aps CHCRUS

physics

This is the accepted manuscript made available via CHORUS. The article has been
published as:

Tidal deformabilities of neutron stars in scalar-Gauss-
Bonnet gravity and their applications to multimessenger

tests of gravity
Alexander Saffer and Kent Yagi
Phys. Rev. D 104, 124052 — Published 17 December 2021
DOI: 10.1103/PhysRevD.104.124052


https://dx.doi.org/10.1103/PhysRevD.104.124052

Tidal Deformabilities of Neutron Stars in scalar-Gauss-Bonnet Gravity
and Their Applications to Multimessenger Tests of Gravity

Alexander Saffer and Kent Yagi
Department of Physics, University of Virginia, Charlottesville, Virginia 22904, USA
(Dated: November 22, 2021)

The spacetime surrounding compact objects such as neutron stars and black holes provides an
excellent place to study gravity in the strong, non-linear, dynamical regime. Here, the effects of
strong curvature can leave their imprint on observables which we may use to study gravity. Recently,
NICER provided a mass and radius measurement of an isolated neutron star using x-rays, while
LIGO/Virgo measured the tidal deformability of neutron stars through gravitational waves. These
measurements can be used to test the relation between the tidal deformability and compactness of
neutron stars that are known to be universal in general relativity. Here, we take (shift-symmetric)
scalar-Gauss-Bonnet gravity (motivated by a low-energy effective theory of a string theory) as an
example and study whether one can apply the NICER and LIGO/Virgo measurements to the uni-
versal relation to test the theory. To do so, this paper is mostly devoted on theoretically
constructing tidally-deformed neutron star solutions in this theory perturbatively and calculate
the tidal deformability for the first time. We find that the relation between the tidal deformability
and compactness remains to be mostly universal for a fixed dimensionless coupling constant of the
theory though the relation is different from the one in general relativity. We also present a universal
relation between the tidal deformability of one neutron star and the compactness for another neu-
tron star that can be directly applied to observations by LIGO/Virgo and NICER. For the equations
of state considered in this paper, it is still inconclusive whether one can place a meaningful bounds
on scalar Gauss-Bonnet gravity with the new universal relations. However, we found a new bound
from the mass measurement of the pulsar J0740+6620 that is comparable to other existing bounds

from black hole observations.
I. INTRODUCTION

Neutron stars (NSs) represent some of the densest ob-
jects in the universe, second only to black holes. The
densities of these stars can reach several times nuclear
saturation density (p = 2.8 x 10'* g/cm?) which is greater
than any density measurable in a laboratory [1]. This
immense density coincides with masses on the order of
1.5 Mg and radii around 12-15 km [2]. The exact prop-
erties of a NS can be found given a specific equation of
state (EoS) which determines the relationship between
the pressure and density within the star. Observations
of NSs” mass and radius could allow scientists to under-
stand the inner workings of these EoSs better and allow
for a more fundamental understanding of nuclear physics.

One way scientists have sought to explore the inner
workings of NSs has been with the Neutron star Inte-
rior Composition ExploreR (NICER). This instrument
aims to provide inferences of the mass and radius of NSs
(whose relation depends sensitively on the underlying
EoS) to accuracies never before achieved with other op-

tical telescopes [3, 4], through the use of monitoring the
x-ray hotspots on a rotating NS. The results obtained via
PSR J0030+0451 [5, 6] placed stringent bounds on the
valid EoS [7-10].

Another way of probing the internal structure of NSs
is to use gravitational-wave observations, as done by the
LIGO/Virgo Collaboration (LVC). Through the binary
NS merger event GW170817, LVC measured the (dimen-
sionless) tidal deformability parameter (A), which mea-
sures the susceptibility of a NS to be deformed by an

external tidal field [11, 12]. The larger A is, the easier a
star will deform. Observations of the event GW170817
have placed limits on the tidal parameter for a 1.4 Mg NS
to be Ay4 = 1907995 [13]. Once again, this observation
has led to stringent bounds on the EoS (see e.g. [12-24]),
including joint bounds between x-ray and gravitational
waves [25-28].

Due to their large compactness and strong gravita-
tional field strength, NSs are ideal sources to probe not
only nuclear physics but also gravity [29, 30]. Thus far,
all measurements of NS properties have agreed with those
predicted by general relativity (GR) for a number of
EoSs. However, GR itself has problems elsewhere. It has
been shown that given a field-theoretical approach, GR
is non-renormalizable which may lead to problems in the
ultra-violet regime. The predictions of quantum grav-
ity theories in the low energy limit often show that GR
should be modified by additional fields and higher-order
curvature scalar terms [31]. This hints at the possibility
that GR as currently understood is incomplete and may
be modified at specific energy levels not yet studied in
detail, such as those in the strong gravity regime.

One alternative theory of gravity which has drawn in-
terest from physicists is Einstein-dilaton-Gauss-Bonnet
(EAGB) gravity, in which a scalar field (dilaton) is cou-
pled exponentially to the metric. This theory shows up
in the low-energy limit of heterotic string theory [32, 33],
and has been shown to agree with GR in the weak field
regime [34]. With this in mind, the next step would then
be to examine EAGB in the strong field regime. Work
has already been completed on studying this theory for
both BHs [35-10] and NSs [11-45]. These studies have



managed to place some limits on the theory, but improve-
ments are necessary as new ways of probing the strong
field are undertaken. In this paper, we consider
scalar-Gauss-Bonnet (sGB) gravity that general-
izes the form of the coupling of the scalar field to
the metric and includes EAGB gravity as an ex-
ample. As a simplification to this theory, we make the
assumption that our deviation from GR is small and we
may decouple the theory by linearly coupling our scalar
field to the Gauss-Bonnet parameter [46].

One difficulty in using NSs to test gravity is the de-
generacy between uncertainties in nuclear physics and
gravitational physics. For example, one can in princi-
ple use the relation between the NS mass and radius to
probe gravity, though one needs to know the correct EoS
beforehand. One way to overcome this is to use certain
universal relations that are insensitive to the underly-
ing EoSs [47-50]. For example, universal relations exist
between the NS moment of inertia (I), the tidal Love
number (Love), and the spin-induced quadrupole mo-
ment @ [47, 48]. The I-Q relation has been studied in
EdGB gravity in [12, 51].

In this paper, we aim to probe sGB gravity by apply-
ing universal relations to the NS measurement by NICER
and LVC. A similar analysis has been carried out in [52]
to probe dynamical Chern-Simons gravity [53]. The au-
thors in [52] converted the NICER’s measurement of the
NS compactness to the moment of inertia by using the
universal relation between these two quantities assuming
GR is the correct theory of gravity. The authors then
used the tidal deformability measurement by LVC and
the I-Love universal relations to probe the theory. In this
paper, we focus on a different universal relation, namely
the one between the tidal deformability and compact-
ness (Love-C relation) [54]. Since these quantities are
the ones that are directly measured through x-ray and
gravitational waves, we do not need to apply an addi-
tional universal relation to convert the measurement of
one quantity from another.

In order to develop these relationships in sGB grav-
ity, a significant portion of this paper is devoted
to computing the NS tidal deformability by con-
structing tidally-deformed NS solutions in sGB
by following a similar procedure to one typically
performed in GR.

The tidal deformability is defined as the ratio between
the quadrupolar deformation of a body (Q;;) and an ex-
terior quadrupolar tidal field (€;;) [L1, 55]. This may be
computed via an asymptotic expansion of the external
metric about a distance much larger than the radius of
the star, which allows one to denote the ();; and &;; as
relating to the coefficients to the O (1/r3) and O (r?)
terms respectively. For sGB, we compute these quanti-
ties assuming that the tidal field and the sGB corrections
are small, and solving the field equations perturbatively
in terms of both a tidal parameter ¢ and the sGB param-
eter o that characterizes the coupling between the
scalar field and the metric. Once we have tidal
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FIG. 1. The mass-radius curves in GR (solid) and in sGB
(dashed) with the maximum value of ¢ for each EoS allowed
to support a 2.01Ms NS, which corresponds to lower mass
bound for J07404-6620 in [56-59] for a selection of EoS. We
terminate the curves at the maximum mass of the NS for
the corresponding . The yellow box is representative of
mass and radius bounds inferred for J0740+-6620 with 1-o er-
rors [59]. The two black dots with error bars correspond to 1-o
bounds placed on the radius of NSs with masses 1.4Ms and
2.08 M from a recent NICER analysis by combining measure-
ments of neutron stars through x-ray, radio and gravitational
waves [59].

deformability calculations in hand, we compare
these theoretical predictions with various NS ob-
servations to constrain sGB gravity.

