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Black holes in certain modified gravity theories that contain a scalar field coupled to curvature
invariants are known to possess (monopole) scalar hair while non-black-hole spacetimes (like neutron
stars) do not. Therefore, as a neutron star collapses to a black hole, scalar hair must grow until
it settles to the stationary black hole solution with (monopole) hair. In this paper, we study this
process in detail and show that the growth of scalar hair is tied to the appearance and growth of the
event horizon (before an apparent horizon forms), which forces scalar modes that would otherwise
(in the future) become divergent to be radiated away. We prove this result rigorously in general first
for a large class of modified theories, and then we exemplify the results by studying the temporal
evolution of the scalar field in scalar Gauss-Bonnet gravity in two backgrounds: (i) a collapsing
Oppenheimer-Snyder background, and (ii) a collapsing neutron star background. In case (i), we
find an exact scalar field solution analytically, while in case (ii) we solve for the temporal evolution
of the scalar field numerically, with both cases supporting the conclusion presented above. Our
results suggest that the emission of a burst of scalar field radiation is a necessary condition for black
hole formation in a large class of modified theories of gravity.

I. INTRODUCTION

General Relativity (GR) has so far passed all experi-
mental tests performed to verify its validity in the weak
field regime with Solar System observations and the
strong-field regime with binary pulsar observations [1].
The detection of gravitational waves by the advanced
Laser Interferometer Gravitational-Wave Observatory
(LIGO) and Virgo [2, 3] has allowed for qualitatively new
tests in the highly dynamical, extreme regime of gravity
that unfolds in the late inspiral and merger of compact
objects. Testing GR in extreme gravity will naturally in-
volve testing the nature of black holes (BHs) and neutron
stars (NS).

BHs are one of the most important predictions of GR,
but they are also one of the simplest macroscopic ob-
jects in nature. As shown in the celebrated no-hair the-
orems [1-7], stationary and axi-symmetric BHs in GR
can be completely characterised by just three conserved
quantities: their mass, charge, and spin. Several mod-
ified gravity theories, however, predict the existence of
BHs with extra “hair” [8]. Understanding the nature of
BHs and the charges describing BH spacetimes in these
modified theories will help us determine how to place con-
straints on them and how to search for deviations from
the predictions of GR.

Consider then a general class of modified gravity theo-
ries in which a scalar or pseudo-scalar field couples non-
minimally to a curvature invariant. Modified theories
that fall in this class include scalar Gauss-Bonnet the-
ory (sGB) [9, 10], dynamical Chern-Simons (dCS) grav-
ity [L1, 12] and modified quadratic theories of gravity in
general [13, 14].

Within this class of theories, several question then nat-
urally arise:

(i) What types of BHs are allowed?

(ii) Which of these BHs are the end point of gravita-
tional collapse?

(iii) How does the scalar field behave during gravita-
tional collapse?

(iv) Is the long-range behavior of the scalar field excited
or suppressed during gravitational collapse?

These questions are important for various reasons, as
their answers determine what BHs look like in a large
class of modified theories of gravity, and whether these
modifications are observable.

Some of these questions have been addressed before
in the context of specific modified gravity models. The
answer to question (i) has been searched for in various
theories, both analytically in the small coupling approx-
imation and numerically in stationary spacetimes. More
specifically, static and slowly rotating BH solutions in
the small coupling approximation were found in [9, 15—

| for sGB theory and in [15, 19, 21, 22] for dCS grav-
ity, while numerical solutions for static and stationary
BHs were calculated in [16, 17, 23] for sGB theory and
in [24] for dCS gravity. All of this work has shown that
the scalar field at the event horizon (EH) of a stationary
and slowly-rotating BH can either be regular or divergent
[9, 15, 16, 21, 25], with the divergent behavior usually dis-
carded through the imposition of boundary conditions.

Preliminary investigation to answer questions (ii) and
(iii) were initiated in [26, 27]. These studies simulated
the evolution of the sGB scalar in the background of



the Oppenheimer-Snyder (OS) collapse. Working in the
decoupling approximation, i.e., neglecting backreaction
onto the spacetime metric, it was found that the scalar
field settles to the regular solution. For studies which an-
alyze the evolution of the scalar field in sGB and Einstein-
dilation Gauss-Bonnet (EdGB) without working in the
decoupling limit, we refer the reader to Refs. [28-35].
Some answers to question (iv) were obtained in [36-39]
for sGB theory and dCS gravity, where a classification of
the monopole scalar hair was obtained for isolated and
stationary NS and BH spacetimes.

Although impressive, all of this previous work was not
able to reach general conclusions in a dynamical setting,
which is the focus of this paper. We begin by focusing
on question (i), and thus,

We develop a complete classification of all
static and spherically symmetric BH space-
times in a wide class of theories, including but
not limited to sGB theory and dCS gravity.

This classification is based on the behaviour of the scalar
field at the EH, which can either be finite (Type 1) or
divergent (Type 2). This two parameter behaviour of
the scalar field in BH spacetimes has been observed in
a large number of modified theories [8], including sGB
gravity [15, 16] and dCS gravity [21], and it exhausts
all possible BH solutions in wide class of theories under
consideration.

With this classification at hand, we then establish a
few results. First,

We prove that if the scalar field is regular at
the EH, then the BH is non-extremal.

A non-extremal BH is defined by its surface gravity being
non-zero and finite. Our proof does not require an ex-
plicit solution for the field equations; rather, it is based on
a novel argument that relies on the fact that if the cross
sections of the EH of the BH are compact, then the Gaus-
sian curvature of the cross section cannot be zero [10].
This result is important because extremal BHs have been
shown to be unstable to perturbations by scalar [41, 42],
electromagnetic and gravitational perturbations [43, 44].
We emphasize that this result is generic, i.e., indepen-
dent of the specific theory of gravity.

Second,

We show that primary hair is sourced only by
a divergent scalar field at the EH.

In the exterior spacetime, far away from a compact ob-
ject, the scalar field can be expanded in powers of 1/r,
where r is a suitable distance measure from the compact
object. The coefficient of the leading 1/r term in the far-
field expansion of the scalar field is called the (monopole)
“scalar hair.” The scalar hair is called “primary” if knowl-
edge of the intrinsic parameters of the spacetime, such as
its mass and spin, is not sufficient to determine the value
of the scalar hair, and it is called “secondary” otherwise.

The existence of hair is important because it controls the
magnitude of dipole scalar radiation in compact bina-
ries [45] and, consequently, can lead to observable effects
in compact binaries [46, 47] or binary pulsars. The fact
that the scalar hair is secondary for solutions of Type 1
implies that, if these are the end state of gravitational
collapse, then observable effects due to dipole radiation
will be controlled by the mass and spin of the compact
object, which can then be in principle constrained.
After these analyses, we address question (ii) by study-

ing whether Type 1 or Type 2 solutions are the end states
of gravitational collapse.

‘We prove that the scalar field settles to a Type
1 solution during spherically-symmetric, grav-
itational collapse.

We arrive at this result by perturbatively expanding the
field equations in the coupling constant of the theory,
neglecting the back reaction of the scalar field onto the
metric, and extending the Kay-Wald theorem [18-50] to
include a curvature source. A similar but fully numerical
analysis was carried out in [26, 27] for the particular case
of sGB theory, arriving at the same result. Our results
are important because they extend these numerical re-
sults to a wide class of theories, and they do so with a
mathematical and analytical proof.

Our extension of the Kay-Wald theorem allows us to
address question (iii) and (iv) to determine the behav-
ior of the scalar field during gravitational collapse and
whether any long range components are excited.

We show that the scalar field remains reg-
ular during spherically-symmetric gravita-
tional collapse, relaxing to a Type 1 solution
by shedding any otherwise divergent behavior
through the emission of scalar waves.

As before, we work to first order in an expansion about
small coupling, and thus, neglect back-reaction of the
scalar field onto the spacetime. We then employ our ex-
tension of the Kay-Wald theorem, in conjunction with
Price’s law [51, 52], to determine how the scalar field and
scalar hair relax to a regular configuration (ie. through
the emission of scalar waves). Moreover, we develop a
corollary to our extended Kay-Wald theorem to provide
covariant formulae for the scalar hair in the initial and
final states of gravitational collapse, proving that scalar
hair before and after collapse is secondary.

To close, we consider all of these questions again, but
for the specific case of sGB gravity. In this theory, the
scalar hair of a stationary and axisymmetric NS space-
time is zero [36, 37, 39], but it is non-zero for a stationary
and axisymmetric BH spacetime. In the latter, the scalar
hair is related to the surface gravity and the Euler num-
ber of the bifurcation two sphere [37, 38]. Therefore,
during gravitational collapse and BH formation, scalar
hair must grow and transition dynamically from its NS
value to its BH value.



We study these scalar field dynamics to first order in
perturbation theory and in two background spacetime
models: an analytical OS collapse background [53] and
a full numerical relativity simulation of the collapse of
a NS modeled with a perfect fluid stress-energy tensor.
Through this study,

We show that gravitational collapse leads to
Type 1 solutions in sGB theory, with sec-
ondary hair generated through the radiation
of scalar modes that would be otherwise diver-
gent when the EH crosses the stellar surface.

