
[40], masses and radii of NS [41] using the bounds on the EoS
obtained from chiral effective field theory. The Bayesian tech-
niques have been extensively applied to constrain the EoS for
symmetric nuclear matter, S-equilibrated matter (BEM) and
density dependence of symmetry energy coefficient using var-
ious finite nuclei and NS properties [42-53]].

We use Bayesian approach to construct large sets of EoSs
which correspond to the Taylor and % expansions[33]. The
expansion coefficients in the former case are the individual
nuclear matter parameters (NMPs), whereas in the latter case
it is their linear combinations. The EoSs are consistent with
a set of minimal constraints that includes a few low-order nu-
clear matter parameters at the saturation density and EoS for
the pure neutron matter (PNM) at low densities obtained from
a precise next-to-next-to-next-to-leading order (N>LO) calcu-
lation in chiral effective field theory. The marginalized poste-
rior distributions of NMPs and the various NS properties ob-
tained from set of minimal constraints are found to be within
reasonable bounds. The correlations of various NS properties,
such as tidal deformability, radius and maximum mass, with
key EoS parameters are studied. These correlations are inves-
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tigated for a wide range of NS mass and density for the EoS.

The paper is organized as follows, the Taylor and % expan-
sions for the EoS of neutron star matter and the Bayesian ap-
proach are briefly outlined in Sec. [[I} The results for the poste-
rior distributions of nuclear matter parameters and associated
NS properties together with their correlations with some key
quantities associated with EoS are presented in Sec. The
main outcomes of the present investigation are summarized in
the Sec. [Vl

II. METHODOLOGY

The energy per nucleon for neutron star matter F(p, d) at a
given total nucleon density p and asymmetry ¢ can be decom-
posed into the energy per nucleon for the symmetric nuclear
matter, E(p,0) and the density-dependent symmetry energy,
Eqsym(p) in the parabolic approximation as,

E(p,6) = E(p,0) + Esym(p)0* + ..., (1)

where, § = (%) with p,, and p, being the neutron and

proton densities, respectively. The value of § at a given p is
determined by the condition of S-equilibrium and the charge
neutrality. Once ¢ is known, the fraction of neutron, proton,
electron, muon can be easily evaluated. In the following, we
expand E(p,0) and Egym(p) appearing in Eq. (1) using Tay-
lor and 3 expansions. The coefficients of expansion in case of
the Taylor correspond to the individual nuclear matter param-
eters. In the latter case, they are expressed as linear combina-
tions of the nuclear matter parameters.

A. Taylor’s expansion

The E(p,0) and Egym,(p) can be expanded around the sat-
uration density pg as [54H38],

E(p,0) = Zjﬁg(p_””) , 2
bn — "
Euym(p) = Zm(p ”0) , 3

so that,
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where the coefficients a,, and b,, are the nuclear matter param-
eters. We truncate the sum in Eqgs. (2)) and (3) at 4th order, i.e.,
n = 0 - 4. Therefore, the coefficients a,, and b,, correspond
to,

ap = 50707K0aQ0a207 (5)
JO; LO> Ksym,O> stm,Oa Zsym,[)' (6)

o
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In Eqs. (3) and (6), <o is the binding energy per nucleon,
K the incompressibility coefficient, Jy the symmetry energy
coefficient, it’s slope parameter Lo, Kgym o the symmetry en-
ergy curvature parameter, Qo (Qsym,0) and Zo(Zsym o) are re-
lated to third and fourth order density derivatives of E(p,0)
( Esym(p)), respectively. The subscript zero indicates that all
the nuclear matter parametrs are calculated at the saturation
density.

It may be noticed from Eq. (@) that the coefficients a,, and
b,, may display some correlations among themselves provided
the asymmetry parameter depends weakly on the density. Fur-
ther, the Eq. may converge slowly at high densities, i.e.,
p > 4po. This situation is encountered for the heavier neutron
stars. The neutron stars with a mass around 2M,), typically
have central densities ~ 4 — 6py.

B. 2 expansion

Alternative expansion of F(p,d) can be obtained by ex-
panding E(p, 0) and Eqym(p) as [59,160],
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We refer this as the 5 expansion. It is now evident from Egs.
and (8) that the coefficients of expansion are no-longer the
individual nuclear matter parameters unlike in case of Taylor’s
expansion. The values of the nuclear matter parameters can be
expressed in terms of the expansion coefficients a’ and b’ as,

€0 1 11 1 1\ /d
0 2 34 5 6||[d
Kol =-20 4 10 18]|]a,]|, 10)
Qo 8 0 —8 —10 0 | | dj
Zo 56 0 40 40 0/ \d,
Jo 11 1 1 A
Lo 2 34 5 6 |
Kamo| = | =2 0 4 10 18| [0, ]|. (D)
Qsym.0 8 0 -8 —10 0 L
Zsym.0 —56 0 40 40 0 A