We find the following main results. Figure 1
presents the mass-radius relation (for isolated, non-
tidally-deformed NSs) in GR and in sGB. Here, ( is
a new coupling constant in sGB gravity where we
make o dimensionless by the mass and radius of
a neutron star (we define this quantity properly
in Eq. (6)). Notice that the maximum mass decreases
in sGB gravity as was first found in [44]. In the fig-
ure, we have chosen the dimensionless coupling constant
that can marginally support a 2.01Mg NS, which is the
lower mass bound for J07404+6620 [56, 57]. We also
assume the correction to the Shapiro delay used
to infer the mass in [56, 57] is not corrected by
the sGB corrections. This assumption is based
on the results of previous work [44], where it was
found that perturbations to the metric of a NS
occur at O (M7/r7) where M is the stellar mass
while r is the distance from the star. Thus, we
expect the influence on the Shapiro delay from
sGB corrections to be highly suppressed. Based
on this, we can place bounds on sGB gravity that is
EoS dependent. Choosing the stiffest EoS (MS1 and
MS1b), we found a bound on the dimensionful coupling
constant /o < 1.29km, which provides the most con-
servative bound out of the EoS considered in this paper.
This new bound is comparable to other existing bounds
from BH observations summarized in Table I, and in fact
is the strongest if we do not account for the bound from
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FIG. 2. Relation between the tidal deformability and com-
pactness of neutron stars with various EoSs. GR solutions are
presented as solid grey lines, while sGB solutions with the di-
mensionless coupling constant of ( = 0.5 are given as colored
lines. The dashed lines correspond to the continuation
of the sGB solution following Asgs < 0.5Acr, where we
take the small coupling approximation to no longer
be valid. The yellow box corresponds to bounds placed on
a 1.4Mg NS with the A measurement from GW170817 by
LIGO/Virgo (A1.4 = 190739%) [13] and the compactness one
from NICER (Ci.4 = 0.15970:033) [52].

GW190814 [60] whose secondary object is uncertain.

Regarding tidally-deformed NSs, we first derive sGB
correction to the dimensionless tidal deformabil-
ity A (Eq. (55)). The correction arises from two
parts, one on the dimensionful tidal deformabil-
ity and another on the stellar mass used to nor-
malize the tidal deformability. These corrections
both enter at quadratic order in the sGB coupling
constant a. We next find that in general, the universal
relations between A and C remain relatively EoS insen-
sitive, though the EoS variation increases slightly from
the GR case (see Fig. 2). The deviation from GR in
the universal relation increases for NSs with larger com-
pactnesses, as the stellar curvature gets larger and the
sGB correction becomes larger. Unfortunately, this de-
viation is small and not detectable by current measure-
ment standards for NSs with ~ 1.4Mg from GW170817
and J0030+4-0451.

So far, studies on testing GR through multimessenger
observations via universal relations [47, 48, 52] have fo-
cused on combining measurements of two different quan-
tities for the same NS mass (e.g. 1.4M¢) as the universal
relations were constructed as a sequence of a single NS.
To go beyond this, we study the relation between A and
C for NSs with different masses. To be more specific, we
compared the A of a 1.4Mg NS to the C of a 2.08M
NS. We find that such a relation is EoS universal to a
fractional variation of ~ 10% and while this test seems
useful, this examination failed to provide any meaningful
bounds on the theory in question. We believe that more
EoS may be needed to further investigate this approach.

The structure of the paper is as follows: In Sec. II we
explain the details of sGB theory. Section III presents our
derivation of the sGB correction to the tidal deformabil-
ity parameter. Section I'V will discuss the implications of
these calculations for various EoSs and how they relate to
the results from NICER and LIGO. In Sec. V we discuss
the results of our analysis and compare what we find with
observations. Throughout this paper, we will make use
of the metric signature (—,+,+,+) as presented in [60]
and units c =G = 1.

II. SCALAR-GAUSS-BONNET GRAVITY

In this section, we will detail the decomposition of sGB
from EdGB, the action of the theory, and the field equa-
tions we will use throughout this paper.

A. Action

We begin with the basics of sGB gravity as explained
in [31]. The action for sGB is

S = /\/Tg [fcR - %VMV% +af(p)G+2U(p)| d'z,
(1)

where k = (16m)”", ¢ is a canonical scalar field with
potential U(p), f(¢) is a functional coupling of the scalar
field to the metric with coupling strength « (that has a
unit of length squared in the ¢ = G = 1 unit and when
¢ is dimensionless), and G is the Gauss-Bonnet constant
defined as

G =R?—4R,,R" + Ryp,  RM"7. (2)

There are a number of forms the functional, f(p), can
take (see [67-72]). For example, f(p) = e 7% for a
constant ~y corresponds to Einstein-dilaton Gauss-Bonnet
gravity that arises as a low-energy limit of a string the-
ory [73].

In this paper, we choose to work in the so called de-
coupling limit of the theory [31] with a massless dilaton
such that U(p) = 0. From this, our functional is Taylor
expanded about an asymptotic value of ¢ at infinity that
we take to be 0! in the form

F(@) = F(0) + fo(0)p+ O (¥7) . (3)

The first term in Eq. (3) contributes no information to
the dynamics of the problem. This is due to the fact
that G is a topological constant and thus when the first
term is considered, it yields a boundary term in the ac-
tion which does not contribute to the dynamics of the

1 As we explain later, a linearly-coupled sGB has shift-symmetry
and thus the asymptotic value of the scalar field is irrelevant.



LMXB BBH NS (this work)
01-02 01-03 max mass| A—C
Va [km]‘1.9 [61]]5.6 [62], 1.85 [63], 4.3 [64]|1.7 [65], 4.5 [60], (0.4) [60]| 1.29 —

TABLE I. Astrophysical bounds on (linearly-coupled) sGB gravity. We show bounds from a LMXB, binary black holes (BBHs)
and NSs. For BBH, the bounds come from gravitational wave observations and we show bounds using events during O1-02
runs and O1-O3 runs separately. The one in brackets come from GW190814 assuming that it is a BBH, which has some

uncertainty and the bound becomes much weaker if it is a NS-BH

binary. For NS, we present the bound from the NS maximum

mass. The one from the universal relation between the tidal deformability and compactness (A-C) is still inconclusive and

needs a further study.

problem. The second term in Eq. (3) will be used to con-
vert our full action to decoupled dynamical Gauss-Bonnet
gravity or shift-symmetric sGB gravity (which we refer
simply to sGB gravity in this paper). The final action of
sGB gravity that we consider in this paper is

S = / V9 [HR a %V#‘PV"W +apg|dic.  (4)

Note that the theory becomes invariant under the trans-
formation ¢ — ¢ + ¢ [39, 74, 75], where ¢ is a constant.
This is an example of shift-symmetric Horndeski grav-
ity [76]. In Eq. (4), we have absorbed the constant f ,(0)
into the coupling parameter a.

The coupling parameter has been constrained to be
va < O(1)km from black hole observations through x-
rays [61] and gravitational waves [60, 62—65] (see Table I).
Both low-mass x-ray binary (LMXB) and gravi-
tational wave sources were used to probe the exis-
tence of scalar dipole radiation, that is present in
sGB gravity, through the measurement of the or-
bital decay rate. Thus, one can probe sGB gravity
with dynamical spacetime through these systems
(as opposed to static spacetimes from the maxi-
mum mass of neutron stars found in this paper)
and the length scale being probed is roughly the
size of BHs (though the bounds depend also on
how accurately one can measure the orbital decay
rate).