We establish this by first finding an ezact analytical so-
lution for the dynamical evolution of the scalar field in
the interior of the star during OS collapse. This solution
explicitly shows that the scalar field is bounded as the
surface of the star crosses the EH, leading to a Type 1
solution. Moreover, the solution shows that scalar hair
in a NS spacetime is zero because of the presence of cer-
tain scalar wave modes that would diverge if the stellar
surface were inside the event horizon.

These wave modes, however, begin to be radiated away
when the EH first forms, and are completely radiated
away before the EH crosses the stellar surface, sourc-
ing non-zero scalar hair for the BH spacetime. All of
these results are then confirmed numerically by simulat-
ing the evolution of the sGB scalar field in the dynam-
ical background of a collapsing NS, again to first order
in perturbation theory, and we find excellent agreement
with our analytical model. These results are important
because they suggest that what is responsible for scalar
hair in sGB theory is not the change in topology of the
background (from a non-punctured NS spacetime to a
punctured BH spacetime), but rather the emergence of
an EH in the spacetime (in anticipation to the formation
of a curvature singularity).

The remainder of this paper presents all of these results
in much more detail, and it is structured as follows. Sec-
tion II describes the action and the equations of motion
for the theories we are studying and presents the classi-
fication of BH solutions and their connection to surface
gravity. Section III describes the perturbative approach
and proves that the scalar field settles to a regular so-
lution in a dynamical collapse. Section IV studies the
dynamics of the scalar field in sGB gravity. Our con-
clusions and directions for future work are presented in
Section V. The signature of the metric is (—, +, +, +) and
we use geometric units, G = 1 = ¢ throughout the paper.

II. BLACK HOLE SOLUTIONS IN MODIFIED
THEORIES

A. Action and Field Equations

We consider a general class of theories with a scalar
or pseudo-scalar field ® which couples non-minimally to

gravity. The action for the theories we study takes the
form,

S = /d4x\/—g <1€157TR+6<I>.7:(97897829,...)

- ;(vuww)> + Smatter, (1)
where, g denotes the determinant of the spacetime met-
ric, R denotes the Ricci scalar, V denotes the covariant
derivative, € is a coupling constant, F is any arbitrary
curvature scalar and Spatter denotes the action for addi-
tional minimally coupled matter fields. We will require
that the curvature scalar F goes to zero faster than r—*
in asymptotically flat spacetimes where r is a suitably
defined radial coordinate. This assumption guarantees
the convergence of certain integrals (see Sec. IIIB).

We can map the above action to some specific mod-
ified theories. For example, it can be mapped to the
action of sGB theory by choosing the coupling constant
€ = asaB, and the curvature scalar F to be equal to the
Gauss-Bonnet invariant, F = Rgg = R? — 4R, RM +
Raﬂ,ﬂ;Raﬁ'y‘s. The scalar field & = ¢sgp now represents
the dilaton field. We can also map the above action to
dynamical dCS gravity by choosing, € = agcs/4 and the
curvature scalar F is equal to the Pontraygin density,
F = Rgm(;*RaﬂV‘s. The scalar field ® = 43¢5 now repre-
sents the axion pseudoscalar.

Our analysis also applies to theories whose action re-
duces to Eq. (1) when the coupling constant is small. An
example of such a theory is EAGB theory, whose action
is identical to the one above, but with the second term
replaced via

edF — "Ry ; (2)

when the coupling constant is small, y® < 1, we can
expand the above equation linearly in terms of v to find

ePF > vyPRas + Ras, (3)

where the last term is just the Gauss-Bonnet invariant,
which is topological and therefore does not contribute to
the equations of motion. Identifying v with e, we see
that EAGB theory reduces to the sGB action for small
coupling, which is of the form given in Eq. (1).

The equations of motion for the action in Eq. (1) take
the form

[ matter
G +167eCy =87 (T;w + 1, tery

0 4 ¢ F = 0. (4)
The stress energy tensor for @ is given by
o Juv (6
T, =V, oV, ® - % (V'oV;), (5)

while the tensor C,, is given by

Cpv = \/1_795;”” </ d*z\/—g®F(g,0g,9%, .. )> .
(6)




The explicit expressions for the C,,,, tensor for modified
quadratic gravity theories such as sGB and dCS can be
found in Ref. [13]. The matter stress energy tensor is
defined by

-2 4

Tmatter _

N2 - \/f—gtsgﬁsmatter . (7)

B. Black Hole Solutions

Let us now classify the local behaviour of the scalar
field near the EH in static BH solutions for the theories
we described in the previous section and show how this
behaviour is related to the surface gravity of the EH. The
theories we are considering reduce to GR when we set the
coupling constant to zero (see Sec. IIT). More specifically,
we assume that the solution spectrum of the theory is a
deformation of the GR solution spectrum that scales with
€P with p > 0, such that the solutions reduce smoothly to
GR as ¢ — 0. Because of the existence of this continuous
limit, we assume that BH solutions exist and the causal
structure of static and asymptotically flat BH solutions
in these theories is similar to that in GR. That is, for
static BH solutions we assume that,

1. Static BH solutions contain an EH that is generated
by a timelike killing vector.

2. The EH is a stationary null surface.
3. Cross sections of the EH are compact.

4. Curvature scalars are regular on and exterior to the
EH (ie. the singularity is “hidden” behind the EH).

We also assume that the scalar field far tends to zero at
spatial infinity. The conformal structure of this space-
time is illustrated in Fig. 1. A few comments about the
above assumptions are in order. Assumptions (1) and
(2) above can be shown to hold without using field equa-
tions [54]. Assumptions (3) and (4) define BHs as com-
pact objects without naked singularities.

With these assumptions, we can classify the static BH
solutions in these theories based on the behaviour of the
scalar field on the EH as follows:

e Type 1. Solutions where the scalar field is regular
on the EH.

e Type 2. Solutions where the scalar field diverges
on the EH.

These two types of behaviour of the scalar field occur in
a wide class of modified gravity theories. We refer the
reader e.g. to Table 1 of [3] for a summary of Type 1 and
Type 2 solutions in various theories. This two-parameter
behaviour of scalar field solutions was also found in [21]
for slowly rotating BHs in dCS gravity. Similar results
were also obtained for sGB gravity in [15-17].

FIG. 1. Penrose diagram for static and spherically symmetric
BHs for theories whose action is described by Eq. (1). We
assume that the conformal structure of BHs in these theories
is similar to the conformal structure of static BHs in general
relativity. Note that we only show the part of the conformal
diagram which is causally connected to the external universe.
In the figure, HT denotes the future and the past event hori-
zons, Z% denotes the future and the past null infinity, i+
denote the future and past time like infinities and i° denotes
the point at spatial infinity.

Assuming BHs in the class of theories described above
exist and respect assumptions (1)—(4), then the metric of
a static and spherically symmetric spacetime takes the
general form,

ds* = —A(rg)dt* + B(rs)dra + r3dQ? . (8)

We assume that the scalar field respects the symmetries
of the metric, ;® = 0, and the scalar field equation
[Eq. (4)] in these coordinates takes the form,

2 [A _
rs\/garsq)(rs)] =—cF. (9

The coordinates, (t,7g,0,¢) introduced above are not
well behaved at the EH. To study the local behaviour of
the metric at the EH, it is useful to introduce Gaussian
null coordinates (v,r,0,¢) [55, 56], in which the metric
takes the form,

1

. —
r3\/ A(rs)B(rs)

ds? = —D(r)dv® + 2dvdr + K(r)dQ*.  (10)

This metric is regular at the EH and the latter, in the
above coordinates, is located at r = 0. The function
K(r)~! denotes the Gaussian curvature of the 2-sphere
parametrised by the angular coordinates {0, ¢}. On the
EH, 0, and dr are null and this condition is equivalent
to,

D(0)=0 = D(r) =r'""? Dy(r), p> 0, (11)



where Dg(r) is a smooth function of r and Dy (0) # 0.

The surface gravity of the EH can be calculated using
the above metric,

/
k=T, = lim D'(r)
r—0 2
P
r—0 2

and, therefore, the EH is degenerate (i.e., the surface
gravity vanishes) if p > 0. Degenerate BH spacetimes
are known to be unstable to perturbations, as shown by
Aretakis in [41, 42] for perturbations by scalar waves in 4-
dimensional BH spacetimes. This result was then gener-
alised to include electromagnetic and gravitational wave
perturbations, as well as higher-dimensional BH space-
times in [43, 44]. These results carry through to extremal
BHs in the theories that we consider in this paper. More-
over, as we show below, regularity of the scalar field at
the EH requires that the BH solution should be non-
extremal. But for the sake of completeness, for now, we
include these solutions in the discussion below as well.

The equations of motion (1) for the scalar field ® in
Gaussian null coordinates (10) take the form,
1

mﬁr [K(r)D(r)0,®(r)] = —¢ F. (13)

This equation can be integrated to yield,

K(r)D(r)0,®(r) = [K(r)D(r)0,®(r)]|,—o (14)
= —6/0 F(z)K (x) dx.

We now classify the behaviour of the scalar field at the
EH and outline how regularity of the scalar field guaran-
tees the non-extremality of the EH.