The relations between the expansion coefficients and the nu-
clear matter parameters are governed by the nature of func-
tional form for E(p,0) and Egym(p). The off-diagonal ele-
ments in the above matrices would vanish for the Taylor’s ex-
pansion of E(p,0) and Esym(p) as given by Egs. (2) and (3),
respectively. Therefore, each of the expansion coefficients are
simply the individual nuclear matter parameters given by Eqs.
(3) and (). Inverting the matrices in Eqs. (I0) and (TI) we



have,
1
ay = 57 (36020 +20K0 + Zo),
1
ay = 57 (796080 — 56K — 4Q0 — 42),
ay = ﬂ(IOSOeo + 60Ko + 12Q0 + 62),
1
ag = ﬂ(_57650 — 32K0 — 12@0 — 4Z0),
1
(121 = ﬁ(120€0 + SK() + 4Q() + ZO)7 (12)
1
bo = 5;(360J0 = 120Lo + 20Ksym,0 + Zsym,0),
1
b, = ﬁ(—QGOJO +328L¢ — 56 Ksym,0 — 4Qsym,0
_4Zsym,())v
by = ﬁ(1080Jg —360Lg + 60Ksym,0 + 12Qsym,0
+6Zsym,0)7
1
by = ﬁ(—576JO +192L¢ — 32Ksym,0 — 12Qsym,0
_4Zsym,0)v
1
bil = ﬂ(lQOJ@ — 4OL0 + 8Ksym,0 + 4stm,O
+Zsym,0)- (13)

Each of the coefficients o’ and b’ are the linear combinations
of nuclear matter parameters in such a way that the lower-
order parameters may contribute dominantly at low densi-
ties. The effects of higher-order parameters become promi-
nent with the increase in density.

C. Bayesian estimation of nuclear matter parameters

A Bayesian approach enables one to carry out detailed sta-
tistical analysis of the parameters of a model for a given set
of fit data. It yields joint posterior distributions of model pa-
rameters which can be used to study not only the distributions
of given parameters but also to examine correlations among
model parameters. One can also incorporate prior knowl-
edge of the model parameters and various constraints on them
through the prior distributions. This approach is mainly based
on the Bayes theorem which states that [61]],

L(D|0)P(8)

P(oID) = =,

(14)

where 0 and D denote the set of model parameters and the fit
data. The P(6|D) is the joint posterior distribution of the pa-
rameters, £(D|0) is the likelihood function, P(8) is the prior
for the model parameters and Z is the evidence. The posterior
distribution of a given parameter can be obtained by marginal-
izing P(0|D) over remaining parameters. The marginalized

posterior distribution for a parameter 6; can be obtained as,
P(6;]D) :/P(G\D)Hd@k. (15)
ki
We use Gaussian likelihood function defined as,
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Here the index j runs over all the data, d; and m; are the data
and corresponding model values, respectively. The o; are the
adopted uncertainties. The evidence Z in Eq. is obtained
by complete marginalization of the likelihood function. It is
relevant when employed to compare different models. How-
ever in the present work Z is not very relevant. To populate
the posterior distribution of Eq. (I4), we implement a nested
sampling algorithm by invoking the Pymultinest nested sam-
pling [62] in the Bayesian Inference Library [25].

III. RESULTS AND DISCUSSIONS

We obtained the EoSs for S-equilibrated matter (BEM) us-
ing Taylor and % expansions as discussed in previous section
Eqgs. and (9). The coefficients of the Taylor expansion
are the individual nuclear matter parameters, whereas, they
correspond to linear combinations of nuclear matter param-
eters for the ¢ expansion. We have constructed marginal-
ized posterior distributions for the nuclear matter parameters
by applying a Bayesian approach to both the expansions con-
sidered. The nuclear matter parameters or the corresponding
EoSs are consistent with a set of minimal constraints that in-
cludes basic properties of saturated nuclear matter and low
density (p = 0.08 — 0.16fm~3) EoS for the pure neutron
matter from (N3LO) calculation in chiral effective field the-
ory [63]. These large number of EoSs are employed to eval-
uate the properties of neutron star such as tidal deformabil-
ity, radius and maximum mass. The correlations of neutron
star properties with the pressure of 3-equilibrated matter at a
given density are studied. Most of these correlations are sen-
sitive to the choice of the neutron star mass and EoS at a given
density. Our results for the correlations of tidal deformability
with pressure for S-equilibrated matter are analogous to those
obtained using a diverse set of non-relativistic and relativis-
tic mean-field models (MFM) that re-emphasize their model
independence. Such model independent trends inspire us to
parameterize the pressure for [-equillibrated matter around
2p¢ in terms of neutron star mass and the corresponding tidal
deformability.