Given that we are neglecting curvature interactions
higher than cubic order in the action, we treat the theory
in Eq. (4) as an effective theory and work in the small
coupling approximation. Namely, we assume ¢ < 1,
where ¢ is the dimensionless coupling constant given

by [44, 77, 78]

16 ma? 16 Ta? M@

E L4 - R(G) I (5)

where L = /R} /My characterizes the curvature length
of a NS with My and Ry representing the stellar mass
and radius in GR. For the duration of this work, we scale
this quantity by the compactness such that

C’g :Té’ (6)

which is another dimensionless coupling parameter used
widely in the literature. We aim to construct tidally-
deformed NS solutions in linearly-coupled sGB gravity
under the small coupling approximation valid to O(() or

O(a?).

B. Field Equations

The field equations may be found by varying the action
with respect to our dynamical fields, the metric g"” and
. This leads to

o 1 n
GHV = —EK:MV + % (THV + TlfV) y (73)

Oy =—-ag, (7b)
where G, is the typical Einstein tensor, K, is given by
Ky = —2RV,V,0+2(guR—2R,,)Op

+8R,(, V'V, — 4g,, R°V, Vs
+ 4RH,YV5V’YV590 ) (8)

the energy-momentum tensor for the scalar field is

1
T = VupVup = 59NV 0, (9)

and we define 0 = V,V#. We will assume that the mat-
ter we are dealing with inside of the NS can be described
as a perfect fluid, and so define the matter stress tensor
in Eq. (7a) as

Ty = (p+p)ufv” +pg"”, (10)

with pressure p, energy density p, and four-velocity of
the fluid uw*. This four-velocity is also forced to obey the
contraint that this fluid is timelike such that u,u* = —1.
Equation (10) satisfies the conservation VAT, = 0.

III. CONSTRUCTING TIDALLY-DEFORMED
NEUTRON STARS

In this section, we explain in detail how to construct
tidally-deformed neutron star solutions. We begin by



reviewing the ansatz for the metric, matter and scalar
field. We next derive tidal perturbation equations in GR,
present the asymptotic behavior of the solutions and ex-
tend this formulation to sGB gravity. We finally describe
how to compute the tidal Love number and tidal deforma-
bility for neutron stars.

A. DMetric, Matter and Scalar Field Decomposition

We begin by explaining the metric ansatz for tidal per-
turbation in sGB gravity. First, the background, static,
spherically symmetric line element is given by

ds? = —e™ Mt + "M dr? 4 r2d0? (11)

where dQ? = dh? + sin® 6 d¢?. We next choose to decom-
pose our metric terms as a series involving order-by-order
perturbations. There are two perturbations to con-
sider. For the first, denoted as ¢, we use an order
keeping parameter to represent the tidal deforma-
bility. For our second perturbation, we make use

J

of a to represent our sGB perturbation paramater
as shown in Eq. (4). We may therefore write our met-
ric as a perturbation series to O (e, @?).? Assuming small
deviations from GR (i.e. € < 1 and a < L?), we may
expand the metric given in Eq. (11) using 7(r) =
To0() + €710(7) Yam (0, ) + o 702(1) + €a?T12(r) Yo (0, @)
(with similar forms for the other metric func-
tions). Here Y}, are spherical harmonics and we
fix the angular dependence to the | = 2 spherical
harmonics since we are interested in quadrupolar
tidal deformations. For example, the (¢,t{) compo-
nent of the metric is given by

Y: 2 27112 Y-
Git = —eT = — 6T00+67'10 omta“Toetea“Ti2Yom

2 2
_ T €T10Y2 a“To2 ea”T12Ys
—e 00 e 0 m e 0 e m

= — 700 [1 “+ €710 ng(ﬁ, ¢)] [1 + 042 TOQ}
x [14 ea® T12Yom (0, 0)] + O(,a") . (12)

Following this, the metric ansatz is given by

ds® = —e™") [1 4 e 710(r) Yam (0, 9)] [L + o 702(7)] [1 + €a® T12(r) Yo, (0, ¢)] dt?
+ €7 [1 + €01 (r) Yam (60, $)] [1+ a?002(r)] [1 + €a® 012(7) Yo (0, ¢)] dr?
+ 7% (1 + € K10 Yo, + €a® K12Ya,,) dQ* 4+ O(€%, )
= —¢700 [1 + €710 Yom + &® 02 + €a® (112 + TloTOQ)}/Qm} dt?
+ e700 [1 + €010 Yom + a?ops + €a? (012 + Jloaog)ng] dr?
+ 7% (1 + € K19 Yo, + €a® K12Yo,,) dQ* + O(€%,0?) . (13)

Notice that there is no Ky as it can be gauged
away [44]. We will also only consider the axi-symmetric
(m = 0) modes, which allow us to write the explicit form

of the angular dependence as®

Yoo = i\/i [3cos® (0) — 1] . (14)

In addition to the background functions 7, (r) and o44(r)
at different orders, we introduce a new metric term
Ka(r) to include radial dependence in the angular com-
ponent of the tidal perturbations. The first index on
radial functions counts the order of tidal perturbation e
while the second index counts the order of a.

We will also expand our scalar field and matter com-

2 Reference [79] showed that the leading order correction to the
metric in sGB is of O (a2).

3 This choice is just for simplicity as the tidal deformability is
known to be independent of m [11].

(

ponents in terms of € and « as well*

@ = oo + a o1 + eaprr + O (e,07) | (15a)
P =poo + €p1o + & po2 + ea’pia + O (e,0°) ,  (15b)
p = poo + €pio + Oé2 Po2 + 6a2p12 +0 (67 CUS) . (15C)

The purpose of this expansion will be clear as we progress
through the derivation.
B. General Relativity

We now derive tidal perturbation equations in GR. For
our analysis of GR, we will restrict ourselves to the metric

4 The O (a) components of the pressure and density do not con-
tribute to the field equations [44].



FIG. 3. Flowchart illustrating the method order used in this paper. Relevant sections for specific O (¢™,a™)
solutions are included. The colored boxes indicate which aspects of the calculations are being considered as
deviations from the unperturbed GR solution: tidal perturbations are shown in green, while sGB corrections
are shown in blue. The overlap of the areas represents the new work in this paper.

under the assumption a = 0:

dstip = —€™ (1 + €710 Ya,) dt?
+ €79 (14 €019 Yo ) dr?

+ 72 (14 € K19 Ya,,) dQ?. (16)
Equation (16) is the same metric as in [11] (see also [80,

| for relativistic formulation of tidal perturbations in
GR), so we will take the same approach to resolving the
metric components.

1. Background at O(e°, a")

At O(%), we recover the standard Tol-

man-Oppenheimer—Volkoff (TOV) equations. The
(t,t) and (r,r) components of Eq. (7a) yield
d
5:0 = 477[7007“27 (17a)
2(4 3
dtoo _ (4mpoor 2+ mo) 7 (17b)
dr r? (1 — 220)
where we have introduced the mass function
2
e = (1 - mo) . (18)
r

Additionally, conservation of the matter stress tensor
V. TE = 0 gives

dpoo _ (poo + Poo) (4mpoor® + mo) (19)

dr r2 (1 — 2ﬂ)

r

We numerically construct the interior solution as fol-
lows. At the center of the star, we may Taylor ex-
pand our functions (mg, 700, Poo) about r = 0 and choose
some initial small ry as our starting point. Here, we
choose some initial density and find the corresponding
pressure through the EoS we are using. This gives us
our initial conditions for the differential equations we
need to solve. We choose to terminate the integration
of Egs. (17a) and (19) when the pressure decreases by a

factor of 107! from the initial pressure determination;
this is the radius we call Ry. We next choose a trial
central value for 799 and solve Eq. (17b) to construct
a trial solution for 799. The EoSs we use through-

out this paper are AP3 [382], AP4 [82], ENG [83],
DBHF [84], G4 [85], MPa [86], MPA1l [87],
MS1 and MS1b [88], SLy [82], WFF1 [89], and
WFF2 [89].

For the exterior of the star, we may solve the above
equations assuming pgg = poo = 0. We determine the
metric components to be

2M,
oSt = —In (1 -= 0) : (20a)
2M,
75t = In (1 - O) , (20b)

where My is the total mass of the star enclosed in stellar
radius Ry, and can be found via boundary matching with
the interior solutions of the star; My = mg(Rp). This
also determines the exterior solution for 7y, which can
be used to obtain the correct interior solution for 799 by
shifting the trial interior solution by a constant. The
latter is determined through the matching of the interior
and exterior solutions for 749 at the surface.

