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Given the non-graph-changing Hamiltonian Ĥ[N ] in Loop Quantum Gravity (LQG), 〈Ĥ[N ]〉, the

coherent state expectation value of Ĥ[N ], admits an semiclassical expansion in `2p. In this paper,

we explicitly compute the expansion of 〈Ĥ[N ]〉 to the linear order in `2p on the cubic graph with
respect to the coherent state peaked at the homogeneous and isotropic data of cosmology. In our
computation, a powerful algorithm, supported by rigorous proofs and several theorems, is developed

to overcome the complexity in the computation of 〈Ĥ[N ]〉. Particularly, some key innovations in

our algorithm substantially reduce the complexity in computing the Lorentzian part of 〈Ĥ[N ]〉.
Moreover, with the algorithm developed in the present work, we can compute the expectation value
of arbitrary monomial of holonomies and fluxes on one edge up to arbitrary order of `2p. Finally,

some quantum correction effects resulted from 〈Ĥ[N ]〉 in cosmology are discussed at the end of this
paper.

PACS numbers:

I. Introduction

Loop Quantum Gravity (LQG) is an approach toward the background independent and nonperturbative quantum
gravity theory in four and higher dimensions [1–5]. Several recent progresses have been made by the active research
of the quantum dynamics of LQG [6–16]. Particularly, tremendous progresses have been made in both canonical and
covariant LQG on the semiclassical limit and the consistency with respect to classical gravity e.g. [7, 8, 15, 17–27].
However, regarding the full theory of LQG dynamics, less progress has been made on its quantum corrections (see
e.g. [28–31] for some results, and [32, 33] for some results in the covariant approach). As a candidate of quantum
gravity theory, it is important that LQG should shed light on quantum corrections to the classical theory of gravity.

The present paper focuses on the canonical aspects of LQG. Due to the non-polynomial Hamiltonian constraint

operator Ĥ[N ] = ĤE [N ] + (1 + β2)ĤL[N ], there has been persistent confusion that the quantum dynamics of LQG
might not be computable analytically [34]. A previous work [8] partially resolves this confusion, where it has been
schematically shown that the coherent state expectation value of the Hamiltonian/master constraint are computable
order-by-order by the semiclassical expansion in ~. It is remarkable that the proposed scheme in [8] can also be applied
to a wide class of non-polynomial operators used in the study of LQG dynamics. Although this scheme was proposed

as early as when [8] firstly published in 2006, the expectation value of Ĥ[N ] has only been computed at its classical
limit, i.e. the 0-th order (in ~). However, due to the complexity of the operator, especially the the Lorentzian part of

Ĥ[N ] (denoted as ĤL[N ]), the O(~) quantum correction has not been studied in the literature.
The goal of the present work is to fill this gap by providing an explicit computation of the O(~) quantum correction

in 〈Ĥ[N ]〉 with respect to a certain coherent state. In this paper, in order to compute the quantum correction

in 〈Ĥ[N ]〉, a powerful algorithm is developed to overcome the complexity of Ĥ[N ] that is the non-graph-changing

Hamiltonian on a cubic lattice γ. We explicitly expand 〈Ĥ[N ]〉 to linear order in ~ by applying the algorithm, with
respect to the coherent state that is peaked at the homogeneous and isotropic data of cosmology. Namely we explicitly
compute H0 and H1 in

〈Ĥ[1]〉 = H0 + `2pH1 +O(`4p), `2p = ~κ (1.1)
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where κ = 8πGNewton and the lapse function N = 1. H0, representing the 0-th order, reproduces the cosmological
effective Hamiltonian in the µ0-scheme [15, 16, 35, 36]. Whereas, H1 gives the first order quantum correction, which
is presented by our result in this work. The explicit expression of H1 is given in Section VI. It is worth noting that

the coherent state used for computing 〈Ĥ[N ]〉 is not SU(2) gauge invariant (the motivation is stated below).
This work is closely related to the reduced phase space formulation of LQG (see e.g. [9, 37, 38]. In this formulation,

some matter fields that are known as the clock fields is coupled to gravity. These matter fields are regarded as material
reference frames used to transform gravity variables to gauge invariant Dirac observables. This procedure resolves
the Diffeomorphism constraint and Hamiltonian constraint at the classical level resulting in the reduced phase space
Pred of Dirac observables. The dynamics of the gravity-clock system is described by the material-time evolution
generated by the physical Hamiltonian H on the reduced phase space Pred. As an interesting model, Gaussian dust
is chosen to be our clock fields [38, 39]. Then the resulting reduced phase space, Pred, is identical to the pure-gravity
unconstrained phase space. This identification defines the pure-gravity Hamiltonian constraint with unit lapse (i.e.
N = 1) H[1] on the resulting reduced phase space Pred, which indictaes that the physical Hamiltonian H equals to
H[1] for the case when gravity is coupled to Gaussian dust. In this model, the quantization of Pred is the same as
quantizing the pure-gravity unconstrained phase space, which leads to the physical Hilbert space H that is identical
to the kinematical Hilbert space in the usual LQG. H is unconstrained because it is from the quantization of Pred.

The physical Hamiltonian operator is obtained by Ĥ = 1
2 (Ĥ[1] + Ĥ[1]

†
) with the usual LQG quantization of Ĥ[N ]

[6, 40–42]. Therefore from the perspective of reduced-phase-space LQG, our work computes the 〈Ĥ〉 with respect to

the coherent state peaked at cosmological data on the graph γ, which is given by the real part of 〈Ĥ[1]〉 (1.1).
Recent works have been focused on building models of LQG on a single graph γ [15, 20, 21, 28, 43–46]. Particularly,

the quantum dynamics in the reduced-phase-space LQG framework is formulated on a cubic lattice γ with a path
integral [16, 22]

A[g],[g′] =

∫
dh[dg] ν[g] eS[g,h]/`2p , (1.2)

which is the canonical-LQG analog of the spinfoam formulation. A[g],[g′] is regarded as the transition amplitude

of Ĥ between the initial and final SU(2) gauge invariant coherent states, denoted as |[g]〉, | [g′]〉 respectively. The
integration variables contains both trajectories of g ∈ Pred,γ and SU(2) gauge transformations h on γ, with ν[g]
being a measure factor. Due to a feature of the path integral (1.2), the SU(2) gauge invariant amplitude A[g],[g′] is

expressed as an integral of SU(2) gauge non-invariant variables g and h 1. The action S[g, h] is linear to 〈Ĥ〉 at SU(2)
gauge non-invariant coherent states when the trajectories of g are continuous in time. In contrast to the usual path

integrals in quantum field theories, S[g, h] contains the O(~) correction from 〈Ĥ〉. Our work precisely computes this
O(~) correction in S[g, h] of cosmological dynamics.

A general study of the equation of motion provided by the semiclassical limit of A[g],[g′] is presented in [22]. The
application of it in cosmology is presented in [16, 46]. The cosmological dynamics in the limit of ~→ 0 gives the µ0-
scheme effective cosmological dynamics which reduces to the classical FRLW cosmology at low energy density. Next,
it is equally important to discover the O(~) correction of the effective cosmological dynamics. The effective dynamics
with O(~) correction can be obtained by the quantum effective action [47], denoted as Γ, from the path integral
defined in (1.2). Perturbatively, the O(~) correction in Γ for cosmology contains 3 contributions: (1) O(~) correction
in S[g, h] which is computed in this work, (2) O(~) correction in log ν[g] where ν[g] has been given explicitly in [16],
and (3) O(~) correction in 1

2 log det(H) where the “1-loop determinant” det(H) is the determinant of the Hessian

matrix H of S[g, h]. The g-g matrix elements in H has been computed in [46]. A continuous study of 1
2 log det(H) is

postponed for future work. Therefore,in terms of the quantum correction in the effective cosmological dynamics, the
present work computes an significant part in the O(~) correction of the quantum effective action Γ.

After introducing motivations above, let us summarize several key steps in the computation of the present work:

First of all, an important complication in Ĥ[N ] is the volume operator V̂v =

√
|Q̂v| which contains the square-root

and absolute-value, indicating that the Ĥ[N ] is non-polynomial. When 〈Ĥ[N ]〉 is studied with respect to the coherent

1 Here is a brief explanation of the reason why the path integral is in terms of gauge non-invariant coherent states (see [16] for details):

The transition amplitude between gauge invariant coherent states is A[g],[g′] =
〈

Ψt
[g]
|U(T )|Ψt

[g′]

〉
where U(T ) = exp

(
− i

~T Ĥ
)

. The

gauge invariant coherent state is the group average of the gauge non-invariant state: |Ψt
[g]
〉 =

∫
dh|ψt

gh
〉 where h is the SU(2) gauge

transformation. Since U(T ) is gauge invariant, we have A[g],[g′] =
∫

dh〈ψtg |U(τ)|ψt
g′h
〉 where the integrand can be written as a coherent

state path integral with the standard method.
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state, this issue is overcome by substituting V̂v with the semiclassical expansion [8]

V̂
(v)
GT =〈Q̂v〉2q

[
1 +

2k+1∑
n=1

(−1)n+1 q(1− q) · · · (n− 1− q)
n!

(
Q̂2
v

〈Q̂v〉2
− 1

)n]
+O(~k+1) (1.3)

where Q̂v is formulated as a polynomial of flux operators and q = 1/4. Truncating V̂
(v)
GT with a finite k and substituting

it back into Ĥ[N ] allows us to express 〈Ĥ[N ]〉 by a expectation value of a polynomial operator.
The resulting polynomial sums over a huge number of terms (∼ 1019), each of which is a monomial of holonomy

and fluxe operators. Computing expectation values of all terms would lead to a large computational complexity. The

major complexity is encoded in the Lorentzian part of Ĥ[N ], denoted as ĤL[N ]. Several key methods are used to
reduce the number of computations:

• The expectation value of every monomial term can be factorized into expectation values of holonomy-flux
monomials with respect to different edges. Only certain types of expectation values of monomials on a single
edge shall be computed. We further reduce the number of types by using the commutation relations, and several
general formulae are derived for the expectation values of the resulting types (see Section III).

• We develop a power-counting argument in order to specifically locate each power of ~, expression in O(~)
represents the leading order behavior of each expectation value of the monomial operator (see Section IV). Since

we are only interested in expanding 〈Ĥ[N ]〉 to the its linear order in ~, a substantial amount of expectation
values of monomials can be neglected due to the fact that they are only contributing to higher order in ~.

• When the coherent states are peaked at homogeneous and isotropic data. A large amount of symmetries that
identify different terms are realized, which can be used to reduce the computational complexity.(see Secton V).

Our method exponentially reduces the computational complexity. In particular, it is useful in computing the

expectation value of Lorentzian part in Ĥ[N ].
In Section V B, In order to present the reduction methodology more concretely, an example that contains 33m−1

(m can be large) monomials is demonstrated. By applying our method, only 5 monomials’ expectation values need
to be computed.

The purpose of the present paper is to give detailed derivations for the results presented in [48]. Computations
in this paper are carried out by using Mathematica on the High Performance Computation server with two 48-Core
Processors (AMD EPYC 7642). One can find the Mathematica codes at [49].

The explicit resulting expression of O(~) quantum correction in 〈Ĥ[N ]〉 is summarized in Section VI. In order
to demonstrate the physical significance of our results and effects from the O(~) correction to the classical limit of

<〈Ĥ[1]〉, the proposal in [15] is adopted: We view <〈Ĥ[1]〉 in (1.1) as the effective Hamiltonian on the 2-dimensional

phase space, denoted as Pcos, of homogeneous and isotropic cosmology. <〈Ĥ[1]〉 generates the Hamiltonian time
evolution on the 2-dimensional phase space Pcos. Time evolution of the homogeneous spatial volume is plotted, and

is compared with the evolution generated by 〈Ĥ[1]〉 at the limit of ~ → 0. The comparison demonstrates the effects

on 〈Ĥ[1]〉, which is generated from the O(~) correction contribution (see Section VI for details). We emphasize
that the proposal that we adopt for the cosmological evolution is not as rigorous as the path integral formula (1.2).

Nevertheless, we have argued that the O(~) correction in 〈Ĥ[1]〉 only contributes partially to the quantum correction
in Γ which ultimately determines the quantum effect in the dynamics. The cosmological dynamics studied in Section

VI only aims for displaying the effect of the O(~) correction in 〈Ĥ[1]〉, and is not a rigorous prediction from the
principle of LQG.

The structure of the present paper the followings. Section II reviews the theory of LQG on a cubic lattice,
including the Hamiltonian and the coherent state. Section III, we demonstrate the computations of the expectation
value of operators defined at a single edge. Section IV, we develop a power-counting argument in order to reduce

the computational complexity. Section V discusses 〈Ĥ[1]〉 with respect to the coherent states peaked at homogeneous
and isotropic data, and the symmetries which reduce the computational complexity. Section VI presents the explicit

results of the quantum correction in 〈Ĥ[1]〉. Section VII, we conclude and discuss a few outlooks of the present work.
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II. Preliminaries

A. Quantization and Hamiltonian

Classically general relativity can be formulated with the Ashtekar-Barbero variables (Aia, E
a
i ) consisting of SU(2)

connection Aia and canonically conjugate densitized triad field Eai defined on the spatial manifold Σ [50]. We denote
the coordinate on Σ by (x, y, z) . Let γ ⊂ Σ be a finite cubic lattice whose edges are parallel to the axes of the
coordinates. The sets of edges and vertices in γ are denoted by E(γ) and V (γ) respectively. Taking advantage of γ,
we define holonomies along the edges of γ,

he(A) = P exp

∫
e

A = 1 +

∞∑
n=1

∫ 1

0

dtn

∫ tn

0

dtn−1 · · ·
∫ t2

0

dt1A(t1) · · ·A(tn), ∀e ∈ E(γ), (2.1)

and gauge covariant fluxes [51] on the 2-faces Se in the dual lattices γ∗,

pis(e) :=− 2

βa2
tr

[
τ i
∫
Se

εabch(ρse(σ))Ec(σ)h(ρse(σ)−1)

]
, (2.2)

where Se ∈ γ∗ is the 2-face, ρs(σ) : [0, 1] → Σ is a path connecting the source point se ∈ e to σ ∈ Se such that
ρse(σ) : [0, 1/2] → e and ρse(σ) : [1/2, 1] → Se. a is a length unit (e.g. a = 1mm) to make ps(e) dimensionless.
Alternatively, one can choose the target point te ∈ e rather than se to define

pit(e) :=
2

βa2
tr

[
τ i
∫
Se

εabch(ρte(σ))Ec(σ)h(ρte(σ)−1)

]
. (2.3)

where ρt(σ) : [0, 1] → Σ is a path connecting the target te ∈ e to σ ∈ Se such that ρte(σ) : [0, 1/2] → e and
ρte(σ) : [1/2, 1]→ Se. Given (Aia, E

a
i ), Eqs. (2.1) and (2.2) lead to a map from the E(γ) to SL(2,C),

g : e 7→ ge = eip
k
s (e)τkhe. (2.4)

Because of the relation between ps and pt

pks(e−1)τk = pkt (e)τk = −h−1
e pks(e)τkhe (2.5)

we obtain that

ge−1 = g−1
e . (2.6)

Thus the map g : E(γ) →SL(2,C) generate a homomorphism from the groupoid of the graph γ to SL(2,C). The
LQG phase space based on γ is SL(2,C)|E(γ)| and consists of all such homomorphisms [51]. Given a SU(2)-valued
scalar field G : Σ→SU(2) on Σ, G defines a gauge transformation on g, taking g to G . g with

(G . g)(e) = G(se)g(e)G(te)
−1, ∀e ∈ E(γ). (2.7)

The quantization of this classical lattice theory gives us LQG based on the graph γ. The Hilbert space Hγ consists
of the square integrable functions of the holonomies. Given two functions ψi : {he}e∈E(γ) → C, the inner produce is

〈ψ1|ψ2〉 =

∫
SU(2)|E(γ)|

dµh ψ1({he}e∈E(γ))ψ2({he}e∈E(γ)) (2.8)

where |E(γ)| denote the number of elements (i.e. cardinality) of E(γ) and µh is the Haar measure. Hγ is the
kinematical Hilbert space of the canonical LQG with the operator-constraint formalism. Moreover, Hγ modulo gauge
transformations represents the physical Hilbert space of the reduced-phase-space LQG , where any gauge invariant
function of he(A) and pis,t(e) are Dirac observables, realized from the deparametrization by coupling to clock fields
[37].

On Hγ , pis(e) and pit(e) are quantized as the right- and left-invariant vector field, namely

(p̂is(e)ψ)(he′ , · · · , he, · · · , he′′) = it
d

dε

∣∣∣∣
ε=0

ψ(he′ , · · · , eετ
i

he, · · · , he′′)

(p̂it(e)ψ)(he′ , · · · , he, · · · , he′′) = −it d

dε

∣∣∣∣
ε=0

ψ(he′ , · · · , heeετ
i

, · · · , he′′)
(2.9)
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where t = κ~/a2 =: `2p/a
2 (if a = 1mm, t ' 6.56×10−63) and τ j = (−i/2)σj with σj being the Pauli matrix. Another

kind of basic operators are the multiplication operators Dι
ab(he) which is defined as

(Dι
ab(he)ψ)(A) = Dι

ab(he(A))ψ(A)

where Dι(he(A)) is the value of the Wigner-D matrix at he(A) ∈SU(2). In this paper, Dι(x) denotes the Wigner-D
matrix only if x is some specific SU(2) element. Moreover, he, when it appears alone as an operator, denote the
matrix-valued multiplication operator D1/2(he) for simplicity. With this convention, the commutators between the
basic operators read

[Dι(he), D
ι(he′)] = 0 = [p̂is(e), p

j
t (e
′)]

[p̂is(e), p̂
j
s(e
′)] = −itδee′εijkp̂ks(e),

[p̂it(e), p̂
j
t (e
′)] = −itδee′εijkp̂kt (e),

[p̂is(e), D
ι(he′)] = itδee′D

′ι(τ i)Dι(he),

[p̂it(e), D
ι(he′)] = −itδee′Dι(he)D

′ι(τ i).

(2.10)

where D′ι(τ i) is the corresponding representation matrix of τ i.
It is useful to introduce the flux operators with respect to the spherical basis. We define

p̂±1
v (e) := ∓ 1√

2
(p̂xv(e)± ip̂yv(e)) , p̂0

v(e) = p̂zv(e) (2.11)

with v = s, t. In the following context, α, β, · · · = 0,±1 is used to denote the indices in the spherical basis, and
i, j, k · · · = 1, 2, 3, the indices in the Cartesian basis.

Taking advantage of the basic operators, one can define operators representing geometric observables such as areas
and volumes [52–54]. The volume operator plays an important role in the present work. Let R ⊂ Σ be a region in Σ.
The volume operator of R is defined by

V̂R :=
∑

v∈V (γ)∩R
V̂v =

∑
v∈V (γ)∩R

√
|Q̂v| (2.12)

where

Q̂v = (βa2)3εijk
p̂is(e

+
x )− p̂it(e−x )

2

p̂js(e
+
y )− p̂js(e−y )

2

p̂ks(e+
z )− p̂ks(e−z )

2
(2.13)

where e±i with i = x, y, z are the edges along the ith axis such that v is the source point of e+
i and the target point

of e−i . The total volume is denoted by V̂ =
∑
v∈V (γ) V̂v. In terms of the flux operators with respect to the spherical

basis (2.11), the operator Q̂v defined in Eq. (2.13) becomes

Q̂v = −i(βa2)3εαβγ
p̂αs (e+

x )− p̂αt (e−x )

2

p̂βs (e+
y )− p̂βs (e−y )

2

p̂γs (e+
z )− p̂γs (e−z )

2
(2.14)

where εαβγ is defined by ε−1,0,1 = 1.
In the operator-constraint formalism, the dynamics of LQG is encoded in the Hamiltonian constraint, which can

be written as

Ĥ[N ] = ĤE [N ] + (1 + β2)ĤL[N ] (2.15)

where ĤE [N ] is called the Euclidean part and ĤL[N ] is the Lorentzian part. N is the smeared function. Ĥ[N ] is
constructed by using the Thiemann’s trick [6, 41]. The operator corresponding to the Euclidean part is

ĤE [N ] =
1

iβa2t

∑
v∈V (γ)

N(v)
∑

eI ,eJ ,eK at v

εIJKtr(hαIJheK [V̂v, h
−1
eK ]) (2.16)

where eI , eJ and eK are oriented to be outgoing from v, εIJK = sgn[det(eI ∧ eJ ∧ eK)], αIJ is the minimal loop
around a plaquette consisting of eI and eJ , where it goes out via eI and comes back through eJ , taking v as its end
point. With the same notion, the Lorentzian part reads

ĤL[N ] =
−1

2iβ7a10t5

∑
v

N(v)
∑

eI ,eJ ,eK at v

εIJKtr([heI , [V̂ , ĤE ]]h−1
eI [heJ , [V̂ , ĤE ]]h−1

eJ [heK , V̂v]h
−1
eK ). (2.17)
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In the reduced-phase-space LQG where the diffeomorphism and Hamiltonian constraints are solved classically, the

quantum dynamics is governed by the physical Hamiltonian Ĥ. When we deparametrize gravity by coupling to the
Gaussian dust [38, 39], the classical physical Hamiltonian H is formally the same as the Hamiltonian constraint with
unit lapse, except all quantities in H are understood as Dirac observables. The quantization gives the Hamiltonian
operator

Ĥ =
1

2

(
Ĥ[1] + Ĥ[1]

†
)

(2.18)

Ĥ is defined on Hγ , which can be understood from a similar perspective of quantizing Dirac observables. Note that
here we consider the non-graph-changing version of the Hamiltonian (constraint). If H[N ] is understood as constraint,
the discretization and quantization on γ cause the constraint anomaly. However in the reduced-phase-space LQG,
the constraint anomaly is absent, because H[N ] is not a constraint anymore.2. The self-adjoint extension of Ĥ exists

[40, 55], so we choose the extension and define the self-adjoint Hamiltonian which is still denoted by Ĥ.

B. Coherent states

Choosing a canonical orientation for each edge e ∈ E(γ), the classical phase space based on the graph γ is

Γγ ∼= [SL(2,C)]|E(γ)|. (2.19)

The complexifier coherent state Ψg is [17]

Ψg =
⊗

e∈E(γ)

ψtge , ψtge(he) =
∑
j

dje
− t2 j(j+1)χj(geh

−1
e ) (2.20)

where ψtge is the SU(2) coherent state at the edge e. The character χj(geh
−1
e ) is the trace of the j-representation of

geh
−1
e . The property χj(geh

−1
e ) = χj(g

−1
e he) leads to the useful relation

ψge(he) = ψge−1 (he−1).

Given g ∈SL(2,C), it can be decomposed as

g = eipkτ
k

u = nsei(η+iξ)τ3(nt)−1, (2.21)

where η = −√~p · ~p and ns, nt ∈SU(2), as well as ξ ∈ R, are given by

nsτ3(ns)−1 = − pk√
~p · ~p τk,

nse−ξτ3(nt)−1 = u.
(2.22)

Although ns and nt are not uniquely defined by this equation, each of them relates to a unique vector through the
equation, with v = s, t,

nvτ3(nv)−1 = ~nv · ~τ . (2.23)

It is shown in [19] and is revisited shortly that

〈ψtge |~̂ps(e)|ψtge〉
‖ψtge‖2

= −ηe~nse +O(t),
〈ψtge |~̂pt(e)|ψtge〉
‖ψtge‖2

= ηe~n
t
e +O(t) (2.24)

where ηe, ~n
s
e and ~nte are defined as the decomposition parameters of ge as in Eq. (2.21). This equation indicates that

ηe~n
t
e is the classical limit of the flux operator at e.

2 Sometimes, H[N ] relates to conserved charges, then Ĥ[N ] on γ may break the classical symmetry.
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The following properties of the ψtg [17–19] are useful in our analysis. Firstly, the inner product of these states read

〈ψtg1 |ψtg2〉 = ψ2t
g†1g2

(1) =
2
√
πet/4

t3/2
ζ e

ζ2

t

sinh(ζ)
+O(t∞) (2.25)

where tr(g†1g2) = 2 cosh(ζ) and =(ζ) ∈ [0, π] with =(ζ) the imaginary part of ζ 3. Consequently, the norm of the
coherent state is

〈1〉g := 〈ψtg|ψtg〉 =
2
√
πet/4

t3/2
pe

p2

t

sinh(p)
+O(t∞), (2.26)

where p =
√
~p · ~p. Secondly, ψtg satisfy the completeness condition∫

dνt(g)|ψtg〉〈ψtg| = I, (2.27)

where the measure dνt(g) is

dνt(g) =
2
√

2e−t/4

(2πt)3/2

sinh(p)

p
e−

p2

t dµH(u)d3p =
2

〈1〉gπt3
dµH(u)d3p. (2.28)

Let us complete this section with some discussions on the volume operator contained in the Hamiltonian operator

Ĥ[N ]. Because of the square root in the definition of the volume operator, matrix elements of these operators are
difficult to compute analytically. However, as far as the coherent state expectation value is concerned, the volume

operators V̂v in Ĥ[N ] can be replaced by Giesel-Thiemann’s volume [8] V̂
(v)
GT which is a semiclassical expansion

V̂
(v)
GT =〈Q̂v〉2q

[
1 +

2k+1∑
n=1

(−1)n+1 q(1− q) · · · (n− 1− q)
n!

(
Q̂2
v

〈Q̂v〉2
− 1

)n]
+O(tk+1) (2.29)

where q = 1/4. By making use of V̂
(v)
GT , firstly truncating V̂

(v)
GT at finite k and replacing V̂v by V̂

(v)
GT , Ĥ[N ] can be

expressed by a polynomial of holonomies and fluxes. Up to higher order in t, it is now manageable to compute the

expectation value of Ĥ[N ], through computing the expectation value of a polynomial of holonomies and fluxes.

III. Expectation values of operators on one edge

As becoming clear in a moment, computing the coherent state expectation value of Ĥ[N ] can be reduced to
computing expectation values of operator monomials on individual edges. In this section, let us firstly focus on the
expectation value of operators on one edge.

Given a monomial of holonomies and fluxes on an edge e, its expectation value with respect to the coherent state ψtge
labelled by ge = nsee

izeτ3(nte)
−1 relates to its expectation value with respect to ψt

eizeτ3
≡ ψtze , by a gauge transformation

generated by nse and nte [20]:

〈ψtge |P ({p̂αis (e)}, {p̂αjt (e)}, {Dιk
akbk

(he)})|ψtge〉
=〈ψtze |P ({p̂βis (e)D1

βiαi((n
s
e)
−1)}, {p̂βjt (e)D1

βjαj ((n
t
e)
−1)}, {Dιk

akck
(nse)D

ιk
ckdk

(he)D
ιk
dkbk

((nte)
−1)})|ψtze〉,

(3.1)

where P (x, y, z) represents any monomial of x = {x1, x2, · · · , xm}, y = {y1, · · · , yn} and z = {z1, z2, · · · , zk}. This
feature implies that one can always do the calculation with respect to ψtze , then restore the information of nse and nte
afterwards. In the following context, we denote

〈ψtze |F̂e|ψtze〉 =: 〈F̂e〉ze . (3.2)

Now let us consider the algorithm to compute (3.2) for a general monomial F̂e of holonomies and fluxes step by step.
Based on the algorithm described in the following subsections, our codes [49] are designed. By the codes, one can

compute the expectation value of arbitrary monomial F̂e up to arbitrary order.

3 Here we used the following result shown in [19]. For any complex number z = R+ iI, there exist real numbers s ∈ R and φ ∈ [0, π] such
that cosh(s+ iφ) = z. s and φ are uniquely determined except in the case I = 0 and |R| > 1 in which case the s is determined up to its
sign.
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A. The algorithm

1. The first step

Given a monomial of holonomy and flux operators. To compute the expectation value of this monomial, we need
at first to remove all the holonomies to the right with the basic commutation relations (2.10). We use the following
proposition to implement the procedure.

Proposition 1. Let Ô be defined as

Ô = Ô1Ô2 · · · Ôm. (3.3)

Denote I := {2, · · · ,m}. Let Ik := {i1, i2, · · · , ik} with i1 < i2 < · · · < ik be a sublist of I which contains k elements.
Then, by the definition of commutator, it has

Ô = Ô2 · · · ÔmÔ1 +

m−1∑
k=1

∑
Ik

( ∏
l∈I−Ik

Ôl

)
[[· · · [[Ô1, Ôi1 ], Ôi2 ] · · · ], Ôik ]. (3.4)

The proof is quite straightforward with using the relation ÂB̂ = B̂Â + [Â, B̂] iteratively. In Eq. (3.4), the terms
at k carry k-fold commutator. Due to the factor t in the right hand side of the commutation relation (2.10), the
k-fold commutator produces a factor tk in the final results, which implies that the contributions of these terms to the
expectation value of Ô are at least at tk-order.