A. Priors, Likelihood and Filters

We apply Bayesian approach to obtain two large sets of
EoSs corresponding to the Taylor and % expansions. The
posterior distributions for the NMPs are obtained by subject-
ing the EoSs to a set of minimal constraints which include
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some basic properties of nuclear matter evaluated at the sat-
uration density pp and EoS for the pure neutron matter at
low density. The constraints on the nuclear matter parameters
are incorporated through the priors and those from the EoS
for the pure neutron matter through the likelihood function.
Not all the nuclear matter parameters are well constrained.
Only a very few low order nuclear matter parameters con-
strained within narrow bounds are the binding energy per nu-
cleoneg = —16.0+0.3 MeV , nuclear matter incompressibil-
ity coefficients Ky = 240 £ 50 MeV for the symmetric nu-
clear matter and symmetry energy coefficient Jy = 32.0 £ 5
MeV. The values of ¢ and Jy are very well constrained by
the binding energy of finite nuclei over a wide range of nu-
clear masses [[10,164H68]]. The value of K is constrained from
the experimental data on the centroid energy of isoscalar gi-
ant monopole resonance in a few heavy nuclei [69, [70]. The
values of Ly have been extracted from experimental data on
variety of phenomena in the finite nuclei as well as from neu-
tron star observations. The model independent estimates of L
is expected to be derived from the measurement of neutron-
skin thickness in asymmetric nuclei. Recent measurement of
neutron-skin thickness in 2°®Pb nucleus yields Lo = 106 437
MeV|[71]. However, this value of Ly has only marginal over-
lap at the lower side with those determined using experi-
mental data on iso-vector giant dipole resonances in several
nucleil[72] and recent neutron star observations|73]]. The re-
maining nuclear matter parameters, Qo, Zo, Ksym,0, @sym,0
and Zgy, o are constrained only poorly [24, [74-77]. The pri-
ors for the nuclear matter parameters employed in the present
work are listed in Table [l The prior distributions of eq, Ko
and Jy are assumed to be Gaussian with rather smaller width,

TABLE I: The prior distributions of the nuclear matter parame-
ters . The nuclear matter parameters considered are the binding en-
ergy per nucleon ( o), incompressibility coefficient (K(), symme-
try energy coefficient (Jo), it’s slope parameter (Lo), symmetry en-
ergy curvature parameter (Ksym,0) and Qo (Qsym,0) and Zo(Zsym,o0)
are related to third and fourth order density derivatives of E(p, 0) (
Eqym(p)), respectively. All the nuclear matter parameters are evalu-
ated at saturation density po = 0.16 fm 3. The parameters of Gaus-
sian distribution (G) are the mean (x) and standard deviation (o).

NMPs Pr-Dist n o
(in MeV)
€0 G -16 0.3
Ko G 240 50
Qo G -400 400
Zo G 1500 1500
Jo G 32 5
Lo G 50 50
Keym,0 G -100 200
Qsym,0 G 550 400
Zsym,0 G -2000 2000

whereas, the other higher order nuclear matter parameters cor-
respond to Gaussian distribution with very large width. We
have also repeated our calculations with uniform priors for
the higher order nuclear matter parameters and the result for
the median values are found to be practically unaltered and
uncertainties are modified marginally, upto 10%(not shown).
In what follows, we present only those results which are ob-
tained with priors as listed in Table[l]

We know that the direct application of the lattice QCD sim-
ulations are challenging to hadronic physics at finite density
due to sign problem in monte-carlo simulations. However, an-
alytical calculations in terms of the effective degrees of free-
dom at low energy (p < po) like chiral effective theory is
valid with negligible uncertainty. The precise next-to-next-
to-next-to-leading order (N3LO) calculation are usually fitted
to the nucleon—deuteron scattering cross section or few-body
observables, and even saturation properties of heavier nuclei
[78]]. The low density EoS for the pure neutron matter ob-
tained from a (N3LO) calculation in chiral effective field the-
ory [63] is employed as pseudo data to obtain a simple likeli-
hood function as given by Eq. (I6). The ds and the os in Eq.
are the pseudo data for the energy per neutron and the
corresponding uncertainties taken from Ref. [63]. This has
been employed in past many of the analyses as their pseudo
data [22} [79H82]. We have considered the values of energy
per neutron over the density range p = 0.08 - 0.16fm=3. At
the densities lower than 0.08fm~3, the neutron star matter is
expected to be clusterized.

We have filtered the nuclear matter parameters by demand-
ing that (i) pressure for the S-equilibrated matter should in-
crease monotonically with density (thermodynamic stability),
(ii) speed of sound must not exceed the speed of light (causal-
ity) and (iii) maximum mass of neutron star must exceeds
2M (observational constraint). The causality breaks down
at higher density mostly for the Taylor EoS. In such cases,
we use the stiffest EoS, P(e) = P, + (¢ — €,,), where, P,
and e, are the pressure and corresponding energy density at
which the causality breaks [83]].