2. Tidal Perturbation at O(e',a®)

At O (¢), we are able to solve for the metric compo-
nents (or their derivatives) through manipulation of the
field equation components. Subtracting the (¢, ¢) com-
ponent of Eq. (7a) from the (6, §) component gives us the
relation

010 — —T10 - (21)

Additionally, the (r,0) component provides the relation

dK10 :_<d7’00)7_10_d7'10 (22)

dr dr dr



Conservation of the matter-stress energy tensor also
yields two relations:

Vom
P1o === (Poo + poo) T10 5 (23a)
\Vbrr r—2mg d poo
= 23b
P10 4 (47rp007"3 —|—m) ( dr ) 710 (23b)

The interior solution to Eq. (24) can be found by forc-
ing regularity at the center of the star, which yields the
initial condition

Tligt(r) ~agr: + 0 (T4) , (25)

where ag is an integration constant. The exterior solution
for Eq. (24) is solved by assuming poo = poo = 0 and
solving accordingly. The resulting solution takes the form

ot — e (o ’ 1—2M0 §ln S
10— M() r 2 7‘—2M0

7M0(M0 — T)(2M02 + GM()T‘ - 37’2)
r2(2My — r)?

+3c, <z\20>2 (1 - 2];4°> : (26)

where ¢; and ¢y are integration constants which can be
solved for at the boundary of the star in terms of the
interior initial condition ag. Taking the limit of this ex-
pression as r — oo gives us the series

8 (My\® 1
T3 (r — 00) & e <r0> +0 (1"4>

+ 3¢ (AZO)Q Lo, (27

which has a direct correlation to the external quadruo-
plar field (O (’I“Q)) and the body’s quadrupole moment
(O (1 / 1"3)).

We will later need K¢ to find the tidal perturbations
in sGB gravity. This quantity can be found by looking
soley at the (r,r) field equation of Eq. (7a) at O (e*, a?).
Making use of the GR solutions presented in Sec. [IIB 1,
as well as Egs. (21)—(23) we may simplify the (r,r) equa-

d? 2 2 d
10 4 [ + e <:;0 + 4mr(poo — Poo))} 7'10

Equations (21), (22), and (23) allow us to rewrite the
field equations in terms of only a single metric compo-
nent 719. Considering only axisymmetric solutions, we
may take the difference between the (¢,t) and (r,r) field
equations to obtain [11]

dr

6 d d7o0\”
- lzeaoo — dme? <5P00 + 9poo + (poo + Poo) poo> + <TOO> ] 710 = 0. (24)

dpoo dr

[
tion to solve for Ko and find it to be:

1
2r (r — 2my)

2
mg 3m 3 T 3 1
—32 (20 °c Z _ =
[ 6 " ( 4 Poo™ P00 = 1T | Mo

dTlo
dr

{47" (2mg — 1) (poom“g + @)

Kio= 1

™ ™ 1
—|—7"2 <7r2p%0r4 — gpo()TQ — §r2poo + 16)} 710} .
(28)

The corresponding interior and exterior solutions may be
found with the appropriate substitutions.

C. Scalar-Gauss-Bonnet Corrections: Background

Let us next extend the GR formulation reviewed in
the previous subsection to sGB gravity. The isolated NS
solutions for the sGB metric corrections were previously
derived in [44]. The scalar field is generated at O(«),
which sources the metric correction at O(a?). We here
state relevant results from that work.

1. Scalar Field at O(°, o)

We begin with the expansion of the scalar field as pre-
sented in Eq. (15a). Recall that due to shift symmetry,
we may shift our scalar field by ¢ — ¢ — g to obtain
¢ ~ O(a). This gives us Eq. (7b) as a pure function
of a. Therefore, all curvature terms will be constructed
with the results found in Sec. III B. The field equations
for the scalar field leads to the differential equation

d*o01 2 [mo —r+217*(poo — poo)] dpor
dr2 r(r—2mg) dr
128713 (mo + 2mpoor?) poo — 48m3
+ .
5 (r —2myg)




For the interior solution, we solve numerically the
above equation with the solutions to all background
terms obtained at GR order. The initial conditions for
our integration are found as in GR by taking a Taylor
expansion of Eq. (29) about » = 0 and assigning some
small initial radius rg < Ry. This allows us to obtain
the interior solution up to a constant that corresponds
to a homogeneous solution to Eq. (29) and can be found
by matching the interior solution to the exterior solution
(described below) at the stellar surface.

The exterior solution may be found by the limit pgg —
0, poo — 0, and my — Mj. Such exterior scalar field may
be solved analytically and found to be

c, 2 M, 1 2 M,
ext — In(1- —In(1-
o1 QMOD( r >+M3n< r

2 1 1 4M,
+T<J\40+T+ >+C2 (30)

3r2

Requiring a vanishing scalar field at spatial infinity allows
us to set Cy = 0. Expanding Eq. (30) as r — oo, we find

- C1 MyC, 4MEC 1

vl = ro oz 323 © <1"4> - (31)
In this limit, we find that C; represents a scalar monopole
charge for the NS (normalized by «). However, it has
been shown that such a charge does not exist for NS in
sGB theory [46]. Therefore, we are justified in setting
C7 = 0 here and express our exterior scalar field as

eXt_Lln 1_2M0 +g L+1+4M0
o1 Mg r r\My r 3r2)°

(32)

2. Metric at O(e®, a?)

With our scalar field in hand, we may move onto the
metric terms. We may see that Eq. (7a) is of O (a?),

J

and thus all background terms refer to solutions already
found. The interior solutions can be solved for numeri-
cally, but we must take care in some instances. First, we
must define the perturbation to the density pgs. If we
allow the total density to be written as pgg + o?poa =
P (poo + a2p02) where p(p) is a functional representing
our equation of state, we may Taylor expand about small
a to recover our perturbation

_ dpoo\ (dpoo)
£02 —P02< dar ) < dr > . (33)

Next, we find a modified TOV equation

d po2 1 d o2
- _9
dr 2r (r — 2my) {T (Poo + poo) (r = 2mo) dr
m
—8 (poz2 + po2) (1700777‘3 + TO)} ; (34)

which can be solved for simultaneously with the met-
ric components (Eq. (35a)) to find a new boundary to
the star. We define a new boundary R, where the to-
tal pressure poo + a?pos decreases by a factor of 10711
from the initial pressure. We choose the initial condition
by assuming the EoS is unaffected by the sGB correc-
tion. That is, we set pp2(ro) = po2(ro) = 0. Once an
initial density is chosen, we find a corresponding initial
pressure via the EoS, and continue the integration from
there. The new radius is given by R = Ry + o> Ry with
poo(R) + a?poa(R) = 0, which can be solved order by
order to yield Ry = —po2(Ro)/ppo(Ro). With this in
mind, we may solve for the interior solution of the NS
numerically using the equations presented in [14] along
with Eq. (34). The equations for the metric functions
(To2,002) can be solved for by looking at the (¢,¢) and
(r,r) components of the field equations at O (60, az),

dog2 1 8 dor )’ 4 ((5m3 3 3,9 4\ [ 4o
R (- —2mo) 47r® (r — 2my) ( i > + 51271 (4 — <7rp00r + 2w poor” + 4r) mg + TpPeor > ( pn >
+8Tpoodoar? + 327687 poopoomor® 4 8mpar? + 1638412 ma poor® — oo’ — 61447rm8} , (35a)
d To2 1 [ 4 door\? 3, M d o1
- 4 —9 12 ( 7) _
dr 3 (r —2myg) mr (1 = 2mo) dr 512 {mpoor” + 4 (r = 3mo) dr
+87poooozr’ + 8mpar® + oar’] (35b)



Externally, the metric components may be solved for analytically as

2 M\ " M,
S = <1 - °> Myt {sz (1 - ;0) In (1 -
T T

1607

My
;

(487r—647rM — 487 M+<C rd—
'

2Mp\ ! M, 2M,
o3t = (1 - 0) M;* (0) [—Sn In (1 - ==
T T T
M,

M, 4 M2
(167r+16 °+(637r—0 )

where C), is an integration constant and we have already
ensured that the limit for the metric perturbations as
r — oo vanishes. We also note that in the limit of » — oo,
the full metric component at O (e, &) becomes

2Mo + a2C, 1
gtt:—<1—0a>+0(r2) . @3

From Eq. (37), we see that the term we call C,, is a
correction to the mass. We may therefore allow us to
redefine our mass in terms of the My from the GR con-
tribution as well as the correction from sGB gravity as

M=M0+a2%”, (38)
which presents our metric in the limit » — oo as the
familiar g»» = — (1 — 2M/r). Note that upon observation
of the NS mass, the measured value will be M.