Now let us see how to use Proposition 1 to move the holonomies to the right precisely. Assume that Ô1 = Dι
ab(he)

in Eq. (3.4) and that all of the other operators are fluxes. Then according to Eq. (3.4), we need to calculate

[· · · , [[· · · [[Dι
ab(he), p̂

α1
s (e)], p̂α2

s (e)] · · · p̂αms (e)], p̂α1
t (e)] · · · , p̂αnt (e)].

The result can be derived by

[· · · [[Dι
ab(he), p̂

α1
s (e)], p̂α2

s (e)] · · · p̂αms (e)] = (−it)mD′ιaa1(τα1)Dι′

a1a2(τα2) · · ·D′ιam−1am(ταm)Dι
amb(he) (3.5)

with ak = a−∑k
i=1 αi, and

[· · · [[Dι
ab(he), p̂

α1
t (e)], p̂α2

t (e)] · · · p̂αmt (e)] = (it)mDι
abm(he)D

′ι
bmbm−1

(ταm)D
′ι
bm−1bm−2

(ταm−1) · · ·D′ιb1b(τα1) (3.6)

with bk =
∑k
i=1 bi + b, where we used that Dι

ab(τ
α) ∝ δa,b+α. Taking advantage of Eqs. (3.5) and (3.6), we have, for

instance,

Dι
ab(he)

( m∏
i=1

p̂αis (e)
)( n∏

j=1

p̂
βj
t (e)

)
=
( m∏
i=1

p̂αis (e)
)( n∏

j=1

p̂
βj
t (e)

)
Dι
ab(he)− it

m∑
k=1

(∏
i 6=k

p̂αis (e)
)( n∏

j=1

p̂
βj
t (e)

)
D
′ι
ac(τ

αk)Dι
cb(he)

+ (−it)2
∑
k<l

( ∏
i/∈{k,l}

p̂αis (e)
)( n∏

j=1

p̂
βj
t (e)

)
D
′ι
ac(τ

αk)D
′ι
cd(τ

αl)Dι
db(he)

+ it

n∑
k=1

( m∏
i=1

p̂αis (e)
)(∏

j 6=k
p̂
βj
t (e)

)
Dι
ac(he)D

′ι
cb(τ

βk)

+ (it)2
∑
k<l

( m∏
i=1

p̂αis (e)
)( ∏

j /∈{k,l}
p̂αit (e)

)
Dι
ac(he)D

′ι
cd(τ

βl)D
′ι
db(τ

βk)

− (it)2
∑
k,l

(∏
i 6=k

p̂αis (e)
)(∏

j 6=l
p̂
βj
t (e)

)
D
′ι
ac(τ

αk)Dι
cd(he)D

′ι
db(τ

βl) +O(t3).

(3.7)

If there are more than one holonomies contained in Ô, one can use this procedure to permute them one by one.
Finally, Ô is expressed as summation of terms taking the form

m∏
k=1

p̂αis (e)

n∏
k=1

p̂αit (e)

l∏
i=1

Dιi
aibi

(he). (3.8)
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Then, one can merge the holonomies by applying the formula (C4), we eventually simplify Ô to be a sum of operators
of the form ( m∏

i=1

p̂αis (e)
)( n∏

j=1

p̂
βj
t (e)

)
Dι
ab(he) (3.9)

2. The second step

The second step is to transform p̂βt (e) in Eq. (3.9) to p̂βs (e). To do this, we employ the formula

〈p̂α1
s (e) · · · p̂αms (e)p̂β1

t (e) · · · p̂βnt (e)Dι
ab(he)〉ze

=(−1)ne−(β1+···+βn)ze〈p̂βns (e) · · · p̂β1
s (e)p̂α1

s (e) · · · p̂αms (e)Dι
ab(he)〉ze .

(3.10)

The proof of this formula is quit technical and is put in Appendix C. Because of this equation, we now only need to
consider the expectation value of operators

F̂α1···αm
ιab = p̂α1

s (e) · · · p̂αms (e)Dι
ab(he). (3.11)

3. The third step

To compute the expectation value of F̂α1···αm
ιab , we need to consider the cases with ι = 0 and ι 6= 0 separately. As

shown in Appendix D, the expectation value for F̂α1···αm
000 ≡ F̂α1···αm reads

〈F̂α1···αm〉ze

=δ

(∑
i

αi, 0

)
tm

m∏
i=1

1

(1 + |αi|)1/2
et/4

∫ ∞
−∞

dxx

m∏
k=1

(
αk − 1

2
x− ∂y

2
+

k∑
i=1

αi −
αk
2

)
e−

t
4x

2+xη

2 sinh(y)

∣∣∣
y→η

+O(t∞).
(3.12)

For the operator F̂α1···αm
ιab with ι 6= 0, the explicit results is presented by (D19) and (D24). Then, as discussed in

Appendix D, at least for ι ≤ 20, the results can be simplified as

〈F̂α1···αm
ιab 〉ze = tmebze

∑
0≤d≤ι
d+ι∈Z

2− δ(d, 0)

2
e−

t
4 (2d2−1)

∫
dx e−

1
4 t(x

2−2dx)Fι(
x− 1

2
− d, x− 1

2
,
∂η
2

)
sinh(xη)

sinh(η)
+O(t−∞).

(3.13)

where Fι(
x−1

2 − d, x−1
2 ,

∂η
2 ), also depending on the list {αi}mi=1, is given by

Fι(
x− 1

2
− d, x− 1

2
,
∂η
2

) =δ(

m∑
i=1

αi − a+ b, 0)

m∏
i=1

1

(1 + |αi|)1/2

(
1

(ι+ a)!(ι− a)!(ι+ b)!(ι− b)!

)1/2

(−1)d−2a+bx(x− 2d)

(x− d+ ι)2ι+1

m∏
k=1

(αi
x− 1

2
− ∂η

2
+

k∑
i=1

αi)

ι+d∑
z=0

(−1)z(ι+ d)z(
x−1

2 +
∂η
2 + b− z + ι)ι+a(x−1

2 −
∂η
2 − d− b+ z)ι−a

z!

ι−d∑
z=0

(−1)z(ι− d)z(
x−1

2 +
∂η
2 − d− z + ι)ι−b(x−1

2 −
∂η
2 + z)ι+b

z!
.

(3.14)

We would like to compare our results (3.13) with the known results in [56]. At first, our formula (3.12) and (3.13)
generalize the known results in literature [56], in the sense that our formula gives the results for arbitrary lists {αi}mi=1

of flux indices and triples (ι, a, b) with at least ι ≤ 20. Moreover, with our formula, one can get the expectation
values to arbitrary order of t. However, in [56], the authors give only the results for the special cases where the list
{αi}mi=1 contains at most either a single −1, or a single 1, or a pair of (−1, 1). They are all the cases such that
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the expectation values have non-vanishing O(t0) or O(t)-term. Other cases are also interesting when we study the
higher-order correction, even though the higher-order correction is beyond the present work. Our formula reduce
to these known results at the special cases. The current work only use these special cases, but our codes [49] are
designed based on the generalization formulas (3.12), (3.13) and Theorem D.1, since the generalized formulas have
the potential in the generalization for computing higher-order correction.

Finally, let us complete this subsection by sketching the algorithm based on Eqs. (3.12), (3.13) and Theorem D.1

to compute the expectation value of F̂α1···αm
ιab . One can refer to [49] for more details. According to Theorem D.1, we

can simplify (at least for ι ≤ 20) the integrals in Eqs. (3.12) and (3.13) to a linear combination of integrals taking
the forms

I1 =

∫ ∞
−∞

dx e−ax
2+bx sinh(xη)

x
=
π

2

(
erfi

(
b+ η

2
√
a

)
− erfi

(
b− η
2
√
a

))
and

I2 =

∫ ∞
−∞

dx e−ax
2+bxpol(x, ∂z)

e±ηx

f(z)

∣∣∣∣∣
z=η

where a > 0, b ∈ R, f is some function and pol(x, ∂z) denotes a polynomial of x and ∂z. This is the first step of
our algorithm, without considering the realization of their concrete form for now. Because I1 as a function of a, b is
known, the next step of the algorithm is to compute I2. To do this, we first expand pol(x, ∂z) to write the integrand of

I2 as a linear combination of
(
∂nz

1
f(z)

)
xme−ax

2+bx±ηx. Then by substituting the results
∫

dxxne−ax
2+bx±ηx, I2 can

be computed easily. By this discussion, the only remaining problem is how to realize the concrete linear combination
form of I1 and I2, which can be illustrated by the derivation of 〈F̂α1···αm

ιab 〉ze for ι = 1 in Appendix E. For this case,
the crucial step to simplify F1 is to apply the formula (E5) and (E15) inspired by the proof of Theorem D.1. Taking
advantage of Eq. (E5), Eq.(E15) and the trick (E7), one can finally get (E20) which is a linear combination of integrals
taking the forms of I1 and I2.

B. The cases when all flux indices vanish

In our computation, we often use the operator

Dι
a1b1(he)[p̂

0
s(e)]

m1 [p̂0
t (e)]

n1 · · ·Dι
akbk

(he)[p̂
0
s(e)]

mk [p̂0
t (e)]

nk . (3.15)

To deal with this kind of operators, let us consider the operator Dι
ab(he)(p̂

0
s(e))

m(p̂0
t (e))

n. By applying Proposition
1, it can be simplified to

Dι
ab(he)[p̂

0
s(e)]

m[p̂0
t (e)]

n

=[p̂0
s(e)]

m[p̂0
t (e)]

nDι
ab(he)− atm[p̂0

s(e)]
m−1[p̂0

t (e)]
nDι

ab(he) + btn[p̂0
s(e)]

m[p̂0
t (e)]

n−1Dι
ab(he) +O(t2).

(3.16)

Then, for the operator (3.15), it has

Dι
a1b1(he)[p̂

0
s(e)]

m1 [p̂0
t (e)]

n1 · · ·Dι
akbk

(he)[p̂
0
s(e)]

mk [p̂0
t (e)]

nk

=[p̂0
s(e)]

∑k
i=1mi [p̂0

t (e)]
∑k
i=1 ni

k∏
i=1

Dι
aibi(he)− t

(
k∑
i=1

ai

[
k∑
l=i

mi

]
[p̂0
s(e)]

(
∑k
i=1mi)−1[p̂0

t (e)]
∑k
i=1 ni

k∏
i=1

Dι
aibi(he)

)

+ t

(
k∑
i=1

bi

[
k∑
l=i

ni

]
[p̂0
s(e)]

∑k
i=1mi [p̂0

t (e)]
(
∑k
i=1 ni)−1

k∏
i=1

Dι
aibi(he)

)
+O(t2)

(3.17)
By (C13), we finally have

Dι
a1b1(he)[p̂

0
s(e)]

m1 [p̂0
t (e)]

n1 · · ·Dι
akbk

(he)[p̂
0
s(e)]

mk [p̂0
t (e)]

nk

=(−1)
∑k
i=1 ni [p̂0

s(e)]
∑k
i=1(mi+ni)

k∏
i=1

Dι
aibi(he)− t(−1)

∑k
i=1 ni

(
k∑
i=1

ai

[
k∑
l=i

ml

]
+

k∑
i=1

bi

[
k∑
l=i

nl

])
×

[p̂0
s(e)]

∑k
i=1(mi+ni)−1

k∏
i=1

Dι
aibi(he).

(3.18)
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Recalling the derivation of 〈F̂α1···αm
ιab 〉ze , we get

〈(p̂0
s(e))

mDι
ab(he)〉ze = ebη

(
−t∂η

2

)m
e−bη〈Dι

ab(he)〉ze (3.19)

where the result of 〈(p̂0
s(e))

m〉ze is given by setting ι = 0 = a = b. It can be verified that, 〈Dι
ab(he)〉ze takes the form

that

〈Dι
ab(he)〉ze = 〈1〉ze(g0 + tg1(η) +O(t2)) = f(t)

e
η2

t η

sinh(η)
(g0 + tg1(η) +O(t2)) (3.20)

with some functions g0, g1 and f . Therefore, with Faà di Bruno’s formula, we can have that

〈(p̂0
s(e))

mDι
ab(he)〉ze = ebη

(
−t∂η

2

)m
e−bη〈Dι

ab(he)〉ze

=〈1〉ze (−η)
m

[g0 + tg1(η)] + 〈1〉ze
m(m+ 1)

4
(−η)

m−2
g0t

+ 〈1〉ze
m

2
(−η)m−1(coth(η) + b)g0t+O(t2)

(3.21)

Based on these formula, we can propose a faster algorithm to deal with these cases.

IV. Power counting

After introducing the derivations of expectation values of several characterized operators, we finally need to deal
with a set of specific operators that takes the following form,

∑
~α T α1α2···αmÔα1α2···αm , where T is some numerical

factors and Ô is some polynomial operators of holonomies and fluxes. In principle, we would need to compute the
expectation values of Ôα1···αm for all indices ~α = (α1, · · · , αm). This computation can be preformed thanks to previous
sections. However, the computational complexity comes from the huge amount of terms in the sum over ~α. Since
we are only interested in the expectation value up to O(t), the complexity can be reduced by certain power-counting

argument: we count the least power of t contains in each 〈Ôα1···αm〉 before explicit computation, then we omit those

terms only contribute to higher order than O(t) in 〈Ĥ[N ]〉. It turns out that a large degree of complexity can be
reduced in this manner. The following arguments in this section will be proven rigorously in Appendix F.

In this section, we will denote Ψg defined in (2.20) by |Ψ~g〉 with ~g = {ge}e∈E(γ), namely

|Ψ~g〉 =
⊗

e∈E(γ)

|ψge〉. (4.1)

Similarly, |Ψ~g(i)〉 denotes the coherent state that at the edge e is |ψ
g
(i)
e
〉. Let Ô take the form of

Ô = Ô1Ô2 · · · Ôk (4.2)

with Ôi being arbitrary polynomial of fluxes and holonomies. Inserting the resolution of identity (2.27), we have

〈Ψ~g|Ô|Ψ~g〉 =

∫ k−1∏
m=1

dν(~g(m))

k∏
i=1

〈Ψ~g(i−1) |Ôi|Ψ~g(i)〉 (4.3)

where |Ψ~g(0)〉 = |Ψ~g(k)〉 := |Ψ~g〉 and the measure dν(~g(m)) is

dν(~g(m)) =
∏

e∈E(γ)

dν(g(m)
e ) (4.4)

with dν(g
(m)
e ) defined in (2.28). Eq. (4.3) relates the expectation value of Ô to matrix elements of each individual Ôi.

Thus we are motivated to study matrix elements of polynomial of holonomies and flux. One can refer to Appendix F
for more details on this issue. According to the analysis therein, the matrix elements of the fluxes and holomomies
are of a form described below

〈ψge |Ôi|ψg′e〉 = 〈ψge |ψg′e〉 (E0(ge, g
′
e) + tE1(ge, g

′
e) +O(t∞)) . (4.5)
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Assigning to each edge e a complex number we = pe − iθe, we have the coherent state

|Ψ~w〉 :=
⊗

e∈E(γ)

|ψwe〉. (4.6)

For the operator Ô in Eq. (4.2), we state the following result obtained firstly in [8]

Theorem IV.1. Consider an operator Ô =
∏k
i=1 Ôi. Assume that, for each operator Ôi, its matrix elements

〈Ψ~g(1) |Ôi|Ψ~g(2)〉 take the following form

〈Ψ~g(1) |Ôi|Ψ~g(2)〉 = 〈Ψ~g(1) |Ψ~g(2)〉
(
E

(i)
0 (~g(1), ~g(2)) + tE

(i)
1 (~g(1), ~g(2)) +O(t∞)

)
. (4.7)

Let N0 be the number of operators Ôm ∈ {Ôi}ki=1 such that

〈Ψ~w|Ôm|Ψ~w〉
〈Ψ~w|Ψ~w〉

= O(t), (4.8)

where the O(t0) term vanishes on the RHS. Then the expectation value of Ô with respect to the coherent state |Ψ~w〉
satisfies

〈Ψ~w|Ô|Ψ~w〉
〈Ψ~w|Ψ~w〉

= O(tn), with n ≥ bN0 + 1

2
c (4.9)

where bxc is the largest integer no larger than x.

A detailed proof of the above result is provided in Appendix F, including a careful stationary phase analysis, the
computation of nondegenerate Hessian matrix, and power-counting.

Because of the vanishing leading-order term of 〈 Q̂〈Q̂〉 − 1〉, it can be regarded as operator Ôm satisfying (4.8).

Thus, Theorem IV.1 is applied to count the power of t for the term including
(
Q̂2

〈Q̂〉2 − 1
)k

in 〈Ĥ[N ]〉. Moreover,

in order to apply Theorem IV.1, matrix elements of Ôi have to be computable. We have to factorize Q̂2

〈Q̂〉2 − 1 =(
Q̂

〈Q̂〉 + 1
)(

Q̂

〈Q̂〉 − 1
)

because every matrix element of Q̂ is a polynomial of matrix elements of the flux operators,

while that of Q̂2 is not.
Because the expectation values of p̂±1

s (e), p̂±1
t (e) and Dι

ab(he) (a 6= b) with respect to Ψ~ω vanish, each of them

can also be considered as operator Ôm in (4.8). Therefore, this theorem can be applied to study the leading order

of monomial of holonomies and fluxes. Let us use p̂β(e) to denote either p̂βs (e) or p̂βt (e), and use M to denote the
monomial of holonomies and fluxes. Let N± be the number of p̂±1(e) respectively and, M+ (respectively M−) be the

number of D
1
2

− 1
2

1
2

(he) (respectively D
1
2
1
2 ,− 1

2

(he)) in M. According to our analysis above, the expectation value of M
with respect to the coherent state |ψze〉 with ze ∈ C is non-vanishing if

m∑
i=1

βi +

k∑
j=1

(bj − aj) = 0. (4.10)

Hence, we have

N+ +M+ = N− +M−. (4.11)

Therefore, this theorem gives us that the leading order the expectation value 〈M〉ze is O(tN++M+) or higher. We

have more discussions on this case. Since the matrix elements of p̂α(e) and D
1
2

ab(he) are computable, the results on
the leading order of M can be calculated more concretely. The result is summarized as the following theorem.

Theorem IV.2. GivenM an arbitrary monomial of holonomies and fluxes. LetM′ be the operator resulting fromM
by deleting all factors p̂0(e) and D

1
2
aa(he). Denote the number of p̂0

s(e) and p̂0
t (e) inM as N0,s and N0,t respectively, and

the number of D
1
2
1
2

1
2

(he) and D
1
2

− 1
2− 1

2

(he) as M0+ and M0− respectively. Then the leading order of 〈M〉ze is exactly
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O(tM++N+) if and only if the leading order of 〈M′〉ze is exactly O(tM++N+), where N± be the number of p̂±1(e)

respectively and, M+ (respectively M−) be the number of D
1
2

− 1
2

1
2

(he) (respectively D
1
2
1
2 ,− 1

2

(he)) in M. Moreover, it has

〈M〉ze ∼= (〈p̂0
s(e)〉ze)N0,s(〈p̂0

t (e)〉ze)N0,t(〈D
1
2
1
2

1
2

(he)〉ze)M0,+(〈D
1
2

− 1
2− 1

2

(he)〉ze)M0,−〈M′〉ze (4.12)

where ∼= means the O(tM++N+) terms of the left and right hand sides are equal to each other.

The proof of this theorem is quite technical and, thus, presented in Appendix F 3

V. Cosmological expectation value

We apply our computation of expectation values to coherent states labelled by homogeneous and isotropic data.
The symmetry group of the homogeneous and isotropic cosmology is T o F where F is the isotropic subgroup and
T is the translation subgroup. Denote the subgroup of T o F preserving γ by Sγ . A classical state g is said to be
symmetric with respect to Sγ if s∗g := g ◦ s is identical with g up to a gauge transformation s (∀s ∈ Sγ). According
to this definition, classically symmetric states g are of the form [57]

g : e 7→ ge = nee
izτ3n−1

e (5.1)

with ne ∈SU(2) satisfying

neτ3n
−1
e = ~ne · ~τ . (5.2)

In the last equation, ~ne is the unit vector pointing to direction of edge e. Then, for each s = (t, f) ∈ ToF , it can be
verified that

g ◦ s = Adf ◦ g (5.3)

where Adf ◦ g(e) = fg(e)f−1 for all e ∈ E(γ).

A. Symmetries of the expectation value

Given F̂e as a polynomial of fluxes and holonomies on e. For s = (t, f) ∈ T o F , Eq. (5.3) results in

〈ψgs(e) |F̂s(e)|ψgs(e)〉 = 〈ψfgef−1 |F̂e|ψfgef−1〉 = 〈ψge |(f . F̂e)|ψge〉. (5.4)

where f . F̂e denote the gauge transformed operator of F̂e by f and the last equality can be derived by using the
similar procedure as to derive Eq. (3.1).

To expand the expectation value of ĤE and ĤL to order O(t), one needs to replace the operator V̂v by V̂
(v)
GT defined

in (2.29). Then the Euclidean part ĤE [N ] is rewritten in terms of (there is no summation over I, J,K here)

Ĥ
(n)
E (v; eI , eJ , eK) =

1

iβa2t
εIJKtr(hαIJ [heK , Q̂

2n
v ]h−1

eK ), (5.5)

and the Lorentzian part, in terms of

Ĥ
(~k)
L (v; v1, v2, v3, v4; eI , eJ , eK)

=
−1

2iβ7a10t5
εIJKtr([heI , [Q̂

2k1
v1 , Ĥ

(k2)
E (v2)]]h−1

eI [heJ , [Q̂
2k3
v3 , Ĥ

(k4)
E (v4)]]h−1

eJ [heK , Q̂
2k5
v ]h−1

eK )
(5.6)

with ~k = (k1, k2, k3, k4, k5). Define

Ĥ
(n)
E (v) =

∑
eI ,eJ ,eK

Ĥ
(n)
E (v; eI , eJ , eK) (5.7)

and

Ĥ
(~k)
L (v) =

∑
v1,v2,v3,v4,eI ,eJ ,eK

Ĥ
(~k)
L (v; v1, v2, v3, v4; eI , eJ , eK). (5.8)

The Euclidean and Lorentzian parts, with the replacement V̂v → V̂
(n)
GT truncated at a finite n, are linear combinations

of Ĥ
(n)
E (v) and Ĥ

(~k)
L (v) with various n and ~k respectively.
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1. Symmetries of the Euclidean part

According to Eq. (5.4) and the gauge invariance of Ĥ
(n)
E (v; eI , eJ , eK), one realizes the following symmetry

〈Ĥ(n)
E (v; eI , eJ , eK)〉 = 〈Ĥ(n)

E (s(v); s(eI), s(eJ), s(eK))〉, (5.9)

where 〈·〉 denotes the expectation value with respect to the cosmological coherent state given by (5.1), and s = (t, f)
is a symmetry of the graph.

By this relation, Eq. (5.7) is simplified as

Ĥ
(n)
E (v) = 24(Ĥ

(n)
E (v; e+

x , e
+
y , e

+
z ) + Ĥ

(n)
E (v; e+

x , e
+
y , e
−
z )) (5.10)

where the prefactor 24 is deduced by the fact that there are totally 48 terms in the RHS of (5.7).

Moreover, [he±z , Q̂
2n
v ]h−1

e±z
appearing in Ĥ

(n)
E (v; e+

x , e
+
y , e
±
z ) potentially relates Ĥ

(n)
E (v; e+

x , e
+
y , e

+
z ) with

Ĥ
(n)
E (v; e+

x , e
+
y , e
−
z ).Concisely,

[he±z , Q̂
2n
v ]h−1

e±z
=

2n∑
l=1

∑
Pl

(
∓ it (βa

2)3

8

)l
Q̂p1v εα1β1γ1X̂

α1 Ŷ β1τγ1Q̂p2v εα2β2γ2X̂
α2 Ŷ β2τγ2 · · · Q̂plv εαlβlγlX̂αl Ŷ βlτγlQ̂pl+1

v

(5.11)

where the edges e±z are oriented so that s(e+
z ) = v = s(e−z ), X̂α = p̂αs (e′) − p̂αt (e′) and Ŷ α = p̂αs (e′′) − p̂αt (e′′), and

P = {p1, p2, · · · , pl+1} with pi ∈ Z, pi ≥ 0 and
∑l+1
i=1 pi = 2n− l.4 Substituting the last equation into the expression

of Ĥ
(n)
E (v), one has that

Ĥ
(n)
E (v; e+

x , e
+
y , e

+
z ) + Ĥ

(n)
E (v; e+

x , e
+
y , e
−
z ) = 2 ˆ̃H

(n)
E (v; e+

x , e
+
y , e

+
z ) (5.12)

where ˆ̃H
(n)
E (v; e+

x , e
+
y , e

+
z ) is the operator Ĥ

(n)
E (v; e+

x , e
+
y , e

+
z ) with applying the following replacement

[he+z , Q̂
2n
v ]h−1

e+z
→

∑
l is odd

∑
Pl

(
− it (βa

2)3

8

)l
Q̂p1v εα1β1γ1X̂

α1 Ŷ β1τγ1Q̂p2v εα2β2γ2X̂
α2 Ŷ β2τγ2 · · · Q̂plv εαlβlγlX̂αl Ŷ βlτγlQ̂pl+1

v .

(5.13)

By Eq. (5.10), Ĥ
(n)
E (v) becomes Ĥ

(n)
E (v) = 48 ˆ̃H

(n)
E (v; e+

x , e
+
y , e

+
z ). Thus, when we calculate the expectation value

of the Euclidean part, it is only necessary to consider ˆ̃H
(n)
E (v; e+

x , e
+
y , e

+
z ) rather than Ĥ

(n)
E (v; e+

x , e
+
y , e
±
z ).

Further, according to Eq. (5.11), the Euclidean Hamiltonian is of the form

Ĥ
(n)
E (v; eI , eJ , eK) = εIJKtr(hαIJ τ

α)Ôα,

where Ôα is a polynomial of fluxes. Then the fact tr(hτα) = −tr(h−1τα) gives

Ĥ
(n)
E (v; eI , eJ , eK) = Ĥ

(n)
E (v; eJ , eI , eK). (5.14)

In summary, originally there are totally 48 terms for every Ĥ
(n)
E (v) in Eq. (5.7). However, thanks to the symmetries

discussed in this section, we have Ĥ
(n)
E (v) = 48 ˆ̃H

(n)
E (v; e+

x , e
+
y , e

+
z ), which means that only the expectation value of

ˆ̃H
(n)
E (v; e+

x , e
+
y , e

+
z ) is necessary to be computed.

2. Symmetries of the Lorentzian part

Considering a list of vertices and edges (v; v1, v2, v3, v4; eI , eJ , eK) with eI , eJ and eK being outgoing from v, we
have that (eI , eJ , eK) is either left-handed or right-handed. Thus, there exists a rotation f which leaves v invariant
such that (v; f(v1), f(v2), f(v3), f(v4); f(eI), f(eJ), f(eK)) is either

(v; f(v1), f(v2), f(v3), f(v4); e+
x , e

+
y , e

+
z )

4 A general equation can be obtained analogously if the holonomy h
e±z

is replaced by a holonomy along other edges. In the following

context, Eq. (5.11) will be usually referred as this general equation.
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or

(v; f(v1), f(v2), f(v3), f(v4); e+
x , e

+
y , e
−
z ).

Therefore, (5.8) is simplified to

Ĥ
(~k)
L (v) = 24

∑
v1,v2,v3,v4

(
Ĥ

(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e

+
z ) + Ĥ

(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e
−
z )
)

(5.15)

Moreover, since the term [he+z , Q̂
2n
v ]h−1

e+z
appears in Ĥ

(~k)
L too, Eq. (5.11) can be applied again to simplify Eq. (5.15)

to obtain the following expression

Ĥ
(~k)
L (v) = 48

∑
v1,v2,v3,v4

ˆ̃H
(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e

+
z ), (5.16)

where this ˆ̃H
(~k)
L operator is given by Ĥ

(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e

+
z ) with the replacement (5.13). As a consequence,

it is only necessary to compute the expectation value of

ˆ̃H
(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e

+
z )

for different vertices v1, v2, v3 and v4.
The above discussion simplifies the computation of the Lorentzian part. However, more symmetries are required

in order to reduce the computation time to an acceptable level. For this purpose, let us firstly look at the term
[he[Q̂

m
v1 , h

−1
e ], Q̂v2 ] which is from the commutator between the volume and the Euclidean part. We obtain the following

proposition which can be proven by Eq. (5.11) directly.