1. Case 1: Scalar field and its derivatives are reqular at the
event horizon

From Eq. (11), we see that D(r) goes to zero near the
EH because p > 0. Furthermore, recall that K cannot
vanish at the EH, since otherwise the Gaussian curvature
of the 2-sphere would diverge at the EH. Therefore, if the
scalar field is regular at the EH, then the second term on
the left hand side of Eq. (14) must vanish, i.e.,

€ Q= [K(r)D(r)o,®(r)]|,_, = 0. (15)
We can rewrite Eq. (14) to read,

€

"= DR

/ F(x)K (z)dz. (16)
0

Expanding around the horizon at r = 0, we can approx-
imate (16) as

—er PF(0)

0, —
Dy(0)

+ o). (17)

Therefore, if F(0) # 0, then the regularity of the scalar
field requires that p = 0. In turn, this means that the
surface gravity is non-zero and the BH must be non-
extremal. On the other hand, suppose F(0) is equal to
zero. In this case we need to look at the gravitational
equations (1). Studying these equations shows us that
the assumption that the scalar field is regular and the
fact that F(0) = 0 leads to a contradiction. We present a
proof of this statement for the case of modified quadratic
gravity theories [13] and F(R) theories in Appendix A.
The proof proceeds by studying the local behaviour of
the gravitational field equations and then showing that
F(0) = 0 leads to a contradiction with assumptions (3,4)
made above. Therefore, the regularity of the scalar field
implies that the BH is non-extremal.

2. Case 2: Scalar field or its derivatives diverge at the
event horizon

Let us now go back to Eq. (14). If the scalar field di-
verges, then we cannot say whether () vanishes. There-
fore,

e K de s — 9
0,8 — D(T)K(T)/O F)K(r)de + poSEs (19

where () can either be zero or non-zero depending on the
rate of divergence of the scalar field at the EH. We note
that in this case there is no restriction on the surface
gravity of the EH, so it can either be zero or non-zero.

Type 2 solutions with regular BH geometry at the EH
are known to exist in a wide class of theories [8]. For
example, Bekenstein found an example in the context of
Einstein-Maxwell-conformal scalar theory [57]. Although
the BH geometry is regular, components of the Ricci ten-
sor and the stress energy tensor projected along null di-
rections cannot remain bounded for this solution. In par-
ticular, as argued in Ref. [58], the stress energy tensor for
Bekenstein’s solution cannot be well-defined at the EH
because its projections along null-vectors parallel to the
EH diverges.

Does this mean that all Type 2 solutions are unphysi-
cal? For the class of theories we are considering, naively
projecting the gravitational field equations [Eq. (4)] along
null vectors parallel to the EH horizon might suggest
that the components of the Einstein tensor would di-
verge. But to analyse this carefully, one needs to study
the projection of C,, along null vectors parallel to the
EH. Analysing the properties of this tensor without a
specific choice for the curvature coupling F is not possi-
ble. Therefore, we cannot rule out the existence of Type 2
solutions at this stage of the analysis. As we will show in
Sec. IIT however, during a dynamical collapse, the space-
time always settles to solutions of Type 1, at least to first
order in perturbation theory.

From the arguments above, we see that the generic lo-
cal behaviour of ® near the horizon can either be regular



or divergent. The reason for this behaviour can be un-
derstood by noting that static wave solutions generically
diverge near an EH [59]. Given the assumptions we have
worked with, BH solutions must fall into one of the two
possible behaviours we discussed above. When the scalar
field is regular at the EH, we see that the surface gravity
has to be non-zero. Moreover, it was shown numerically
in Ref. [25] that the scalar field diverges for extremal ro-
tating BH solutions in EAGB gravity. This example also
hints at the claim that if the BH is extremal, then the
scalar field diverges at the EH.

IIT. BEHAVIOUR OF SCALAR HAIR IN
GRAVITATIONAL COLLAPSE

In the dynamical collapse of a NS to a BH, the scalar
field will have to settle down to either a Type 1 or Type
2 solution. In the following, we will try to answer this
question by considering a perturbative approach to the
gravitational field equations (1). More specifically, we
adopt the following perturbative approach,

uv = g;(gl) +e€ gl(tll/) + 0(62) ) (19)
o =00 ™ L O(?). (20)

To zeroth order in ¢, the equations of motion reduce to
those of GR plus a minimally coupled massless scalar
field (). Stationary BHs in this theory cannot support
a non-trivial scalar field if the latter is regular at the EH
and the EH geometry is regular [8, 59, 60]. Moreover in
dynamical collapse, the scalar field radiates away under
suitably physical conditions on the initial data [61-67].
We therefore set ®() to zero.

Equations (4) and (20) then imply that the scalar field
® scales as O(e), and thus C,,,, is also of this order. Be-
cause the modification to the metric field equations is
proportional to €Cp, and T, o (9®)?, then 6g,§1V) must
vanish and the first corrections to the metric enter at
O(€%). Therefore, to first order in ¢, the equations of
motion become,

Gz(z(?)) — 871 Térl;atter — O7
Do ¢ FO = 9. (21)

From the equations above, we see that we have a scalar

field @) propagating on a background metric g,(g,) that
satisfies the Einstein equations, to first order in pertur-
bation theory. To simplify the notation, we will drop the
superscripts on the metric and scalar field denoting the
order of perturbation henceforth.

Numerical studies carried out in [26, 27] sought to an-
swer which BH configuration the spacetime settles to af-
ter dynamical collapse, to first order perturbation the-
ory. These studies tracked the profile of the scalar field
in sGB theory during OS collapse and in a Schwarzschild
spacetime (see [68] for an analogous computation in Kerr

spacetimes.). Their results suggested that the scalar field
eventually settles to the regular Type 1 solution pre-
sented above. A proof of this observed behaviour, how-
ever, had not appeared until now. In the following sec-
tions, we prove that the scalar field settles to a regular
Type 1 solution during spherically symmetric gravita-
tional collapse. We then present covariant formulae for
the scalar hair in the initial and end state of gravitational
collapse.

A. The BH end state

We begin by proving that BHs settle to Type 1 space-
times after dynamical collapse by developing a general-
isation of the Kay-Wald theorem [48, 49] and a corol-
lary that uses Price’s law [51, 52]. The Kay-Wald the-
orem [48-50] shows that spherically symmetric collapse
in GR is stable to linear, scalar field perturbations. The
Penrose diagram of the collapsing spacetime is shown in
Fig. 2, where one observes that curvature scalars only
diverge at the central singularity. The precise statement
of the theorem is as follows.

Kay-Wald Boundedness Theorem. [/5-50] Let
(M,g) be a spherically symmetric spacetime representing
the collapse to a spherically symmetric BH with a Pen-
rose diagram as shown in Fig. 2. Let ® be a scalar field
which is a solution to the Klein-Gordon equation,

g% —m?® =0, m* >0, (22)

with initial data described on a Cauchy surface prior to
the collapse. Assume® that the initial data decays suitably
at 0. Then, there exists a constant C such that for all
points p exterior to and on the horizon,

[2(p)|< C. (23)

With the Kay-Wald theorem stated, we now generalize
it to show that to O(e) the solution to Eq. (21) always
remains bounded in a spherically symmetric collapse.

Theorem 1. Let (M,g) be a spherically symmetric space-
time representing the collapse to a spherically symmetric
BH with a Penrose diagram as shown in Fig. 2 in GR.
Let @ be a scalar field which is a solution to Eq. (21)
with initial data described on a Cauchy surface prior to
the collapse. We assume that the initial data satisfies the
assumptions of the initial data as stated in the Kay- Wald
theorem. Then, there exists a constant C' such that for
all points p exterior to and on the horizon,

|2(p)|< C. (24)

1 For a mathematically precise statement about the decay of the
initial data, see Sec. 3 of [50]
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FIG. 2. Left: Conformal diagram for a spherically symmetric collapse of matter into a Schwarzschild BH in GR. In this figure,
the shaded region is worldtube of the stellar interior, 3; denotes a Cauchy surface on which we prescribe initial data. X
denotes another hypersurface to the future of ¥; used in the proof of Theorem. 1. Theorem 1 in Sec. III shows that solutions
to Eq. (21) is regular on the region of spacetime to the future of 3, on and exterior to the event horizon H. Right: Shows a

non-compactified version of the figure on the left.

Proof. Let us follow the same train of thought as in the
proof of the Kay-Wald theorem [19], starting by prov-
ing the theorem in Schwarzschild spacetime. In this
spacetime, one can find a particular solution to Eq. (21).
Working in Schwarzschild coordinates, the particular so-
lution is given by integrating Eq. (18) with @ = 0,

@0(7"5) :/T (m -, ]:(LL') 1‘2 dl‘) d’l"/.