Similar to the GR case in Sec. ITI B 1, we determine the
integration constants via matching the interior and exte-
rior solutions at the background surface Ry (contribution
from the correction to the radius enters at higher order).
We first make the assumption that the EoS itself is un-
affected by the sGB parameter at the center of the star.
Therefore our initial conditions will remain identical to
the GR conditions at r = r¢ (i.e. po2(ro) = po2(ro) = 0).
We may then solve the interior equations in Egs. (33)

J

>J\/[§’_3527r]\451_512771\4§’

+32m g+

9 M,

-)

12807 M
r3 5 rd 5 r5+ 3 7“6”7 (362)

M3 256w M

58887 J\405> ]

5 r4 3 b (36b)

(

and (35a). We then match the ogy interior with that in
the exterior in Eq. (36b) at Rg to determine C,,. o2 is
determined by first choosing a trial initial condition and
solve Eq. (35b) in the interior region. We add to this a
constant (corresponding to a homogeneous solution) and
determine it by matching the solution to the exterior one
in Eq. (36a) at the surface.

D. Scalar-Gauss-Bonnet Corrections: Tidal
Perturbation

The final step of our calculation is to solve for the tidal
perturbation to the scalar field and metric functions in
sGB gravity. We begin with the scalar field and make
use of Eq. (7b) and the results of Sec. IIIB to find our
solution. Recall that the metric only contains corrections
at O (e,a%) and O (e, a?). Since ¢ ~ O (a), we will only
need the GR contributions to the metric in the scalar
field equation. Therefore, our correction to the scalar
field will be O (e, ). The metric will be corrected at
O (e, a2) as previously shown.

1. Scalar Field at O (e, &)

At O (e, @), the field equation for ¢ is given by

d® 11 n 1 d1oo  dogo +§ den  6e7 _2rdKiy  4mo dP1o0  2d°mg
dr? dr  dr r| Tar Tz T 3 dr 3 ) &z 3 arz
2 dT00d2K10 _CdKIO _27_ dTOO dK10+2T dO’OO _édKu) _?dTlo dToo
C3r dr  dr? 3 dr 310 ) " ar 3 dr 3 dr dr
driodooo | s, 710\ d°Too d 10 3. d28001
0 4 16 (K —) p
dr dr T Bt 5 ) e T e 0 g2
2
710\ { dToo dm 710\ dooo 3 dpo1 d o0
8 (K —) 2700 1 (K —) - — 24
tor o+ 2 < dr ) * { " o+ 2 dr "o dr 10 dr
d o1 dTio dogo d Ky d7'10 d o1
3 —24 — 272 27 . 39
+ (r g T o) g g T T ) g (39)



For solving Eq. (39) in the interior of the star, we follow
a procedure laid out in [77] for dynamical Chern-Simons
gravity. First, we solve Eq. (39) with arbitrary initial
conditions such that ¢(r) and ¢'(r) are regular at the
center of the star. This will give us a particular solu-
tion ", Next, we solve Eq. (39) assuming the source
vanishes. Again, with arbitrary initial conditions that
ensure regularity at the center of the star, we recover a
homogeneous solution ¢{$™°. Our full interior solution

for the scalar field may then be written
P = @l + O i, (40)

where C, is a constant to be matched at the boundary
of the star with the exterior solution, which we will solve
for now.

Given the complication of Eq. (39), instead of finding
the exterior solution analytically, we make the ansatz
that the scalar field is given by a polynomial series
through the Taylor expansion about r = oo as

) L (41)
k=0

We can solve for each coefficient order by order in r us-
ing Eq. (41) with Eq. (39) and find only two unknown
constants, ¢g and ¢5. Following [0, 91] in the case of
scalar-tensor theories and Chern-Simons gravity, we set
the scalar tidal field to vanish. Namely, we require the
scalar field to be finite at r — oo, which leads us to
¢o = 0. Therefore, we find our exterior solution to be
approximately

2402 2462 ¢5 12802M3 - 3M0(b5

L Mor r2 r3 rd
16 [ 128co M3 — 3MZ¢s
T < 70 )
4 (504ci Mg — 16000co M + 3T5ME s
105 < 76 >
8 [ 812¢ci My — 16000ca M§ + 375M ¢
105 < 7 )

2625 r8
(42)

J

dr?

d2
o1 = —Tiz + 32me "7 {2710 ( 9"01) + 2011 (

8 (50276011\4(? — T84000c, M§ + 18375M5>¢5>
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where we have kept up to O (1 / r8) which we found en-

ext

sures that our series for ¢{}" converges.

We may now match Egs. (40) and (42) (and also
their first derivatives) at the stellar boundary, Ry. This
method allows us to find the solutions for the interior and
exterior numerically, and we are left with constants C}
and ¢5. Due to the construction of the interior solution,
the arbitrariness of the initial conditions is absorbed into
the constant term in front of the homogeneous solution.
Therefore, as long as we ensure regularity at the center
of the star, the exterior solution will remain independent
of the interior conditions chosen.

2. Metric at O (e, oz2)

We finally study the tidal, sGB correction to the metric
at O (e,on). We may solve for the metric equations as
well as the density and pressure perturbations via the
field equations in Eq. (7a) and conservation identities.
Keeping both sides of the equation to O (e, ozZ) we mimic
the approach from Sec. IIIB. Similar to the GR case,
conservation of the matter stress energy tensor yields the
relations similar to Eq. (23) for the new perturbations

(P12, p12):

VT

P12 = == — {(Po2 + po2) 710 + (Poo + poo) T12] , (43a)
1 r d To2
_ b )
P12 4mpoor3 + my {2 (Pro + pro) (r = 2mo) dr
Vo [4 d po2
— [ =(r—2myg) | 110
™ T dr
d po2 dpoo  dpoo
—r0Z . 43b
+710 ar —I—’7'12< dr + dr ( 3 )

Subtracting the (¢, ®) component from the (6,6) com-
ponent provides one relation between two metric compo-
nents, while the (r,6) component provides another:

d T00 dT()o 2
dr? >+<,011( dr )

d po1 dooo d Too dooo \ (dyor
AU @700 ) _ 44
* {( dr )010 o ( dr dr o\ Tar dr ’ (44a)
d Ko 1 _ d Ky dpo1 d 1 d 1o d 10 d o1
— 4 00 4 _ _ —
dr 2r2 {6 e [(7‘( T+ dr ) dr 2r dr 2pn dr 2T ar ) Tar
r d 10 d o1 droe . 7T dTi2 T2+ 012
2320 | 2 11y — 019) 210 deo | T ranz . 44b
s2r [32 (T2 = on2) = Fron ==+ gm0 = 16 (44b)



Armed with these relations, we may express the field
equations (t,t) — (r,7) in terms of the metric component
T12 and previously solved quantities. This results in the
differential equations

d2 T12 dT12
Bri CT = ST P 45
dr? + dr + O (45)

J

4w (poo — poo) + 2 (r — mo)

11

where the coefficients B, and C, are given by

B'r - ; 46

r(r —2mg) (46)

o 472 (dp00> 4mg + (1047poor® + 40713 pog — 121) mg + 6472p3,r® — 36mpoor? — 20mrt poo + 672
T Amrdpgg +mo \ dr 2 (r — 2mg)?