Proposition 2. Given an edge e with the source s(e) and the target t(e), [he[Q̂
m
s(e), h

−1
e ], Q̂v] = 0 for all v 6= s(e).

With this proposition, we consider the commutator [Q̂2k
v1 , Ĥ

(n)
E (v2; eI , eJ , eK)] which defines the operator K̂ as

K̂ =
1

it
[V̂ , ĤE ]. (5.17)

By definition, we have

[Q̂2k
v1 , Ĥ

(n)
E (v2; eI , eJ , eK)] =

2

iβa2t
(K̂1 + K̂2) (5.18)

with

K1 :=εIJKtr([̂̂Q2k
v1 , hαIJ ][heK , Q̂

2n
v2 ]h−1

eK )

K̂2 :=εIJKtr(hαIJ
[
Q̂2k
v1 , [heK , Q̂

2n
v2 ]h−1

eK

]
).

(5.19)

The classical analogy of Eq. (5.17) is

K = {V,HE}. (5.20)

Substituting the expression of HE , one has

K = {V,HE} =

∫
d3x{V, F iab(x)}

εijkE
a
i E

b
j√

det(E)
. (5.21)

According to Eq. (5.21), only the Poisson bracket between volume V and the curvature F iab is involved in the classical
expression of K. In the quantum theory, F iab is quantized to a holonomy along some loop αIJ . Thus, comparing to

Eq. (5.18), the operator K̂1 corresponds to the RHS of Eq. (5.21), while K̂2 gives an extra term in K̂. According to

Proposition 2, this extra term K̂2 vanishes unless v1 = v2 = s(eK) at which Eq. (5.11) can be applied to cancel the

holonomies inside the commutators of K̂2. Then K̂2 is simplified to the following form

tr(hαIJ [Q̂2k
v1 ,polynomial of only fluxes]).
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Therefore, it is because of the non-commutativity between the flux operators that the operator K̂2 appears in K̂.

Note that the existence of K̂2 does not affect the continuum limit of limt→0〈Ĥ[N ]〉 (the classical limit of 〈Ĥ[N ]〉
reduces to the classical continuum expression of H[N ] when the sizes of lattice edges are neglected [22]).

By Eq. (5.13), K̂2 can be simplified as

K̂2 =εIJK
∑

p1+p2=2n−1

(2k)
−it(βa2)3

8
tr(hαIJ τ

γ)Q̂p1v
[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]
Q̂2k−1+p2
v

+ εIJK
∑

p1+p2=2n−1

2k(2k − 1)

2

−it(βa2)3

8
tr(hαIJ τ

γ)Q̂p1v
[
Q̂v,

[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]]
Q̂2k−2+p2
v

+O(t4)

(5.22)

where X̂α
I = p̂αs (eI)− p̂αt (eI) and the conclusion that K̂2 6= 0 if v1 = v2 ≡ v is used. For the first term, we have up to

O(t4)

first term =εIJK(2n)(2k)
−it(βa2)3

8
tr(hαIJ τ

γ)Q̂2n
v

[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]
Q̂2k−2
v

− (2k)
2n(2n+ 1)

2

−it(βa2)3

8
tr(hαIJ τ

γ)Q̂2n−1
v

[
Q̂v,

[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]]
Q̂2k−2
v

(5.23)

For the second term, up to O(t4) we have

second term = εIJK(2n)
2k(2k − 1)

2

−it(βa2)3

8
tr(hαIJ τ

γ)Q̂2n−1
v

[
Q̂v,

[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]]
Q̂2k−2
v

(5.24)

Finally, K̂2 is

K̂2 =εIJK(2n)(2k)
−it(βa2)3

8
tr(hαIJ τ

γ)Q̂2n
v

[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]
Q̂2k−2
v

+ εIJK
(2k)(2n)(2k − 2n− 2)

2

−it(βa2)3

8
tr(hαIJ τ

γ)Q̂2n−1
v

[
Q̂v,

[
Q̂v, εα1β1γ1X̂

α1

I X̂β1

J

]]
Q̂2k−2
v

+O(t4)

(5.25)

Because of the commutators between fluxes operators,

[p̂α(e), p̂β(e)] =t(−1)γε−γαβ p̂
γ(e) =: tCαβγ p̂

γ(e) (5.26)

with ε−1,0,1 = 1 and pα(e) denoting pαt (e) or pαs (e), one obtains the following

[p̂αs (e+) + s1p̂
α
t (e−), p̂βs (e+) + s2p̂

β
t (e−)] = tCαβγ(p̂γs (e+) + s1s2p̂

γ
t (e−)), (5.27)

with s1, s2 = ±1. Substituting Eq. (5.27) into Eq. (5.25), we express K̂2, as well as K̂, as a polynomial of he and
pαs (e+)± pαt (e−).

Moreover, thanks to the above results, Ĥ
(~k)
L (v) in Eq. (5.16) can finally be simplified to be in terms of

C

t2
tr(he+x F1h

−1

e+x
he+y F2h

−1

e+y
G1) (5.28)

where C is some constant of order t0 or higher, Fi with i = 1, 2 are some monomials of holonomies and (pαs (e+)±pαt (e−))
and G1 is a monomial of (pαs (e+)− pαt (e−)).

The results in Sec. IV can be used to reduce the computational complexity too. To use these results, one needs
to apply the basic commutation relations (2.10) to simplify the Hamiltonian operator such that the operators after

the simplification are written in terms of CP̂ with C being some constant of order t0 or higher, and P̂ being some
monomial of holonomies and fluxes.

In order to achieve so, one needs to permute he+x and F̂1, as well as he+y and F̂2, in Eq. (5.28) with applying Eq.

(3.4). Take the permutation of he+x and F̂1 as an example: Implementing the results of Eq. (3.4), one substitutes

Ô1 by he+x , and Ôik by p̂αs (e+
x ) and/or p̂αt (e+

x ). One of many these substitutions inevitably generates some special
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terms in which the commutators only contain p̂αs (e+
x ). The computation of these commutators with (2.10) will lead

to results that are proportional to he+x . After substituting these permuted results into Eq. (5.28), this he+x eventually

cancels with h−1

e+x
. (similar to Eq. (5.11)). One can apply the same mechanism to permute he+y and F̂2.

Let us collect these special terms coming from permuting he+x and F̂1 as well as permuting he+y and F̂2. Denote

the partial sum of these special terms in Ĥ
(k)
L by altĤ

(~k)
L . Because of the cancellation between holonomies and their

inverses, altĤ
(~k)
L no longer depends on he+x and he+y .

It turns out that altĤ
(~k)
L possesses more symmetries which will be discussed shortly below. These special terms

can be equivalently selected by considering only the non-commutativity between he+x and pαs (e+
x ) but ignoring the

non-commutativity between he+x and pαt (e+
x ). That is

the special terms of he+x F̂1h
−1

e+x
= hs+x F̂1h

−1

s+x
(5.29)

where s+
x is the segment within e+

x and does not contain the target t(e+
x ). Because of the aforementioned cancellation

between the holonomies and their inverses, it is remarkable that the length of the segment does not cause any ambiguity
and the operator in Eq. (5.29) does not change graph ever segment of edges in the holonomy is chosen. Concretely,
Eq. (5.29) results in

altĤ
(~k)
L (v; v1, v2, v3, v4; eI , eJ , eK)

=
−1

2iβ7a10t5
εIJKtr

(
[hsI , [Q̂

2k1
v1 , Ĥ

(k2)
E (v2)]]h−1

sI [hsJ , [Q̂
2k3
v3 , Ĥ

(k4)
E (v4)]]h−1

sJ [hsK , Q̂
2k5
v ]h−1

sK

)
.

(5.30)

It is interesting that the RHS could be understood as that from an alternative definition of the Lorentzian part,

altĤL[N ] =
−1

2iβ7a10t5

∑
v

N(v)
∑

sI ,sJ ,sK at v

εIJKtr
(

[hsI , [V̂ , ĤE ]]h−1
sI [hsJ , [V̂ , ĤE ]]h−1

sJ [hsK , V̂v]h
−1
sK

)
. (5.31)

in which all edges eI , eJ , eK are replaced by their corresponding segments sI , sJ , sK with sI ⊂ eI . Indeed, altĤL[N ]
is obtained by an alternative regularization/quantization of the Hamiltonian, i.e. via the following replacement

{K, ėaAa(x)} → −1

2κ(i~β)2
[hse , [V̂ , ĤE ]]h−1

se ,

where the holonomy along the segment se ⊂ e instead of the entire edge e is used. Here, ėa denote the vector tangent
to e.

Collect the terms in Ĥ
(k)
L other than the special terms discussed above, and denote their sum by extraĤ

(~k)
L , namely

extrĤ
(~k)
L (v; v1, v2, v3, v4; eI , eJ , eK)

= Ĥ
(~k)
L (v; v1, v2, v3, v4; eI , eJ , eK)− altĤ

(~k)
L (v; v1, v2, v3, v4; eI , eJ , eK). (5.32)

The operators altĤ
(~k)
L and extrĤ

(~k)
L are dealt with separately in our algorithm.

For altĤ
(~k)
L , the simplification procedures discussed above result in

C

t2
hs+x F1h

−1

s+x
hs+y F2h

−1

s+y
G1, (5.33)

instead of Eq. (5.28). Since [hsI , p̂
α
t (eI)] = 0, we can simplify these terms with

hs±
m∏
i=1

(σ+
i p̂

αi
s (e+) + σ−i p̂

αi
t (e−))h−1

s± =
∑
I

(it)|I|
∏
i/∈I

(σ+
i p̂

αi
s (e+) + σ−i p̂

αi
t (e−))

∏
j∈I

σ±j τ
αj (5.34)

where I is a subsets of {1, 2, · · · ,m} with its length denoted by |I|, s+ and s− are segments of e+ and (e−)−1

respectively with e± oriented such that e+ and (e−)−1 are both outgoing, σ+
i = 1 and σ−i = ±1. The summation

over eI , eJ and eK in Eq. (5.8) motivates us to compute the following

hs+
m∏
i=1

(σ+
i p̂

αi
s (e+) + σ−i p̂

αi
t (e−))h−1

s+ − hs−
m∏
i=1

(σ+
i p̂

αi
s (e+) + σ−i p̂

αi
t (e−))h−1

s− . (5.35)
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Then, one can apply the aforementioned replacement

hs+
m∏
i=1

(σ+
i p̂

αi
s (e+) + σ−i p̂

αi
t (e−))h−1

s+ →
∑
J

(it)|J |
∏
i/∈J

(σ+
i p̂

αi
s (e+) + σ−i p̂

αi
t (e−))

∏
j∈J

ταj (5.36)

with J ⊂ {1, 2, · · · ,m} such that ∏
j∈J

σ−j = −1. (5.37)

Substitute Eq. (5.36) into (5.33), one cancels the prefactor 1/t2, simplifying (5.33) to be in the form of CP̂ with
some constant C of order t0 or higher. Hence the results in Sec. IV can be applied.

Further, altĤ
(~k)
L brings the following symmetries. Consider a π-rotation which transforms either e+

x to e−x or e+
y to

e−y . Denote it by s. Moreover, to indicate the dependence of Fi on vertices and edges, we will rewrite Fi in Eq. (5.33)

as Fi(v, e). Then, since s(s+
k ) with k = x, y is either s+

k or s−k by definition of s, Eq. (5.34) tells us

hs(s+x )F1(s(v), s(e))h−1

s(s+x )
hs(s+y )F2(s(v), s(e))h−1

s(s+y )
G1(s(v), s(e))

=hs+x F1(s(v), s(e))h−1

s+x
hs+y F2(s(v), s(e))h−1

s+y
G1(s(v), s(e)).

(5.38)

Furthermore, with recalling Eq. (5.4), we obtain the following equation

〈hs+x F1(v, e)h−1

s+x
hs+y F2(v, e)h−1

s+y
G1(v, e)〉

=〈hs+x F1(s(v), s(e))h−1

s+x
hs+y F2(s(v), s(e))h−1

s+y
G1(s(v), s(e))〉,

(5.39)

which reduces the number of contributing vertices and edges in the computation of altĤ
(~k)
L .

For the operator extrĤ
(~k)
L , Eq. (5.34) can no longer be applied. Therefore, the symmetry implied by (5.39) is not

manifested. To reduce the complexity of the computation, the following strategy is proposed. Consider a rotation,
denoted by r, about the axis (1/

√
2, 1/
√

2, 0) for π radians which exchanges the x- and y-axes, and flips the z-axis.
We obtain

〈 ˆ̃H
(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e

+
z )〉 = 〈 ˆ̃H

(~k)
L (r(v); r(v1), r(v2), r(v3), r(v4); r(e+

x ), r(e+
y ), r(e+

z ))〉

=〈 ˆ̃H
(~k)
L (v; r(v1), r(v2), r(v3), r(v4); e+

y , e
+
x , e
−
z )〉 = 〈 ˆ̃H

(~k)
L (v; r(v1), r(v2), r(v3), r(v4); e+

y , e
+
x , e

+
z )〉

(5.40)

in which we use the definition of ˆ̃H
(~k)
L in (5.16), assume r(v) = v without loss of generality. Moreover, the first equality

of the last equation is obtained by using Eq. (5.4), the second one, by the definition of r and, the last one, by Eq.
(5.34). Then consider the operator

F̂ (v; v1, v2, v3, v4; e+
x , e

+
y , e

+
z )

:=Ĥ
(~k)
L (v; v1, v2, v3, v4; e+

x , e
+
y , e

+
z ) + Ĥ

(~k)
L (v; r(v3), r(v4), r(v1), r(v2); e+

x , e
+
y , e

+
z )

(5.41)

According to (5.40), F̂ is

F̂ (v; v1, v2, v3, v4; e+
x , e

+
y , e

+
z )

=− tr([he+y , [Q̂
2k1
r(v1), Ĥ

(k2)
E (r(v2))]]h−1

e+y
[he+x , [Q̂

2k3
r(v3), Ĥ

(k4)
E (r(v4))]]h−1

e+x
[he+z , Q̂

2k5
v ]h−1

e+z
)

+ tr([he+x , [Q̂
2k1
r(v3), Ĥ

(k2)
E (r(v4))]]h−1

e+x
[he+y , [Q̂

2k3
r(v1), Ĥ

(k4)
E (r(v2))]]h−1

e+y
[he+z , Q̂

2k5
v ]h−1

e+z
)

(5.42)

up to an overall factor. For clarity, we will denote

X̂ ≡[he+x , [Q̂
2k3
r(v3), Ĥ

(k4)
E (r(v4))]]h−1

e+x

Ŷ ≡[he+y , [Q̂
2k1
r(v1), Ĥ

(k2)
E (r(v2))]]h−1

e+y

Ẑ ≡[he+z , Q̂
2k5
v ]h−1

e+z
.

(5.43)
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Because of the holonomies therein, they are all operator-valued matrices whose entries, thus, will be denoted as X̂ãb̃,

Ŷãb̃ and Ẑãb̃ respectively. Then, one has

F̂ = X̂ãb̃Ŷb̃c̃Ẑc̃ã − Ŷãb̃X̂b̃c̃Ẑc̃ã = Ŷb̃c̃X̂ãb̃Ẑc̃ã − Ŷãb̃X̂b̃c̃Ẑc̃ã + [X̂ãb̃, Ŷb̃c̃]Ẑc̃ã. (5.44)

According to Eq. (3.1), we first compute the expectation values of the operators with respect to coherent states
labeled by eizeτ3 , and then gauge transform the results correspondingly. Hence, applying this procedure to the the
first two terms of Eq. (5.44), one finally simplifies the subtraction of their expectation values as

〈Ŷb̃c̃X̂ãb̃Ẑc̃ã − Ŷãb̃X̂b̃c̃Ẑc̃ã〉{ge} = (Cabcdef − C′abcdef )〈ŶabX̂cdẐef 〉{ze} (5.45)

where Cabcdef and C′abcdef are two sets of constant coefficients produced by the gauge-transformation. Thanks to the
the last equation, one has

〈F̂ 〉{ge} = (Cabcdef − C′abcdef )〈ŶabX̂cdẐef 〉{ze} + 〈[X̂ãb̃, Ŷb̃c̃]Ẑc̃ã〉{ge}. (5.46)

Regardless of the factors Cabcdef −C′abcdef which is easy to compute, according to Eq. (5.45), the expectation values of

〈ŶabX̂cdẐef 〉{ze} and 〈[X̂ãb̃, Ŷb̃c̃]Ẑc̃ã〉{ge} are needed to compute to get 〈F̂ 〉{ge}. While for the last term, [X̂ãb̃, Ŷb̃c̃]Ẑc̃ã

itself is of O(t). Thus we only need to compute the leading-order term of 〈[X̂ãb̃, Ŷb̃c̃]Ẑc̃ã〉 by applying Theorem

IV.2. By definition of F̂ , without applying Eq. (5.46), we need to compute 〈Ŷãb̃X̂b̃c̃Ẑc̃ã〉 and 〈Ŷãb̃X̂b̃c̃Ẑc̃ã〉 to get

〈F̂ 〉. Comparing the computed terms before and after applying Eq. (5.46), it is concluded that the computational

complexity is reduced due to Eq. (5.46), because it is much easier to compute 〈[X̂ãb̃, Ŷb̃c̃]Ẑc̃ã〉 by applying Theorem
IV.2.

To explicitly compute ∆C := Cabcdef − C′abcdef , let us use Oi to denote expectation values of polynomials of fluxes

and holonomies with respect to coherent states labeled by eizeτ3 . Then Ĥ
(~k)
L and the corresponding results of ∆C take

the following forms, which are discussed case by case.

(1) If Ĥ
(~k)
L is expressed in terms of the form

(1.1) (nxO1τ
αn−1

x )ãb̃(nyO2τ
βn−1

y )b̃c̃(nzO3τ
γn−1

z )c̃ã;

(1.2) (nxO1τ
αn−1

x )ãb̃(nyO2τ
β1τβ2n−1

y )b̃c̃(nzO3τ
γn−1

z )c̃ã;

(1.3) (nxO1τ
α1τα2n−1

x )ãb̃(nyO2τ
βn−1

y )b̃c̃(nzO3τ
γn−1

z )c̃ã,

then ∆C is defined as the following,

∆C =tr

(n−1
x ny)

my∏
β=1

τβ

 (n−1
y nz)τ

γ(n−1
z nx)

(
mx∏
α=1

τα

)
− tr

(n−1
y nx)

(
mx∏
α=1

τα

)
(n−1
x nz)τ

γ(n−1
z ny)

my∏
β=1

τβ


where (my,mx) = (1, 1), (2, 1) and (1, 2) for the cases (1.1), (1.2) and (1.3) respectively.

(2) If Ĥ
(~k)
L is expressed in terms of the form

(2.1) (nxO1he+x τ
αh−1

e+x
n−1
x )ãb̃(nyO2he+y τ

βh−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã;

(2.2) (nxO1he+x τ
αh−1

e+x
n−1
x )ãb̃(nyO2he+y τ

β1τβ2h−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã;

(2.3) (nxO1he+x τ
α1τα2h−1

e+x
n−1
x )ãb̃(nyO2he+y τ

βh−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã,

then ∆C is defined as the following,

∆C =

my∏
β=1

τβ


bc

(
mx∏
α=1

τα

)
da

{
(n−1
x ny)ab[(n

−1
y nz)τ

γ(n−1
z nx)]cd − (n−1

y nx)cd[(n
−1
x nz)τ

γ(n−1
z ny)ab

}
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(3) If Ĥ
(~k)
L is expressed in terms of the form

(3.1) (nxO1he+x τ
αh−1

e+x
n−1
x )ãb̃(nyO2τ

β1he+y τ
β2h−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã,

then ∆C is defined as the following,

∆C = (τβ2)bc(τ
α)da

{
[n−1
x nyτ

β1 ]ab[(n
−1
y nz)τ

γ(n−1
z nx)]cd − [(n−1

x nz)τ
γn−1

z nyτ
β1 ]ab[(n

−1
y nx)]cd

}
(4) If Ĥ

(~k)
L is expressed in terms of the form

(4.1) (nxO1τ
α1he+x τ

α2h−1

e+x
n−1
x )ãb̃(nyO2he+y τ

βh−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã,

then ∆C is defined as the following,

∆C = (τα2)da(τβ)bc

{
[(n−1

x ny)ab[(n
−1
y nzτ

γn−1
z nxτ

α1 ]cd − [(n−1
x )nz)τ

γ(n−1
z ny)]ab[(n

−1
y nx)τα1 ]cd

}
(5) If Ĥ

(~k)
L is expressed in terms of the form

(5.1) (nxO1he+x τ
αh−1

e+x
n−1
x )ãb̃(nyO2τ

βn−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã;

(5.2) (nxO1he+x τ
αh−1

e+x
n−1
x )ãb̃(nyO2τ

β1τβ2n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã;

(5.3) (nxO1he+x τ
α1τα2h−1

e+x
n−1
x )ãb̃(nyO2τ

βn−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã,

then ∆C is defined as the following,

∆C =

(
mx∏
α=1

τα

)
ba

{
[(n−1

x ny)
( my∏
β=1

τβ
)
(n−1
y nz)τ

γ(n−1
z nx)]ab − [(n−1

x nz)τ
γ(n−1

z ny)(

my∏
β=1

τβ)(n−1
y nx)]ab

}

(6) If Ĥ
(~k)
L is expressed in terms of the form

(6.1) (nxO1τ
αn−1

x )ãb̃(nyO2he+y τ
βh−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã;

(6.2) (nxO1τ
αn−1

x )ãb̃(nyO2he+y τ
β1τβ2h−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã;

(6.3) (nxO1τ
α1τα2n−1

x )ãb̃(nyO2he+y τ
βh−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã,

then ∆C is defined as the following,

∆C =

my∏
β=1

τβ


ba

{
[(n−1

y nz)τ
γ(n−1

z nx)(

mx∏
α=1

τα)(n−1
x ny)]ab − [(n−1

y nx)(

mx∏
α=1

τα)(n−1
x nz)τ

γ(n−1
z ny)]ab

}

(7) If Ĥ
(~k)
L is expressed in terms of the form

(7.1) (nxO1τ
αn−1

x )ãb̃(nyO2τ
β1he+y τ

β2h−1

e+y
n−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã,

then ∆C is defined as the following,

∆C = (τβ2)ba
{

[(n−1
y nz)τ

γ(n−1
z nx)τα(n−1

x ny)τβ1 ]ab − [(n−1
y nx)τα(n−1

x nz)τ
γ(n−1

z ny)τβ1 ]ab
}

(8) If Ĥ
(~k)
L is expressed in terms of the form

(8.1) (nxO1τ
α1he+x τ

α2h−1

e+x
n−1
x )ãb̃(nyO2τ

βn−1
y )b̃c̃(nzO3τ

γn−1
z )c̃ã

the subtraction of the coefficients are of the form

∆C = (τα2)ba

{
[(n−1

x ny)τβ(n−1
y nz)τ

γ(n−1
z nx)τα1 ]ab − [(n−1

x nz)τ
γ(n−1

z ny)τβn−1
y nxτ

α1 ]ab

}
.
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In summary, let N1 be the original number of terms in altĤ
(k)
L . The symmetries implied by Eqs. (5.12) and (5.14)

reduces this number to N1/4
2, where the power 2 is from the fact that altĤ

(k)
L consists of two ĤE . Then Eq. (5.16)

reduces this number further to N1/(4
2 × 48). Finally the symmetry (5.39) reduces this number to

N1

42 × 48× 4
=

N1

3072
.

Let N2 be the original number of terms in extrĤ
(k)
L . The symmetries implied by Eqs. (5.12) and (5.14) are used at

first to reduce this number to N2/4
2. Then Eq. (5.16) reduces it to N2/(4

2 × 48). Finally, Eq. (5.46) reduce this
number further to be about5

N2

42 × 48× 2
=

N2

1536
.

B. Exhibit an explicit computation

In order to demonstrate the idea of our algorithm, some simple examples are used in this section. All of the
cases illustrated by these examples finally occur in our computation. Particularly, some functions like P (v, i, I(i,m)),
WDt(I(i,k)) and WD(I(i,k)) indeed exist in our codes [49] as the same manner.

Roughly speaking, the computation is divided into two steps. The first is to simplify the operator with applying
the commutation relations (2.10) and the second is to compute the expectation values of the simplified operator.

In the first step, the non-commutative multiplications between operator make a non-trivial simplification. Because
of the operator Q̂, we actually need to deal with

P̂α(v, i) = p̂αs (e+
v )− p̂αt (e−v )

where e±v are the edges along the ith direction satisfying s(e+
v ) = v = t(e−v ). In the computation, we mainly need to

deal with the commutators between P̂α(v, i) and holonomy. Thus let us consider the example

[

m∏
j=1

P̂αj (v, i), he+v ] = it

m∑
k=1

ταkhe+v

∏
j 6=k

P̂αj (v, i) + (it)2
∑
k<l

ταlταkhe+v

∏
j 6=k,l

P̂αj (v, i) +O(t3). (5.47)

Because these αj appear in the computed operator as dummy indices, their specific values do not matter in the

operator-simplification procedure. In other words,
∏m
j=1 P̂

αj (v, i) is treated like a tensor for which only the type does
matter. Therefore, based on our algorithm, we define a function

P (v, i, I(i,m)) :=
∏

α∈I(i,m)

P̂α(v, i), (5.48)

where I(i,m) denote an index set of length m. In the supperscript of I(i,m), i is used again for convenience so that
the multiplication of (P̂α(v, 1)P̂ β(v, 2)P̂ γ(v, 3))m occuring in Q̂mv can be denoted as

(P̂α(v, 1)P̂ β(v, 2)P̂ γ(v, 3))m = P (v, 1, I(1,m))P (v, 2, I(2,m))P (v, 3, I(3,m)).

Similarly, let us define

WDt(I(i,k)) := ταkταk−1 · · · τα1 (5.49)

where I(i,k) = {α1, · · · , αk}. With these notions, Eq. (5.47) can be written as

[P (v, i, I(i,m)), he+v ] =(it)

m∑
k=1

WDt(Ĩ(i,1)
k )he+v P (v, i, I(i,m−1)

k )

+ (it)2
∑
k<l

WDt(Ĩ(i,2)
k,l )he+v P (v, i, I(i,m−2)

k,l ) +O(t3)

(5.50)

5 The word “about” is because there exists cases with X̂ = Ŷ in Eq. (5.44).
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where I(i,m)
k1,k2,··· ,kq is the index set of I(i,m) without the k1th, k2th, · · · ,kqth indices and Ĩ(i,m)

k1,k2,··· ,kq is the complement

of I(i,m)
k1,k2,··· ,kq .

Further, let us implement an non-operator factor F(I(i,m)) contracted with P (v, i, I(i,m)) to consider∑
I(i,m) F(I(i,m))[P (v, i, I(i,m)), he+v ] which is finally simplified as∑

I(i,m)

F(I(i,m))[P (v, i, I(i,m)), he+v ]

=(it)
∑

I(i,m−1),I(i,1)
WDt(I(i,1))he+v P (v, i, I(i,m−1))

m∑
k=1

F({I(i,m−1), I(i,1)}(k))

+ (it)2
∑

I(i,m−2),I(i,2)
WDt(I(i,2))he+v P (v, i, I(i,m−2))

∑
k<l

F({I(i,m−2), I(i,2)}(k,l)) +O(t3).

(5.51)

Here {I(i,m−n), I(i,n)}(k1,k2,··· ,kn) is a joint set obtained by merging I(i,m−n), I(i,n) in such a way that the elements

in I(i,n) (respecting their original order) are distributed in k1th,· · · ,knth position in {I(i,m−n), I(i,n)}(k1,k2,··· ,kn).

Instead of deleting n indices in all possible I(i,m), one replace this deleting procedure by an inserting procedure,
namely merging all possible sets I(i,m−n) with length m− n and I(i,n) with length n in the above way for all values
of k1 < k2 < · · · < kn. Therefore, Eq. (5.50) can be simplified further as

[he+v , P (v, i, I(i,m))]→
itWDt(I(i,1))he+v P (v, i, I(i,m−1)) + (it)2WDt(I(i,2))he+v P (v, i, I(i,m−2)) +O(t3).

(5.52)

Then, for each evaluation of the index sets I(i,m−n) and I(i,n), we joint them in the aforementioned way to consider
{I(i,m−n), I(i,n)}(k1,k2,··· ,kn) for all values of k1 < k2 < · · · < kn.