P

(25)
The curvature scalar F is bounded on and outside the
horizon and goes to zero far away from the BH. In par-
ticular, we also require that the curvature scalar goes to
zero at least as O(r~*). We now rewrite the above equa-
tion as,

niw= [ (g [, 7)o

[eS) € [eS)
_/,7 (m/, ]:(JT)xQdJ))dr/,

(26)

the first term on the right-hand side of the above equa-
tion goes to zero at least as fast as O(r~!) at spatial
infinity and the second term on the right hand side of
the equation falls off at least as fast as O(r=2). This
means that ® falls off as O(r~!) at spatial infinity. By
repeating the local analysis present in Sec. IIB 1, we see
that the solution ®; is bounded on the EH and the bi-
furcation 2-sphere. Since the curvature scalar is regu-
lar throughout the exterior Schwarzschild wedge, ®¢ is

bounded on the exterior Schwarzschild wedge as well.
Therefore, the particular solution ®( is bounded on the
exterior Schwarzschild wedge, the EH and on the bifur-
cation 2-sphere. Let us denote the maximum value of ®(
by Cl.

We now apply the Kay-Wald theorem to the field o =
® — &, which satisfies the wave equation, O® = 0. Let
C5 be the bound for & we obtain from the Kay-Wald
theorem. We now use the triangle inequality,

|B|< [® — Dol+|Po|< C1 + Cs (27)

This gives us a uniform bound on ® on the Schwarzschild
spacetime.

We now use the causal propagation property of the
wave equation (see e.g. Proposition 7.4.5 in [69]) in
Eq. (21) to extend our result to the spherically symmet-
ric collapsing spacetime, (M, g). To see how this works,
suppose that we specify initial data for the scalar field
on the hypersurface ¥; as shown in Fig. 2. Draw an-
other hypersurface Y5 to the future of 3; as also shown
in Fig. 2. The solution to Eq. (21) is well posed [50, (9]
and in particular propagates at a finite speed in the vol-
ume between these two hypersurfaces. By Proposition
7.4.5 of [69], the solution to Eq. (21) is bounded in this
region. The spacetime to the future of ¥ and outside
the EH is just the Schwarzschild spacetime. Therefore,
we can think of the evolution of scalar field to the fu-
ture of this surface as the evolution of the scalar field
in Schwarzschild spacetime, for which we already showed
that the solution is bounded. Therefore, the solution is
bounded on and exterior to the EH in (M, g). [ |



Corollary 1.1. Let (M,g) be a spherically symmetric
spacetime representing the collapse to a spherically sym-
metric BH with a Penrose diagram as shown in Fig. 2
in GR. Let ® represent a solution to Eq. (21). Then,
P settles to a Type 1 regular and spherically symmetric
solution to Eq. (21) after the BH formation.

Proof. By Theorem 1 established above, the scalar field
is bounded on and exterior to the EH. The spacetime
eventually settles to a Schwarzschild BH. We now use
Price’s law [51, 52| which states that the asymptotically
flat solutions to the massless Klein-Gordon equation de-
cay away in power law tails in Schwarzschild spacetime;
for a mathematically precise derivation of Price’s law,
see [70, 71] and references therein. Therefore, the wave
modes present in ® decay away after a sufficiently long
time. After the wave modes decay away, we are left with
a regular static solution of the scalar field equation in
Eq. (21). This then proves that, to first order in pertur-
bation theory, the spacetime always settle to a Type 1
regular solution. |

B. Scalar hair evolution

We now show how the scalar hair behaves in a col-
lapsing spacetime by developing a second corollary to
the above theorem. Let us begin by defining scalar
hair more precisely. In asymptotically flat spacetimes,
we can describe the spacetime region far away from the
source by using asymptotically Minkowskian coordinates,

H = (t,x,y, z), such that the metric can be expanded as
an asymptotic expansion centered around the Minkowski
metric 7,

uv = Nuv [1 + O(l/’l”)] ; (28)

in this region of spacetime, the components of the cur-
vature tensor scale as O(r=2). With this at hand, the
equation for the scalar field can be described to first or-
der in r~! by,

0,®~0, (29)
whose solution is simply

7“(“’;” ) L or?). (30)

P =y +
In the above equation, cg is a constant, which we set to
zero for asymptotically flat solutions and u denotes re-
tarded time and we also assume that there is no incoming
radiation. The scalar hair p is defined by the above equa-
tion as the 1/r coefficient of the far field expansion of the
scalar field. The magnitude of the scalar hair quantifies
the strength of the scalar field far away from a source and,
thus, it controls the amount of dipole radiation emitted
by accelerated hairy BHs in quadratic gravity [45].

For the BH solutions we considered in Sec. IIB, the
explicit formula for the scalar hair can be obtained by
asymptotically expanding Eq. (18),

p= lim (71"2 &nfb)

r—00
2 " eQr?
=l K(z)de — ————
= [D mK(r) /Of(x) VT DR
(31)
Since the spacetime is asymptotically flat,
. _r?
Moreover, in Sec. II, we assumed that the curvature
scalar decays as O(r~%) and this means that the inte-
gral,
Thﬁrgo .7-'( dx—/ F(z (33)
(34)
is well defined since,
lim [F(r)K(r)] ~O(r~?). (35)

r—00

Combining Egs. (31), (32), (33) and (35), we see that,

e ()

Let us now introduce some terminology, which we briefly
touched on in the Introduction. The scalar hair defined
in Eq. (36) is called “primary’ if @ is not equal to zero. If
Q =0, then it is called “secondary’ [8]. If the scalar hair
is primary, then knowing only the intrinsic properties of
the compact object, such as its mass, location of the EH
and spin, is not sufficient to determine the scalar charge
and, consequently, the behaviour of the scalar field far
away from the compact object. On the other hand, if the
scalar hair is secondary, the behaviour of the scalar field
far away from the compact object as determined by its
scalar charge is completely determined by the intrinsic
properties of the compact object. As we have shown in
Sec. II B, for regular BH solutions, @ = 0. Therefore,
Type 1 BH solutions can only possess secondary scalar
hair.

z)dz — Q) . (36)

The above expressions can also be generalised to regu-
lar spacetimes, such as those of a NS. Suppose the metric
for a spherically symmetric NS spacetime is given by

ds® = —Ans(r)dt* + Bys(r)dr® 4+ 1% dQ? . (37)

We assume that functions, Ans and Byg are regular and
non-zero functions at r = 0. Using the coordinates intro-
duced above, the equation for the scalar in Eq. (4) can
now be written as,

1
ANS (T)BNS (7”)

A
7“ ZNS (8 (I)NS)‘| = —€ ]:NS~

Or Brs

(38)
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FIG. 3. Left: Conformal diagram of a collapsing spacetime. Yinitial and Ygana1 are spacelike hypersurfaces draw prior to and
after the collapse respectively. We assume that spacetime is static around Xinitiai and Xanai, describing the initially static

star which collapses and settles to a final static BH. Right: The spacetime volume V =

[to, to + T} X Yinitial 1S shown in the

figure. The boundary 9V consists of 3 regions, {to + T} X initial, {to} X Zinitial and [to,to + T] X {r = oo}. The normals to

{to + T} X Zinitial and {to} X Sinitia1 point in opposite directions.

We can now integrate the above equation to get,

A A
P e @rxs) = |15 2 (0xs)
= —e/ Fns(z) 2%/ Ans Bys dx

We know that the scalar field has to be regular at the
center of the star because this is a necessary requirement
for regular stellar configurations to exist. We further
know that the functions Ang and Bygs are regular at the
center of the star. This means that,

, (39

A
2 [ 255 (8, Pys)

li
11 BN

r—0

—0. (40)

Equation (39) can now be simplified to get,

e [Bns [T
. /ATIS/O Fas(@)

Far away from the NS we are in an asymptotically flat
spacetime so we must have that

Or®ng = AnsBns dz . (41)

Jim [Ans(r) = 1] =0, (42)
Jim [Bys(r) = 1] =0, (43)
lim [r? Fxs(r)] = 0. (44)

r—00

We can now repeat the analysis as in Egs. (32), (33) and
(35) to find the scalar hair in a NS spacetime

UNS = € (/ Fns (@ \/mm) (45)

Let us pause now to compare the scalar hair for the
NS spacetime obtained in Eq. (45) and that obtained for
the BH spacetime in Eq. (36). We first note that the
coordinates used in these equations are not the same; for
the BH spacetime we used Gaussian null coordinates [see
Eq. (10)], while for the NS spacetime we use spherical
polar coordinates. If we had used the same coordinates,
the expressions would have been functionally identical.
However, although the functional form of Eqs. (45) and
(36) is the same, these charges do not evaluate to the
same result. This is because the NS spacetime has dif-
ferent metric functions than the BH spacetime, which is
why we identified this through a NS subscript. The co-
variant form of Egs. (45) and (36) are presented below,
in Eqgs. (46) and (47).

With the concept of scalar hair defined, and the theo-
rem and corollary established in the previous section, we
can now develop a second corollary.

Corollary 1.2. Let (M,g) be a spherically collapsing
spacetime for theories described by Fq. (1). Let Yinitial
and Xfna be Cauchy surfaces drawn prior and after the
collapse to a BH, as shown in Fig. 3. We assume that the
spacetime near {to} X Linitiar and {t1} X Lfina s static.
The spacetime near {to} X Dinitiar describes the initially
static star that collapses and the spacetime near {t;} x
Y fnal describes the final static BH. Then, to first order
in perturbation theory,

1. The scalar hair pys prior to the collapse is given



by,

Fv—g d4x> .
(46)

€ . . 1 /
HUNs = —— lIm m —
AT =0 \T=0 T [y 1o47]xs

initial

2. The scalar hair in the final BH spacetime is given
by,

1
WUBH = - lim | lim —/ F—gd*z | .
dr e—»0 \T—0 T [tl’t1+T]XZﬁnal
(47)

In particular, scalar hair is secondary before and after
gravitational collapse.