Let us now discuss the source term S, in Eq. (45).
The full expression is rather lengthy, which we provide
in a supplementary Mathematica notebook [92]. How-
ever, we found that the tidal Love number from the so-
lution to Eq. (45) with the full source expression suf-
fers from some ambiguity that we discuss in Sec. IITE 2.
To overcome this, we consider working within a post-
Minkowskian (or post-Newtonian) approximation, where
we assume m < r and expand the differential equation
about m = 0. The leading, O(m°) corresponds to the
Newtonian contribution, while higher order terms corre-
spond to post-Newtonian contributions. We found that
the ambiguity is absent if we only keep the source term
at O(mY), which is given by

2mTi072 d d
0) _ _ 10 Poo \ 9 Po2 A
> mg [002< dr ) m”( ar )]

Thus, we only work to this order in the source and com-
pute the Love number. In Appendix A, we show that
O(m?) indeed gives us the dominant contribution to the
source term by solving Eq. (45) with the full source term
and comparing it with the case with the leading source
term in Eq. (48).

We solve for 712 similar to Eq. (40) by solving the ho-
mogeneous and particular parts of Eq. (45) separately
ensuring that the metric function is regular at the center
of the star. The full interior solution will take the form

int _ __part homo
Ty =Tz + Dp1a™", (49)

where D;, is a constant which must be matched to the
exterior solution at the boundary of the star Ry. For
the exterior solution, we again make use of a polynomial
series ansatz

=) (50)
k=0

valid to O (T*Q) to ensure our result converges to a solu-
tion, and determine each coefficient order by order in r.

(47)

(

For example, the exterior solution for the leading order
source term at O(m?) is

1 3 M, 50M2
ext __ 2 0 0
Tio = ToT™ + —2MoyT1or + T5 <’l"3 + 77”4 75
110M5’ 100]\46l 208M(‘)5 1568Mg
+ + +
7r6 3r7 3r8 1179
(51)

E. Love Number and Tidal Deformability

We are now ready to define and explain how to com-
pute the tidal Love number and deformability, and some
ambiguity associated to it.

1. Definition

The tidal deformability A is defined as [11]
Qij = —A&ij (52)

where &;; is the quadrupolar external tidal field while @;;
is the tidally-induced quadrupole moment of a neutron
star. The former (latter) can be read off from the ¢ = 2
part of the 72 (r=3) piece in the asymptotic behavior of
the metric function 7 at infinity. It is convenient to study
the dimensionless tidal deformability:

A

A= ek (53)

This quantity is related to the tidal Love number or
the second apsidal constant as ko = (3/2)AC®, where
C = M/R is the stellar compactness. In GR, A is com-
puted from the integration constants c¢; (related to the
quadrupole moment) and cs (related to the external tidal
field) in Eq. (27) as [11]

8 C1

Ay = . 54
07 45¢, (54)




How does Eq. (54) change in sGB gravity? There are
two main corrections: (i) ¢; in Eq. (54) and (ii) M in
Eq. (53). The former is corrected to ¢; + a?§c; with

ocy = ﬁﬁ,, while the latter is corrected to My + oM,

where My = %= from Eq. (38). ¢, is uncorrected since
we have set the sGB correction to the tidal field to zero
(which corresponds to absorbing the tidal field correction
to the GR contribution). Putting these together, we find
the dimensionless tidal deformability in sGB gravity as

8 (cl + a26cl) o Mo -5
A=————~|(1 — .
45 C2 ( ta Mo > (55>

2. Ambiguity in Love

We now comment on the potential ambiguity in the
definition of the Love number or tidal deformability [03]°
in sGB gravity. To compute the Love number, we extract
the tidal field strength from the coefficient of the grow-
ing mode (whose leading order is r2) in the asymptotic
behavior of 7, while we determine the quadrupole mo-
ment from the coefficient of the decaying mode (whose
leading order is ). However, there is no unique way
to separate these two modes a priori.

Let us study the asymptotic behavior of 779 in GR in
Eq. (27) as an example. Here ¢; (c¢2) is the coefficient
of the decaying (growing) mode. If we now shift ¢; as
c1 = 71 + coy; for constants «; and 47 and absorb terms
proportional to co; to the growing mode, the coefficient
of the decaying mode now changes to ;. Namely, one
can always absorb a part of the decaying mode to the
growing mode and this is why there is no unique split of
the growing and decaying modes unless we specify how
to do so. One way to alleviate this issue is to perform
an analytical continuation in the number of spacetime
dimensions d. This method is discussed in [93, 95] and
shows that by applying this technique in GR, one may
obtain separate solutions for the growing and decaying
modes, corresponding to c3 and ¢; in our notation.

A practically simpler method of identifying the grow-
ing/decaying modes was proposed in [93]°. The prescrip-
tion gave there was to find the constant c¢; such that the
growing mode only contains finite number of terms when
expanded about r = co. This is indeed the case in the
solution for 719 in GR in Eq. (26), where the growing
mode only contains terms of O(r?) and O(r). The pre-
scription has been shown to work when computing the
Love number for slowly rotating compact objects in GR
(up to quadratic order in spin for black holes and first
order in spin for stars) [93].

We here apply this prescription to sGB gravity to see
whether the ambiguity exists in the calculation of the

5 See [94] for another type of ambiguity in the Love number.
6 See [96] for an alternative prescription.
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FIG. 4. Similar to Fig. 1 but with ¢ = 0.5.

Love number. We begin by considering 715 at O(mP)
in the post-Minkowskian expansion. The exterior solu-
tion is given in Eq. (51). Notice that the growing mode
only contains terms proportional to O (r) and O (r2)
(similar to the GR case). This means that the growing
mode only contains a finite number of terms and thus
we expect one can uniquely identify the growing and de-
caying modes to compute the Love number. We found
that this is no longer the case with higher order post-
Minkowskian expansion and thus we focus on the lead-
ing post-Minkowskian result to avoid the ambiguity in
the definition of the Love number.

IV. ASTROPHYSICAL COMPARISON
RESULTS

In this section, we will present the results of some as-
trophysical studies in order to place potential bounds
on the sGB correction terms. Ideally, one should rean-
alyze the data collected by LIGO/Virgo, NICER, and
radio telescopes with the sGB waveform templates,
pulse profiles, and timing residuals to estimate the
mass, radius, etc. if one wants to use these quantities
to test sGB gravity. However, the estimate of these un-
der the GR assumption can be a good approximation
for the following reason. In sGB gravity, NSs do not
carry scalar charges at O («) which suppresses the scalar
dipole radiation from a NS binary. Moreover, the exte-
rior spacetime of a non-rotating NS is almost identical
to the Schwarzschild metric in GR with the difference
entering at O(M{ /r7) [14]. These suggest that the sGB
correction to the gravitational waveform, pulse profile,
and Shapiro time delay may enter at high order. For
simplicity, we use the GR estimates of the NS quanti-
ties in this paper and leave a more detailed analysis for
future work. In App. B, we focus on the tidal de-
formability measurement with gravitational wave
observations and compare the leading tidal effect
in GR with the sGB contribution to justify our
choice.
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FIG. 5. Mass-compactness relations in GR (solid) and in

sGB gravity with ¢ = 0.5 (dashed) for various EoS. We also in-
clude the mass and compactness estimates with 1-o errors for
two NSs, J0740+6620 (yellow box) [56, 59] and J0030+40451
(green box) [6], as well as recent compactness bounds for a
1.4Me NS (black dot with 90% credible error bars) inferred
from NICER data [52].

Figure 4 shows the mass-radius relations for GR and
sGB with ¢ = 0.5 in a number of EoS. Notice that
the maximum mass for each EoS in sGB gravity is
smaller than the GR one, which was first found in [14].
Comparing this with a measurement of ~ 2Mg pul-
sars [56, 58, 59, 97], one can constrain sGB gravity for
each EoS’. For example, while a NS governed by the SLy
EoS is valid in GR in terms of its maximum mass, sGB
gravity with a ¢ = 0.5 is ruled out from observations.
Figure 1 shows a similar mass-radius relation but with
the maximum value of ¢ allowed for each EoS to support
a NS with 2.01 Mg, the lowest bound on the maximum
observed NS mass provided in [56, 57]. Observe that, in
general, the bounds are stronger for softer EoS. For all
the EoS considered in this paper, the most conservative
bound on sGB gravity comes from the stiffest EoS, MS1,
which gives the bound /a < 1.29km®, which is compa-
rable to other existing bounds mentioned in Sec. ITA. If
we assume that the radius bounds at 1.4Mg and 2.08 Mg
in [59] hold also in sGB gravity, MS1 is inconsistent with
such measurements and the conservative bounds should
come from MPAT1 out of all the EoS that we consider
here, which gives v/a < 0.993km. A better understand-
ing of the EoS is necessary to place limits on ¢ based on
mass measurements alone.