Similarly for the commutator [h(e−v )−1 , P (v, i, I(i,m))], we have

[h(e−v )−1 , P (v, i, I(i,m))]→
− itWDt(I(i,1))he+v P (v, i, I(i,m−1)) + (−it)2WDt(I(i,2))he+v P (v, i, I(i,m−2)) +O(t3).

(5.53)

For [he−v , P (v, i, I(i,m))] and [h(e+v )−1 , P (v, i, I(i,m))], we need to define

WD(I(i,k)) := τα1τα1 · · · ταk (5.54)

where I(i,k) = {α1, · · · , αk}.

[he−v , P (v, i, I(i,m))]→
itWD(I(i,1))he+v P (v, i, I(i,m−1)) + (it)2WD(I(i,2))he+v P (v, i, I(i,m−2)) +O(t3),

[h(e+v )−1 , P (v, i, I(i,m))]→
− itWD(I(i,1))he+v P (v, i, I(i,m−1)) + (−it)2WD(I(i,2))he+v P (v, i, I(i,m−2)) +O(t3).

(5.55)

The second step is to compute the expectation value of the simplified operator. Let us still
take

∑
I(i,m) F(I(i,m))[P (v, i, I(i,m)), he+v ] as an example. A subtlety here is that the operator∑

I(i,m) F(I(i,m))[P (v, i, I(i,m)), he+v ] involves two edges e±v because of the operator P̂α(v, i). We consider its

expectation value with respect to coherent state |ψg
e
+
v

〉 ⊗ |ψg
e
−
v

〉, where, without loss of generality, we set

ge+v = ge−v = g = neizτ3n−1.

According to the above discussion, one can apply the result of Eq. (5.51) to compute the expectation value of its
LHS. Let us take the first term for instance. We need to compute the expectation value of

∑
I(i,m−1),I(i,1),b

WDt(I(i,1), a, b)
〈
D

1/2
bc (he+v )P (v, i, I(i,m−1))

〉
g

m∑
k=1

F({I(i,m−2), I(i,1)}(k)) (5.56)
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Applying Eq. (3.1), we finally obtain the following

∑
I(i,m−1),I(i,1),b

WDt(I(i,1), a, b)
〈
D

1/2
bc (he+v )P (v, i, I(i,m−1))

〉
g

m∑
k=1

F({I(i,m−2), I(i,1)}(k))

=
∑

I(i,m−1),I(i,1),b
WDt(I(i,1), a, b)D

1/2
bb′ (n)

〈
D

1/2
b′c′(he+v )P (v, i, I(i,m−1))

〉
z

D
1/2
c′c (n−1)

m∑
k=1

F̃({I(i,m−2), I(i,1)}(k))

(5.57)

where F̃ is given by

F̃({α1, · · · , αk}) :=
∑

β1,··· ,βk
F({β1, · · · , βk})D1

α1β1
(n−1) · · ·D1

αkβk
(n−1).

To compute Eq. (5.57), the results of Theorem IV.2 can be applied. Thus, one obtains the possible I(i,m−1) are:

(i) If one only computes the leading-order term of the expectation value, then I(i,m−1) is evaluated at {0, 0, · · · , 0}︸ ︷︷ ︸
m−1

(ii) If one only computes the expectation value up to O(t), then I(i,m−1) is evaluated at {0, 0, · · · , 0}︸ ︷︷ ︸
m−1

,

{0, 0, · · · , 0,±1}︸ ︷︷ ︸
m−1

, {0, 0, · · · , 0, 1,−1}︸ ︷︷ ︸
m−1

and {0, 0, · · · , 0,−1, 1}︸ ︷︷ ︸
m−1

.

With this discussion, Eq. (5.57) can be computed by considering both the expectation-value part〈
D

1/2
b′c′(he+v )P (v, i, I(i,m−1))

〉
z

and the non-operator-factor part

∑
b

WDt(I(i,1), a, b)D
1/2
bb′ (n)D

1/2
c′c (n−1)

m∑
k=1

F̃({I(i,m−2), I(i,1)}(k))

for each possibility of I(i,m−1).

For the expectation-value part, the values of
〈
D

1/2
b′c′(he+v )P (v, i, I(i,m−1))

〉
z

for Case (i) and the cases where I(i,m−1)

contains ±1 in Case (ii) are computed by Eq. (4.12). Furthermore, for the cases where I(i,m−1) contains ±1 in Case
(ii), the results are independent of the position of ±1 in I(i,m−1). Therefore, only 1+2+2 = 5 cases are considered in
Case (ii) finally. Comparing with the original number of cases 33m−1, one can obtain an advantage of our algorithm.

For the non-operator-factor part, given a possible I(i,m−2) and consider all possible I(i,1)s. Then all possible
{I(i,m−2), I(i,1)}(k)s can be reconstructed. It is noted that, for Case (ii), the positions of ±1 in I(i,m−2) does matter

to the value of F̃ . Thus we need to consider the permutations of indices in (with keeping the relative order between
±1) I(i,m−2) in Case (ii) when reconstructing {I(i,m−2), I(i,1)}(k). With the results of these two parts, the results of
Eq.(5.56) is obtained correspondingly.

Finally, we complete this section with the discussion on the values of n and ~k in Ĥ
(n)
E and Ĥ

(~k)
L , which is summarized

as the following lemma

Lemma V.1. To get the expectation values of Ĥ
(n)
E and Ĥ

(~k)
L up to order O(t), it is sufficient to set n and ~k =

(k1, k2, k3, k4, k5) respectively such that

n ≤ 3 (5.58)

and

|k1 + k2 − 3|+ (k1 + k2 − 3)

2
+
|k3 + k4 − 3|+ (k3 + k4 − 3)

2
+ k5 ≤ 3. (5.59)
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The proof of this lemma is sketched as follows. When one replaces V̂v in ĤE by V̂
(v)
GT , the term

(
Q̂2/〈Q̂〉2 − 1

)k
in V̂

(v)
GT contributes as the following

1

t
tr(hαIJhsK [

(
Q̂2/〈Q̂〉2 − 1

)k
, h−1
sK ])

=

k−1∑
m=0

tr(hαIJhsK

(
Q̂2/〈Q̂〉2 − 1

)m [Q̂2/〈Q̂〉2, h−1
sK ]

t

(
Q̂2/〈Q̂〉2 − 1

)k−1−m
)

(5.60)

where the overall coefficient is neglected. Since Q̂2/〈Q̂〉2 − 1 =
(
Q̂/〈Q̂〉+ 1

)(
Q̂/〈Q̂〉 − 1

)
, and 〈Q̂/〈Q̂〉 − 1〉 = O(t),

Theorem IV.1 can be applied, which indicates that the leading-order expectation value of the operator (5.60) is at
least O(tbk/2c). Thus, as far as expanding the expectation value to O(t) is concerning, one can sufficiently choose

k ≤ 3, which leads to n ≤ 3 in Ĥ
(n)
E . A very similar discussion for Ĥ

(~k)
L can be done, which gives us Eq. (5.59).

VI. Quantum correction in the expectation value

The resulting expectation value of the Hamiltonian with unit lapse Ĥ[1] = ĤE +
(
1 + β2

)
ĤL at coherent states

with cosmological data (η < 0 in our convention) is shown as follows

〈ĤE〉 = 6a
√
−βη sin2(ξ)− 3

4
at

√
− β

η3
sin2

(
ξ

2

)
cos

(
ξ

2

){
cos

(
ξ

2

)[
8η2 + 8η(4 cosh(η)− 3)csch(η)− 9

]
− 12iη sin

(
ξ

2

)}
+O(t2), (6.1)

〈ĤL〉 = −6a
√−βη sin2(ξ) cos2(ξ)

β2
− 3at

262144(−βη)3/2

{
2
(
3− 220η2

)
cos(6ξ)

+ 4iη(4838 sin(ξ)− 6284 sin(2ξ) + 4685 sin(3ξ)− 5222 sin(4ξ)− 105 sin(5ξ))

+ 2(−3611 + 8η(492η + 11i)) cos(ξ)− 2(−789 + 4η(305η + 18i)) cos(2ξ)

+ (4413− 4η(928η + 49i)) cos(3ξ) + 8(−1978 + η(4192η − 7i)) cos(4ξ)

+ (−7 + 4(−272η + 5i)η) cos(5ξ)− 4η coth(η)
[
536 cos(ξ) + 1731 cos(2ξ)

+ 1524 cos(3ξ)− 40548 cos(4ξ) + 116 cos(5ξ) + 117 cos(6ξ) + 37292
]

+ 8ηcsch(η)
[
130 cos(ξ) + 918 cos(2ξ) + 801 cos(3ξ)− 18618 cos(4ξ)

+ 125 cos(5ξ) + 58 cos(6ξ) + 16362
]

+ 8(1436 + η(−4056η + 25i))

}
+O(t2). (6.2)

According to (5.32), 〈ĤL〉 = 〈extrĤL〉+ 〈altĤL〉, in which 〈altĤL〉 is,

〈altĤL〉 =− 3a
√−βη sin2(2ξ)

8β2
− 3at

32768(−βη)3/2

{
4
(
104η2 − 79

)
cos(ξ) +

(
68− 160η2

)
cos(2ξ)

+ 4
(
55− 104η2

)
cos(3ξ) +

(
944η2 − 501

)
cos(4ξ)− 848η2

− 2η
[

coth(η)(−(262 cos(ξ)− 6(46 cos(2ξ) + 65 cos(3ξ)− 380 cos(4ξ) + 366)))

− csch(η)(−292 cos(ξ) + 268 cos(2ξ) + 420 cos(3ξ)− 2035 cos(4ξ) + 1799)

− 64i(6 sin(ξ)− 10 sin(2ξ) + 6 sin(3ξ)− 7 sin(4ξ))
]

+ 241

}
+O(t2),

(6.3)
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and 〈extrĤL〉 is

〈extrĤL〉 =− 9a
√−βη sin2(2ξ)

8β2
+

3at

262144(−βη)3/2

{
− 2

(
580η2 + 72iη − 517

)
cos(2ξ)

+ 2
(
3− 220η2

)
cos(6ξ) + 4iη

[
3302 sin(ξ)− 3724 sin(2ξ) + 3149 sin(3ξ)

− 35(98 sin(4ξ) + 3 sin(5ξ))
]

+ 2(−2347 + 8η(284η + 11i)) cos(ξ)

+ (2653− 4η(96η + 49i)) cos(3ξ) + 56(−211 + η(464η − i)) cos(4ξ)

+ (−7 + 4(−272η + 5i)η) cos(5ξ)− 4η coth(η)
[
1584 cos(ξ) + 627 cos(2ξ)

− 36 cos(3ξ)− 31428 cos(4ξ) + 116 cos(5ξ) + 117 cos(6ξ) + 28508
]

+ 8ηcsch(η)
[
714 cos(ξ) + 382 cos(2ξ)− 39 cos(3ξ)

− 14548 cos(4ξ) + 125 cos(5ξ) + 58 cos(6ξ) + 12764
]

+ 8η(−3208η + 25i) + 9560

}
+O(t2).

(6.4)

When expressing 〈Ĥ[1]〉 to be 〈Ĥ[1]〉 = H0 + tH1 + O(t2), we notice that the O(t)-term H1 contains η in its

denominator and, thus, is divergent if η → 0. This feature is implied by the fact that if Q̂v〉 → 0, V̂
(v)
GT is divergent.

This is because when if η → 0, 〈Q̂v〉 → 0 since 〈Q̂v〉 ∼ |η|3.

Hence, the expansion of 〈Ĥ[1]〉 becomes invalid when η is too small. More precisely, expressing 〈Ĥ[1]〉 as 〈Ĥ[1]〉 =√
|η|
[
f0 + (t/η2) f1 +O(t2)

]
, we get that f0 is independent of η, and f1 is regular at η → 0. Thus, it is concluded

that our expansion is valid when η2 � t. This aspect is important for a new improvement of cosmological effective
dynamics derived from the full LQG [58]. The expansion is valid for large |η|, because f1 is regular at |η| → ∞.

Consider the reduced-phase-space LQG of gravity coupled to Gaussian dust. Then, the relational evolution with

respect to the dust time T will be generated by the physical Hamiltonian Ĥ = 1
2

(
Ĥ[1] + Ĥ[1]†

)
. Its coherent state

expectation value reads

〈Ĥ〉 = <(〈Ĥ[1]〉) ≡ H0 + tH̃1 +O(t2), H̃1 = <(H1). (6.5)

In order to demonstrate the physical application and effects from the O(~) correction we adopt the proposal in [15]

as follows. Firstly, we view 〈Ĥ〉 as the effective Hamiltonian on the 2-dimensional phase space Pcos of homogeneous

and isotropic cosmology. Then, one can verify that η = µ2P0

βa2 and ξ = µβK0 where µ is the coordinate length of

e ∈ E(γ), P0 is the square of the scale factor and K0 is the extrinsic curvature. Thus, the Poisson bracket between

ξ and η reads {η, ξ} = κ
3a2 . With this Poisson bracket, the Hamiltonian time evolution on Pcos generated by 〈Ĥ〉 is

computable. The numerical result is shown in Fig. 1, which respectively depicts the dynamics of the spatial volume

governed by H0, 〈Ĥ〉 = H0 + tH̃1 and the classical FLRW Hamiltonian Hcl = −6aβ−3/2√−η ξ2.
In the example shown in Fig. 1, a relatively small t = 10−5 is chosen to display the effects of the next-to-leading-

order term. The coincided initial data of η, dη/dT are chosen to be at T = 0 for all of the three cases. Since η|T=0

gives a large spatial volume, T = 0 is in the low-energy-density regime. As shown in Fig.1, toward T < 0, the

evolution with respect to H0 + tH̃1 is similar as that corresponding to H0, where the latter one gives the µ0-scheme

effective dynamics. Both of the effective Hamiltonian H0 +tH̃1 and H0 resolve the big-bang singularity by “a bounce”.
Moreover, the dynamics of H0 and Hcl at late time T > 0 are compatible. Further more, it is shown in Fig. 1 that

tH̃1 in H0 + tH̃1 behaves like an additional matter distribution with negative energy density of O(t), which causes the
universe to re-collapse and have another bounce at very late time. It should be noted that the time of re-collapse is
extremely late because of the tiny value of t. It can be verified numerically that the time when the recollapse happens
is correlated to t, namely, the recollapse happens earlier for a larger t but happens later for a smaller t. For vanishing
t, it needs infinitely long time before the recollapse happens, i.e. there is no recollapse. Finally, the collapse occurs in

the FLRW phase with ξ � 1. Thus expanding H̃1 at ξ = 0, we have

H̃1
∼=

3a(−γη)3/2
(
1280η2 − 3072η coth(η)− 1792ηcsch(η)− 5568

)
262144γ3η3

+O
(
ξ2
)
. (6.6)

That is, when ξ is vanishing, H̃1 contains terms which do not vanish. It is these terms that lead to the recollapse.
These terms are all contributed by the Lorentzian part, and is the consequence from the Thiemann’s regularization
of the Lorentzian Hamiltonian.
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FIG. 1: Evolution of the spatial volume generated by 〈Ĥ〉 = H0 + tH̃1 in (6.5) (black curve), H0 (red dashed curve), and Hcl
(black circles). The coincided initial data of η, dη/dT are chosen to be at T = 0 for these 3 cases. The parameters are set to
be a = 1, t = 10−5, and β = 0.2375.
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FIG. 2: Plots of the critical density ρc of the dynamics governed by H0 (red circle) and, H0 + tH̃1 with t = 10−5 (dash-dotted
curve) t = 0.01 (solid curve). The parameters are set as a = 1 and β = 0.2375.

For the critical density ρc plotted in Fig.2, it also receives correction from tH̃1 at the T < 0 bounce. As is known,
the critical density from the µ0-scheme dynamics governed by H0 reads ρc = 3

2a2κβ3(β2+1)|ηb| with |ηb| being the value

of |η| at the bounce. When H̃1 term is considered, the dependence of ρc on ηb is only known numerically. Some
numerical results are presented in Fig. 2. As shown there, instead of blowing up for small |ηb|, the corrected ρc from

〈Ĥ〉 = H0 + tH̃1 is bounded from above for small values of |ηb|. In an optimistic viewpoint, this correction of ρc
might hint that the correction from higher-order term in t could potentially flatten the dependence of ηb in ρc. This
flattened behavior of ρc is also supported by the current model of µ̄-scheme effective dynamics with complete quantum
corrections, which is considered as an important feature of µ̄-scheme Loop Quantum Cosmology. However, by recalling
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the fact that our expansion in t requires η2 � t, one realizes that the small |ηb| regime, where the correction of ρc
becomes significant, mostly violates this requirement (see fig.2). Hence the quantum dynamics near the bounce is still
an open problem from this point of view.

It should be emphasized that the proposal [15] adopted here for studying the effective dynamics is not as rigorous as

the path integral formula (1.2). As argued in Section I, the O(t) correction in 〈Ĥ[1]〉 is only a partial contribution in
the quantum effective action that ultimately determining the quantum effect in the dynamics. Hence, the cosmological

dynamics plotted in Fig.1 only shows O(t) correction in 〈Ĥ[1]〉 from one of the three O(t) contributions in Γ, and is
not yet a rigorous prediction from the principle of LQG. We have only focused on non-gauge-invariant coherent state
and neglected the group averaging that impose the gauge invariance in the path integral (1.2). Moreover, this paper
only focus on the effects of the quantum correction of linear order in t, and the effects from higher order corrections
are still unclear and beyond the scope of this paper.

VII. Conclusion and outlook

In this paper, we developed an algorithm to overcome the complexity of computing the expectation value of LQG

Hamiltonian operator Ĥ[N ]. With this algorithm, the O(~) correction in the expectation value 〈Ĥ[N ]〉 at the coherent
state peaked at the homogeneous and isotropic data of cosmology is computed. In the current work, there are several
perspectives which should be addressed in the future:

The first one is to complete the computation of the quantum effective action Γ mentioned in Section I. After
completing of this current work, the only missing ingredient in the O(~) terms of Γ is the “1-loop determinant” det(H).
Therefore, a research to be carried out immediately is to compute this correction of det(H) at the homogeneous and
isotropic background. Once we obtain all of the O(~) contribution to Γ, the variation of Γ should give the quantum
corrected effective equations which will demonstrate the quantum correction to the cosmological model implied by
LQG.

The next step of generalizing our computation is to study the expectation values of 〈Ĥ[N ]〉 with respect to the
coherent states peaked at cosmological perturbations. The semiclassical limits of the expectation value and the
cosmological perturbation theory from the path integral (1.2) have been studied in [46]. Thus, it is interesting to
study the O(`p) correction to the cosmological perturbation theory.

Finally, the computation of the quantum correction in 〈Ĥ[N ]〉 should also be extended to the model of gravity

coupled to standard matter fields. The contributions of matter fields to Ĥ[N ] have been studied in [59, 60]. Since

the matter parts in Ĥ[N ] is much simpler than the Lorentzian part in Ĥ[N ], the computation of their expectation
values should not be hard. Study of the matter contributions and their quantum corrections is a project currently
undergoing [61].

Our work expands 〈Ĥ[N ]〉 to the order t1 and neglects the higher order terms. It is important to understand higher
order contributions, or namely the reminder of the expansion, in order to rigorously estimate the regime in the phase
space where the expansion is good (see e.g. the paragraph above (6.5) for the discussion of the phase space regime

such that tH̃1 is small).
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A. SL(2,C) and SU(2) groups

Let σi with i = 1, 2, 3 be the Pauli matrices and τk := −iσk/2. Define

~θ = (θ sin(ψ) cos(φ), θ sin(ψ) sin(φ), θ cos(ψ)). (A1)
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h ∈SU(2) can be coordinatized as

h = e
~θ·~τ =

(
cos
(
θ
2

)
− i sin

(
θ
2

)
cos(ψ) −i sin

(
θ
2

)
sin(ψ)e−iφ

−i sin
(
θ
2

)
sin(ψ)eiφ cos

(
θ
2

)
+ i sin

(
θ
2

)
cos(ψ)

)
(A2)

with θ, φ ∈ (0, 2π) and ψ ∈ (0, π). The Haar measure then is

dµH(~θ) =
1

4π2
sin2(

θ

2
) sin(ψ)dθdψdφ. (A3)

Moreover, by defining

~p = (p sin(α) cos(β), p sin(α) sin(β), p cos(α)) (A4)

with p > 0, α ∈ (0, π) and β ∈ (0, 2π), g ∈ SL(2,C) can be parameterized as

g(~p, ~θ) = ei~p·~τe
~θ·~τ =: ei~p·~τh(~θ). (A5)

For each p > 0, there exists u±~p ∈ SU(2) such that

(u±~p )−1 ~p · ~τ (u±~p ) = ±pτ3. (A6)

Note that u±~p is determined by Eq. (A6) up to a right transformation by eατ3 . Namely u±~p e
ατ3 for all α ∈ R are

solution to Eq. (A6) provided u±~p does. Moreover, u±~p has the relation

u±~p = u∓−~p. (A7)

Let us denote η ≡ ±p and u ≡ u±~p for convenience. Then

g(~p, ~θ) = u eiητ3 u−1h(~θ). (A8)

For u−1h(~θ) ∈SU(2), decomposing it as

u−1h(~θ) = e−ξτ3n−1, (A9)

one get

g(~p, ~θ) = uei(η+iξ)τ3n−1. (A10)

Note that Eq. (A9) determines n up to a right transformation by eατ3 as that for u±~p . n satisfies

n(ητ3)n−1 = h(~θ)(~p · ~τ)h(~θ)−1. (A11)

The Wigner 3-j symbol

(
j1 j2 j3
m1 m2 m3

)
is an SU(2)-invariant tensor, namely

Dj1
n1m1

(h)Dj2
n2m2

(h)Dj3
n3m3

(h)

(
j1 j2 j3
m1 m2 m3

)
=

(
j1 j2 j3
n1 n2 n3

)
, ∀h ∈ SU(2). (A12)

Define τα with α = −1, 0, 1 as

τ±1 = ∓τ1 ± iτ2√
2

, τ0 = τ3. (A13)

We obtain the j-representation of τα in terms of the 3j symbol, according to the WignerEckart theorem, as

D
′j
mm′(τα) = iwjε

j
nm

(
j j 1
n m′ α

)
(A14)

where wj =
√
j(j + 1)(2j + 1) and εjnm = (−1)j+mδ(n,−m) is the 2-j symbol. The 2-j symbol is also SU(2) invariant.

By 3-j symbol and εjnm, any SU(2)-intertwiner can be constructed as

ι(k1k2 · · · kn−1)m1m2m3···mn =

(
j1 j2 k1

m1 m2 l1

)
εk1l1l′1

(
k1 j3 k2

l′1 m3 l2

)
εk2l2l′2
· · · εkn−2

ln−2l′n−2

(
kn−2 jn−1 jn
l′n−2 mn−1 mn

)
. (A15)

Moreover, the Clebsch-Gordan coefficients relates to 3j-symbol as

〈j1m1j2m2|JM〉 =(−1)2j2
√

2J + 1 εJMN

(
J j2 j1
N m2 m1

)
=(−1)j1−j2−J

√
2J + 1

(
j1 j2 J
m1 m2 N

)
εJNM

(A16)
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B. the Clebsch-Gordan coefficients with negative parameters

Given j1, m1, j2, m2 and m = m1 + m2, the Clebsch-Gordan coefficients 〈j1m1j2m2|pm〉 ≡
[
j1 j2 p
m1 m2 m

]
for

various p satisfy the difference equation [62]

A(p+ 1)

[
j1 j2 p+ 1
m1 m2 m

]
+A(p)

[
j1 j2 p− 1
m1 m2 m

]
+ (A0(p)−m1 +m2)

[
j1 j2 p
m1 m2 m

]
= 0 (B1)

where max(|m|, |j1 − j2|) ≤ p ≤ j1 + j2 and

A(p) =
1

p

√
− (p2 − ξ2

1)(p2 − ξ2
2)(p2 − ξ2

3)

4p2 − 1
,

A0(p) =
ξ1ξ2ξ3
p(p+ 1)

(B2)

with

ξ1 = j1 − j2, ξ2 = j1 + j2 + 1, ξ3 = m.

With the initial data[
j1 j2 j1 + j2
m1 m2 m

]
=

√
(2j1)! (2j2)! (j1 + j2 −m)! (j1 + j2 +m)!

(2j1 + 2j2)! (j1 −m1)! (j1 +m1)! (j2 −m2)! (j2 +m2)!
(B3)

the Clebsch-Gordan coefficients for other values of p are computable with Eq. (B1).
In order to extend the Clebsch-Gordan coefficients to negative parameters, we define a function

C0(x) :=

√
(2j2)! Γ(2x+ 1)Γ(x+ j2 −m+ 1)Γ(x+ j2 +m+ 1)

(j2 −m2)! (j2 +m2)!Γ(2x+ 2j2 + 1)Γ(x−m1 + 1)Γ(x+m1 + 1)
, (B4)

with which [
j1 j2 j1 + j2
m1 m2 m

]
= C0(j1). (B5)

It is remarkable that C0(x) is well-defined not only for positive x such that

x−m1 ∈ Z, x ≥ |m1| (B6)

but also for negative x satisfying

x−m1 ∈ N, x ≤ min(−|m1|,−j2 − |m| − 1) (B7)

where those gamma functions with negative integers is understood as

Γ(−m1) · · ·Γ(−mk)

Γ(−n1) · · ·Γ(−nk)
= lim
z→0

Γ(z −m1) · · ·Γ(z −mk)

Γ(z − n1) · · ·Γ(z − nk)
= (−1)n1+···+nk−m1−···−mk n1! · · ·nk!

m1! · · ·mk!
. (B8)

By definition, the Clebsch-Gordan coefficients

[
j1 j2 j1 + j2 − ι
m1 m2 m

]
is obtained by applying the recurrence relation

(B1) successively for ι steps with the initial data C0(j1, j1 + j2). Then, we defined

[
−j1 j2 −j1 + j2 − ι
m1 m2 m

]
, the

Clebsch-Gordan coefficients with negative parameters, as the result by applying the recurrence relation[
−j1 j2 −q − 1
m1 m2 m

]
= − 1

Ã(−q)

(
Ã(−q + 1)

[
−j1 j2 −q + 1
m1 m2 m

]
+ (Ã0(−q)−m1 +m2)

[
−j1 j2 −q
m1 m2 m

])
(B9)

with the initial data C0(−j1), where

Ã(q) = A(q)
∣∣
j1→−j1 , Ã0(q) = A0(q)

∣∣
j1→−j1 . (B10)
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This definition extended the Clebsch-Gordan coefficients to negative parameters. It guarantees that,[
−j1 j2 −j1 + j2 − ι
m1 m2 m

]
=

[
j1 j2 j1 + j2 − ι
m1 m2 m

]∣∣∣∣
j1→−j1

. (B11)

By definition, it has

C0(−j1) =

√
(2j1 − 2j2 − 1)! (2j2)! (j1 −m1 − 1)! (j1 +m1 − 1)!

(2j1 − 1)! (j1 − j2 −m− 1)! (j1 − j2 +m− 1)! (j2 −m2)! (j2 +m2)!

=(−1)j2+m2

[
j1 − 1 j2 j1 − j2 − 1
m1 m2 m

]
.