Proof. The formula for the scalar hair in the BH space-
time is given in Eq. (36). By Theorem 1 and Corollary
1.1, we know that the scalar field settles to a regular BH
solution after gravitational collapse. This means that
Q@ = 0in Eq. (36). Therefore, the scalar hair after gravi-
tational collapse is given by,

UBH = 6/000 F(r)K(r)dr. (48)

Equations (48) and (45) can be rewritten covariantly as
in Egs. (47) and (46) respectively. We now show that
Eq. (46) gives us the correct formula for the scalar hair
in the NS spacetime. We start by writing the scalar field
in the NS covariantly as,

VYV, Ong) + eF =0, (49)

We now integrate the above equation on a spacetime vol-
ume V = [tg,to + T'] X Linitial where T' is a small positive
number which we use to denote the length of the time
interval,

/v [V (Vo Ong) + €F|/—gdtz =0. (50)

We now use Stokes theorem on the first term to get,

/VQ(VQ¢)Hd4x:/ nVo®Vhdiz, (51)
\% 1¢]

1%

where, 0V denotes the boundary of the volume V, n®
denotes the normal vector on the boundary, and A is the
determinant of the induced metric on dV. The space-
time of a NS has no interior boundary. Therefore, 0V
consists of 3 different regions as shown in Fig. 3. The
integral over the upper and the lower constant time hy-
persurfaces, {to + T} X Zinitial and {to} X Zinitial, vanish
because we assume that the scalar field is independent
of time at this stage of collapse and the normal vectors
on these hypersurfaces point in the opposite directions.
Therefore, the only contribution to the boundary inte-
gral comes from the boundary at spatial infinity. Fur-
thermore, we consider asymptotically flat spacetime and,
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thus, the induced metric and the normal at spatial infin-
ity in asymptotically Cartesian coordinates is given by,

ds? = —dt* + r2dQ*, n% = 62 (52)

We now simplify Eq. (51) as,

to+T
/ V*(Va®)y/—gd'z = / lim [r?0,®ns(r)] dtdQ,
1% t

_ r—00
=to

~HENS
= —4nTuxs . (53)

Using the above equation to simplify Eq. (50) one finds

—47T uNs —|—/ eFy/—gd'z =0, (54)
v

which implies that,

€ 1
pns = — | lim f/ F/=gd*z |, (55
471' (T*)O T [to,to+T]><Z ( )

where we take the limit of T — 0 because we are in an ini-
tially static configuration which is about to collapse and
the integral over ¢ factors out only over an infinitesimal
interval.

initial

This formula gives the covariant version of NS hair
which we have written down in Eq. (46). Note that in
Eq. (46) we take the limit as € goes to zero because our
corollary only holds to first order in perturbation theory.
Repeating the same line of arguments as above, one can
also rewrite upp as given in Eq. (47). [ ]

For curvature couplings which are topological, such as
the Gauss-Bonnet scalar and the Pontragyin density, the
above integral in Eq. (47) can be converted to an inte-
gral over the EH only using Stokes theorem. Results for
the scalar hair were obtained in [36-39] by using Stokes
theorem and Noether’s theorem for static BH solutions
and NS solutions in dCS and sGB. The above corollary
shows that these results are valid even during a dynami-
cal gravitational collapse.

IV. SCALAR GAUSS BONNET THEORY AND
GROWTH OF SCALAR HAIR

The theorem and the corollaries presented in the pre-
vious section state that the scalar field settles to a Type
1 solution and they also provide formulae for the scalar
hair in the initial and final states of gravitational collapse
through Egs. (46) and (47). For curvature couplings that
are topological, e.g. the Gauss-Bonnet invariant and the
Pontraygin density, these scalar hair formulae can be in-
tegrated exactly and classified based on the topology of
the spacetime. In this section, we work with sGB the-
ory as an example to illustrate the dynamics of the scalar



field during gravitational collapse. In sGB, the scalar hair
takes on a non-zero value [37, 38] for Type 1 BH space-
times and it is zero in static and regular spacetimes such
as that of a NS [37]. Therefore, the scalar hair grows dur-
ing gravitational collapse to a BH, the opposite to what
happens in scalar-tensor theories. The scalar field dy-
namics will be studied to first order in perturbation the-
ory in two background spacetime models: the analytical
OS spacetime and a full numerical relativity-generated
collapsing NS spacetime. In these backgrounds, we find
an exact analytical solution and a numerical solution for
the scalar field evolution, and use it to study the dynam-
ics of the scalar field.

A. Oppenheimer-Snyder Spacetime

The OS spacetime is one of the simplest GR models
of collapse within the general Tolman-Bondi class and
it describes the spherically-symmetric collapse of mat-
ter into a BH [53]. More precisely, the OS model de-
scribes the collapse of an infinitely large 3-ball of pres-
sureless dust due to its gravitational force, leading to the
formation of a BH. The stellar interior is modelled as
a contracting Friedmann-Lemaitre-Robertson—Walker
(FLRW) cosmological spacetime with a pressureless dust
stress-energy tensor. As a consequence of Birkhoff’s theo-
rem, the exterior spacetime is given by the Schwarzschild
spacetime. In this model, there are no surface energy
densities and the metric and its normal derivative are
continuous [72-74] across the stellar surface.

Kanai et al [73] introduced a global coordinate system
to describe the OS spacetime. These global coordinates
are obtained by using Painleve-Gullstrand (PG)-type co-
ordinates in the exterior Schwarzschild spacetime, and
then gluing these coordinates to the interior spacetime.
The metric in the global coordinates, z* = (¢,7,0, ¢) is
given by

ds? = —dt* + [dr +v(t,r) dt]* + r2dQ?,

(tr) = % r < R(t) (56)
v(t,r) = \/@ >R

r

In the above equation, R(t) denotes the surface of the
star, an expression for which (together with other impor-
tant surfaces) are given in Table I. In these coordinates,
the fluid ball starts at r = oo at t = —oco and it collapses
to a singularity at ¢ = 0. The causal structure of OS
spacetime is shown in Fig. 4. The coordinate transforma-
tion between these global coordinates to Schwarzschild
coordinates in the exterior and FLRW coordinates in the
interior is reviewed in Appendix B.

We now describe the dynamics of the scalar field in OS
collapse. In sGB theory, the value for the scalar hair in
a regular static NS spacetime is zero. After the NS col-
lapses and settles to a static BH, the scalar hair is non-
zero. To first order in perturbation theory, the exterior
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FIG. 4. Penrose diagram of Oppenheimer-Snyder spacetime.

spacetime is the Schwarzschild spacetime in both cases.
Why does the hair grow then? To answer this question,
we start by finding the most general spherically symmet-
ric static solution to the sGB scalar field equation in a
Schwarzschild spacetime. The sGB equation is given by

O®+eRgp =0, (57)
and the Gauss-Bonnet scalar in a Schwarzschild space-
time is

48 M2

Rep = —5
,

: (58)

The scalar equation with a static ansatz in Schwarzschild
coordinates becomes

1d [, 2M\_, A8 M2e
e [r < - )@(7‘)] + p; =0. (59)

The most general solution to the above equation consists
of a particular solution and a homogeneous solution,

B(r) — 2 2  8M coy 1 2M
(T)6<Mr+r2+3r3>+M20g< 7“)'

(60)
We can now expand the above solution as r tends to
infinity to get the value of the scalar hair,

B(r) ~ 26(T1J\; a)

which means that the value of the scalar hair is given by,

+0(r2), (61)

2¢(1 — «)

y (62)

M:



Surface

Global Coordinates

FLRW Coordinates

Surface of the Star

r=R(t) = (791”({“2)1 ’

re= ()3 M

Event Horizon

r = H(t) = 3t + 3R(¢t)

re=3M [(5)* ~ ()]

Apparent Horizon

3t

r=-3

M (—ty1/3

Te = 2 W1

Outgoing Null Geodesics

r =3t —u(—t/M)*3

re =—3y/a(t) —u

Ingoing Null Geodesics

r=—3t+v(—t/M)*3

re =0+ 3y/a(t)
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TABLE I. Important surfaces in the OS spacetime. The equations for the surfaces are given in both global PG coordinates and
in the familiar FLRW coordinates. The coordinate transformation functions between these two coordinate systems in given in

Appendix B.