B. Posterior distribution of nuclear matter parameters

To undertake the correlation systematics as proposed, we
need a large number of EoSs with diverse behaviour and cor-
responding neutron star properties. The posterior distributions
for the nuclear matter parameters for the Taylor and 5 expan-
sions are obtained by subjecting the EoS to a set of minimal
constraints as discussed above. The joint posterior distribu-
tion of the NMPs for a given model depends on the product
of the likelihood and the prior distribution of nuclear matter
parameters (Eq. (I4)). The posterior distribution of each in-
dividual parameter is obtained by marginalizing the joint pos-
terior distribution with the remaining model parameters. If
the marginalized posterior distribution of a nuclear matter pa-
rameter is localized more than the corresponding prior distri-
bution, then, the nuclear matter parameter is said to be well
constrained by the data used for model fitting.

The corner plots for the marginalized posterior distribu-
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FIG. 1: Corner plots for the nuclear matter parameters (in MeV) obtained for Taylor expansions for the EoS of asymmetric nuclear matter.
The one dimensional marginalized posterior distributions (salmon) and the prior distributions (green lines) are displayed along the diagonal
plots . The vertical lines indicate 68% confidence interval of nuclear matter parameters. The confidence ellipses for two-dimensional posterior
distributions are plotted with 1o, 20 and 30 confidence intervals along the off diagonal plots. The distributions of nuclear matter parameters
are obtained by subjecting them to minimal constraints (see text for details).
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tions for the nuclear matter parameters in one and two dimen-
sions obtained for Taylor and % expansions are displayed in
Figs[T]and 2] respectively. The differences between the one-
dimensional posterior distributions for the nuclear matter pa-
rameters and corresponding prior distributions reflect the role
of low density EoS for pure neutron matter in constraining the
nuclear matter parameters. The EoS for the pure neutron mat-
ter mainly constraints the values of Jg, Lo and Ky, 0 and to
some extend Qsym,0 and Zgym 0. The shapes and the orien-
tations of the confidence ellipses suggest that the correlations
among most of the NMPs are weak. Most Strong correla-
tions exist only between Qo — Zo, Lo — Jo and Lo — Kgym,0
for both the expansions with correlation coefficient r~ 0.8.
The Ko — Qo correlation is slightly better in case of % ex-
pansion (r~ -0.6) as compare to Taylor (r~ -0.18). The me-
dian values of the nuclear matter parameters and the corre-
sponding 68%(90%) confidence intervals obtained from the
marginalized posterior distributions are listed in Table [[l}see
Appendix A). We also provide the values for the nuclear mat-
ter parameters obtained without the PNM constraints. The low
density pure neutron matter mainly constraints those nuclear
matter parameters which are associated with the density de-
pendence of the symmetry energy. The median values of L
and Kgym 0, which determined the linear and quadratic den-
sity dependence of the symmetry energy, become smaller sug-
gesting softer symmetry energy at high density” with the in-
clusion of pure neutron matter constraints. Further, the uncer-
tainties on Lo reduced by more than 50%. The median value
of Qsym,0 remain more or less unaltered. From the recent
measurement of the neutron skin thickness for 2°Pb nucleus
(PREX-ID[71},84]], ARekin = 0.283 & 0.071 fm, the value of
L has been determined to be 106 =37 MeV [71] . This value
of Ly agrees with the ones obtained in the present work with
PNM constrain only within 90% confidence interval.

C. Properties of neutron stars

Once the EoS for the core and crust are known the values
of NS mass, radius and tidal deformability corresponding to
given central pressure can be obtained by solving Tolman-
Oppenheimer-Volkoff equations [85] 186]. The EoSs for core
region of neutron star, correspond to the S-equilibrated matter
over the density range 0.5 — 8pg, are obtained from the poste-
rior distributions of nuclear matter parameters for the Taylor
and % expansions. The core EoSs are matched to the crust
EoSs for obtaining the NS properties. The EoS for outer crust
is taken to be the one given by Baym-Pethick-Sutherland [87].
The inner crust that joins the inner edge of the outer crust and
the outer edge of the core is assumed to be polytropic [88]],
p(e) = ¢1 + c2”. Here, the parameters ¢; and ¢y are deter-
mined in such a way that the EoS for the inner crust matches
with the outer crust at one end (p = 10~* fm—2) and with the
core at the other end (0.5p¢ ). The polytropic index -y is taken
to be equal to 4/3. The radii of neutron star with mass ~ 1M,
are more sensitive to the treatment of crust EoS [89]]. It is
demonstrated that the treatment of crust EoS employed in the
present work may introduce the uncertainties of about 50-100

m in radii of NS having mass 1.4M,. It is shown in Ref. [90]
that the choice of EoS for inner-crust does not significantly
impact the values of tidal deformability which depends on the
Love number ky as well as the compactness parameter.