(B12)

Moreover,

[
j1 − 1 j2 j1 − j2 + ι− 1
m1 m2 m

]
can also be obtained by applying successively the recurrence relation

[
j1 j2 q
m1 m2 m

]
= − 1

B(q)

(
B(q − 1)

[
j1 j2 q − 2
m1 m2 m

]
+ (B0(q − 1)−m1 +m2)

[
j1 j2 q − 1
m1 m2 m

])
(B13)

with the initial data

[
j1 j2 j1 − j2 − 1
m1 m2 m

]
, where

B(q) = A(q)
∣∣
j1→j1−1

, B0(q) := A0(q)
∣∣∣
j1→j1−1

. (B14)

Furthermore, it can be verified that

B(q) = −Ã(−q), B0(q − 1) = Ã0(−q). (B15)

Therefore, according to Eqs. (B12), (B9) and (B13), we finally have[
−j1 j2 −j1 + j2 − ι
m1 m2 m

]
= (−1)j2+m2−ι

[
j1 − 1 j2 j1 − j2 + ι− 1
m1 m2 m

]
, (B16)

namely [
−j1 j2 −j1 + ∆
m1 m2 m

]
= (−1)∆+m2

[
j1 − 1 j2 j1 − 1−∆
m1 m2 m

]
. (B17)

C. Proof of (3.10)

One can refer to [63–65] for more details on this method. The 2-j symbol is graphically represented as

εjmn = (−1)j+nδ(m,−n) = j
<latexit sha1_base64="476KCT3IzDAAnfwgLcnLYxOVSVk=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvHhMwDwgWcLspDeZZHZ2mZkVQsgXePGgiFc/yZt/4yTZgyYWNBRV3XR3BYng2rjut5Pb2Nza3snvFvb2Dw6PiscnTR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWM7+d+6wmV5rF8NJME/YgOJA85o8ZK9VGvWHLL7gJknXgZKUGGWq/41e3HLI1QGiao1h3PTYw/pcpwJnBW6KYaE8rGdIAdSyWNUPvTxaEzcmGVPgljZUsaslB/T0xppPUkCmxnRM1Qr3pz8T+vk5rw1p9ymaQGJVsuClNBTEzmX5M+V8iMmFhCmeL2VsKGVFFmbDYFG4K3+vI6aVbK3lW5Ur8uVe+yOPJwBudwCR7cQBUeoAYNYIDwDK/w5oycF+fd+Vi25pxs5hT+wPn8Ac+ajOk=</latexit>

m
<latexit sha1_base64="AgHbnLhpqdQb1JW7F+XZ3NtlY8E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2Nwm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkbu53nlBpHkcPZpqgL+ko4iFn1FipKQelsltxFyDrxMtJGXI0BqWv/jBmqcTIMEG17nluYvyMKsOZwFmxn2pMKJvQEfYsjahE7WeLQ2fk0ipDEsbKVmTIQv09kVGp9VQGtlNSM9ar3lz8z+ulJrz1Mx4lqcGILReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A0qWM5w==</latexit>

n
<latexit sha1_base64="aAxtea8AFgD3oI4V/RnQqd2JwMs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1CmM6A==</latexit> . (C1)

The 3j-symbols is graphically represented as

(
j1 j2 j3
m1 m2 m3

)
=

j3
<latexit sha1_base64="rHEWvnQJLepJclJIvBerPZPbHBo=">AAAB6nicbZC7SgNBFIbPxluMt2hKm8EgWIXdpFC7gI1lRHOBZAmzk9lkzOzMMjMrhCWPYGOhiK2FD2Jlaedj+AZOLoUm/jDw8f/nMOecIOZMG9f9cjIrq2vrG9nN3Nb2zu5efv+goWWiCK0TyaVqBVhTzgStG2Y4bcWK4ijgtBkMLyZ5844qzaS4MaOY+hHuCxYygo21rm+7lW6+6JbcqdAyeHMoVgvf7+WP5lutm//s9CRJIioM4VjrtufGxk+xMoxwOs51Ek1jTIa4T9sWBY6o9tPpqGN0bJ0eCqWyTxg0dX93pDjSehQFtjLCZqAXs4n5X9ZOTHjmp0zEiaGCzD4KE46MRJO9UY8pSgwfWcBEMTsrIgOsMDH2Ojl7BG9x5WVolEtepVS+8orVc5gpC4dwBCfgwSlU4RJqUAcCfbiHR3hyuPPgPDsvs9KMM+8pwB85rz9bz5GP</latexit>

j1
<latexit sha1_base64="necGPM7Zy5j1zwY8gpm4Hiki45M=">AAAB6nicbZC7SgNBFIbPeo3xFk1pMxgEq7AbC7UL2FhGNBdIQpidnE3GzM4uM7NCWPIINhaK2Fr4IFaWdj6Gb+DkUmjiDwMf/38Oc87xY8G1cd0vZ2l5ZXVtPbOR3dza3tnN7e3XdJQohlUWiUg1fKpRcIlVw43ARqyQhr7Auj+4GOf1O1SaR/LGDGNsh7QnecAZNda6vu14nVzBLboTkUXwZlAo57/fSx/1t0on99nqRiwJURomqNZNz41NO6XKcCZwlG0lGmPKBrSHTYuShqjb6WTUETmyTpcEkbJPGjJxf3ekNNR6GPq2MqSmr+ezsflf1kxMcNZOuYwTg5JNPwoSQUxExnuTLlfIjBhaoExxOythfaooM/Y6WXsEb37lRaiVit5JsXTlFcrnMFUGDuAQjsGDUyjDJVSgCgx6cA+P8OQI58F5dl6mpUvOrCcPf+S8/gBYx5GN</latexit>

j2
<latexit sha1_base64="BD0lDqccAn5YOyCH3g6tPp40jbQ=">AAAB6nicbZC7TsMwFIaPuZZyK3RksaiQmKokDMBWiYWxCHqR2qhyXKc1dZzIdpCqqI/AwgBCrAw8CBMjG4/BG+BeBmj5JUuf/v8c+ZwTJIJr4zhfaGl5ZXVtPbeR39za3tkt7O3XdZwqymo0FrFqBkQzwSWrGW4EayaKkSgQrBEMLsZ5444pzWN5Y4YJ8yPSkzzklBhrXd92vE6h5JSdifAiuDMoVYrf795H463aKXy2uzFNIyYNFUTrluskxs+IMpwKNsq3U80SQgekx1oWJYmY9rPJqCN8ZJ0uDmNlnzR44v7uyEik9TAKbGVETF/PZ2Pzv6yVmvDMz7hMUsMknX4UpgKbGI/3xl2uGDViaIFQxe2smPaJItTY6+TtEdz5lReh7pXdk7J35ZYq5zBVDg7gEI7BhVOowCVUoQYUenAPj/CEBHpAz+hlWrqEZj1F+CP0+gNaS5GO</latexit> +

<latexit sha1_base64="UURXMwr1VJ17l6/FXw+ZLW29Nfo=">AAAB6HicbZC7SgNBFIbPxFuMt6ilzWJQBCHsxkLtAjaWCZgLJEuYnZxNxszOLjOzQgh5AhsLRWwsLH0cO5/Bl3CSWGjiDwMf/38Oc84JEsG1cd1PkllaXlldy67nNja3tnfyu3t1HaeKYY3FIlbNgGoUXGLNcCOwmSikUSCwEQyuJnnjDpXmsbwxwwT9iPYkDzmjxlrV006+4BbdqZxF8H6gUCbvr/IrOa508h/tbszSCKVhgmrd8tzE+COqDGcCx7l2qjGhbEB72LIoaYTaH00HHTtH1uk6Yazsk8aZur87RjTSehgFtjKipq/ns4n5X9ZKTXjhj7hMUoOSzT4KU+GY2Jls7XS5QmbE0AJlittZHdanijJjb5OzR/DmV16EeqnonRVLVa9QvoSZsnAAh3ACHpxDGa6hAjVggHAPj/BEbskDeSYvs9IM+enZhz8ib98ZcZAf</latexit>

m2
<latexit sha1_base64="4Ocm4GZrLb4WBmeSoyLq0byFeoY=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqezWgh4LXjxWtB/QLiWbZtvQJLskWaEs/QlePCji1V/kzX9j2u5BWx8MPN6bYWZemAhurOd9o8LG5tb2TnG3tLd/cHhUPj5pmzjVlLVoLGLdDYlhgivWstwK1k00IzIUrBNObud+54lpw2P1aKcJCyQZKR5xSqyTHuSgNihXvKq3AF4nfk4qkKM5KH/1hzFNJVOWCmJMz/cSG2REW04Fm5X6qWEJoRMyYj1HFZHMBNni1Bm+cMoQR7F2pSxeqL8nMiKNmcrQdUpix2bVm4v/eb3URjdBxlWSWqboclGUCmxjPP8bD7lm1IqpI4Rq7m7FdEw0odalU3Ih+Ksvr5N2repfVWv39UqjnsdRhDM4h0vw4RoacAdNaAGFETzDK7whgV7QO/pYthZQPnMKf4A+fwD5e42M</latexit>

m3
<latexit sha1_base64="MUg1u8JplmPehc5bkd14s/60whg=">AAAB6nicbVBNSwMxEJ3Ur1q/qh69BIvgqey2BT0WvHisaGuhXUo2zbahSXZJskJZ+hO8eFDEq7/Im//GtN2Dtj4YeLw3w8y8MBHcWM/7RoWNza3tneJuaW//4PCofHzSMXGqKWvTWMS6GxLDBFesbbkVrJtoRmQo2GM4uZn7j09MGx6rBztNWCDJSPGIU2KddC8H9UG54lW9BfA68XNSgRytQfmrP4xpKpmyVBBjer6X2CAj2nIq2KzUTw1LCJ2QEes5qohkJsgWp87whVOGOIq1K2XxQv09kRFpzFSGrlMSOzar3lz8z+ulNroOMq6S1DJFl4uiVGAb4/nfeMg1o1ZMHSFUc3crpmOiCbUunZILwV99eZ10alW/Xq3dNSrNRh5HEc7gHC7Bhytowi20oA0URvAMr/CGBHpB7+hj2VpA+cwp/AH6/AH6/42N</latexit>

m1
<latexit sha1_base64="xNBZZPwFAq7XrAXi/tjpNor9Hq8=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKezGgB4DXjxGNA9IljA7mU2GzGOZmRXCkk/w4kERr36RN//GSbIHTSxoKKq66e6KEs6M9f1vr7CxubW9U9wt7e0fHB6Vj0/aRqWa0BZRXOluhA3lTNKWZZbTbqIpFhGnnWhyO/c7T1QbpuSjnSY0FHgkWcwItk56EINgUK74VX8BtE6CnFQgR3NQ/uoPFUkFlZZwbEwv8BMbZlhbRjidlfqpoQkmEzyiPUclFtSE2eLUGbpwyhDFSruSFi3U3xMZFsZMReQ6BbZjs+rNxf+8XmrjmzBjMkktlWS5KE45sgrN/0ZDpimxfOoIJpq5WxEZY42JdemUXAjB6svrpF2rBlfV2n290qjncRThDM7hEgK4hgbcQRNaQGAEz/AKbx73Xrx372PZWvDymVP4A+/zB/f3jYs=</latexit>

. (C2)

The Wigner-D matrix Dj
mn(h), as a tensor h ∈ Hj ⊗H∗j , is

Dj
mn(h) = 〈jm|h|jn〉 = h

<latexit sha1_base64="bQUPoZ9huxJ97SswNNGUC/Yk+v8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUHA9KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwByxGM4g==</latexit>

m
<latexit sha1_base64="AgHbnLhpqdQb1JW7F+XZ3NtlY8E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2Nwm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkbu53nlBpHkcPZpqgL+ko4iFn1FipKQelsltxFyDrxMtJGXI0BqWv/jBmqcTIMEG17nluYvyMKsOZwFmxn2pMKJvQEfYsjahE7WeLQ2fk0ipDEsbKVmTIQv09kVGp9VQGtlNSM9ar3lz8z+ulJrz1Mx4lqcGILReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A0qWM5w==</latexit>

n
<latexit sha1_base64="aAxtea8AFgD3oI4V/RnQqd2JwMs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1CmM6A==</latexit>

j
<latexit sha1_base64="Cp8PIPHRO0KWts/i1syr+1Pavx8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCpl76ZcaVRLtWoWRx4u4BKuwYNbqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/zhmM5A==</latexit>

. (C3)
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For the multiplication operator Dι
ab(he), its action on Dj

mn(he) reads

Dι
ab(he)D

j
mn(he) =

j+ι∑
J=j−ι

dJ(−1)M−N
(
ι j J
a m −M

)(
ι j J
b n −N

)
DJ
MN (h), (C4)

where

(
ι j J
a m −M

)
denotes the Wigner 3j-symbol. This graphically corresponds to

h
<latexit sha1_base64="bQUPoZ9huxJ97SswNNGUC/Yk+v8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUHA9KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwByxGM4g==</latexit>

h
<latexit sha1_base64="bQUPoZ9huxJ97SswNNGUC/Yk+v8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUHA9KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwByxGM4g==</latexit>

j1
<latexit sha1_base64="iV8PH7mLlbbvCJXniLZYnNbC3oo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+8ee1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wf05o2N</latexit>

j2
<latexit sha1_base64="8LQkJVRN2+3WBFzM1eYPe87lyDQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+8detVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/2ao2O</latexit>

=

j1+j2∑
J=|j1−j2|

dJ h
<latexit sha1_base64="bQUPoZ9huxJ97SswNNGUC/Yk+v8=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUHA9KZbfiLkDWiZeTMuRoDEpf/WHM0gilYYJq3fPcxPgZVYYzgbNiP9WYUDahI+xZKmmE2s8Wh87IpVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGtn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNkUbgrf68jppVyvedaXarJXrtTyOApzDBVyBBzdQh3toQAsYIDzDK7w5j86L8+58LFs3nHzmDP7A+fwByxGM4g==</latexit>

j1
<latexit sha1_base64="iV8PH7mLlbbvCJXniLZYnNbC3oo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+8ee1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wf05o2N</latexit>

j2
<latexit sha1_base64="8LQkJVRN2+3WBFzM1eYPe87lyDQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+8detVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/2ao2O</latexit>

J
<latexit sha1_base64="Ju4Mn0PJWm0OU16nyxyG//wD0QU=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQb0FvIinBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP58ajMk=</latexit> �<latexit sha1_base64="a80hp2JIlOPjdLTGYNH9RJ4At6s=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgxbAbBfUW8OIxAfOAZAmzk95kzOzsMjMrhJAv8OJBEa9+kjf/xkmyB00saCiquunuChLBtXHdbye3tr6xuZXfLuzs7u0fFA+PmjpOFcMGi0Ws2gHVKLjEhuFGYDtRSKNAYCsY3c381hMqzWP5YMYJ+hEdSB5yRo2V6he9Ysktu3OQVeJlpAQZar3iV7cfszRCaZigWnc8NzH+hCrDmcBpoZtqTCgb0QF2LJU0Qu1P5odOyZlV+iSMlS1pyFz9PTGhkdbjKLCdETVDvezNxP+8TmrCG3/CZZIalGyxKEwFMTGZfU36XCEzYmwJZYrbWwkbUkWZsdkUbAje8surpFkpe5flSv2qVL3N4sjDCZzCOXhwDVW4hxo0gAHCM7zCm/PovDjvzseiNedkM8fwB87nD3MmjKw=</latexit>

j1
<latexit sha1_base64="iV8PH7mLlbbvCJXniLZYnNbC3oo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+8ee1yuV3Yo7A1kmXk7KkKPeK311+zFLI66QSWpMx3MT9DOqUTDJJ8VuanhC2YgOeMdSRSNu/Gx26oScWqVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadog3BW3x5mTSrFe+8Ur27KNeu8zgKcAwncAYeXEINbqEODWAwgGd4hTdHOi/Ou/Mxb11x8pkj+APn8wf05o2N</latexit>

j2
<latexit sha1_base64="8LQkJVRN2+3WBFzM1eYPe87lyDQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV1FvBi8eK9gPaUDbbTbt2swm7E6GE/gQvHhTx6i/y5r9x2+agrQ8GHu/NMDMvSKQw6Lrfzsrq2vrGZmGruL2zu7dfOjhsmjjVjDdYLGPdDqjhUijeQIGStxPNaRRI3gpGN1O/9cS1EbF6wHHC/YgOlAgFo2il+8detVcquxV3BrJMvJyUIUe9V/rq9mOWRlwhk9SYjucm6GdUo2CST4rd1PCEshEd8I6likbc+Nns1Ak5tUqfhLG2pZDM1N8TGY2MGUeB7YwoDs2iNxX/8zophld+JlSSIldsvihMJcGYTP8mfaE5Qzm2hDIt7K2EDammDG06RRuCt/jyMmlWK955pXp3Ua5d53EU4BhO4Aw8uIQa3EIdGsBgAM/wCm+OdF6cd+dj3rri5DNH8AfO5w/2ao2O</latexit>

+
<latexit sha1_base64="dC3ha4TzNMxT3Kv2it/naJLKBDQ=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoMgCGE3Cuot4MVjAuYByRJmJ73JmNnZZWZWCCFf4MWDIl79JG/+jZNkD5pY0FBUddPdFSSCa+O6305ubX1jcyu/XdjZ3ds/KB4eNXWcKoYNFotYtQOqUXCJDcONwHaikEaBwFYwupv5rSdUmsfywYwT9CM6kDzkjBor1S96xZJbducgq8TLSAky1HrFr24/ZmmE0jBBte54bmL8CVWGM4HTQjfVmFA2ogPsWCpphNqfzA+dkjOr9EkYK1vSkLn6e2JCI63HUWA7I2qGetmbif95ndSEN/6EyyQ1KNliUZgKYmIy+5r0uUJmxNgSyhS3txI2pIoyY7Mp2BC85ZdXSbNS9i7LlfpVqXqbxZGHEziFc/DgGqpwDzVoAAOEZ3iFN+fReXHenY9Fa87JZo7hD5zPH3AejKo=</latexit>

. (C5)

For the operators p̂is(e) and p̂jt (e), by (2.9) we have

p̂αs (e)Dj
mn(he) = −twjεjm̃m

(
j j 1
m̃ m′ α

)
Dj
m′n(he),

p̂αt (e)Dj
mn(he) = twjε

j
ñn′

(
j j 1
ñ n α

)
Dj
mn′(he),

(C6)

where we used (A14). Thus , one has

pαs (e) n
<latexit sha1_base64="aAxtea8AFgD3oI4V/RnQqd2JwMs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1CmM6A==</latexit>

j
<latexit sha1_base64="Cp8PIPHRO0KWts/i1syr+1Pavx8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCpl76ZcaVRLtWoWRx4u4BKuwYNbqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/zhmM5A==</latexit>

he
<latexit sha1_base64="XaCmwtNkIwUmW1AVYMkNB1PXkWQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPz84jbo=</latexit>

m
<latexit sha1_base64="AgHbnLhpqdQb1JW7F+XZ3NtlY8E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2Nwm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkbu53nlBpHkcPZpqgL+ko4iFn1FipKQelsltxFyDrxMtJGXI0BqWv/jBmqcTIMEG17nluYvyMKsOZwFmxn2pMKJvQEfYsjahE7WeLQ2fk0ipDEsbKVmTIQv09kVGp9VQGtlNSM9ar3lz8z+ulJrz1Mx4lqcGILReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A0qWM5w==</latexit> = −twj

m
<latexit sha1_base64="AgHbnLhpqdQb1JW7F+XZ3NtlY8E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2Nwm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkbu53nlBpHkcPZpqgL+ko4iFn1FipKQelsltxFyDrxMtJGXI0BqWv/jBmqcTIMEG17nluYvyMKsOZwFmxn2pMKJvQEfYsjahE7WeLQ2fk0ipDEsbKVmTIQv09kVGp9VQGtlNSM9ar3lz8z+ulJrz1Mx4lqcGILReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A0qWM5w==</latexit>

n
<latexit sha1_base64="aAxtea8AFgD3oI4V/RnQqd2JwMs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1CmM6A==</latexit>

j
<latexit sha1_base64="Cp8PIPHRO0KWts/i1syr+1Pavx8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCpl76ZcaVRLtWoWRx4u4BKuwYNbqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/zhmM5A==</latexit>

he
<latexit sha1_base64="XaCmwtNkIwUmW1AVYMkNB1PXkWQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPz84jbo=</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

↵
<latexit sha1_base64="8L9NXYa2AgcuzWEQHXE7C1p+3DY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIiZjw4=</latexit>

�<latexit sha1_base64="Qvss1Z8fx0sHq6AzX2I2cjGow5o=">AAAB6HicbZC7TgJBFIbP4A3xhlrabCQaG8kuFmpHYmMJiVwS2JDZ4SyMzM5uZmZNCOEJbCw0xsbC0sex8xl8CQewUPBPJvny/+dkzjlBIrg2rvtJMkvLK6tr2fXcxubW9k5+d6+u41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHVJG/codI8ljdmmKAf0Z7kIWfUWKt62skX3KI7lbMI3g8UyuT9VX4lx5VO/qPdjVkaoTRMUK1bnpsYf0SV4UzgONdONSaUDWgPWxYljVD7o+mgY+fIOl0njJV90jhT93fHiEZaD6PAVkbU9PV8NjH/y1qpCS/8EZdJalCy2UdhKhwTO5OtnS5XyIwYWqBMcTurw/pUUWbsbXL2CN78yotQLxW9s2Kp6hXKlzBTFg7gEE7Ag3MowzVUoAYMEO7hEZ7ILXkgz+RlVpohPz378Efk7RsceZAh</latexit>

(C7)

pαt (e) n
<latexit sha1_base64="aAxtea8AFgD3oI4V/RnQqd2JwMs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1CmM6A==</latexit>

j
<latexit sha1_base64="Cp8PIPHRO0KWts/i1syr+1Pavx8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCpl76ZcaVRLtWoWRx4u4BKuwYNbqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/zhmM5A==</latexit>

he
<latexit sha1_base64="XaCmwtNkIwUmW1AVYMkNB1PXkWQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPz84jbo=</latexit>

m
<latexit sha1_base64="AgHbnLhpqdQb1JW7F+XZ3NtlY8E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2Nwm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkbu53nlBpHkcPZpqgL+ko4iFn1FipKQelsltxFyDrxMtJGXI0BqWv/jBmqcTIMEG17nluYvyMKsOZwFmxn2pMKJvQEfYsjahE7WeLQ2fk0ipDEsbKVmTIQv09kVGp9VQGtlNSM9ar3lz8z+ulJrz1Mx4lqcGILReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A0qWM5w==</latexit> = twj

n
<latexit sha1_base64="aAxtea8AFgD3oI4V/RnQqd2JwMs=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzUlINS2a24C5B14uWkDDkag9JXfxizNEJpmKBa9zw3MX5GleFM4KzYTzUmlE3oCHuWShqh9rPFoTNyaZUhCWNlSxqyUH9PZDTSehoFtjOiZqxXvbn4n9dLTXjrZ1wmqUHJlovCVBATk/nXZMgVMiOmllCmuL2VsDFVlBmbTdGG4K2+vE7a1Yp3Xak2a+V6LY+jAOdwAVfgwQ3U4R4a0AIGCM/wCm/Oo/PivDsfy9YNJ585gz9wPn8A1CmM6A==</latexit>

j
<latexit sha1_base64="Cp8PIPHRO0KWts/i1syr+1Pavx8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHaRRI8kXjxCIo8ENmR2aGBgdnYzM2tCNnyBFw8a49VP8ubfOMAeFKykk0pVd7q7glhwbVz328ltbe/s7uX3CweHR8cnxdOzlo4SxbDJIhGpTkA1Ci6xabgR2IkV0jAQ2A6m9wu//YRK80g+mlmMfkhHkg85o8ZKjUm/WHLL7hJkk3gZKUGGer/41RtELAlRGiao1l3PjY2fUmU4Ezgv9BKNMWVTOsKupZKGqP10eeicXFllQIaRsiUNWaq/J1Iaaj0LA9sZUjPW695C/M/rJmZ456dcxolByVaLhokgJiKLr8mAK2RGzCyhTHF7K2FjqigzNpuCDcFbf3mTtCpl76ZcaVRLtWoWRx4u4BKuwYNbqMED1KEJDBCe4RXenInz4rw7H6vWnJPNnMMfOJ8/zhmM5A==</latexit>

he
<latexit sha1_base64="XaCmwtNkIwUmW1AVYMkNB1PXkWQ=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2g9oQ9lsJ+3SzSbsboQS+hO8eFDEq7/Im//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ7dzvPKHSPJaPZpqgH9GR5CFn1FjpYTzAQbniVt0FyDrxclKBHM1B+as/jFkaoTRMUK17npsYP6PKcCZwVuqnGhPKJnSEPUsljVD72eLUGbmwypCEsbIlDVmovycyGmk9jQLbGVEz1qveXPzP66UmvPEzLpPUoGTLRWEqiInJ/G8y5AqZEVNLKFPc3krYmCrKjE2nZEPwVl9eJ+1a1buq1u7rlUY9j6MIZ3AOl+DBNTTgDprQAgYjeIZXeHOE8+K8Ox/L1oKTz5zCHzifPz84jbo=</latexit>

m
<latexit sha1_base64="AgHbnLhpqdQb1JW7F+XZ3NtlY8E=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2Nwm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSNsGW4EdhOFVAYCO8Hkbu53nlBpHkcPZpqgL+ko4iFn1FipKQelsltxFyDrxMtJGXI0BqWv/jBmqcTIMEG17nluYvyMKsOZwFmxn2pMKJvQEfYsjahE7WeLQ2fk0ipDEsbKVmTIQv09kVGp9VQGtlNSM9ar3lz8z+ulJrz1Mx4lqcGILReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4A0qWM5w==</latexit>

1
<latexit sha1_base64="d4o3Ms3ALdTBru/8lcKmrFKMgQE=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4Kkkt6LHgxWML9gPaUDbbSbt2swm7G6GE/gIvHhTx6k/y5r9x2+agrQ8GHu/NMDMvSATXxnW/nY3Nre2d3cJecf/g8Oi4dHLa1nGqGLZYLGLVDahGwSW2DDcCu4lCGgUCO8Hkbu53nlBpHssHM03Qj+hI8pAzaqzU9AalsltxFyDrxMtJGXI0BqWv/jBmaYTSMEG17nluYvyMKsOZwFmxn2pMKJvQEfYslTRC7WeLQ2fk0ipDEsbKljRkof6eyGik9TQKbGdEzVivenPxP6+XmvDWz7hMUoOSLReFqSAmJvOvyZArZEZMLaFMcXsrYWOqKDM2m6INwVt9eZ20qxXvulJt1sr1Wh5HAc7hAq7Agxuowz00oAUMEJ7hFd6cR+fFeXc+lq0bTj5zBn/gfP4Ad7WMqw==</latexit>

↵
<latexit sha1_base64="8L9NXYa2AgcuzWEQHXE7C1p+3DY=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lqQY8FLx4r2A9oQ5lsN+3azSbsboQS+h+8eFDEq//Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUUdaisYhVN0DNBJesZbgRrJsohlEgWCeY3M79zhNTmsfywUwT5kc4kjzkFI2V2n0UyRgH5YpbdRcg68TLSQVyNAflr/4wpmnEpKECte55bmL8DJXhVLBZqZ9qliCd4Ij1LJUYMe1ni2tn5MIqQxLGypY0ZKH+nsgw0noaBbYzQjPWq95c/M/rpSa88TMuk9QwSZeLwlQQE5P562TIFaNGTC1Bqri9ldAxKqTGBlSyIXirL6+Tdq3qXVVr9/VKo57HUYQzOIdL8OAaGnAHTWgBhUd4hld4c2LnxXl3PpatBSefOYU/cD5/AIiZjw4=</latexit>

�<latexit sha1_base64="Qvss1Z8fx0sHq6AzX2I2cjGow5o=">AAAB6HicbZC7TgJBFIbP4A3xhlrabCQaG8kuFmpHYmMJiVwS2JDZ4SyMzM5uZmZNCOEJbCw0xsbC0sex8xl8CQewUPBPJvny/+dkzjlBIrg2rvtJMkvLK6tr2fXcxubW9k5+d6+u41QxrLFYxKoZUI2CS6wZbgQ2E4U0CgQ2gsHVJG/codI8ljdmmKAf0Z7kIWfUWKt62skX3KI7lbMI3g8UyuT9VX4lx5VO/qPdjVkaoTRMUK1bnpsYf0SV4UzgONdONSaUDWgPWxYljVD7o+mgY+fIOl0njJV90jhT93fHiEZaD6PAVkbU9PV8NjH/y1qpCS/8EZdJalCy2UdhKhwTO5OtnS5XyIwYWqBMcTurw/pUUWbsbXL2CN78yotQLxW9s2Kp6hXKlzBTFg7gEE7Ag3MowzVUoAYMEO7hEZ7ILXkgz+RlVpohPz378Efk7RsceZAh</latexit>

(C8)

Given a monomial of holonomies and fluxes F̂e. According to Eqs. (C5), (C7) and (C8), we draw F̂e graphically as

∫
dµhD

j′

m′n′(h)F̂eD
j
mn(h) =

1

dj′
Fr

<latexit sha1_base64="rS54/feV0oBJln5bHQdZxRL6Dxw=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTF3oslQQly3aC7RDyaSZNjSTDElGKEMfwY0LRdy69S18AndufBbTy0Jbfwh8/P855JwTxJxp47pfTmZldW19I7uZ29re2d3L7x80tEwUoXUiuVStAGvKmaB1wwynrVhRHAWcNoPh1SRv3lOlmRR3ZhRTP8J9wUJGsLHW7XVXdfMFt+hOhZbBm0OhfFT7Zu+Vj2o3/9npSZJEVBjCsdZtz42Nn2JlGOF0nOskmsaYDHGfti0KHFHtp9NRx+jUOj0USmWfMGjq/u5IcaT1KApsZYTNQC9mE/O/rJ2Y8NJPmYgTQwWZfRQmHBmJJnujHlOUGD6ygIlidlZEBlhhYux1cvYI3uLKy9AoFb3zYqnmFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgACTpFR</latexit>