For a NS spacetime, topological arguments were de-
rived in Refs. [36, 37] to show that the scalar field must
be hairless. The argument begins by noting that for reg-
ular spacetimes such as that of a NS spacetime, there is
no interior boundary or “holes” in the spacetime. For the
particular case of sGB, the right-hand side of Eq. (46)
vanishes by the generalised Chern-Gauss-Bonnet theo-
rem because the spacetime is connected [37]. This means
that pung must be zero. This argument can also be gen-
eralised to NS spacetimes in dCS gravity. Because ung
is zero, a = 1 from Eq. (62) for a NS spacetime. On the
other hand, for a BH spacetime, regularity at the horizon
means that we must set a« = 0. This means that,

2 2 M 2M
@NS€(++8 )+ 610g<1r>+0(62)

Mr 2 33 M2
(63)
2 2  8M
Ppp=e€| — + — +— 2. 4
BH G(Mr+r2+3r3) O(€e) (64)

Therefore, the presence of the homogeneous solution is
the difference between the scalar field solution in a NS
spacetime versus a BH spacetime.

From the theorems established in Sec. III, the homo-
geneous mode diverges at the EH, and thus, it must be
radiated away during collapse. To see how this happens,

J

(I)initial(uv UO) =01 (U)

Pinitial (U0, v) = {

o2(v),

In the above equation, the radial coordinate r is to be
read as a function of u and v evaluated at v = wvyg,
i.e. r(u,vp). The transformation relating (¢,7) to (u,v)
is given in Sec. IV A1 and Appendix B. The initial data

e(%Jr%Jr%)Jrﬁlog( —%) , 1> R(t(up,v))

let us study the evolution of the scalar field in the OS
spacetime with the hairless solution as initial data. In
the OS spacetime, the star crosses its EH at t = —4M /3
(see Fig. 5), and after this time we cannot support the
hairless initial data because the field diverges at » = 2M.
Hence, studying the evolution of the hairless scalar field
just before the star collapses to a BH will help us answer
why and how the scalar hair is radiated away.

In passing, let us note that in the OS spacetime, the
curvature scalars exhibit a discontinuity at the surface
of the star. This is because the density inside the star is
constant and it drops to zero outside the star. Therefore,
the solution for the scalar field will not be continuous
across the surface of the star. Nevertheless, one can still
study the dynamics of the scalar field inside the star as it
collapses and this will give us valuable insights into the
dynamics of the scalar field during gravitational collapse.

Let us then prescribe the hairless scalar field as initial
data on a null characteristic outgoing surface u = ug, as
shown in Fig. 5 (dashed red line). For the initial data in
the interior of the star, we choose an arbitrary, smooth
and bounded profile o2(v), which matches smoothly to
the exterior hairless data at the surface. For the initial
data on the other characteristic v = vy (dotted green line
in Fig. 5), we choose an arbitrary smooth and bounded
profile o1, which matches continuously to the o9 profile at
the point of intersection of the two characteristic surfaces.
The initial data is then

r < R(t(up,v))

(

described above determines the evolution of the scalar
field uniquely to the future of the characteristic surface
and up to the EH, which is shown as a dash-dotted blue
line in Fig. 5. The future of the characteristic lines up to
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FIG. 5. The surface of the star, EH and the null surfaces on
which we prescribe initial data is shown in OS collapse. The
shaded region in the above figure shows the spacetime region
to the future of the null surfaces u = up and v = vg up to the
EH and inside the star. The EH forms at t = —9/2M and the
surface of the star crosses the EH at ¢ = —4/3M, after which
the star is causally disconnected from external observers.

the event horizon is shown as a shaded region in Fig. 5.

We prescribe data on characteristic surfaces because
this will enable us to find an exact solution to the
scalar field equation that matches the initial data (see
Sec. IVA1).

But first, we need to find the exact solution for Eq. (57)
inside the star. The most general solution is given by
the sum of a particular and a homogeneous solution. To
find the particular solution, we start by writing down the
Gauss-Bonnet scalar in the OS spacetime, namely

WU > R(t)
RGB — r6 ) - I (67)
{—2%4 , < R(t).

The Gauss-Bonnet scalar outside the star is only a func-
tion of the radial coordinate, while inside the star it is
only a function of the time coordinate. Therefore, our
ansatz for the particular solution will respect this behav-
ior. Denoting the particular solution inside the star by
®7 (t) and outside the star by ®] (r), the solution is then

_ 32¢
oy (t) = o (68)
2 2 8M
Sr(r) =+ 2+ 22,
T(r)=¢ <Mr + 2 + 3r3) (69)
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The general solution to Eq. (57) is then
(L) = @ (t,7) + @1 (1),

O (t,r) = O (t,r) + 21 (r), (70)

where, ®* is the exterior and interior scalar fields, while
<I>3E satisfies the wave equation

0o = 0. (71)

To complete the general solution, we therefore must find
the homogeneous solution, which we do next.

1. Ezact Solution for the ®~

Let us first focus on the homogeneous solution and
then the general solution for the scalar modes inside the
star. We begin by performing a coordinate transforma-
tion from PG to double null coordinates, z* = (u, v, 0, ¢).
The transformation from FLRW coordinates, & gy =
(t,r¢,0,0) to double null coordinates is

(72)

The transformation from FLRW to PG coordinates is
given in Eq. (B3). The metric in double null coordinates
takes the form

ds* = —a®(t) dudv + r? a®(t) dQ°. (73)

With this transformation at hand, we define ¥, =
®, . so that the wave equation in double null coordinates
becomes

(utwv)
2

whose solution is

L[f(w)+g'()  flu)+g)
r T T e |

(74)

0,0,V5 + 0, V5 + 0,05 =0,

This is the most general, spherically-symmetric solution
to the wave equation inside the star. The solution is
parameterised by two functions, f(u) and g(v), which
characterise the outgoing and the ingoing modes of the
scalar field @, respectively.

We now match the above solution with the initial data
given in Eq. (65). To keep mathematical expressions
short, we introduce the shorthands

. 32¢

o1(u) = o1(u) + m,

Fa(v) = oa(v) % (76)
(77)
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+

where, In defining 61 2 we are effectively subtracting the particu-
lar solution ®7 (¢) from the initial data in Eq. (65) inside
o)’ the star. We can now write down the full solution in the
t(u,v) =M < 5 ) . (78)  interior of the star,
J
_ 1 [2J2(u—ug) (ug+v)  2J1(v—20)(u+twy) (v—1ug)(ug+v)3252(v)
O (u,v) =
v—u (u+v)3 (u+v)3 (u+v)2
(ud — v3) [2uv + vo(v — u) + ug (u — v + 2vg)] 72 (vo) 1) (u — o) (u+vo) 2
(ut0)? (u+v)?
B 55296¢2
M?2(u +v)8’
where, 2. Solution for &

Ji z/ (vg — u)G1 (u')du/,

(]

v
Jo = / (v —ug)aa(v')dv'. (80)
vo

Let us now analyze the solution more carefully. We
know that o7 2 are bounded functions. Therefore, from
Eq. (76) we see that &1 2 are also bounded because t # 0.
The full solution in the interior of the star is constructed
from &1 and their integrals Ji o, defined in Eq. (80).
Therefore, from Eq. (79), the full solution is also bounded
as long as u+ v # 0. From Eq. (78), when u + v goes
to zero, we see that t goes to zero, and this is when
the curvature singularity forms (see Fig. 5). We then
conclude that the solution is bounded to the future of
the null surfaces u = ug and v = vg up until the EH. By
continuity, the solution is also bounded on the EH. The
future the of null surfaces © = ug and v = vy includes the
point where the surface of the star crosses its EH and,
therefore, the solution is also bounded as the star crosses
its EH.

To summarize,

e The solution in the interior of the star is determined
by initial data on characteristic surfaces which are
present before the EH forms. The spacetime up to
this point in the collapse process is regular, and the
profiles oy 2 are bounded.

e Because 012 are bounded, Eq. (79) tells us that
the solution for the scalar field does not diverge to
the future of the characteristic surfaces © = ug and
v = vg. In particular, the solution on the surface
of the star cannot diverge as the surface of the star
crosses its EH.

Therefore, the only modes that can escape the star as
the star crosses its EH are those that formed before the
EH forms. The boundedness of these modes prevent the
scalar field from diverging.

Let us now focus on the homogeneous solution and
then the general solution for the scalar modes outside
the star, so that we can study how the regular modes
propagate from the center of the star out to external
observers. The field <I>6r obeys the wave equation in
the Schwarzschild spacetime, so defining ¥§ = r®;
and working in Schwarzschild null coordinates, z&,, =
(us,vs,0,¢) (different from the null coordinates intro-
duced in the interior), the wave equation becomes

M 2M
u, 00, g + 2,3 (1 - T) Uy =0, (81)

where the effective potential

V(r) = 2% (1 - 254”) , (82)

is strongly peaked at r = 8 M /3. Therefore, close to the
spacetime event when the star goes inside its EH, the
above equation can be approximated very well by [51, 52],

0u,0,, ¢ =0. (83)

The solution to the above equation consists of an ingoing
mode and an outgoing mode.

We can now understand how the bounded scalar modes
from the interior propagate out and settle to a regular
and stationary scalar field configuration. The solution in
the exterior region is given by,

s 2 2  8M
¢+(t,r)::+e<m+ﬂ+w). (84)

The wave modes in W7 propagate from the surface of the
star and reach the peak of the effective potential given in
Eq. (82). Modes with sufficient energy penetrate the po-
tential barrier and propagate out to ZT, the lower energy
modes back scatter from the potential. The energy in the



modes that propagate to ZT decays away as a power law
by Price’s law. The modes that back scatter and propa-
gate to HT also decay away as a power law [52]. Hence,
\Ilar decays to zero after sufficiently long time. This means

that,
2 2 8M
P nal — I - o2 )
final 6<M7”+7"2+37“3> (85)

which is a hairy solution.