426204333

13_37tg;|§g

,_.
o~
\
N
3
N
e
\

14 - -
'5 >
o e'
[- 4 A
12- 7 -
&
¥26- =S -
E
s (@
D ==
23 W |
300 800
Mg

FIG. 3: Corner plots for the marginalized posterior distributions
(salmon) of the tidal deformability A; 4, radii R;.4 (km) and Rs.07
(km) and the maximum mass Mmax (M) for Taylor (top) and %
(bottom) expansions. The green lines represent effective priors ob-
tained using the priors for nuclear matter parameters (see also Table

m.

We have obtained the distributions of Aq4, Ri4, Roo7
and M. using the posterior distributions for the nuclear
matter parameters corresponding to the Taylor and 5 expan-



sions. The corner plots for these NS properties are displayed
in Fig. [3] The effective priors for the NS properties as shown
by green lines are obtained using the priors for the nuclear
matter parameters. The posterior distributions of NS proper-
ties are narrower than the corresponding effective priors in-
dicating the significance of the low density EoS for the pure
neutron matter. The posterior distributions of A; 4 and R 4
for both the expansions are quite close to each other. The dif-
ferences begin to appear for the case of Rs o7 which become
even larger for the maximum mass. This is due to the fact
that the Taylor EoSs are much more stiffer than the those for
7. The dichotomy in the high density behaviour of the Taylor
and % expansions would help us to understand the extent to
which the correlations of the EoSs with the properties of NS,
for masses in the range 1 - 20, are model dependent. It is
clear from off-diagonal plots that A; 4 is strongly correlated
with R 4, the correlation coefficient is r~ 0.9. The A; 4 and
Ry 4 also display stronger correlations with Rs g7 (r ~ 0.8)
for the case of Taylor and somewhat moderate correlations (r
~ 0.7) for the 5 expansion. The maximum mass of neutron
star is almost uncorrelated with the other NS properties con-
sidered.

0.37

0.33

0.29

M(M;)

0.00

11 12 13 14 15
R(km)

FIG. 4: Plot for joint probability distribution P(M, R) as a func-
tion of mass and radius of neutron star obtained for % expansion.
The red dashed line represents the 90% confidence interval. The
outer and inner gray shaded regions indicate the 90% (solid) and
50% (dashed) confidence interval of the LIGO-Virgo analysis for
BNS component from the GW170817 event [91H93|]. The rectan-
gular regions enclosed by dotted lines indicate the constraints from
the millisecond pulsar PSR J0030+0451 ( purple & black ) NICER
x-ray data [94,195] and PSR J0740+6620 (green) [96]

We have summarized in Table[IV|(see Appendix A) the me-
dian values of NS properties along with 68% (90%) confi-
dence intervals. Like in the case of nuclear matter parameters,
the NS properties get significantly constrained by the EoS of
pure neutron matter at low density. For instance, the median
values of A; 4 become smaller by about 15% and the associ-
ated uncertainties by about 40% with the pure neutron matter

constraints. The median values of R; 4 and the corresponding
uncertainties also become noticeably smaller. The R o7 and
Miax do not show significant changes with the inclusion of
low density pure neutron matter constraints. With the PNM
constraints, the 90% confidence interval of the neutron star
properties such as tidal deformability, radius and mass over-
lap with the currently available bounds, Ay 4 € [70, 580] [4]],
Ry.4 € [11.41,13.61] km [97], R2.07 € [11.8,13.1] km [96]
and Moy > 2.09M¢, [98]]. The Moy = 2.4870 58 M, ob-
tained for the Taylor EoSs is on the slightly higher side in
comparison to the ones derived by combining the GW 170817
observations of merging of binary neutron stars and quasi-
universal relation [99]]. The observed electromagnetic emis-
sions in the form of kilonova and the detection of a gamma-ray
burst has been linked to the formation of a black hole and thus,
has been utilized to infer the maximum mass of a stable neu-
tron star. However, such inference of the maximum mass is
subjected to uncertainties originating from model dependence
of post-merger dynamics. Recent observation of GW190814
event, a neutron star black hole/binary neutron star merger,
has triggered an assessment of the maximum mass of a sta-
ble neutron star [100]. While there are different opinions
available in the literature, the nature of a compact object in
the range of 2.5 - 2.67 M, being neutron star or black hole
seems to be an unsettled issue to data [99-104]. So the max-
imum mass (M,,q,) we got for the Taylor model supporting
the static NS of mass greater than 2.5 My may not be ruled
out at present.