Fl
<latexit sha1_base64="kqRts6ErI6SS7MupLC2EdJ9nsGQ=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9FgUxGNF+wFtKJvtpF262YTdjVBCf4IXD4p49Rd589+4bXPQ1gcDj/dmmJkXJIJr47rfzsrq2vrGZmGruL2zu7dfOjhs6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/VbT6g0j+WjGSfoR3QgecgZNVZ6uO2JXqnsVtwZyDLxclKGHPVe6avbj1kaoTRMUK07npsYP6PKcCZwUuymGhPKRnSAHUsljVD72ezUCTm1Sp+EsbIlDZmpvycyGmk9jgLbGVEz1IveVPzP66QmvPIzLpPUoGTzRWEqiInJ9G/S5wqZEWNLKFPc3krYkCrKjE2naEPwFl9eJs1qxTuvVO8vyrXrPI4CHMMJnIEHl1CDO6hDAxgM4Ble4c0Rzovz7nzMW1ecfOYI/sD5/AEaPo2t</latexit>

j0
<latexit sha1_base64="u6Z7PHvlxC+6629EkpnhBUNsjzg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrtookeiF49o5JEAIbPDLIzMzm5mek3Ihj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHN1O/+cS1EZF6wHHMuyEdKBEIRtFK94+nvWLJLbszkGXiZaQEGWq94lenH7Ek5AqZpMa0PTfGbko1Cib5pNBJDI8pG9EBb1uqaMhNN51dOiEnVumTINK2FJKZ+nsipaEx49C3nSHFoVn0puJ/XjvB4KqbChUnyBWbLwoSSTAi07dJX2jOUI4toUwLeythQ6opQxtOwYbgLb68TBqVsndertxdlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QMyyI0j</latexit>

j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

m
<latexit sha1_base64="hgrbGyfUs1b/Mr5+M32Ck4D9zmA=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3a3STsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgkfYMtwI7CQKqQwEPgTj25n/8IRK8zi6N5MEfUmHEQ85o8ZKTdkvV9yqOwdZJV5OKpCj0S9/9QYxSyVGhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFraUQlaj+bHzolZ1YZkDBWtiJD5urviYxKrScysJ2SmpFe9mbif143NeG1n/EoSQ1GbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukXat6F9Va87JSv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucP1tuM9Q==</latexit>n

<latexit sha1_base64="2QmInd+nHO60uhS7AYCvgpiU4a8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlpuyXK27VnYOsEi8nFcjR6Je/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSrlW9i2qteVmp3+RxFOEETuEcPLiCOtxBA1rAAOEZXuHNeXRenHfnY9FacPKZY/gD5/MH2F+M9g==</latexit>

m0
<latexit sha1_base64="DA2UKcYhfw4plQkKNc+JHMgdkoc=">AAAB6XicbVDLSgNBEOz1GeMr6tHLYBA9hd0o6DHoxWMU84BkCbOT2WTIPJaZWSEs+QMvHhTx6h9582+cJHvQxIKGoqqb7q4o4cxY3//2VlbX1jc2C1vF7Z3dvf3SwWHTqFQT2iCKK92OsKGcSdqwzHLaTjTFIuK0FY1up37riWrDlHy044SGAg8kixnB1kkP4qxXKvsVfwa0TIKclCFHvVf66vYVSQWVlnBsTCfwExtmWFtGOJ0Uu6mhCSYjPKAdRyUW1ITZ7NIJOnVKH8VKu5IWzdTfExkWxoxF5DoFtkOz6E3F/7xOauPrMGMySS2VZL4oTjmyCk3fRn2mKbF87AgmmrlbERlijYl14RRdCMHiy8ukWa0EF5Xq/WW5dpPHUYBjOIFzCOAKanAHdWgAgRie4RXevJH34r17H/PWFS+fOYI/8D5/ADdXjSY=</latexit>n0

<latexit sha1_base64="aPIBAYbsWzS18TQgvv5zjdk81t8=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ6KkkV9Fj04rGK/YA2lM120i7dbMLuRiih/8CLB0W8+o+8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtJ1Sax/LRjBP0IzqQPOSMGis9yLNeqexW3BnIMvFyUoYc9V7pq9uPWRqhNExQrTuemxg/o8pwJnBS7KYaE8pGdIAdSyWNUPvZ7NIJObVKn4SxsiUNmam/JzIaaT2OAtsZUTPUi95U/M/rpCa89jMuk9SgZPNFYSqIicn0bdLnCpkRY0soU9zeStiQKsqMDadoQ/AWX14mzWrFu6hU7y/LtZs8jgIcwwmcgwdXUIM7qEMDGITwDK/w5oycF+fd+Zi3rjj5zBH8gfP5AzjcjSc=</latexit>

j0
<latexit sha1_base64="u6Z7PHvlxC+6629EkpnhBUNsjzg=">AAAB6XicbVDLTgJBEOzFF+IL9ehlIjF6IrtookeiF49o5JEAIbPDLIzMzm5mek3Ihj/w4kFjvPpH3vwbB9iDgpV0UqnqTneXH0th0HW/ndzK6tr6Rn6zsLW9s7tX3D9omCjRjNdZJCPd8qnhUiheR4GSt2LNaehL3vRHN1O/+cS1EZF6wHHMuyEdKBEIRtFK94+nvWLJLbszkGXiZaQEGWq94lenH7Ek5AqZpMa0PTfGbko1Cib5pNBJDI8pG9EBb1uqaMhNN51dOiEnVumTINK2FJKZ+nsipaEx49C3nSHFoVn0puJ/XjvB4KqbChUnyBWbLwoSSTAi07dJX2jOUI4toUwLeythQ6opQxtOwYbgLb68TBqVsndertxdlKrXWRx5OIJjOAMPLqEKt1CDOjAI4Ble4c0ZOS/Ou/Mxb8052cwh/IHz+QMyyI0j</latexit>

j
<latexit sha1_base64="sezUAcifLCsPU4ANWRbU4nmBeg4=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHbRRI9ELx4hkUcCGzI79MLA7OxmZtaEEL7AiweN8eonefNvHGAPClbSSaWqO91dQSK4Nq777eQ2Nre2d/K7hb39g8Oj4vFJU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAXj+7nfekKleSwfzSRBP6IDyUPOqLFSfdQrltyyuwBZJ15GSpCh1it+dfsxSyOUhgmqdcdzE+NPqTKcCZwVuqnGhLIxHWDHUkkj1P50ceiMXFilT8JY2ZKGLNTfE1MaaT2JAtsZUTPUq95c/M/rpCa89adcJqlByZaLwlQQE5P516TPFTIjJpZQpri9lbAhVZQZm03BhuCtvrxOmpWyd1Wu1K9L1bssjjycwTlcggc3UIUHqEEDGCA8wyu8OSPnxXl3PpatOSebOYU/cD5/ANJPjPI=</latexit>

, (C9)

where the dashed lines represents the indices possessed by F̂e. Some dashed lines may carry arrows depending on the
form of F̂e. With this formula, the expectation value of 〈F̂e〉ze is

〈F̂e〉ze =
∑
jj′

dje
− t2 (j(j+1)+j′(j′+1))

ze
<latexit sha1_base64="mQ7vZmTPeP7sAGZPQoYg/2qw/8Q=">AAAB6nicbZC7SgNBFIbPxluMt3jpRFgMglXYjYXaBWwsI5oLJEuYnZxNhszOLjOzQlzyCDYWitj6MrZ29vocOrkUmvjDwMf/n8Occ/yYM6Ud58PKLCwuLa9kV3Nr6xubW/ntnZqKEkmxSiMeyYZPFHImsKqZ5tiIJZLQ51j3+xejvH6LUrFI3OhBjF5IuoIFjBJtrOu7NrbzBafojGXPgzuFQnnz++vtYO+z0s6/tzoRTUIUmnKiVNN1Yu2lRGpGOQ5zrURhTGifdLFpUJAQlZeORx3aR8bp2EEkzRPaHru/O1ISKjUIfVMZEt1Ts9nI/C9rJjo481Im4kSjoJOPgoTbOrJHe9sdJpFqPjBAqGRmVpv2iCRUm+vkzBHc2ZXnoVYquifF0pVbKJ/DRFnYh0M4BhdOoQyXUIEqUOjCPTzCk8WtB+vZepmUZqxpzy78kfX6A9Ickd4=</latexit>

j
<latexit sha1_base64="JLLfmL1Xbl9y3t/n2CAp8BVR+jU=">AAAB6HicbZC7SgNBFIbPxluMt2hKm8UgWIXdWKhdwMYyAXOBZAmzk7PJJLOzy8ysEJY8gY2FIrZWPoiVpZ2P4Rs4uRSa+MPAx/+fw5xz/JgzpR3ny8qsrW9sbmW3czu7e/sH+cOjhooSSbFOIx7Jlk8Uciawrpnm2IolktDn2PRH19O8eYdSsUjc6nGMXkj6ggWMEm2s2rCbLzolZyZ7FdwFFCuF7/fyR/Ot2s1/dnoRTUIUmnKiVNt1Yu2lRGpGOU5ynURhTOiI9LFtUJAQlZfOBp3Yp8bp2UEkzRPanrm/O1ISKjUOfVMZEj1Qy9nU/C9rJzq49FIm4kSjoPOPgoTbOrKnW9s9JpFqPjZAqGRmVpsOiCRUm9vkzBHc5ZVXoVEuueelcs0tVq5griwcwwmcgQsXUIEbqEIdKCDcwyM8WUPrwXq2XualGWvRU4A/sl5/ADN7kOk=</latexit>

Fl
<latexit sha1_base64="HfRHModXRqRhLysOEt0VMr8spR0=">AAAB6nicbZDLSgMxFIbP1Futt6rgxk2wCK7KTF3oslQQly3aC7RDyaSZNjSTDElGKEMfwY0LRdy69S18AndufBbTy0Jbfwh8/P855JwTxJxp47pfTmZldW19I7uZ29re2d3L7x80tEwUoXUiuVStAGvKmaB1wwynrVhRHAWcNoPh1SRv3lOlmRR3ZhRTP8J9wUJGsLHW7XWXd/MFt+hOhZbBm0OhfFT7Zu+Vj2o3/9npSZJEVBjCsdZtz42Nn2JlGOF0nOskmsaYDHGfti0KHFHtp9NRx+jUOj0USmWfMGjq/u5IcaT1KApsZYTNQC9mE/O/rJ2Y8NJPmYgTQwWZfRQmHBmJJnujHlOUGD6ygIlidlZEBlhhYux1cvYI3uLKy9AoFb3zYqnmFcoVmCkLx3ACZ+DBBZThBqpQBwJ9eIAneHa48+i8OK+z0owz7zmEP3LefgD5J5FL</latexit>
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<latexit sha1_base64="VCqRRhUf21MxmG/FKHK306ejggk=">AAAB6XicbZC7TgJBFIbP4g3xhlpqzERitCK7WGhJtLEEI5cENmR2mIWR2dnNzKwJ2VDa2VhojK0vwXPY+Qy+hANLoeCfTPLl/8/JnHO8iDOlbfvLyiwtr6yuZddzG5tb2zv53b26CmNJaI2EPJRNDyvKmaA1zTSnzUhSHHicNrzB9SRvPFCpWCju9DCiboB7gvmMYG2s2/vTTr5gF+2p0CI4MyiUD8fV78ejcaWT/2x3QxIHVGjCsVItx460m2CpGeF0lGvHikaYDHCPtgwKHFDlJtNJR+jEOF3kh9I8odHU/d2R4ECpYeCZygDrvprPJuZ/WSvW/qWbMBHFmgqSfuTHHOkQTdZGXSYp0XxoABPJzKyI9LHERJvj5MwRnPmVF6FeKjrnxVLVKZSvIFUWDuAYzsCBCyjDDVSgBgR8eIIXeLUG1rP1Zr2npRlr1rMPf2R9/AAgF5DL</latexit>

ze
<latexit sha1_base64="Cpv/Sbj+HunE25ZWXE7GLOYNKR4=">AAAB9XicbVDLSgMxFM34rPVVFdy4CRbBVZmpC12WunHZgn1AO5ZMeqcNzSRDklHq0P9w40IRd+JP+AXu3Pgtpo+Fth4IHM65h3tzgpgzbVz3y1laXlldW89sZDe3tnd2c3v7dS0TRaFGJZeqGRANnAmoGWY4NGMFJAo4NILB5dhv3ILSTIprM4zBj0hPsJBRYqx005bWHGfT+w6MOrm8W3AnwIvEm5F86bD6zd7KH5VO7rPdlTSJQBjKidYtz42NnxJlGOUwyrYTDTGhA9KDlqWCRKD9dHL1CJ9YpYtDqewTBk/U34mURFoPo8BORsT09bw3Fv/zWokJL/yUiTgxIOh0UZhwbCQeV4C7TAE1fGgJoYrZWzHtE0WosUVlbQne/JcXSb1Y8M4KxaqXL5XRFBl0hI7RKfLQOSqhK1RBNUSRQg/oCT07d86j8+K8TkeXnFnmAP2B8/4DIHuWng==</latexit>

. (C10)
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To prove (3.10), we claim that

−− − − −+
α1αma

β1 βn b

k′ ′ k
j j′ ′ 

j′ 

ze
= e(k−a+α1+···+αm)ze

−− − − −+
α1αma

β1 βn b

k′ ′ k
j j′ ′ j′ 

, (C11)

which can be verified easily with the fact that Dj
mn(eizτ3) = ezmδmn, and the non-vanishing condition of the 3j-symbol

that

(
j1 j2 j3
m1 m2 m3

)
∝ δm1+m2+m3,0.

Consequently, it has

−−+
α1αma

k
j − − −

βk+1 βn b

k′ ′ 

j′ ′ 

j′ 

ze

βkβ1
= e(β1+···βk)ze

−− − − −+
α1αma

β1 βn b

k′ ′ k
j j′ ′ 

j′ 

ze , (C12)

which leads to

−− − − −+
α1αma

β1 βn b

j j
ze

ze

j′ 

= e−(β1+···βn)ze −− − − −+
α1αma

β1 βn b

j j
ze

ze

j′ 

. (C13)

This graphical equation can be decoded as (3.10), where the factor (−1)n in the right hand side is because of the
minus sign in the definition of p̂αt (e).

D. Expectation value of F̂α1···αm
ιab

1. for the case with ι = 0

Let us consider

F̂α1···αm
000 ≡ F̂α1···αm = p̂α1

s (e) · · · p̂αms (e). (D1)

Eq. (C6) gives us that

〈F̂α1···αm〉ze = tm
∑
j≥1/2

dje
−tj(j+1)F0(j,

∂η
2

)
sinh((2j + 1)η)

sinh(η) (D2)

where the function F0 is given by

F0(j, k) =(−wj)mεjkk1
(
j 1 j
k1 α1 n1

)
εjn1k2

(
j 1 j
k2 α2 n2

)
· · ·

εjnm−2km−1

(
j 1 j

km−1 αm−1 nm−1

)
εjnm−1km

(
j 1 j
km αm k

) (D3)

By Eqs. (A16) and (B17), we achieve

wjε
j
ñk

(
j 1 j
k α n

)∣∣∣∣
j→−(j+1)

= (−1)αwjε
j
ñk

(
j 1 j
k α n

)
, (D4)

which results in

F0(j, k) = F0(−j − 1, k). (D5)
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Therefore

〈F̂α1···αm〉ze = tm
∑
n∈Z

e−
t
4n

2+ t
4nF0(

n− 1

2
,
∂η
2

)
enη

2 sinh(η)
(D6)

where n ≡ 2j + 1. Substituting the values of the 3-j and 2-j symbols, we have that

F0(j,
∂η
2

) = δ(

m∑
i=1

αi, 0)

(
m∏
i=1

1

(1 + |αi|)1/2

)
m∏
n=1

(αnj −
∂η
2

+

n∑
k=1

αk) (D7)

Applying the Poisson summation formula to Eq. (D6), we get

〈F̂α1···αm〉ze

=δ

(∑
i

αi, 0

)
tm

m∏
i=1

1

(1 + |αi|)1/2
et/4

∫ ∞
−∞

dx e−
t
4x

2

x

m∏
n=1

(αn
x− 1

2
− ∂η

2
+

n∑
k=1

αk)
exη

2 sinh(η)
+O(t∞).

(D8)

By the trick

∂nη
exη

sinh(η)
=

(
(x+ ∂y)n

exη

sinh(y)

)∣∣∣∣
y→η

, (D9)

Eq. (D8) can be finally simplified as

〈F̂α1···αm〉ze

=δ

(∑
i

αi, 0

)
tm

m∏
i=1

1

(1 + |αi|)1/2
et/4

∫ ∞
−∞

dxx

m∏
k=1

(
αk − 1

2
x− ∂y

2
+

k∑
i=1

αi −
αk
2

)
e−

t
4x

2+xη

2 sinh(y)

∣∣∣
y→η

+O(t∞)
(D10)

The integrand is a polynomial of x multiplied by a Gaussian function e−tx
2/4+xη. Thus let us integrate xne−tx

2/2+xη

∫ ∞
−∞

dxxne−
t
4x

2+ηx =
t

et/4
sinh(η)

η
〈1〉
bn/2c∑
k=0

(
n

2k

)
ηn−2k

(
t

2

)k−n
(2k − 1)!! (D11)

where byc denotes the greatest integer less than or equal to y and Eq. (2.26) is substituted because we are concerned

on the expectation value with respect to the normalized coherent states, i.e. 〈F̂α1···αm〉ze/〈1〉. The leading-order
term of the RHS of Eq. (D11) is O(t−n+1) with n the power of x in the integrand. Thus it is the highest-power

term of x in the integrand of (D10) that leads to the leading-order term of 〈F̂α1···αm〉ze , and the highest-power and

second-highest-power terms of x lead to the next-to-leading order term of 〈F̂α1···αm〉ze , and so on. Therefore, we
finally get

〈F̂α1···αm〉ze

=δ

(∑
i

αi, 0

)
〈1〉

m∏
i=1

1

(1 + |αi|)1/2

{(
m∏
k=1

(αk − 1)

)
ηm +

(
m∏
k=1

(αk − 1)

)
(m+ 1)m

2
ηm−2 t

2
+

+

m∑
k=1

∏
i 6=k

(αi − 1)

(coth(η) + αk
2

+ α1 + · · ·+ αk−1

)
ηm−1t+ · · ·

}
.

(D12)

2. for the case with ι 6= 0

Now let us consider the operator

F̂α1···αn
ιab = p̂α1

s (e) · · · p̂αms (e)Dι
ab(he), ι 6= 0. (D13)
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By using (C6) and (C4), it can be obtained that

〈F̂α1···αm
ιab 〉ze =

∑
jj′

dje
− t2 (j(j+1)+j′(j′+1))dj′(−twj′)m

∑
kk′

ekze+k
′zeεj

′

k′k1

(
j′ 1 j′

k1 α1 n1

)
εj
′

n1k2

(
j′ 1 j′

k2 α2 n2

)
· · ·

(
j′ 1 j′

km−1 αm−1 nm−1

)
εj
′

nm−1km

(
j′ 1 j′

km αm nm

)
εj
′

nmkm+1

(
j′ ι j

km+1 a′ k

)
ειaa′

(
j′ ι j
k′ b k′′

)
εjk′′k

(D14)

Because the products of these 3j-symbols vanish unless k = k′ + b, the last equation can be simplified as

〈F̂α1···αm
ιab 〉ze = tmebze

∑
j,j′

e−
t
2 (j(j+1)+j′(j′+1))Fι(j, j

′,
∂η
2

)
sinh((2j′ + 1)η)

sinh(η) (D15)

where Fι is given by

Fι(j, j
′, k′) :=djdj′(−wj′)mεj

′

k′k1

(
j′ 1 j′

k1 α1 n1

)
εj
′

n1k2

(
j′ 1 j′

k2 α2 n2

)
· · ·
(

j′ 1 j′

km−1 αm−1 nm−1

)
εj
′

nm−1km(
j′ 1 j′

km αm nm

)
εj
′

nmkm+1

(
j′ ι j

km+1 a′ k′ + b

)
ειaa′

(
j′ ι j
k′ b k′′

)
εjk′′ k′+b.

(D16)

The possible values of j are |j′ − ι|, |j′ − ι|+ 1, · · · , j′ + ι. By applying Eqs. (A16) and (B17) again, we have

εj
′

nmkm+1

(
j′ ι j

km+1 a′ k′ + b

)(
j′ ι j
k′ b k′′

)
εjk′′ k′+b

∣∣∣∣∣
j=j′−∆

=(−1)b−a+1

εj′nmkm+1

(
j′ ι j

km+1 a′ k′ + b

)(
j′ ι j
k′ b k′′

)
εjk′′ k′+b

∣∣∣∣∣
j=j′+∆


j′→−j′−1

.

(D17)

Together with Eq. (D4), it leads to

Fι(j
′ + ∆, j′, k′) = −Fι(j′ −∆, j′, k′)

∣∣∣
j′→−j′−1

(D18)

where we use Fι(j, j
′, k) ∝ δ(∑m

i=1 αi − a+ b, 0). Thus for j′ = j ± d with d > 0, one has

∑
2j′+d≥ι

f(d2
j′)Fι(j

′ + d, j′,
∂η

2
)
sinh(dj′η)

sinh(η)
+

∑
2j′−d≥ι

f(d2
j′)Fι(j

′ − d, j′, ∂η
2

)
sinh(dj′η)

sinh(η)

=
∑

−2j′−2+d≥ι
f(d2

j′)Fι(−j′ − 1 + d,−j′ − 1,
∂η

2
)
sinh(−dj′η)

sinh(η)
+

∑
2j′−d≥ι

f(d2
j′)Fι(j

′ − d, j′, ∂η
2

)
sinh(dj′η)

sinh(η)

=
∑
n∈Z

n/∈[d−ι,d+ι]

f(d2
j′)Fι(

n− 1

2
− d, n− 1

2
,
∂η
2

)
sinh(nη)

sinh(η)
.

Here the conditions 2j′ ± d ≥ ι are from the the triangle condition i.e. j′ + j ≥ ι, of the 3j-symbol. The second
equality is because of the replacement j′ → −j′ − 1 in the first summation, dj′ = 2j′ + 1 ≡ n and f is an arbitrary
function. Therefore,

〈F̂α1···αm
ιab 〉ze = tmebze

∑
0≤d≤ι
d+ι∈Z

2− δ(d, 0)

2
e−

t
4 (2d2−1)

∑
n∈Z

n/∈[d−ι,d+ι]

e−
1
4 t(n

2−2dn)Fι(
n− 1

2
− d, n− 1

2
,
∂η
2

)
sinh(nη)

sinh(η)
(D19)

To calculate Fι(j, j
′, k′), we notice that

−wj′εj
′

ni−1ki

(
j′ 1 j′

ki αi ni

)
= δ(ki + αi + ni, 0) (αij

′ − ni)
√

(j′ − ni−1)! (ni−1 + j′)!
(1− αi)! (αi + 1)! (j′ − ni)! (ni + j′)!

. (D20)
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Moreover, by applying Eq. (A16) and the expression of the Clebsch-Gordan coefficients (Eq. (5), Section 8.2.1 in
[66]) , we have

εj
′

nmkm+1

(
j′ ι j

km+1 a′ k

)(
j′ ι j
k′ b k′′

)
εjk′′ k = (−1)j

′−ι−j+a′+bδa′+k,nmδk′+b,k×

(j + ι− j′)!(j − ι+ j′)!(−j + ι+ j′)!
(j + ι+ j′ + 1)!

(
(j′ + nm)!(j′ − nm)!

(j′ + k′)!(j′ − k′)!(ι+ a′)!(ι− a′)!(ι+ b)!(ι− b)!

)1/2

∑
z

(−1)z(j′ + ι+ k − z)!(j − k + z)!

z!(j′ − j + ι− z)!(j′ + k + a′ − z)!(j − ι− k − a′ + z)!

∑
z

(−1)z(j + ι+ k′ − z)!(j′ − k′ + z)!

z!(j − j′ + ι− z)!(j + k − z)!(j′ − ι− k + z)!
.

(D21)

Eqs. (D20) and (D21) lead to

Fι(j
′ − d, j′, k′) =δ(

m∑
i=1

αi − a+ b, 0)

m∏
i=1

1

(1 + |αi|)1/2

(
1

(ι+ a)!(ι− a)!(ι+ b)!(ι− b)!

)1/2

(−1)d−2a+b(2j′ + 1)(2j′ − 2d+ 1)

(2j′ − d+ ι+ 1)2ι+1

m∏
n=1

(αij
′ − k′ +

n∑
i=1

αi)

∑
z

(−1)z(d+ ι)z(j
′ + k′ + b− z + ι)ι+a(j′ − d− k′ − b+ z)ι−a

z!∑
z

(−1)z(ι− d)z(j
′ − d+ k′ − z + ι)ι−b(j′ − k′ + z)ι+b

z!

(D22)

where (x)n := x(x− 1) · · · (x− n+ 1) is the falling factorial.
There is subtle issue on the summation over k and k′ in Eq. (D14). In order to obtain the factor sinh((2j′ +

1)η)/ sinh(η) in (D15), one has to consider a summation of e2k′η over all values of k′ in [−j′, j′]. However, except the
constraint of |k′| ≤ j′ for k′, there exists another condition of |k′+ b| = |k| ≤ j implied by k = k′+ b, which seemingly
narrows the range of k′. In order to preserve the range of k′, one can always “artificially engineer” Fι(j, j

′, k′) such
that it vanishes for |k′+ b| > j, which has actually been done by the triangle inequality of 3j-symbols in the RHS Eq.
(D16). Thus the subtlety is now encoded in the condition that Fι(j, j

′, k′) vanishes for |k′+ b| > j. We need to verify
this for the algebraic expression of Fι(j, j

′, k′) in the RHS of Eq. (D22). To check it, assume k′+ b = j+ δ = j′−d+ δ
with 0 < δ ≤ d+ b. Then (j′ − k′ + z)ι+b, in the second summand over z, vanishes because

j′ − k′ + z ≥ d+ b− δ ≥ 0, j′ − k′ + z − (ι+ b) + 1 ≤ δ < 0 (D23)

where 0 ≤ z ≤ ι − d is applied. Therefore, we conclude that the RHS of Eq.(D22) vanishes for j − b < k′ ≤ j′.
Similarly, it can be checked that (j′ − d + k′ − z + ι)ι−b vanishes, indicating the vanishing of the RHS of Eq.(D22)
for −j′ ≤ k′ + b < −j − b. We thus claim that the RHS of Eq.(D22) vanishes for |k′ + b| > j, which indicates that
the expression of the RHS of Eq.(D22) can be analytically extended to give Fι(j, j

′, k′) for the full range of k′, i.e.
|k′| ≤ j.

Replacing j′ and k′ in Eq. (D22) by n−1
2 and

∂η
2 respectively, we have

Fι(
n− 1

2
− d, n− 1

2
,
∂η
2

) =δ(

m∑
i=1

αi − a+ b, 0)

m∏
i=1

1

(1 + |αi|)1/2

(
1

(ι+ a)!(ι− a)!(ι+ b)!(ι− b)!

)1/2

(−1)d−2a+bn(n− 2d)

(n− d+ ι)2ι+1

m∏
k=1

(αi
n− 1

2
− ∂η

2
+

k∑
i=1

αi)

ι+d∑
z=0

(−1)z(ι+ d)z(
n−1

2 +
∂η
2 + b− z + ι)ι+a(n−1

2 −
∂η
2 − d− b+ z)ι−a

z!

ι−d∑
z=0

(−1)z(ι− d)z(
n−1

2 +
∂η
2 − d− z + ι)ι−b(n−1

2 −
∂η
2 + z)ι+b

z!
.

(D24)

In order to apply the Poisson summation formula to (D19) to calculate the summation over n, we need to extend the
summation to entire Z, while Eq. (D19) sums n over Z \ [d− ι, d+ ι]. However, because of the term (n− d+ ι)2ι+1 in
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the denominator of Fι, this extension is not trivial. We need to prove that Fι(
n−1

2 −d, n−1
2 ,

∂η
2 ) sinh(nη)

sinh(η) is well-defined

at the points where Fι itself does not. Once it is proven, we have

〈F̂α1···αm
ιab 〉ze = tmebze

∑
0≤d≤ι
d+ι∈Z

2− δ(d, 0)

2
e−

t
4 (2d2−1)

∫
dx e−

1
4 t(x

2−2dx)Fι(
x− 1

2
− d, x− 1

2
,
∂η
2

)
sinh(xη)

sinh(η)

−
∑

n∈[d−ι,d+ι]∩Z
e−

1
4 t(n

2−2dn)Fι(
n− 1

2
− d, n− 1

2
,
∂η
2

)
sinh(nη)

sinh(η)
+O(t∞).