B. Collapsing Neutron Star Spacetime

Let us now compare the analytical results obtained in
the previous subsection to the behavior of the scalar field
in a fully dynamical, and fully relativistic, collapsing NS
background. More specifically, we solve the decoupled
sGB field equations [Eq. (21)] in the background of a
collapsing NS, which is obtained by solving the Einstein
equations and the the conservation of energy-momentum
equation in the matter sector. All of this is done through
numerical relativity techniques. That is, we foliate the
four-dimensional manifold (M, g) into three-dimensional
spatial hypersurfaces (X,7), labelled by a time param-
eter t and with an induced metric v;;. By applying this
spacetime decomposition to the field equations [Eq. (21)],
we obtain hyperbolic (time-evolution) equations and el-
liptic equations, the latter of which we solve for the initial
configurations.

The collapsing NS background is constructed as fol-
lows. First, we prescribe initial data as a (spherically-
symmetric) solution to the Einstein equations. Assuming
stationarity and spherical symmetry, they reduce to the
Tolman-Oppenheimer-Volkoff (TOV) equations [75]

dP m + 4nr3 P

- = py—-T= -

3= et ) (86)
dm 9
? = 47TT €, (87)

for which the metric is given by

dr? +72d0%,  (88)

_ 2m
T

ds? = —e?*de? + 1

da m+4nr3P
— = . (89)
dr 72 (1 — —m)
-
Here e and P are the energy density and pressure inside
the NS, respectively. The mass m, denotes the mass con-
tained within a radius r from the center of the star. In
our numerical simulations we conformally decompose the
spatial part of the metric such that

ds® = —e**dt* + ¢ [dr® + r2dQ?] | (90)
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where 1* is the conformal factor. The NS matter sector
is modeled through the H4 equation of state [76], which is
constructed from relativistic mean field theory, it includes
hyperons in addition to neutrons, protons, electrons and
muons, and it makes specific choices for the values of
the incompressibility, the effective mass and the nucleon-
meson coupling. We initialize the central density so that
the solution to the TOV equations lead to a NS with
mass M = 2.02My. This data is unstable to gravita-
tional collapse because the density inside the NS exceeds
that of the maximum mass configurations with an H4
equation of state (MTov maxia = 2.03 M) ? We do not
add any additional perturbations, and instead, the col-
lapse is triggered solely by the initial interpolation error
from interpolating the spherical NS data onto the Carte-
sian grid.

Given this initial data, we then numerically solve the
equations of general-relativistic magnetohydrodynamics
[77] (in the absence of magnetic fields) and the Einstein
equations to build the dynamical NS spacetime. We em-
ploy the Z4c formulation [78, 79] together with the mov-
ing puncture gauge using the Frankfurt/I11inoisGRMHD
(FIL) code [30, 81]. FIL has been used extensively to
study BNS [82-86] and NS-BH mergers [30, 87, 88], in-
cluding effects of finite-temperatures, weak interactions
and magnetic fields. FIL implements highly-accurate
numerical methods [39] and has been demonstrated to
achieve beyond second-order convergence of the numeri-
cal solution in simulations of NS space-times [30] .

This solution provides a numerically-generated space-
time background on which we can solve the scalar field
evolution equation in sGB gravity [Eq. (57)]. We evolve
Eq. (57) as a time evolution problem using Canuda [90],
an open-source software for numerical relativity beyond
GR [26, 27, 68, 91] and to simulate BHs interacting with
ultra-light fields [92, 93]; see Refs. [26, 68] for details
on the implementation of the sGB equations. Canuda
is compatible with the Einstein Toolkit software for
computational astrophysics [94-96].

The numerical domain is constructed as a series of 5
nested boxes with an outer domain size of 128 M and a
finest resolution of 0.05 M. Note, that we work in geo-
metric units, ¢ = 1 = G and measure lengths and evolu-
tion time of the numerical simulation in units of the mass
M, with M = 2.02Mg. We initialize the scalar field to
zero, but note that given the small initial perturbation,
the star does not immediately collapse, so that the nu-
merical solution of the scalar field settles to a stationary
configuration for a TOV space-time before the NS begins
to contract.

During the numerical evolution and during post-

processing we compute a number of quantities that aid us

2 We point out that the dynamically unstable branch of equilib-
rium NS solutions will have masses lower than the maximum
mass, but reaches energy densities higher than dynamically sta-
ble NS.
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FIG. 6. Simulated space-time diagram of a collapsing NS in perturbative sGB gravity. Shown are the surface (white), the event
horizon (EH, blue) and the apparent horizon (AH, red). The light blue line refers to null geodesic, and the black dot to the
time of peak flux. The time ¢ and radii  shown both refer to individual coordinates. The panels show, (Left) the value of the
scalar field ® relative to its final configuration ®ana1 [Eq. (85)] and (Right) the scalar energy flux Sg.

in understanding the behaviour of the scalar hair. One of
them is the apparent horizon, which we calculate using
the AHFinderDirect code [97] on every time slice. An-
other one is the event horizon, which we calculate using
the approach described in [98], by tracing geodesics back
in time post evolution of the NS background. The last
quantity we need is a spacetime diagram of the scalar field
and associated quantities. We construct this diagram by
focusing only on one of the coordinate axis, because, al-
though our simulations are performed in three spatial di-
mensions, the spherical symmetry of all solutions is well
preserved during collapse.

The resulting evolution is shown in Fig. 6 where we
present the relative scalar field amplitude (left panel) and
energy flux (right panel). We mark the surface of the star
as a contour enclosing 99% of the baryon mass,

M, = /dvﬁpBF, (91)
where pp is the baryon density and I" the Lorentz factor
of the NS material. After an initial transient (not shown),
we can see that a stationary scalar field solution inside the
star develops. As expected from Eq. (85), the exterior
of the star does not contain a r~! contribution at initial
times (black area).

Around ¢ &~ 70 M the event horizon is first found at
the center of the star, and gradually expands outwards.
An apparent horizon is not found until all the matter
has crossed the event horizon. This happens around ¢ ~
90 M. We can see that around the same time the scalar
hair begins to grow (yellow region). The singularity does

not begin to form until ¢ ~ 100 M. This numerically
confirms that the growth of scalar hair is not associated
with the formation of a singularity, or with the formation
of the apparent horizon, but rather with essentially the
NS surface disappearing behind the event horizon.

In order to better understand at which point the scalar
field begins to grow, we also calculate the amount of ra-
dial energy flux contained in the scalar field. We do this
by computing the analogue of the Poynting flux in elec-
tromagnetism, namely

Sk = 0'00,® + %gﬁ@u@a“@. (92)
Since a change in the scalar field will yield an associated
energy flux, we can use this quantity to track the evolu-
tion of the scalar field. The resulting evolution is shown
in the right panel of Fig. 6. Since the dynamical co-
ordinate evolution in the simulation leads to a tilting of
light cones close to the center of the star, we also show
an out-going null geodesic (light blue curve), in order to
show when changes inside the star propagate to the sur-
face. We can see that the initial change in the scalar field,
measured in terms of an out-going energy flux, is caused
by the contraction in the center of the star. However,
the main growth phase of the scalar field does not hap-
pen until the event horizon has formed. This can most
easily be seen by the maximum (out-going) scalar flux on
the horizon, as marked by a black dot in Fig. 6. We em-
phasize, that although we are numerically evolving the
interior of the BH, everything within the event horizon
(blue curve) is causally disconnected from the exterior



solution. However, we can also see that this initial flux
does not reach the surface until some time later, around
t =~ 80 M. At this time, the star has not yet completely
collapsed to a BH, and the —! term of the scalar field
has not yet grown, as is revealed by a comparison with
the left panel. In terms of the energy flux, no apparent
transition can be seen later on. The peak of the out-going
energy flux (black dot) is reached only when the entire
star is about to be swallowed.

V. CONCLUSIONS AND FUTURE
DIRECTIONS

We have investigated the dynamics of scalar fields dur-
ing spherically-symmetric gravitational collapse in a wide
class of modified gravity theories. We proved that BH so-
lutions in these theories generically fall into two different
classes, depending on whether the scalar field they sup-
port is regular at the EH of the BH or not. We also
proved that if the scalar field is regular at the EH, then
the surface gravity of the EH is non-zero. Physically,
one expects that the scalar field will settle to a regular
solution during gravitational collapse. This flow to reg-
ularity was investigated numerically in sGB gravity by
simulating the sGB scalar in the background of the OS
collapse [26, 27]. We confirm and greatly extend these
results by proving that, during spherically symmetric col-
lapse, the scalar field eventually settles to a regular solu-
tion to first order in perturbation theory and in a wide
class of modified gravity theories where a scalar couples
to a curvature invariant. As a corollary, we also show
how this flow to regularity affects the scalar hair in the
initial NS state and the final BH state.