We obtain joint probability distribution P(M, R) for a
given mass and radius for both the Taylor and 3 expansions.
They display qualitatively very much similar trends. In Fig.

we plot the P(M, R) obtained for the % expansion. The

90% confidences interval is represented by red dashed line.
The color gradient from orange to dark-purple represents the
lowest to highest probability. The most probable values for
R1 4 and Rs o7 are approximately 13.3 and 12.3 km, respec-
tively. The P(M, R) is maximum for M ~ 1.4 — 2.0Mg,
R ~ 12.4 — 13.4 km. The 90% confidence interval has sig-
nificant overlap with LIGO-Virgo and NICER estimations. It
may be however pointed out that the main objective of the
present work is to construct large sets of EoSs with diverse
behaviour to assess various correlation systematics as follows.

D. Correlations of neutron star properties with EoS

We randomly select 1000 EoSs and corresponding NS
properties from marginalized posterior distributions obtained
for the Taylor as well as % expansions. They are used to
study the correlations of various NS properties with key quan-
tities determining the behaviour of the EoS. The correla-
tions of Ay 4, Ri4, Ro.o7 and My, with the pressure of
[-equilibrated matter over a wide range of density are eval-
uated. The values of correlation coefficients are plotted as a
function of density in Fig[5] We also display the values of
correlation coefficients for NS properties with the pressure
of [-equilibrated matter calculated using unified EoSs for a

diverse set of 41 non-relativistic and relativistic microscopic



mean field models (MFM) [89]]. The various NS properties
considered show strong correlations with Pggy(p) around a
particular density. The density at which the correlation is
maximum increases with the NS mass. The values of Aj 4
and R; 4 are strongly correlated with Pypy(p) at density ~
1.5 — 2.5p9. The Ry o7 is strongly correlated with Pygy(p)
around 3pg. The M.y is strongly correlated with Pgpy(p)
around 4.5pg. Our results for the Taylor and 7 expansions
for the region of maximum correlations are in line with those
obtained using a diverse set of mean field models, except for
the case of Ry 7. Thus, it seems possible that the EoS over
a range of densities beyond py can be constrained in a nearly
model independent manner with the help of various NS ob-
servables.

N-
-

N-
N

P/Po

FIG. 5: The correlation coefficients r(x,Psrm(p)), as approximated
by both Taylor and % expansion along with the mean-field theory
calculations, is shown in this figure. Here, x represents either of the
tidal deformability A1 4, radii Ry .4, R2.07, or maximum mass Mmax
of the neutron star, whereas, Psrm(p) represents the pressure for 8-
equilibrated matter at a density p. The calculations are performed
with neutron star properties obtained using marginalized posterior
distributions of nuclear matter parameters in Taylor and % expan-
sions. For the comparison the results are also displayed for a diverse
set of non-relativistic and relativistic microscopic mean-field models
(MFM).

In Table [V{see Appendix A), we list the values of correla-
tion coefficients obtained between the NS properties and the
EoS at some selected densities. The correlation coefficients

aof {40
' £
-E-_ 30f {30%
3 2
= =
€20t {20=
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= 3
a10f {102
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= ¥ 400 5
>
1) [}
b 3
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40 .5 41200
C Al
11 12 13 14 20 22 24 26 28
R;.0,(km) M,...(M,)

FIG. 6: The variations of pressure for [-equilibrated matter
(Psem(p)) at selected densities verses tidal deformability A1 4, radii
R1.4 and R».07 and maximum mass Mmax of neutron star. The red
dashed lines are obtained by linear regression (see Eq. @ in sec-

tion[[I[D).

are obtained using 100 and 1000 EoSs, corresponding to Tay-
lor and 5 expansions, randomly selected from the posterior
distributions. We also present the results which are obtained
by combining 1000 EoSs corresponding to each of the expan-
sions. The values of correlation coefficients for the combined
set of EoSs are close to those obtained separately. The values
of the correlation coefficients are close to those obtained for
mean field models are listed in second column. We plot in Fig.
@ the variations of Pgsry(p), at selected densities, with Aq 4,
R; 4, Ro g7 and M, ,x for which the correlations are stronger.
We compare our results with those obtained from a diverse set
of mean field models. The correlation lines obtained by com-
bining results of the Taylor and % expansions are also plotted
to estimate the values of Pypy(p) at selected densities with
help of NS properties. The equations for the correlation lines
are obtained using linear regression as,

Pun2p0)
MeVim—23 (0.96 £ 0.10) + (0.0473 £ 0.0002) A1 4,
PBEM(2PO) Ry4
_ 7 = — . :l: . . 1 :t ) 1.4
Lovia—s = (~85.63%0.89) + (8.0140.06) =,
Poeu(3p0) Rs o7
e oP0) — (~233.16 % 2. 25.86 + 0.2
vioos = (F233.1642.85) + (25.86 £ 0.23) 2,

PBEM (4.5p0)

MeVfm—3

Mmax
= (~895.85 + 4.00) + (524.75 & 1.70) = 7.