NICER has measured not only the radius but also the
compactness of NSs. Figure 5 shows the relation between
the mass and compactness in GR and sGB with ¢ = 0.5,

7 See Ref. [411] for a similar analysis on constraining Einstein-
dilaton Gauss-Bonnet gravity from the investigation of the NS
maximum mass using an APR EoS.

8 This bound comes from ¢ < 1.78, which satisfies the small cou-
pling approximation of ¢ < 1 in Eq. (5).
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together with constraints from the two pulsars observed
by NICER. It would be difficult to use the measurement
of J0030+0451 to constrain sGB gravity as the deviation
from GR only becomes noticeable when the NS mass or
compactness becomes relatively large. We have a bet-
ter prospect of constraining the theory with J0740+6620,
though the bound will depend on the choice of EoS, sim-
ilar to the mass-radius case.

One may find bounds on the theory that are less sen-
sitive to EoS through universal relations. Here, we focus
on the relation between the dimensionless tidal deforma-
bility A and compactness C' that is known to be univer-
sal in GR [19, 51]. Figure 6 shows the A-C' relation in
GR and sGB gravity with various values of . Observe
that the relation is still universal in sGB gravity for a
fixed ¢ when the sGB correction to A is smaller than the
GR value by 50% (beyond this, the small coupling ap-
proximation may be invalid). Notice also that A in sGB
gravity is smaller than that in GR for a fixed C' and the
deviation from GR becomes larger as the compactness
(and thus the stellar curvature) increases. To check our
numerical calculation, we present in Appendix C an an-
alytic derivation of the A—C relation to leading order in
the post-Minkowskian approximation for constant den-
sity stars. We find a qualitatively similar behavior as for
the realistic EoS case (that the sGB effect makes the tidal
deformability lower and the deviation from GR increases
as one increases the compactness).

To apply this universal relation to the measurement of
A and C obtained from different system (e.g. GW170817
for the former and J00304-0451 for the latter), one needs
to first convert the measurement of A and C at the
same mass. The LIGO/Virgo Collaboration has derived
a bound on A for a NS with a mass of 1.4M. The com-
pactness bound from J0030+0451 for the same mass has
been obtained in [52]. We show these measurement er-
rors of NSs at 1.4M as yellow boxes in Fig. 6. For all
¢ values considered in the figure, both the GR and sGB
relations go through the error box, which suggests that it
would be difficult to constrain sGB gravity with observa-
tions of GW170817 and J00304-0451. This is because the
stellar curvature of NSs with 1.4Mg is not large enough
and a potential sGB effect is too small to be probed with
a combination of observations of these astrophysical sys-
tems.

We can investigate the possibility of using universal
relations in an alternate way by making use of the A and
C relations for different masses. We choose 1.4M for
the tidal deformability measured from GW170817 [13]
and 2.08M, for the compactness inferred from J0740-
6620 [58, 59]. Figure 7 presents the relation between
such quantities in GR and sGB gravity with two different
choices of ¢, for various EoS. Notice that there is a strong
correlation between Ay 4p7, and Cs 0811, , similar to the
A—C relation for the same NS masses in Fig. 6. We also
show fits to the relation in each theory given by

log Ay .4nr, = ag + a1C.0801 (56)
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| GR [sGB (¢ =0.1)[sGB (¢ = 0.2)
11.702 11.363 12.307
21.593|  -20.087 -24.319

ao

ai

TABLE II. Fitting coefficients in Eq. (56) for the A1, —
C2.08Mm, Telation in Fig. 7.

with the coeflicients given in Table II. The EoS variation
in the Ay 4nr, —Ca.080,, relation is ~ 10%.

Let us now discuss whether one can place bounds on
sGB gravity through the A measurement of GW170817
and the C measurement of J07404+6620 using the
A1 4n1,—Co.080,, relation. We show the measurement er-
rors from these observations as a yellow box in Fig. 7.
First, notice that the theoretical prediction in GR is only
marginally consistent with the error box, which is due to
a slight tension in these measurements that GW170817
prefers softer EoS while J0740+6620 prefers stiffer EoS.
Second, notice that the relations in sGB gravity are also
consistent with the measurements. As we increase (,
there is less number of EoS that can support a 2.087, NS
and it becomes more difficult to draw a robust conclusion
from the universal relation with only the EoS considered
in this paper. Additionally, it is difficult to deter-

mine whether the scatter seen with the points in
Fig. 7 is dominated by the EoS-variation in the re-
lation or the difference in gravitational theories.
Thus, one needs to carry out a more detailed analysis
with a significant increase in the number of EoS to see
whether one can place a meaningful bound on sGB grav-
ity from this new type of universal relations for NSs with
different masses. Such a relation may provide a new way
of combining different NS observations in the multimes-
senger astronomy era to probe strong-field gravity.

V. CONCLUSION AND DISCUSSION

In this work, we combined different NS observations to
probe sGB gravity where a quadratic curvature term is
present in the action. In particular, we derived a correc-
tion to the tidal deformability in this theory for the first
time. Our method made use of a perturbative scheme
in terms of both small tidal deformation and small sGB
coupling constant. Furthermore, keeping only the lead-
ing post-Minkowskian part in the source term of the
field equation at linear order in tidal deformation and
quadratic order in the sGB coupling, we were able to
avoid ambiguities in defining a Love number by allow-
ing for a separation of the growing and decaying modes
which is not apparent in the full solution.
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We found the following main results. For NSs without
tidal deformation, we found that the maximum mass of a
NS decreases as one increases the sGB coupling constant.
This allowed us to set an upper bound on the theory that
is EoS dependent. Taking the stiffest EoS considered in
this paper that gives us the most conservative bound,
we derived a bound that is comparable to other exist-
ing bounds from BH observations. For tidally-deformed
NSs, we found that the sGB correction to the dimen-
sionless tidal parameter A increases as one increases the
NS compactness C. Moreover, the relation between A
and C' has been known to be EoS-insensitive in GR, and
such universality is preserved in sGB gravity for a fixed
dimensionless coupling constant (, though the relation
itself deviates from GR, especially at large C. We next
applied this universal relation to astrophysical observa-
tions by LIGO/Virgo and NICER. We found that from
the tidal deformability and compactness measurement of
a NS at 1.4M), it is difficult to constrain the theory via
the universal relation as the deviation from GR is too
small. We also compared the A and C relation for dif-
ferent mass systems (for GW170817 and J0740+6620).
Through this avenue we found that, at the current mo-
ment, no significant bounds can be placed on the theory.
However, we find this method to be useful and worth
consideration in the future as more data and observa-
tions become available.

We end by providing several avenues for future work.
First, it is important to study in more detail the am-
biguity in the Love number in sGB gravity. One can
apply analytic continuation and see if one can unique
identify the tidally-induced quadrupole moment from the
asymptotic behavior of the metric. Second, ideally, one
should reanalyze the data obtained by LIGO/Virgo and
NICER with the sGB waveform template and pulse pro-

file to estimate A and C without assuming GR. Third,
we need to refine the relation between A and C for dif-
ferent mass systems presented in this paper by studying
broader classes of EoS. Lastly, it would be useful to con-
struct a parameterized fit for the Love-C relation that
includes the sGB one as an example, which is similar to
what has been done in [52] for the I-Love relation with
dynamical Chern-Simons gravity.
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Appendix A: Convergence Test

Since our approach for identifying the Love number
is based on an expansion in the mass terms, we need
to check if we are keeping enough terms in the source
term in Eq. (45) to show that our solution is converging.
To achieve this, we solve Eq. (45) with the full source
term and compute the tidal deformability assuming that
the 1/r® part of 712 in its asymptotic behavior contains
purely the quadrupole moment contribution. That is,
we do not consider our full result to be contaminated by
the ambiguity discussed in Se. IITE2. Figure 8 shows
our results of this check, where we compare the tidal de-
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from the latter. Here, we use ¢ = 1.0 for the sGB term.

formability of the leading post-Minkowskian source and
the full source in Eq. (45). We see that the leading order
solution and the solution presented with the full source
term are sufficiently close. This justifies that the leading
post-Minkowskian contribution in the source is indeed
the dominant term and provides support to our post-
Minkowskian analysis that evades the ambiguity in the
Love calculation.