(D25)

Moreover, the integrals in the last equation usually produce a factor eη
2/t. Thus the second term given by the

summation over n ∈ [d− ι, d+ ι] ∩ Z decays exponentially as t→ 0 after normalization. Therefore, we finally obtain

〈F̂α1···αm
ιab 〉ze = tmebze

∑
0≤d≤ι
d+ι∈Z

2− δ(d, 0)

2
e−

t
4 (2d2−1)

∫
dx e−

1
4 t(x

2−2dx)Fι(
x− 1

2
− d, x− 1

2
,
∂η
2

)
sinh(xη)

sinh(η)
+O(t∞).

(D26)

In order to show that Fι(
n−1

2 − d, n−1
2 ,

∂η
2 ) sinh(nη)

sinh(η) is well-defined at the poles of Fι, we have checked that Fι(
n−1

2 −
d, n−1

2 ,
∂η
2 ) for at least ι ≤ 20 can be simplified as summation of terms taking the form6

1

x− nf(x, ∂η)
sinh(xη)

sinh(η)

where f(x, ∂η), a polynomial of x and ∂η, satisfies that f(n, ·) takes ∂η = 2k for all k ∈ Z ∩ [−n−1
2 , n−1

2 ] as its zeros.
Then, the following theorem will be helpful.

Theorem D.1. Let f(x, k) be a polynomials of x and k and n ∈ Z be some integer. Let

h(x) :=
1

x− nf(x, ∂η)
sinh(xη)

sinh(η)
. (D27)

Then h(n) := limx→n h(x) is well-defined, i.e., n is a removable singularity of h(x), provided that for x = n f(x, ∂η)
satisfies

f(n, ∂η) = g(n, ∂η)

 n−1
2∏

k=−n−1
2

(∂η + 2k)

 , (D28)

with some polynomial g(n, ∂η) of n and ∂η. Moreover, if (D28) holds, h(x) will take the form

h(x) = g(x, ∂η)

g̃0(x, η)
sinh((x− n)η)

x− n +
∑
l≥1

gl(x, η)(x− n)l

 . (D29)

Proof. We will prove that  n−1
2∏

k=−n−1
2

(∂η + 2k)

 sinh(xη)

sinh(η)
=
∑
l

gl(x, η)(x− n)l (D30)

with gl some function of x and η, and g0 taking the form

g0(x, η) = g̃0(x, η) sinh((x− n)η). (D31)

6 Here, we conjecture that this statement is true for all ι.
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Let y = x− n. Then we have

sinh(xη)

sinh(η)
=

1

sinh(η)
(cosh(yη) sinh(nη) + sinh(yη) cosh(nη)) . (D32)

Substitute the above expression into the LHS of Eq. (D30) and expand the result. One then expresses the LHS of
Eq. (D30) as a linear combination of terms taking the forms of ∂lη(h1(η) sinh(yη)) and ∂lη(h2(η) cosh(yη)), where h1

and h2 are some arbitrary functions. Expanding the action of the differential operator by Leibniz’s rule, we obtain
linear combinations of q1(η) cosh(yη)ym and q2(η) sinh(yη)ym, where q1 and q2 are some arbitrary functions. Thus,
(D30) is obtained.

To get g0, one just act ∂η on neither cosh(yη) nor sinh(yη). Thus

g0 =

 n−1
2∏

k=−n−1
2

(∂η + 2k)
sinh(nη)

sinh(η)

 cosh(yη) +

 n−1
2∏

k=−n−1
2

(∂η + 2k)
cosh(nη)

sinh(η)

 sinh(yη) (D33)

Since sinh(nη)
sinh(η) =

∑j
k=−j e

−2kη with 2j + 1 = n and (∂η + k)e−kη = 0, we have

n−1
2∏

k=−n−1
2

(∂η + 2k)
sinh(nη)

sinh(η)
= 0. (D34)

Therefore

g0 =

 n−1
2∏

k=−n−1
2

(∂η + 2k)
cosh(nη)

sinh(η)

 sinh(yη) (D35)

E. 〈F̂α1···αm
ιab 〉ze for the case of ι = 1

By setting ι = 1 in (D19), we can obtain

〈F̂α1···αm
1ab 〉ze

=− δ
(

m∑
i=1

αi − a+ b

)
(−1)a

2
tmebze

(
m∏
i=1

1√
1 + |αi|

)
1√

(1 + |a|)(1 + |b|)
∑
n∈Z

n/∈[−1,1]

e−
t
4 (n2−1)

m∏
k=1

(
αk
n− 1

2
− ∂η

2
+

k∑
i=1

αi

)
n
(
an−1

2 + b+
∂η
2

)(
bn−1

2 −
∂η
2

)
n2−1

4

sinh(nη)

sinh(η)

+δ

(
m∑
i=1

αi − a+ b

)
(−1)b−atmebze

(
m∏
i=1

1√
1 + |αi|

)
1√

(1 + |a|)(1 + |b|)
∑
n∈Z

n/∈[−2,0]

e−
t
4 (n+1)2

m∏
k=1

(
−αk

n+ 1

2
− ∂η

2
+

k∑
i=1

αi

) (n+1
2 − (1− |b| − b)∂η2

)(
n+1

2 − (|b| − 1− b)∂η2 + |b|
)

n+1
2

sinh(nη)

sinh(η)
.

(E1)
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where in the second term we replaced n by −n for the further convenience. It is easy to check that Theorem D.1 can
be applied to extend the summation in the last equation to all n ∈ Z. Therefore, we obtain that

〈F̂α1···αm
1ab 〉ze

=− (−1)a

2
δ

(
m∑
i=1

αi − a+ b

)
tmebze

(
m∏
i=1

1√
1 + |αi|

1√
1 + |a|

√
1 + |b|

)∫ ∞
−∞

dx e−
t
4 (x2−1)

m∏
k=1

(
αk
x− 1

2
− ∂η

2
+

k∑
i=1

αi

)(
a
x− 1

2
+
∂η
2

+ b

)
2x (b(x− 1)− ∂η)

x2 − 1

sinh(xη)

sinh(η)

+(−1)b−aδ

(
m∑
i=1

αi − a+ b

)
tmebze

(
m∏
i=1

1√
1 + |αi|

1√
1 + |a|

√
1 + |b|

)∫ ∞
−∞

dxe−
t
4 (x+1)2

m∏
k=1

(
−αk

n+ 1

2
− ∂η

2
+

k∑
i=1

αi

)(
n+ 1

2
− (|b| − 1− b)∂η

2
+ |b|

)
(x+ 1− (1− |b| − b)∂η)

x+ 1

sinh(nη)

sinh(η)

+O(t∞).

(E2)

To show the algorithms to compute Eq. (E2), m 6= 0 will be assumed without the loss of generality. For the case
of m = 0, the algorithm can be applied very similarly.

To begin with, we will rewrite Eq. (E2) as

〈F̂α1···αm
1ab 〉ze

=− (−1)a

2
δ

(
m∑
i=1

αi − a+ b

)
tmebze

(
m∏
i=1

1√
1 + |αi|

1√
1 + |a|

√
1 + |b|

)∫ ∞
−∞

dx e−
t
4 (x2−1)

m∏
k=2

(
αk
x− 1

2
− ∂η

2
+

k∑
i=1

αi

)(
a
x− 1

2
+
∂η
2

+ b

)
x

(
b− ∂η

x− 1

)(
α1 −

∂η
x+ 1

)
sinh(nη)

sinh(η)

+(−1)b−aδ

(
m∑
i=1

αi − a+ b

)
tmebze

(
m∏
i=1

1√
1 + |αi|

1√
1 + |a|

√
1 + |b|

)∫ ∞
−∞

dx e−
t
4 (x+1)2

m∏
k=1

(
−αk

x+ 1

2
− ∂η

2
+

k∑
i=1

αk

)(
x+ 1

2
− (|b| − 1− b)∂η

2
+ |b|

)(
1− (1− |b| − b) ∂η

x+ 1

)
sinh(xη)

sinh(η)
.

(E3)

Then for the first integral, it is

I1 =

∫ ∞
−∞

dx e−
t
4 (x2−1)

m∏
k=2

(
αk
x− 1

2
− ∂η

2
+

k∑
i=1

αi

)(
a
x− 1

2
+
∂η
2

+ b

)
x

(
b− ∂η

x− 1

)(
α1 −

∂η
x+ 1

)
sinh(xη)

sinh(η)
.

(E4)
Because (

b− ∂η
x− 1

)(
α1 −

∂η
x+ 1

)
sinh(xη)

sinh(η)

=

(
bα1

sinh(xη)

sinh(η)
− α1

(
cosh(ηx)

sinh(η)
− sinh(η(x− 1))

sinh2(η)(x− 1)

)
− b

(
cosh(ηx)

sinh(η)
− sinh(η(x+ 1))

sinh2(η)(x+ 1)

)
+

(
sinh(ηx)

sinh(η)
+

cosh(η)

sinh(η)3

sinh(η(x− 1))

x− 1
− cosh(η)

sinh(η)3

sinh((x+ 1)η)

x+ 1

))
,

(E5)
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I1 can be deduced further as the following

I1 =

∫ ∞
−∞

dx e−
t
4 (x2−1)

m∏
k=2

(
αk
x− 1

2
− ∂η

2
+

k∑
i=1

αi

)(
a
x− 1

2
+
∂η
2

+ b

)
x

(bα1 + 1) sinh(xη)− (α1 + b) cosh(ηx)

sinh(η)

+

∫ ∞
−∞

dy e−
t
4 (y2+2y)

m∏
k=2

(
αk
y

2
− ∂η

2
+

k∑
i=1

αi

)(
a
y

2
+
∂η
2

+ b

)
(y + 1)

α1 sinh(η) + cosh(η)

sinh(η)3

sinh(ηy)

y

−
∫ ∞
−∞

dy e−
t
4 (y2−2y)

m∏
k=2

(
αk
y

2
− ∂η

2
+

k−1∑
i=1

αi

)(
a
y

2
+
∂η
2

+ b− a
)

(y − 1)
cosh(η)− b sinh(η)

sinh(η)3

sinh(yη)

y
.

(E6)
Then by using the trick

∂nη e
±xηf(η) = (±x+ ∂z)

ne±xηf(z)
∣∣
z→η , (E7)

we have

I1 =
∑
s=±1

∫ ∞
−∞

dx e−
t
4 (x2−1)

m∏
k=2

(
αk − s

2
x− αk + ∂z

2
+

k∑
i=1

αi

)(
a+ s

2
x+
−a+ ∂z

2
+ b

)
x

(−(α1 + b) + s(bα1 + 1))esx

2 sinh(z)

∣∣∣
z→η

+
∑
s=±1

∫ ∞
−∞

dy e−
t
4 (y2+2y)

m∏
k=2

(
αk − s

2
y − ∂z

2
+

k∑
i=1

αi

)(
a+ s

2
y +

∂z
2

+ b

)
(y + 1)

sesηy

2y

α1 sinh(z) + cosh(z)

sinh(z)3

∣∣∣
z→η

−
∑
s=±1

∫ ∞
−∞

dy e−
t
4 (y2−2y)

m∏
k=2

(
αk − s

2
y − ∂z

2
+

k−1∑
i=1

αi

)(
a+ s

2
y +

∂z
2

+ b− a
)

(y − 1)
sesηy

y

cosh(z)− b sinh(z)

sinh(z)3

∣∣∣
z→η

(E8)

By defining

C1 =

m∏
k=2

(
−∂η

2
+

k∑
i=1

αi

)(
∂z
2

+ b

)
α1 sinh(η) + cosh(η)

sinh(η)3

C2 =−
m∏
k=2

(
−∂η

2
+

k−1∑
i=1

αk

)(
∂η
2

+ b− a
)

cosh(η)− b sinh(η)

sinh(η)3

(E9)
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I1 can be finally simplified as

I1 =
∑
s=±1

∫ ∞
−∞

dx e−
t
4 (x2−1)

m∏
k=2

(
αk − s

2
x− αk + ∂z

2
+

k∑
i=1

αi

)(
a+ s

2
x+
−a+ ∂z

2
+ b

)
x

(−(α1 + b) + s(bα1 + 1))esx

2 sinh(z)

∣∣∣
z→η

+
∑
s=±1

∫ ∞
−∞

dy e−
t
4 (y2+2y)

(
m∏
k=2

(
αk − s

2
y − ∂z

2
+

k∑
i=1

αi

)(
a+ s

2
y +

∂z
2

+ b

)

(y + 1)
α1 sinh(z) + cosh(z)

sinh(z)3

∣∣∣
z→η
− C1

)
sesηy

2y

−
∑
s=±1

∫ ∞
−∞

dy e−
t
4 (y2−2y)

(
m∏
k=2

(
αk − s

2
y − ∂z

2
+

k−1∑
i=1

αi

)(
a+ s

2
y +

∂z
2

+ b− a
)

(y − 1)
cosh(z)− b sinh(z)

sinh(z)3

∣∣∣
z→η
− C2

)
sesηy

y

+ C1

∫ ∞
−∞

e−
t
4 (y2+2y) sinh(ηy)

y
dy − C2

∫ ∞
−∞

e−
t
4 (y2−2y) sinh(ηy)

y
dy.

(E10)

In this expression, the integrands of first three terms involve only polynomials of the integral variables, which can be
computed by using the same procedure as that to compute 〈F̂α1···αm

1
2ab

〉. For the last two terms, by using the formula

∫ ∞
−∞

dye−
t
4 (y2+by) sinh(yη)

y
=

1

2
π

erfi

 1 + tb
4η

2
√

t
4η2

+ erfi

 1− tb
4η

2
√

t
4η2

 , (E11)

and

erfi

(
1

x

)
= e

1
x2
x

π

∞∑
n=0

Γ(
1

2
+ n)x2n, (E12)

a straightforward calculation can be performed as the following∫ ∞
−∞

dy e−
t
4 (y2±2y) sinh(yη)

y
= 〈1〉 1√

π

sinh(η)

η2

∞∑
m=0

m∑
n=0

Γ(
1

2
+ n)

2n

ηn+m

(
n+m

m− n

){
e−η + eη (−1)

m−n
}(

t

2

)m+2

,

(E13)
where Eq. (2.26) is substitute because we are concerned about the expectation value with respect to the normalized

coherent state, i.e. 〈F̂α1···αm
ιab /〈1〉. This complete our computation for I1.

Secondly, I2 can be simplified as the following

I2 =

∫ ∞
−∞

dxe−
t
4 (x+1)2

m∏
k=1

(
−αk

x+ 1

2
− ∂η

2
+

k∑
i=1

αi

)(
x+ 1

2
− (|b| − 1− b)∂η

2
+ |b|

)
sinh(xη)

sinh(η)

−
∫ ∞
−∞

dxe−
t
4 (x+1)2

m∏
k=1

(
−αk

x+ 1

2
− ∂η

2
+

k∑
i=1

αi

)(
x+ 1

2
+ (|b| − 1− b)∂η

2
+ |b|

)
(1− |b| − b)∂η

x+ 1

sinh(xη)

sinh(η)
.

(E14)
Because

∂η
x+ 1

sinh(xη)

sinh(η)
=

1

sinh(η)2

(
sinh(η) cosh(xη)− sinh((x+ 1)η)

x+ 1

)
(E15)
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we have

I2 =

∫ ∞
−∞

dxe−
t
4 (x+1)2

m∏
k=1

[
−αk

x+ 1

2
− ∂η

2
+

k∑
i=1

αi

] [
x+ 1

2
− (|b| − 1− b)∂η

2
+ |b|

]
×

sinh(xη)− (1− |b| − b) cosh(xη)

sinh(η)

+

∫ ∞
−∞

dye−
t
4y

2
m∏
k=1

[
−αk

y

2
− ∂η

2
+

k∑
i=1

αi

] [
y

2
− (|b| − 1− b)∂η

2
+ |b|

]
(1− |b| − b)

sinh(η)2

sinh(yη)

y
.

(E16)

By defining

C =

(
α1 −

∂η
2

)(
α1 + α2 −

∂η
2

)
· · ·
(

(α1 + · · ·+ αm −
∂η
2

)(
|b| − (|b| − 1− b)∂η

2

)
1− |b| − b
sinh(η)2

, (E17)

we obtain

I2 =

∫ ∞
−∞

dxe−
t
4 (x+1)2

m∏
k=1

[
−αk

x+ 1

2
− ∂η

2
+

k∑
i=1

αi

]
×[

x+ 1

2
− (|b| − 1− b)∂η

2
+ |b|

]
sinh(xη)− (1− |b| − b) cosh(xη)

sinh(η)

+

∫ ∞
−∞

dye−
t
4y

2

{
m∏
k=1

[
−αk

y

2
− ∂η

2
+

k∑
i=1

αk

] [
y

2
− (|b| − 1− b)∂η

2
+ |b|

]
− C

}
(1− |b| − b)

sinh(η)2

sinh(yη)

y

+C

∫ ∞
−∞

dye−
t
4y

2 sinh(yη)

y
.

(E18)

Similar as I1, the first two integrals are computable because the integrands therein are just polynomials multiplied
by the Gaussian functions. For the last term, we have

C

∫ ∞
−∞

dye−
t
4y

2 sinh(yη)

y
= Csgn(η)πerfi

 1

2
√

t
4η2


=〈1〉C t2

2
√
πet/4

sinh(η)

η2

∞∑
n=0

Γ(
1

2
+ n)

(
t

η2

)n
.

(E19)

where Eq. (2.26) is substitute because we are concerned about the expectation value with respect to the normalized

coherent state, i.e. 〈F̂α1···αm
ιab 〉/〈1〉. Therefore, I2 is computable.

In summary, we obtain

〈F̂α1···αm
1ab 〉ze = − (−1)a

2
δ

(
m∑
i=1

αi − a+ b

)
tmebze

(
m∏
i=1

1√
1 + |αi|

1√
1 + |a|

√
1 + |b|

)
I1

+(−1)b−aδ

(
m∑
i=1

αi − a+ b

)
tmebze

(
m∏
i=1

1√
1 + |αi|

1√
1 + |a|

√
1 + |b|

)
I2 +O(t∞)

(E20)

where I1 and I2 can be computed by using the algorithm introduced above. Taking the operator F̂1ab = D1
ab(he) as

an example, we can have

〈F̂1ab〉ze/〈1〉 =


eiξ −

(
eiξ tanh( η2 )

2η + 1
4e
iξ

)
t+O(t2), a = b = 1,

1− tanh( η2 )
η t+O(t2), a = b = 0,

e−iξ −
(
e−iξ tanh( η2 )

2η + 1
4e
−iξ
)
t+O(t2), a = b = −1,

(E21)

which is compatible with the corresponding result given in [20].
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F. Mathematical supports for Sec. IV

To begin with, we need to study the matrix element of the holonomy and flux. According to the results in [19], we
have

〈ψge |p̂αs |ψg′e〉 = i〈ψge |ψg′e〉
tr(ταg′eg

†
e)

sinh(ζ
(0)
e )

(
−ζ(0)

e + (coth(ζ(0)
e )− 1

ζ
(0)
e

)
t

2

)
+O(t∞). (F1)

where ζ
(0)
e is given by 2 cosh(ζ

(0)
e ) = tr(g′eg

†
e). For p̂αt (e), one has

〈ψge |p̂αt |ψg′e〉 = i〈ψge |ψg′e〉
tr(g†eg

′
eτ
α)

sinh(ζ
(0)
e )

(
ζ(0)
e − (coth(ζ(0)

e )− 1

ζ
(0)
e

)
t

2

)
+O(t∞). (F2)

For the holonomy operator Dι
ab(he), we have [19]

〈ψge |D
1
2

ab(he)|ψg′e〉

=〈ψge |ψg′e〉

2tr(τkg′eg
†
e)D

1
2

ab(τ
kg′e)(

eζ
(0)
e + 1

)2

ζ
(0)
e

e
ζ
(0)
e
2 +

D
1
2

ab(g
′
e)

2ζ
(0)
e

e−
ζ
(0)
e
2

 e
−t
16

((
eζ

(0)
e + 1

)
ζ(0)
e + (−eζ(0)e + 1)

t

4

)
+O(t∞).

(F3)

According to Eqs. (F1), (F2) and (F3), the matrix elements of the fluxes and holomomies are of a form described
below

〈ψge |Ôi|ψg′e〉 = 〈ψge |ψg′e〉 (E0(ge, g
′
e) + tE1(ge, g

′
e) +O(t∞)) . (F4)

Recalling Eq. (4.3), we are going to consider integrals containing
〈ψge |ψg′e 〉
‖ψge‖‖ψg′e‖

. These integrals can be analyzed with

the generalized stationary phase approximation guided by Hörmanders theorem 7.7.5 in [67].

Theorem F.1. Let K be a compact subset in Rn, X be an open neighborhood of K, and k be a positive integer. If
(1) the complex functions u ∈ C2k

0 (K), f ∈ C3k+1(X) and =(f) ≥ 0 in X, with =(f) being the imaginary part of f ;
(2) there is a unique point x0 ∈ K satisfying =(f(x0)) = 0, f ′(x0) = 0, and det(f ′′(x0)) 6= 0 (f ′′ denotes the Hessian
matrix), f ′ 6= 0 in K\ {x0} then we have the following estimation:

∣∣∣∣∣
∫
K

u(x)eiλf(x)dx− eiλf(x0)

[
det

(
λf ′′(x0)

2πi

)]− 1
2
k−1∑
s=0

(
1

λ

)s
Lsu(x0)

∣∣∣∣∣ ≤ C
(

1

λ

)k ∑
|α|≤2k

sup |Dαu| . (F5)

Here the constant C is bounded when f stays in a bounded set in C3k+1(X). We have used the standard multi-index
notation α = 〈α1, ..., αn〉 and

Dα = (−i)α ∂|α|

∂xα1
1 ...∂xαnn

, where |α| =
n∑
i=1

αi (F6)

Lsu(x0) denotes the following operation on u:

Lsu(x0) = i−s
∑

l−m=s

∑
2l≥3m

(−1)l2−l

l!m!

 n∑
a,b=1

H−1
ab (x0)

∂2

∂xa∂xb

l (gmx0
u
)

(x0) , (F7)

where H(x) = f ′′(x) denotes the Hessian matrix and the function gx0
(x) is given by

gx0(x) = f(x)− f(x0)− 1

2
Hab (x0) (x− x0)a (x− x0)b (F8)

such that gx0
(x0) = g′x0

(x0) = g′′x0
(x0) = 0. For each s, Ls is a differential operator of order 2s acting on u (x).
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1. Analysis of integrals containing
〈ψge |ψg′e

〉
‖ψge‖‖ψg′e

‖

Define

G(~p(1), ~θ(1), ~p(2), ~θ(2)) :=
〈ψg(1) |ψg(2)〉
‖ψg(1)‖‖ψg(2)‖

(F9)

with g(k) parameterized by

g(k) = ei~p
(k)·~τe

~θ(k)·~τ , k = 1, 2. (F10)

According to Eq. (2.25) and Eq. (2.26), G(~p(1), ~θ(1), ~p(2), ~θ(2)) reads

G(~p(1), ~θ(1), ~p(2), ~θ(2)) =
ζ
√

sinh(p(1)) sinh(p(2))√
p(1)p(2) sinh(ζ)

e−
−2ζ2+(p(1))2+(p(2))2

2t (F11)

where p(i) =
√
~p(i) · ~p(i) and ζ is given by

2 cosh(ζ) = tr(g†1g2). (F12)

Denote

S(~p(1), ~θ(1), ~p(2), ~θ(2)) := −2ζ2 + (p(1))2 + (p(2))2.

We first claim that

Lemma F.1. <(S(~p(1), ~θ(1), ~p(2), ~θ(2))), the real part of S(~p(1), ~θ(1), ~p(2), ~θ(2)), is non-negative and vanishes iff ~p(2) =

~p(1) and ~θ(2) = ~θ(1).

To prove this lemma, let us introduce the following proposition which is given in [18].

Proposition 3. Let g = ei~p·~τe
~θ·~τ . Considering ζ = s+iφ ∈ C with s ∈ R and φ ∈ [0, π] determined by cosh(ζ) = tr(g),

we have, with denoting p :=
√
~p · ~p,

δ =
p2

4
− s2 + φ2 ≥ 0 (F13)

where the equality occurs iff θ :=
√
~θ · ~θ = 0.

Thanks to this proposition, we prove Lemma F.1 as follows.

Proof of Lemma F.1. g†1g2 can be decomposed as

g†1g2 = ei~x·~τe~y·~τ .

Denote x =
√
~x · ~x and y =

√
~y · ~y. Then

<(S(~p, ~θ, ~p, ~θ)) = 2δ − x2

2
+ (p(1))2 + (p(2))2. (F14)

where δ := x2/4 − <(ζ)2 is non-negative according to the proposition 3. Thus we only need to prove that −x2/2 +
(p(1))2 + (p(2))2 ≥ 0.

By definition, we have 2 cosh(x) = tr(g†1g2g
†
2g1), which leads to

2 cosh(x) = tr(e2i~p(1)·~τe2i~p(2)·~τ ). (F15)

Since ei~µ·~τ = cosh(µ2 )I + 2i ~µ·~τµ sinh(µ2 ) with µ =
√
~µ · ~µ, we have

cosh(x) =
1− β

2
cosh(p(1) − p(2)) +

1 + β

2
cosh(p(1) + p(2)) ≤ cosh(p(1) + p(2)) (F16)
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where β = ~p(1)·~p(2)
p(1)p(2)

∈ [−1, 1] and cosh(p(1) + p(2)) ≥ cosh(p(1) − p(2)) is used. Moreover, because of√
2(p(1))2 + 2(p(2))2 ≥ p(1) + p(2) ≥ 0, it has

cosh(
√

2(p(1))2 + 2(p(2))2 ) ≥ cosh(p(1) + p(2)). (F17)

Combining the results of (F16) and (F17), one finally have

− x2

2
+ (p(1))2 + (p(2))2 ≥ 0 (F18)

where the equality occurs only if ~p(1) = ~p(2).
In summary we have

<(S(~p, ~θ, ~p, ~θ)) ≥ 0 (F19)

and <(S(~p, ~θ, ~p, ~θ)) = 0 only if ~p(1) = ~p(2) and δ = 0 which means ~θ(1) = ~θ(2).

It turns out below that the integrand of Eq. (4.3) consists of a Gaussian-like function

e−
1
2t (S(~p,~θ,~p(1),~θ(1))+S(~p(1),~θ(1),~p(2),~θ(2))+···+S(~p(k),~θ(k),~p,~θ)). (F20)

Lemma F.1 suggests us to do the stationary phase approximation analysis at ~p(i) = ~p and ~θ(i) = ~θ. Notice that ~p

and ~θ are given to parameterize g as g := ei~p·~τe
~θ·~τ , and g labels the coherent state |ψg〉 with respect to which the

expectation value of Ô is computed. Thus, rather than considering all values of ~p and ~θ, it is sufficient to set

~po = (0, 0, p), ~θo = (0, 0, θ) (F21)

according to (3.1). Denote

fk;~p,~θ(~p
(1), ~θ(1), · · · , ~p(k), ~θ(k)) ≡ S(~p, ~θ, ~p(1), ~θ(1)) + S(~p(1), ~θ(1), ~p(2), ~θ(2)) + · · ·+ S(~p(k), ~θ(k), ~p, ~θ), (F22)

we have the following result:

Theorem F.2. (i) <(fk;~p,~θ) ≥ 0 and the equality occurs only when all g(i) coincide, namely ~p (i) = ~p and ~θ(i) = ~θ.