®
a7

We extend our analysis for the correlations of the pressure
for the [-equilibrated matter with tidal deformability over a
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TABLE II: The median values and associated 68%(90%) uncertainties for the parameters, appearing in Eq. (I8}, obtained from their marginal-
ized posterior distributions. The values of parameters bo, b1 and b2 as listed are scaled up by a factor of 10.

pressure ao al

(in MeV fm—2)

a2

bo b1 b2

0.544 1 0-031(0.050)

0.158(0.260)
—0.029(0.060) 1.869

—0.161(0.309)

Pgenv(1.5p0)
10.030(0.050)
Poenm(2p0) 01467 0560 059)

0.030(0.050
Popn(2.5p0) 7'345t0.03020.060;

—0.159(0.320)

—0.167(0.321)

F0.237(0.390)
7'451—0234(0‘450)

+0.163(0.269) +0.233(0.397)
—0.598 27.909_0.240(0_469)

+0.161(0.272) +0.239(0.396)
—15.102 68.41170.238(0'475)

0.176+0-001(0.00T)

70.004(0.007)
—0.001(0.002) 0.740

F0.013(0.021)
—0.004(0.008) 1.152

—0.012(0.025)

+0.001(0.001)
0'493—0.001(0.002)

+0.001(0.001)
0'90670.001(0.002)

+0.004(0.007)
2.234_0.004(0.008)

+0.004(0.007)
4'51870.004(0.008)

+0.012(0.021)
3'728—0.012(0.025)

+0.012(0.021)
8'11570.012(0.025)

5 10

a 0.8
0.6 &
° 3 &
Q a
Q .
0.4 &
2 T

0.2

1
1.2 1.4 1.6 1.8 2.0 0.0
M(M.)

FIG. 7:  Dependence of correlation coefficients between tidal

deformability (Aas) and the pressure of [-equilibrated matter
(Psem(p)) on neutron star mass (M) and density (p) is depicted in
this plot. Here po=0.16 fm 2 is used only for the scaling purpose.

wide range of neutron star mass. In Fig. [/} we display color
coded graph for the correlations of tidal deformability of neu-
tron star for the mass 1.2 — 2.0M with the pressure for -
equilibrated matter at densities 0.5 — 5pg (t(Aar, Paem(p)))-
One can easily obtain the value of correlation coefficient as
a function of density at a given NS mass. The Pgry(p) at
p ~ 1.5 — 2.5p¢ are strongly correlated (r ~ 0.8 — 1) with
tidal deformability for NS mass in the range 1.2 — 2.0M,.
Hence, Psgy(p) can be parameterized at a given p as,

Preu(p)

MeVfm—3 (18)

= a(M) + (M)A,

with mass dependent coefficients a(M) and b(M) expanded
as,

a(M)
b(M)

(a0 + a1 (M — Mo) + ax(M — Mp)?), (19)
= (bo + b1 (M — Mo) +ba(M — Mo)*), (20)
where, M) is taken to be 1.4 M, and the values of a; and b; are
estimated using a Bayesian approach with the help of Pygy(p)
and tidal deformability obtained for Taylor and % expansions.
For a given p, the Eq. (I8) is fitted using the tidal deforma-
bility corresponding to NS mass 1.2 — 2.0M,. The priors for
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FIG. 8: The median values of pressure for S-equilibrated matter is

shown here as a function of neutron star mass and its tidal deforma-
bility at densities 1.5p¢ (top), 2.0po (middle) and 2.5p¢ (bottom).



a; and b; are taken to be uniform in the range of -100 to 100.
The calculations are performed for p= 1.5, 2.0 and 2.5 py. All
the a;s are strongly correlated with corresponding b;s. The
median values of parameters a,; and b; and associated uncer-
tainties are summarized in Table[[I] It may be noticed that the
values of ag and by for the case of Pgsgy(2p0) are not the same
as those in Eq. (T7). This may be partly due to the strong cor-
relations between ag and by of Eq. (I8). Moreover, Eq.
is fitted to the values of tidal deformability at a fixed NS mass
1.4M,. To validate our parameterized form for Pggy\(p), we
have calculated the values of Pgry(2p0) using Eq. with
the help of tidal deformability for 1.4M, obtained for large
number of mean field models which includes the once con-
sidered in Fig. [5]along with those taken from [23] 81 [105].
The average deviation of Py (2p0), obtained using Eq. (18),
from the actual values is about 10%. We find marginal im-
provement when the terms corresponding to quadratic in tidal
deformability are included in Eq. (T8).

In Fig[8] we display the variations of tidal deformability as
a function of mass and pressure for S-equilibrated matter at
p=L1.5, 2.0 and 2.5 pg. These results are obtained using the
parameterized form for Pypy(p) as given by Eq. . One
can easily estimate the values of Pypy(p) for p ~ 2p once
the values of tidal deformability known in NS mass ranges
1.2 - 2.0Mg.