To understand the physical reasons behind these re-
sults, we investigated the dynamics of the scalar field
evolution in two background spacetimes and in sGB the-
ory as an example. In this theory, the scalar hair goes
from zero for a NS to a non-zero value for a BH during
gravitational collapse. We verified that this happens by
finding an exact analytical solution for the scalar field in
the interior of the star during OS collapse. Using this
solution, we showed that the regularity of wave modes
before the EH forms ensures that the scalar field remains
regular during collapse. After the star collapses to a BH,
the wave modes decay away by Price’s law [51, 52], lead-
ing to a regular static solution to the sGB equations that
is hairy. We confirm these results in the more realistic
scenario by simulating the collapse of a non-rotating NS
in full general-relativity. On top of this dynamical back-
ground we solved the decoupled sGB equations to study
the evolution of the scalar field. In line with our analyti-
cal results, we find that escaping modes of the scalar field
form inside the star but outside of the growing EH. We
further confirm that the formation of scalar hair roughly
coincides with the bulk of the matter disappearing be-
hind the EH, generalizing the results from OS to realistic
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NS models.

Our work points to a few natural directions to pur-
sue in the future. Omne natural direction to explore is
the dynamics of the scalar field in axisymmetric collapse
and thereby extending studies of the scalar field’s for-
mation around a Kerr background [68]. The results we
established in spherically-symmetric collapse should be
extendable to the axisymmetric case, and this will help
us analyze theories such as dCS gravity which reduce
identically to GR in spherical symmetry. A second di-
rection for future work is to extend our results to higher
orders in perturbation theory by including the back re-
action of the scalar field onto the metric. This would be
complementary to (and extending) previous simulations
of scalar field collapse in the full theory [28] and studies
of the metric perturbations at second order in perturba-
tion theory [99, 100]. Since the class of theories we con-
sider in Eq. (1) reduce to GR when the coupling constant
goes to zero, the results we have established here should
go through, with small second-order modifications. An-
other direction for future work includes studying the be-
haviour of dipole and higher order moments of the scalar
field during gravitational collapse. A final natural direc-
tion to pursue is to investigate whether our results can be
extended to a wider class of theories that exhibit other
non-linear deviations from GR in the strong coupling
regime. Examples of these include certain scalar tensor
theories [101] and theories where the coupling function
scales at least as ®? instead of the linear coupling we con-
sidered in Eq. (1). These theories are known to exhibit
phenomena such as spontaneous scalarization, which are
intrinsically non-perturbative [101-103]. Understanding
the behavior of scalar hair in these theories will help us
determine the best routes to constrain them.
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Appendix A: Proof of Connection Between
Non-Vanishing of Surface Gravity and Regularity of
the Scalar Field

In this Appendix, we prove that if the scalar field is
regular on the EH then surface gravity of the EH must
be non-zero. As noted in Sec. IIB1, if F(0) # 0, then
regularity at the EH implies that p = 0 and the sur-
face gravity is finite. If 7(0) = 0, then we have to look
at higher order terms. We show that looking at higher
order terms leads to a contraction if p > 1, i.e., if the sur-
face gravity vanishes. We prove that this is true for two
general choices for the curvature scalar F. For the first
case, we consider modified quadratic theories of gravity
and in the second case we consider general F(R) theories.
The idea behind the proof uses the fact that if the cross
section of EH is a 2-sphere then its Gaussian curvature
given by K(0)~! cannot be zero. This idea is inspired
by Ref. [10], where a similar argument was used to show
that there can be no static BH solutions in GR with a
degenerate EH.

1. Modified Quadratic Gravity

In case of modified quadratic theories of gravity, the
curvature scalar F takes the form,
F=aR’+ R, +a3R2s s, (A1)

the field equations for this theory are obtained by replac-
ing,

a; = €, (A2)
B=1, (A3)
Qg = 0. (A4)

in Egs. (27-28) in Ref. [13].
deal with:

We now have two cases to
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Case 1: F(0) =0, F(0) #0

In this case, the local expansion of Eq.(16) in Gaussian
null coordinates takes the form,

e F'(0)

O = 2D, (0)

rTP 00T,

(A5)

regularity requires that, p € {0, 1} since we assume that
F'(0) # 0. If p = 0, then surface gravity is finite and we
are done. Now suppose p = 1. Then we need to use the
gravitational equations. Let us denote the gravitational
equations by,

Euy = G#y + 167T6C;w - SWTEI/ =0,
FE = g“yE#u =0.

(A6)
(A7)
Taking the trace of E,, and evaluating it at » = 0, we
get,

2 1
ko~ PO K

We can now look at the value of F,, at r = 0 to get a
contradiction.

E(0) = 2Dy (0) — (A8)

167T 6@(0)[20&1 —+ (65) —+ 20[3] 1
Evr = - 2 -
K(0) K(0) (A9)
4+ 167 e Do(0)* @(0) [201 + g + 23]

:0,

from Eq. (A8) we know that Do(0) = K(0)~!. Using this
in the above equation we get,

1
— =0,

0 (A10)

this is a contradiction because K(0)~! is the Gaussian
curvature of the 2-sphere at the horizon, which cannot
be zero by assumption (3).

Case 2: F(™)(0) =0, Fm+D(0) #0

Using the definition

: omtLFE
FrD(0) = ormAL | (A1)
the local expansion of Eq. (16) takes the form,
e Fm+1)(0) 41
— m+1—p m+2—p
0r® 5 Do0) T +O(r ). (Al12)

Therefore, regularity requires that p € {0,1,..,m + 1}
from Eq. (12). If p = 0 then we see that surface gravity
is nonzero. If p = 1, we already showed a contradiction
in Case 1 above. Now suppose p > 2. The value of E at
the EH now takes the form,

- =0, (A13)

which gives us a contradiction as before.



2. F(R) Theories

For theories where the curvature coupling F is only a
function of the Ricci scalar R, the C,, tensor takes the
form,

Chp = F1 ® Ry + g0 O(F1 ) — V.V, (F1 @) — 9’2‘” Fo,
(A14)
where
OF
= — A].
Fii= 55 (A15)

We now assume that F can be represented as a power
series in R,

N
n=0

We also make another regularity assumption. We assume
that the scalar field and the metric coefficients are regu-
lar functions of the coupling constant ¢ at the EH. Note
that this assumption does not mean that we are working
in a small coupling expansion. It means that the theory
we are considering reduces to GR when the coupling con-
stant goes to zero. We now have two cases to analyse as
before.

Case 1: F(0) =0, 0,F(0) #0

In this case the local expansion of Eq. (16) takes the
form,

(A17)

Regularity requires that p € {0,1} since we assume that
F'(0) # 0. If p = 0 then surface gravity is non-zero and
we are done. Suppose p = 1. Then, we need to use the
gravitational equations. Let us look at the value of E at
the EH,

B(0) — ~ 2T EF(O) B(0) 1] [Dy(O)K(©) 1]

K(0)
(A18)
Because of the regularity assumption,
1
167eF1(0)P(0) #1 = Dy(0) = ——. (A19)

K(0)

The local expansion of F,, is gives us,

1

Eyr(0) = K0

— 87 e®(0) [2Do(0)F1(0) + F(0)]
(A20)
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We now use the fact that F(0) = 0 and Dy(0) = K(0)~*
in the above equation to get,

167 eF1(0) B(0) + 1

K (0) =0,

167 eF1(0) @(0) +1 # 0,
1

== m 0,

which is a contradiction.

Case 2: F(™)(0) = 0, Fm+D(0) #£0

In this case the local expansion of Eq. (16) takes the
form,

e Fmt1)(0)
2Do(0)

Therefore, p € {0,1,..,m + 1} if the field is regular. If
p = 0, then we see that surface gravity is nonzero from
Eq.(12). If p = 1 we already showed a contradiction
in Case 1 above. Suppose now that p > 2. The local
expansion of F,, now takes the form,

1
k)~ ST FOR0) =0

0P = — PP L O>(rm 2P, (A21)

By = (A22)

using F(0) = 0, we end up with a contradiction as before.

We have checked that the above derivation is valid
when the curvature scalar takes the form,

F=a1R+mR,, +asR2 ;. (A23)

Appendix B: Coordinate transformations between
PG coordinates and Schwarzschild and FLRW
coordinates

In this Appendix we give the coordinate transfor-
mations between global PG coordinates introduced in
Sec. IVA and FLRW coordinates inside the star and
Schwarzschild spacetime outside the star.

1. Interior of the Star and FLRW Coordinates

We denote the FLRW coordinates by z# = (¢, 7,0, ¢).
The metric inside the star in these coordinates takes the
form,

ds® = —dt* + a*(t)(dr? + r2d9?), (B1)

where the scaling factor a(t) is given by,

a(t) = (;\;)2/3.

The coordinate transformation to PG coordinates takes
the form,

(B2)

t=t,r(t,r.) =rea(t),d =0, p=a. (B3)
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2. Exterior of the Star and Schwarzschild
Coordinates

The spacetime outside the star is the Schwarzschild
spacetime by Birkhoff’s theorem. The transformation
from Schwarzschild coordinates «# = (ts,r,0,¢) to PG
coordinates is given by,

t(t =t,+4M
(SaT) s+ oM 2 J*W

r=r,0=0,¢=0¢. (B4)
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