(ii) At ~p(i) = ~po = (0, 0, p) and ~θ(i) = ~θo = (0, 0, θ), it has

∇~p(i)fk;~po,~θo
= 0 = ∇~θ(i)fk;~po,~θo

, ∀i = 1, · · · , k. (F23)

(iii) The Hessian matrix f ′′
k;~po,~θo

of fk;~po,~θo
at ~p(i) = ~po = (0, 0, p) and ~θ(i) = ~θo = (0, 0, θ) is non-degenerate with the

determinant

det
(
f ′′
k;~po,~θo

) ∣∣∣
~p(i)=~po,~θ(i)=~θo

=

(
1024 sin4

(
θ
2

)
θ4

)k
(F24)

Proof. The first statement is true by using Lemma F.1. For the second statement, let us consider

S(~p(1), ~θ(1), ~p(2), ~θ(2)) = −2ζ2 + (~p(1))2 + (~p(2))2 (F25)

where ζ is given by

cosh(ζ) =
1

2
tr(e

~θ(2)·~τe−
~θ(1)·~τei~p

(1)·~τei~p
(2)·~τ ). (F26)

Then it has that

∂ cosh(ζ)

∂p
(1)
j

∣∣∣∣∣
~po,~θo

=
∂ cosh(ζ)

∂p
(2)
j

∣∣∣∣∣
~po,~θo

=
δj,3
2

sinh(p)

∂ cosh(ζ)

∂θ
(1)
j

∣∣∣∣∣
~po,~θo

= −∂ cosh(ζ)

∂θ
(2)
j

∣∣∣∣∣
~po,~θo

=
iδj,3

2
sinh(p)

(F27)
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where the subscript ~po, ~θo indicates to take values at ~p(1) = ~po = ~p(2) and ~θ(1) = ~θo = ~θ(2). According to Eq. (F27),
we have

∇~p(1)S(~p(1), ~θ(1), ~p(2), ~θ(2))
∣∣∣
~po,~θo

= 0 = ∇~p(2)S(~p(1), ~θ(1), ~p(2), ~θ(2))
∣∣∣
~po,~θo

(F28)

and, thus, ∇~p(i)fk;~po,~θo

∣∣
~po,~θo

= 0 for all i = 1, 2, · · · , k. For ∇~θ(i)fk;~po,~θo

∣∣
~po,~θo

, the second equation in Eq. (F27) gives
us

∇~θ(i)fk;~po,~θo

∣∣
~po,~θo

= ∇~θ(i)S(~p(i−1), ~θ(i−1), ~p(i), ~θ(i))
∣∣∣
~po,~θo

+∇~θ(i)S(~p(i), ~θ(i), ~p(i+1), ~θ(i+1))
∣∣∣
~po,~θo

= 0, (F29)

which completes the proof of the second statement.
For the last statement, using the conclusion of the second statement, we can immediately get that

∂fk;~po,~θo

∂x
(i)
m ∂y

(j)
n

∣∣∣∣∣
~po,~θo

= 0, |i− j| > 1 (F30)

where x
(i)
m and y

(j)
n represent ~θ

(i)
m or ~p

(i)
m . Therefore, if we order the arguments ~p(i), ~θ(i) as

p
(1)
1 , p

(1)
2 , p

(1)
3 , θ

(1)
1 , θ

(1)
2 , θ

(1)
3 , p

(2)
1 , p

(2)
2 , p

(2)
3 , θ

(2)
1 , θ

(2)
2 , θ

(2)
3 , · · · . (F31)

to arrange the matrix elements of f ′′
k;~po,~θo

(~po, ~θo) ≡ f ′′
k;~po,~θo

∣∣∣
~po,~θo

, the resulting matrix is block-tridiagonal matrix.

Moreover, since all of the p-arguments, as well as the θ-arguments, in fk;~po,~θo
are symmetric, we conclude that

∂fk;~po,~θo

∂x
(i)
m ∂y

(j)
l

∣∣∣∣∣
~po,~θo

=
∂fk;~po,~θo

∂x
(i′)
m ∂y

(j′)
l

∣∣∣∣∣
~po,~θo

. (F32)

Consequently f ′′
k;~po,~θo

(~po, ~θo) takes the form

f ′′
k;~po,~θo

(~po, ~θo) =



A B 0 0 · · · 0
BT A B 0 · · · 0
0 BT A B · · · 0
...

...
...

. . .
...

...
0 0 · · · BT A B
0 0 · · · 0 BT A


(F33)

where A and B are 6× 6 matrix. The matrix A and B can be calculated by considering the case with k = 2, which
gives us

A =



4 tanh( p2 )
p 0 0 − 4 sin2( θ2 ) tanh( p2 )

θ − 2 sin(θ) tanh( p2 )
θ 0

0
4 tanh( p2 )

p 0
2 sin(θ) tanh( p2 )

θ − 4 sin2( θ2 ) tanh( p2 )
θ 0

0 0 2 0 0 0

− 4 sin2( θ2 ) tanh( p2 )
θ

2 sin(θ) tanh( p2 )
θ 0 − 4p(cos(θ)−1) coth(p)

θ2 0 0

− 2 sin(θ) tanh( p2 )
θ − 4 sin2( θ2 ) tanh( p2 )

θ 0 0 − 4p(cos(θ)−1) coth(p)
θ2 0

0 0 0 0 0 2


and

B =



− 2 tanh( p2 )
p 0 0

2 sin2( θ2 ) tanh( p2 )+i sin(θ)

θ

sin(θ) tanh( p2 )+i(cos(θ)−1)

θ 0

0 − 2 tanh( p2 )
p 0

−i cos(θ)−sin(θ) tanh( p2 )+i

θ

2 sin2( θ2 ) tanh( p2 )+i sin(θ)

θ 0

0 0 −1 0 0 i
2 sin2( θ2 ) tanh( p2 )−i sin(θ)

θ

i(cos(θ)+i sin(θ) tanh( p2 )−1)
θ 0 2p(cos(θ)−1) coth(p)

θ2 − 2ip(cos(θ)−1)
θ2 0

−i cos(θ)+sin(θ) tanh( p2 )+i

θ

2 sin2( θ2 ) tanh( p2 )−i sin(θ)

θ 0 2ip(cos(θ)−1)
θ2

2p(cos(θ)−1) coth(p)
θ2 0

0 0 −i 0 0 −1


.
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With the expression of A and B, it can be verified that

BA−1BT = BTA−1B = 0. (F34)

To calculate det(f ′′
k;~po,~θo

(~po, ~θo)), we define matrices of B̃, C̃ and D of dimensions 6 × 6(k − 1), 6(k − 1) × 6 and

6(k − 1)× 6(k − 1) respectively such that

f ′′
k;~po,~θo

(~po, ~θo) =

(
A B̃

C̃ D

)
. (F35)

Then by using the property of the Schur complement, it has

det(f ′′
k;~po,~θo

(~po, ~θo)) = det(A) det(D − C̃A−1B̃) = det(A) det(D) (F36)

where we used C̃A−1B̃ = 0 because of Eq. (F34) and that f ′′
k;~po,~θo

is block-tridiagonal matrix. Because D is the

Hessian matrix f ′′
k−1;~po,~θo

(~po, ~θo), we finally have

det(f ′′
k;~po,~θo

(~po, ~θo)) = det(A)k =

(
1024 sin4( θ2 )

θ4

)k
. (F37)

By these results, the stationary phase approximation method introduced in Theorem F.1 can be applied to calculate
the integral (4.3).

Taking advantage of the above results, we now can come to the proof of Theorem IV.1.

2. proof of Theorem IV.1

As in Eq. (4.3), it has

〈Ψ~w|Ô|Ψ~w〉
〈Ψ~w|Ψ~w〉

=

∫ k−1∏
j=1

∏
e∈E(γ)

2

πt3
dµH(u(j)

e )d3~p(j)
e

k∏
i=1

〈Ψ~g(i−1) |Ôi|Ψ~g(i)〉
‖Ψ~g(i−1)‖‖Ψ~g(i)‖

(F38)

where we denoted |Ψ~g(0)〉 = |Ψ~g(k)〉 := |Ψ~w〉, applied Eq. (2.28) and used the decomposition

g(i)
e = ei~p

(i)
e ·~τe

~θ(i)e ·~τ = ei~p
(i)
e ·~τu(i)

e . (F39)

By the assumption, we have

〈Ψ~g(i−1) |Ôi|Ψ~g(i)〉
‖Ψ~g(i−1)‖‖Ψ~g(i)‖

=
〈Ψ~g(i−1) |Ψ~g(i)〉
‖Ψ~g(i−1)‖‖Ψ~g(i)‖

(
E

(i)
0 (~g(i−1), ~g(i)) + tE

(i)
1 (~g(i−1), ~g(i)) +O(t∞)

)
. (F40)

Thus Eq. (F38) takes the form

〈Ψ~w|Ô|Ψ~w〉
〈Ψ~w|Ψ~w〉

=

∫ k−1∏
j=1

∏
e∈E(γ)

2

πt3
dµH(u(j)

e )d3~p(j)
e

k∏
i=1

〈Ψ~g(i−1) |Ψ~g(i)〉
‖Ψ~g(i−1)‖‖Ψ~g(i)‖

k∏
l=1

E(l)(~g(l−1), ~g(l)) (F41)

with P ({~g(i)}ki=1) denoting the function

E(l)(~g(l−1), ~g(l)) :=
(
E

(l)
0 (~g(l−1), ~g(l)) + tE

(l)
1 (~g(l−1), ~g(l)) +O(t∞)

)
. (F42)

Eq. (F41) can be analyzed with the stationary phase approximation according to Theorem F.2. It should be noticed
that the Haar measure dµH can be expressed as

dµH(u) =
sin2

(
1
2

√
~θ · ~θ

)
4π2 (~θ · ~θ)

d3~θ (F43)
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where u ∈ SU(2) is coordinatized as u = e
~θ·~τ and d3~θ is the Lebesgue measure on R3. Substituting the last equation

into Eq. (F41) and applying Eq. (F5) as well as Eq. (F24), we finally obtain

〈Ψ~w|Ô|Ψ~w〉
〈Ψ~w|Ψ~w〉

=
∏

e∈E(γ)

(
θ2
e

sin2(θe/2)

)k−1 l−1∑
s=0

(2t)
s
D(s)

∣∣∣
g
(k)
e =eiweτ3 ,∀k,e

+O(tl) (F44)

where D(s) takes the form

D(s) = (−1)s
∑
l−j=s

∑
2l≥3j

(−1)l2−l

l!j!

 n∑
a,b=1

H−1
ab (x0)

∂2

∂xa∂xb

l(G(j)
k∏
i=1

E(i)

)∣∣∣∣∣
g
(l)
e =eiweτ3 ,∀l,e

(F45)

with G(j) being defined as the following,

G(j)
(
{~g(i)}k−1

i=k

)
=

 ∏
e∈E(γ)

k−1∏
n=1

sin2(|~θ(n)
e |/2)

|~θ(n)
e |2

 ∏
e∈E(γ)

k−1∏
n=0

ζ
(n,n+1)
e

√
sinh(p

(n)
e ) sinh(p

(n+1)
e )√

p
(n)
e p

(n+1)
e sinh(ζ

(n,n+1)
e )

 gx0({~g(i)}k−1
i=1 )j .

(F46)
Here gx0

is some function defined by applying (F8) to the current case.
If the leading order term of D(s) is claimed to be O(tds), then each term in the summation over s of Eq. (F44) is

O(ts+ds). Moreover, for each l in Eq. (F45), the derivative acting on G(j)
∏
E(i) is of order 2l in total. Because of the

properties given by Eq.(F8), the non-vanishing result appears when there are at least 3j derivatives acting on G(j),
which indicates that the order of derivative that acts on the term

∏
E(i) in Eq. (F45) is 2l− 3j. Because 2l− 3j = s

and l = s + j, there are at most 2s − j derivatives acting on
∏
E(i). Further, since j ≥ 0, the maximum order of

derivative acting on the term
∏
E(i) is 2s, which only occurs for l = s. Then, let us count the leading order of D(s)

for a given s. According to the expression of D(s), once it is evaluated at the critical point given by g
(k)
e = eiωeτ3 ,

those E(m) contributed by operators Ôm satisfying (4.8) will inevitably increase the power of its leading order term
if they are not acted by any derivative operators. For a fixed s there are at least ns of these “non-acted” terms with

ns =
(N0 − 2s) + |N0 − 2s|

2
. (F47)

Therefore,
〈Ψ~w|Ô|Ψ~w〉
〈Ψ~w|Ψ~w〉

is of order of tn with

n ≥ min
s∈Z+

(s+ ns) = bN0 + 1

2
c. (F48)

3. proof of Theorem IV.2

At first, denote p̂0(e), D
1
2
1
2

1
2

(he) and D
1
2

− 1
2− 1

2

(he) by Ôd
a with a = 1, 2, 3 respectively, and p±1(e), D

1
2
1
2− 1

2

(he) or

D
1
2

− 1
2

1
2

(he) by Ônd
a with a = 1, 2, 3, 4 respectively. According to (F1), (F2) and (F3), the matrix elements of Ôia take

the form

〈ψg(1) |Ôia|ψg(2)〉 = 〈ψg(1) |ψg(2)〉Eia;0(g(1), g(2)) +O(t), ∀i = d,nd. (F49)

Then by formulae listed in Sec. F 4, we obtain:

Lemma F.2. Given g(i) = ei~p
(i)·~τei

~θ(i)·~τ , we have

(∂
x
(j)
k

Ed
a;0)(eiwτ3 , eiwτ3) = 0, j = 1, 2, and k = 1, 2

(∂
x
(j)
3
End
a;0)(eiwτ3 , eiwτ3) = 0, j = 1, 2

(F50)
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for all w = p − iθ ∈ C, where x
(i)
j denotes p

(i)
j or θ

(i)
j . Moreover, consider the matrix A and B in Eq. (F33). End

a;0

satisfies that

∇T~x(1)E
nd
a;0(eiwτk , eiwτ3)A−1B = 0 = ∇T~x(2)E

nd
a;0(eiwτk , eiwτ3)A−1BT ,

∇T~x(1)E
nd
a;0(eiwτk , eiwτ3)A−1BT = −∇T~x(1)E

nd
a;0(eiwτk , eiwτ3),

∇T~x(2)E
nd
a;0(eiwτk , eiwτ3)A−1B = −∇T~x(2)E

nd
a;0(eiwτk , eiwτ3),

BTA−1∇~x(1)End
a;0(eiwτk , eiwτ3) = 0 = BA−1∇~x(2)End

a;0(eiwτk , eiwτ3),

BA−1∇~x(1)End
a;0(eiwτk , eiwτ3) = −∇~x(1)End

a;0(eiwτk , eiwτ3),

BTA−1∇~x(2)End
a;0(eiwτk , eiwτ3) = −∇~x(2)End

a;0(eiwτk , eiwτ3),

(F51)

where ∇~x(i) = (∂
~p
(i)
1
, ∂
~p
(i)
2
, ∂
~p
(i)
3
, ∂~θ(i)1

, ∂~θ(i)2
, ∂~θ(i)3

)T and ∇T
~x(i) is its transpose.

The second lemma is on the inverse of the Hessian matrix (F33). Recalling Eq. (F35), one has that the inverse of
f ′′
k;~po,~θo

, denoted as H−1

k,~po,~θo
, is

H−1

k,~po,~θo
=

(
A−1 +A−1B̃(D − C̃A−1B̃)−1C̃A−1 −A−1B̃(D − C̃A−1B̃)−1

−(D − C̃A−1B̃)−1C̃A−1 (D − C̃A−1B̃)−1

)
. (F52)

Since C̃A−1B̃ = 0 and D = f ′′
k−1;~po,~θo

, we have

H−1

k,~po,~θo
=

(
A−1 +A−1B̃H−1

k−1,~po,~θo
C̃A−1 −A−1B̃H−1

k−1,~po,~θo

−H−1

k−1,~po,~θo
C̃A−1 H−1

k−1,~po,~θo

)
. (F53)

For k = 1, H−1

1,~po,~θo
= A−1. Thus one has that B̃H−1

1,~po,~θo
C̃ = 0 and

H−1

2,~po,~θo
=

(
A−1 −A−1B̃H−1

1,~po,~θo

−H−1

1,~po,~θo
C̃A−1 H−1

1,~po,~θo

)
.

Doing this successively, one has B̃H−1

k−1,~po,~θo
C̃ = 0, and

H−1

k,~po,~θo
=

(
A−1 −A−1B̃H−1

k−1,~po,~θo

−H−1

k−1,~po,~θo
C̃A−1 H−1

k−1,~po,~θo

)
. (F54)

Finally, H−1

k;~po,~θo
can be obtained with this recurrence relation and the initial data H−1

1,~po,~θo
= A−1. The result is as

follows:

Lemma F.3. H−1

k;~po,~θo
satisfies that

(H−1

k;~po,~θo
)mn =

 (−1)|m−n|A−1(BA−1)|m−n|, m < n
A−1, m = n

(−1)|m−n|A−1(BTA−1)|m−n|, m > n
(F55)

where H−1

k,~po,~θo
is arranged as a block matrix as f ′′

k;~po,~θo
in (F33)], with (H−1

k;~po,~θo
)mn as a block.

Now the theorem (IV.2) can be proven.

Proof of Theorem IV.2. For convenience, we define so = M+ +N+. By Theorem IV.1, 〈M〉ze is of order tso or higher.
Adopting the result from equation (F44), O(tso) only occurs when s = so and D(so) is of O(t0).

Set s = so in the definition (F45) of D(s). For given l and j, if there is one E(m) taking the form of End
a;0 +O(t) not

being acted by derivatives, then the eventual evaluation at the critical point will vanish. Moreover, in D(so), on one
hand it contains 2so of End

a;0 +O(t), and on the other hand the maximum order of derivative that can act on
∏
E(i) is
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2so, which only occurs when l = so. Therefore, only when l = so and m = 0, all End
a;0 +O(t) are acted by derivatives.

Finally,

D(so) =

(
sin2( θ2 )

θ2

)|M|−1
2−so

so!

6(|M|−1)∑
a,b=1

H−1
ab

∂2

∂xa∂xb

so |M|−1∏
i=1

E(i)

∣∣∣∣∣
g(l)=eiwτ3 ,∀l

, (F56)

where |M| denotes the number of factors in the monomial M.
To calculate (F56), we employ the notion introduced in Lemma F.2 and F.3 to treat H−1 as a block matrix. Then∑6(|M|−1)
a,b=1 H−1

ab
∂2

∂xa∂xb
is rewritten as

6(|M|−1)∑
a,b=1

H−1
ab

∂2

∂xa∂xb
=

|M|−1∑
m,n=1

∇T~x(m)

(
Ĥ−1

|M|−1;~po,~θo

)
mn
∇~x(n) . (F57)

We then expand
[∑|M|−1

m,n=1∇T~x(m)

(
Ĥ−1

|M|−1;~po,~θo

)
mn
∇~x(n)

]so
and let each individual term of the expansion act on∏|M|−1

i=1 E(i). In each individual term of the expansion, it contains derivative with respect to certain ~x(q). Because

each End
a;0 + O(t) only depends on certain ~x(q), we only consider the case when all derivatives are paired with all

End
a;0 +O(t) with the same argument. For the other terms of the expansion, they give vanishing results because of the

evaluation at the critical point.
The procedure mentioned above is equivalent to the follows. We first partition these End

a;0 +O(t) into ordering pairs.

Denote all possibilities of the partition as P. Given a pair (End
am;0(~x(m−1), ~x(m)) +O(t), End

an;0(~x(n−1), ~x(n)) +O(t)) in
a partition p ∈ P. It can be acted by

∇T~x(m)(H
−1

M−1;~po,~θo
)mn∇~x(n) , (F58)

∇T~x(m−1)(H
−1

M−1;~po,~θo
)m−1,n∇~x(n) , (F59)

∇T~x(m)(H
−1

M−1;~po,~θo
)m,n−1∇~x(n−1) , (F60)

∇T~x(m−1)(H
−1

M−1;~po,~θo
)m−1,n−1∇~x(n−1) (F61)

According to Lemmas F.3 and F.2,

(1) If m < n, only the operator (F60) gives non-vanishing results which reads

∇T~x(m)E
nd
am;0(~x(m−1), ~x(m))(H−1

M−1;~po,~θo
)m,n−1∇~x(n−1)End

an;0(~x(n−1), ~x(n))

=∇T~x(m)E
nd
am;0(~x(m−1), ~x(m))A−1∇~x(n−1)End

an;0(~x(n−1), ~x(n))
(F62)

(2) If m > n, only the operator (F59) gives non-vanishing results which reads

∇T~x(m−1)E
nd
am;0(~x(m−1), ~x(m))(H−1

M−1;~po,~θo
)m−1,n∇~x(n)End

an;0(~x(n−1), ~x(n))

=∇T~x(m−1)E
nd
am;0(~x(m−1), ~x(m))A−1∇~x(n)End

an (~x(n−1), ~x(n))

=∇T~x(n)E
nd
an;0(~x(n−1), ~x(n))A−1∇~x(m−1)End

am;0(~x(m−1), ~x(m)),

(F63)

where in the last step we used A = AT .

It should be reminded that an evaluation at the critical point has been done in Eqs.(F62) and (F63).
According to the results in Eqs. (F62) and (F63), rather than partitioning the End

a;0 +O(t) into ordering pairs, we
can identify the partitions p1 and p2 if p1 can be the same as p2 by reordering each of its pairs. The set with this
identification will be denoted by P̃. Then we finally have|M|−1∑

m,n=1

∇T~x(m)

(
Ĥ−1

|M|−1;~po,~θo

)
mn
∇~x(n)

so |M|−1∏
i=1

E(i)

∣∣∣∣∣
g(l)=eiwτ3 ,∀l

=2so
∑
p∈P̃

∏
(m,n)∈p

with m<n

∇T~x(m)E
nd
am;0(~x(m−1), ~x(m))A−1∇~x(n−1)End

an;0(~x(n−1), ~x(n))
∏
l∈PC

Ed
al;0

(eiwτ3 , eiwτ3) +O(t)
(F64)
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where PC denotes the set of those E(i) of the form Ed
a;0. Substituting the results, we finally have

〈ψze |M|ψze〉
〈ψze |ψze〉

=

(2t)
so 1

so!

∑
p∈P̃

∏
(m,n)∈p

with m<n

∇T~x(m)E
nd
am;0(~x(m−1), ~x(m))A−1∇~x(n−1)End

an;0(~x(n−1), ~x(n))

×
∏
l∈PC

Ed
al;0

(eiwτ3 , eiwτ3) +O(tso+1)

(F65)

Note that in ∏
(m,n)∈p

with m<n

∇T~x(m)E
nd
am;0(~x(m−1), ~x(m))A−1∇~x(n−1)End

an;0(~x(n−1), ~x(n)),

the first argument in the most left factor and the second argument in the most right factor cannot be acted by the
derivative operator. Therefore, by the similar discussion as above, one verifies that

〈ψze |M′|ψze〉
〈ψze |ψze〉

=

(2t)
so 1

so!

∑
p∈P̃

∏
(m,n)∈p

with m<n

∇T~x(m)E
nd
am;0(~x(m−1), ~x(m))A−1∇~x(n−1)End

an;0(~x(n−1), ~x(n))

+O(tso+1).

(F66)
Moreover, Ed

al;(0)(e
iωτ3 , eiωτ3) represents the leading order of the expectation value of its corresponding operator.

Since these Ed
al;(0)(e

iωτ3 , eiωτ3) do not vanish, we conclude that 〈M〉ze is of order tso if and only if 〈M′〉ze is. Thus

Eq. (4.12) is true for the case when both sides are of order tso . Moreover, both sides of Eq. (4.12) are of O(tM++N+)
or higher, and if the leading order terms of both sides are not O(tM++N+), then they both vanish at O(tM++N+).

4. derivative of the matrix element of pi(e) and D
1
2
ab(he)

Note that the results show below ignore the terms of order t and higher. We denote ∇~x(i) :=
(
∇~p(i) ,∇~θ(i)

)
and x∗

is the complex conjugate of x.

∇~x(1)

〈ψg(1) |p̂1
s(e)|ψg(2)〉

〈ψg(1) |ψg(2)〉
=

(
−1

2
,

1

2
i tanh

(p
2

)
, 0,− ip sin(θ)csch(p)

2θ
,
ip sin2

(
θ
2

)
csch(p)

θ
, 0

)T

=

(
∇~x(2)

〈ψg(1) |p̂1
s(e)|ψg(2)〉

〈ψg(1) |ψg(2)〉

)∗
,

∇~x(1)

〈ψg(1) |p̂2
s(e)|ψg(2)〉

〈ψg(1) |ψg(2)〉
=

(
−1

2
i tanh

(p
2

)
,−1

2
, 0,− ip sin2

(
θ
2

)
csch(p)

θ
,− ip sin(θ)csch(p)

2θ
, 0

)T

=

(
∇~x(2)

〈ψg(1) |p̂2
s(e)|ψg(2)〉

〈ψg(1) |ψg(2)〉

)∗
,

∇~x(1)

〈ψg(1) |p̂3
s(e)|ψg(2)〉

〈ψg(1) |ψg(2)〉
=

(
0, 0,−1

2
, 0, 0,− i

2

)T
=

(
∇~x(2)

〈ψg(1) |p̂3
s(e)|ψg(2)〉

〈ψg(1) |ψg(2)〉

)∗
.

(F67)
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∇~x(1)

〈ψg(1) |p̂1
t (e)|ψg(2)〉

〈ψg(1) |ψg(2)〉
=

(
eiθ + ep−iθ

2ep + 2
,
ie−iθ

(
ep − e2iθ

)
2 (ep + 1)

, 0,
e−iθ

(
−1 + eiθ

)
p
(
e2p + eiθ

)
2θ (e2p − 1)

,

ie−iθ
(
−1 + eiθ

)
p
(
e2p − eiθ

)
2θ (e2p − 1)

, 0

)T
=

(
∇~x(2)

〈ψg(1) |p̂1
t (e)|ψg(2)〉

〈ψg(1) |ψg(2)〉

)∗
,

∇~x(1)

〈ψg(1) |p̂2
t (e)|ψg(2)〉

〈ψg(1) |ψg(2)〉
=

(
ie−iθ

(
−ep + e2iθ

)
2 (ep + 1)

,
eiθ + ep−iθ

2ep + 2
, 0,

ie−iθ
(
−1 + eiθ

)
p
(
−e2p + eiθ

)
2θ (e2p − 1)

,

e−iθ
(
−1 + eiθ

)
p
(
e2p + eiθ

)
2θ (e2p − 1)

, 0

)T
=

(
∇~x(2)

〈ψg(1) |p̂2
t (e)|ψg(2)〉

〈ψg(1) |ψg(2)〉

)∗
,

∇~x(1)

〈ψg(1) |p̂3
t (e)|ψg(2)〉

〈ψg(1) |ψg(2)〉
=

(
0, 0,

1

2
, 0, 0,

i

2

)T
=

(
∇~x(2)

〈ψg(1) |p̂3
t (e)|ψg(2)〉

〈ψg(1) |ψg(2)〉

)∗
.

(F68)

∇~x(1)

〈ψg(1) |D
1
2
1
2

1
2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
0, 0,−1

4
e−

iθ
2 , 0, 0,−1

4
ie−

iθ
2

)T
,

∇~x(1)

〈ψg(1) |D
1
2
1
2− 1

2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
−e

iθ
2 tanh

(
p
2

)
2p

,
ie
iθ
2 tanh

(
p
2

)
2p

, 0,− i sin
(
θ
2

)
θ + θep

,− sin
(
θ
2

)
θ + θep

, 0

)T
,

∇~x(1)

〈ψg(1) |D
1
2

− 1
2

1
2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
−e
− iθ2 tanh

(
p
2

)
2p

,− ie
− iθ2 tanh

(
p
2

)
2p

, 0,− ie
p sin

(
θ
2

)
θ + θep

,
ep sin

(
θ
2

)
θ + θep

, 0

)T
,

∇~x(1)

〈ψg(1) |D
1
2
1
2

1
2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
0, 0,

1

4
e
iθ
2 , 0, 0,

1

4
ie
iθ
2

)T
,

∇~x(2)

〈ψg(1) |D
1
2
1
2

1
2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
0, 0,

1

4
e−

iθ
2 , 0, 0,−1

4
ie−

iθ
2

)T
,

∇~x(2)

〈ψg(1) |D
1
2
1
2− 1

2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
e
iθ
2 tanh

(
p
2

)
2p

,− ie
iθ
2 tanh

(
p
2

)
2p

, 0,− ie
p sin

(
θ
2

)
θ + θep

,−e
p sin

(
θ
2

)
θ + θep

, 0

)T
,

∇~x(2)

〈ψg(1) |D
1
2

− 1
2

1
2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
e−

iθ
2 tanh

(
p
2

)
2p

,
ie−

iθ
2 tanh

(
p
2

)
2p

, 0,− i sin
(
θ
2

)
θ + θep

,
sin
(
θ
2

)
θ + θep

, 0

)T
,

∇~x(2)

〈ψg(1) |D
1
2

− 1
2− 1

2

(he)|ψg(2)〉
〈ψg(1) |ψg(2)〉

=

(
0, 0,−1

4
e
iθ
2 , 0, 0,

1

4
ie
iθ
2

)T
.
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