IV. CONCLUSIONS

We have used Taylor and 5 expansions of equations of state
to construct marginalized posterior distributions of the nuclear
matter parameters which are consistent with the minimal con-
straints. Only a few low-order nuclear matter parameters, such
as the energy per nucleon, incompressibility coefficient for the
symmetric nuclear matter and symmetry energy coefficients
at the saturation density (pg), are constrained in narrow win-
dows along with the the low density pure neutron matter EoS
obtained from a precise next-to-next-to-next-to-leading order
(N3LO) calculation in chiral effective field theory. The tidal
deformability, radius and maximum mass are evaluated using
large sets of minimally constrained EoSs.

The correlations of neutron star properties over a wide
range of mass with various key quantities characterising the
EoS are investigated. We find that the values of tidal deforma-
bility and radius for the neutron star with 1.4/, are strongly
correlated with the pressure for the S-equilibrated matter at
density ~ 2pg. The radius for 2.07 M neutron star is strongly
correlated with the pressure for S-equilibrated matter at den-
sity ~ 3pg. The maximum mass of neutron star is corre-
lated with the pressure for the 5-equilibrated matter at density
~ 4.5pg. This correlation systematics are in harmony with
those obtained for unified EoSs for the (-equilibrated mat-
ter available for a diverse set of non-relativistic and relativis-
tic mean-field models. We exploit the model independence
of correlations to parameterize the pressure for S-equilibrated
matter, in the density range 1.5 — 2.5pg, in terms of the mass
and corresponding tidal deformability of neutron star. Such
parametric form may facilitate back of the envelope estima-
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tion of the pressure at densities around 2pq for a given value
of tidal deformability of neutron star with mass in the range
of 1.2 — 2.0M¢.
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Appendix A: Some useful tables
We present our results in the tabular form which are obtained with the minimal constraints. The values of the nuclear matters, properties of

neutron stars and their correlations with various key quantities associated with EoS are listed in the following tables. These results are

depicted in Figs. [T]- [0}

TABLE III: The median values and associated 68%(90%) uncertainties for the nuclear matter parameters from their marginalized posterior
distributions. The results are obtained for Taylor and % expansions with and without pure neutron matter (PNM) constraints.

NMPs without PNM with PNM
(in MeV) Taylor 3 Taylor 3
so ST SR ST ST
3 230,42 575020 23338 1LY 29743 20 19674 02
Qo ETREANT scIIEONT nesUISTOTE asstleon
oo LSRRG eoor SRR lossciEORe iesi )
s Tty sartiee, LS, 8T
L 50,857 1340020 55,607 2015 51257130 5225 T
Komo  SSSUZUOTE nostRmI oseshEne et
Quao  TLIBTIEUCED st UGN ewselNT mearuien
Zomo  ROTUENSGSSY mostSemne sapemmmma gt

TABLEIV: Similar to Table[[TI] but, for the neutron star properties, namely the tidal deformability (A1.4), radii (R1.4 and Rs.07) and maximum

mass (Mmax) -

NS properties without PNM with PNM
properties Taylor 3 Taylor 3
F250.72(477.68) F223.65(465.72) F139.93(224.58) F132.76(213.24)
Ava 527'72—186.11(292.57) 455'85—163405(243.23) 426'20—130.32(205.18) 386'52—102484(199.09)
+1.78(3.43) +1.87(3.34) +0.67(1.03) +0.64(0.99)
Ry .4(km) 14'69—1463(2474) 14'15—1.69(2.58) 13'37—0475(1460) 13'22—0.67(1.59)
+0.82(1.49) 40.88(1.52) +0.55(0.85) +0.54(0.88)
Rz o7(km) 13'24—0482(1442) 12'27—0.80(1;2) 12~72—0<59(1‘07) 12'02—0.;8(123)
+0.07(0.11) +0.10(0.19) +0.06(0.10) +0.10(0.16)
Minax(Mo) 2'45—0.06(013) 2'19—0.09(0409) 2'48—0.07(014) 2'20—0.09(0‘11)

TABLE V: The comparison of values for Pearson’s correlation coefficient (r) obtained from randomly selected 100 and 1000 EoSs using both
Taylor and 7 expansions. The values of correlation coefficients are also obtained by combining 1000 EoSs from each of the expansions. For
comparison, the values of r obtained for a diverse set of mean field models are also presented in 2nd column.

Name of Pairs MAEM 100 fater 1000 100 : 1000 Corzlggged
Av.a-Poev (200) 0.90 0.08 0.08 0.99 0.98 0.98
Ri.4-Poen(200) 0.83 0.93 0.93 0.94 0.93 0.93
Ra.07-Psen(3p0) 0.81 0.93 091 0.92 0.92 0.93

Minax-Pag(4.5p0) 0.99 0.97 0.98 0.95 0.96 0.99
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