Appendix B: Estimate of Systematic Errors to Tidal
Deformability Measurement

It is important for us to check to ensure that
the systematic errors on measurements of NS ob-
servable due to the GR assumption are negligi-
ble when using them to test sGB gravity. Given
that the main focus of this paper is on the tidal
deformability, we will focus on this observable in
this appendix and compare the sGB correction to
the leading tidal effect in the gravitational wave-
form from a binary neutron star inspiral.

There are two types of corrections to the wave-
form, (i) dissipative (gravitational wave luminos-
ity) and (ii) conservative (Kepler’s law). Since
the scalar charges are zero for NSs in sGB grav-
ity, the former correction vanishes to the post-
Newtonian (PN) order’ that has been computed
to date [98, 99] (partially up to 3PN in our PN
counting). On the other hand, Ref. [100] showed

9 A term is said to be of order nPN if it is of v?" =
(mm¢ f)27/3 relative to the leading where v is the relative
velocity of the binary constituents while m; = m1 +ma2 is
the total mass and f is the gravitational wave frequency.
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that when the Kepler’s law is corrected as
1 P
sz%t {1+Ap(mt) ] :
r 2 r

where A and p are some parameters characteriz-
ing the non-GR effect, the correction to the grav-
itational wave phase in the frequency domain is
given by

(B1)

5 2p? —2p — 3
32" (4—p)(5—2p)

where n = mlmg/mf is the symmetric mass ratio
while u = (M f)!/? for the chirp mass M = m;n>/°.

5\IlnonfGR = ,]7*217/5”217757 (B2)

For sGB gravity, A = (128/3)¢ and p =6 [44], so
190 . _
0Vsan = —707 /5T (B3)

In particular, for an equal-mass binary, this be-
comes
760
0Wsg = *7( (Wmtf)7/3 . (B4)
Given that the GR leading term is proportional to
(mm¢f)~°/3, the above correction is a 6PN effect.
Let us next compare the above with the leading
tidal effect in the GR waveform that enters at

5PN order [48, ]. For an equal-mass binary, it
is given by

117
5\Ijtidal = *6741\ (Wmtf)5/3 .

(B5)
Figure 9 compares Egs. (B4) and (B5) as a function
of the gravitational wave frequency for a selected
mass, EoS and (. Notice that the sGB correction
is always suppressed (at least by three orders of
magnitude) than the GR tidal effect. This is be-
cause the former enters at higher PN order and
the latter is enhanced by A which is ~ 895 for the
example system in Fig. 9. This suggests that the
sGB correction can only affect the measurement
of the tidal deformability by ~ 0.1% at most and
thus negligible.

Appendix C: Constant Density Star

In this section, we present an analytic result for the
sGB correction to the Love number and tidal deforma-
bility. In order to have the calculations analytically
tractable, we focus on constant density (or incompress-
ible) stars and work in the Newtonian limit. This
amounts to keeping only the leading, non-vanishing con-
tribution within the post-Minkowskian approximation
(expansion in small m/r or M/R) at each order in
O (e™,a™). In this appendix, we set ppo = p. in the
interior region.
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is thus negligible.

1. Metric at O (eo,ao)

Let us first study the GR background. By taking the
Newtonian limit of Egs. (17a)—(19), we find

d
d—T = dmper?, (Cla)
dT()O 2m
S——— Clb
dr r2’ ( )
2
oop = (Clc)
r
d poo Pcm
= Cid
dr r2 ’ ( )

in the interior region. The above equations can easily be
solved as

m™t = §7Tpc7“3, (C2a)
in 4
oot = 3P (r* = 3R3) , (C2b)

‘ P
POy = e + mper?.

3 (C2¢)

In the exterior region, one can set p. = 0 and pgg = 0 to
yield

M
met =My, T =—2—". (C3)
r

The integration constant in Eq. (C2b) has been deter-
mined by matching the interior and exterior solutions at
the surface r = Ry.

17
2. Metric at O (el,ao)

Next, we look at the tidal perturbation for constant
density stars in GR following [80]. First, the Newtonian
limit of Eq. (24) is given by [11]

d?rit 24t 6
dr? r dr

3 dp.\ ;
Gty —o. (o
while K79 = —710 to leading order. When finding solu-
tions in the interior and exterior regions up to integration
constants, we can set the last term in the above equation
to 0, since the dp./dr term will only contribute to the
boundary condition which will cause a discontinuity at
the surface (we will deal with this below). Then, we find

o' = aor?, (C5a)
(C5b)

for the interior (regular at the center) and exterior solu-
tions, respectively. Notice that these solutions are equiv-
alent to Egs. (25) and (27) but removing “+O(r™)”.

We next discuss the boundary conditions at the sur-
face. Notice that this equation contains a derivative of
the density. Since the density is discontinuous at the
boundary, we must be careful when matching the inte-
rior and exterior solutions. Namely, if we redefine our
density as

P00 = Pec @(RO - T) ’ (06)

with a Heaviside function ©, we see that this last term
does affect the final result at the boundary of the star.
This leads to a singular term and we have two new equa-
tions to solve for at the boundary:

710 (Ro) = 713" (Ro) , (CTa)
Ro d int Ry d ext
ir?t i —3= e)(c)t 10 . (C7b)
Tio0 dr Ro T dr Ro

We use Egs. (Cha) and (C5b) and solve the above bound-
ary conditions for ¢; and ¢y to yield
3R} 2 M2

Cy =

VR 15

c1 = ap . (08)
From this, we find the Love number ks to be a constant
ko = 0.75 [102], or equivalently Ag = 1/(2C3) [15],
where Cqy is the compactness of the star.

3. Scalar Field at O (eo,al)

We now turn our attention to the background scalar
field. In the Newtonian limit for constant density stars,
the field equation is given by

d? 2d 256 12 p,2
©o1 4 0¥o1 _ TP, (09)

dr? r dr 3 ’




in the interior while the source term on the right hand
side is absent in the exterior. Solving this equation in the
interior and exterior regions with regularity at the center
and infinity, we find

o 1287

wor = TPETS + 80((301)7 (C10a)
ox AM?

eor = — 7“40 . (C10Db)

Here we have set the constant term in the exterior region
to 0. The integration constant cp(()cl) in the interior solu-
tion can be determined through the matching of the two
solutions at the boundary, though it does not affect the
calculations below as the scalar field only enters through

its derivatives in the field equations.

4. Metric at O (eo,a2)

We now comment on the sGB metric and matter cor-
rections at the background level. First we set po = 0.
This is because ps is a free parameter for constant density
stars and we simply use p, as the value of the full central
density for constant density stars in sGB gravity. Then,
we find that the source terms for the differential equa-
tions for 792, ooz and ps enter at O (M), O (M)?, and
oM )*, respectively in terms of the post-Minkowskian
order counting. This means that the solutions enter at
the same orders, which only give higher order corrections
to the tidal Love numbers. Thus, we can safely ignore the
contribution at O (60, a2) in the following analysis.

5. Scalar Field at O (el,al)

We not look at the tidal perturbation to the scalar field.
Keeping only the leading source term within the post-
Minkowskian analysis, the field equation in the interior

J
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region is given by

Pe11 2de 6
d7’2 ; dr - ﬁ‘;@ll = 58011 ) (Cll)
with
in dp. « 144co
StPltl = 6471'(1()7" dr 5 Sthl = MO’I“S 5 (C].?)

for the interior and exterior sources, respectively. Com-
pared to Eq. (C9), the third term on the left hand side
in Eq. (C11) is due to the fact that we are looking at the
quadrupolar tidal perturbation. The above equation can
be solved under the boundary condition of regularity at
the center and infinity to yield

int (C) 2 ext ¢5 2462
= re, == — .
P11 = P11 P11 B Myr

(C13)

The integration constants can be determined from the
bounary condition at the surface. Similar to the case
at O (61, ao), there is a term proportional to dp./dr in
Eq. (C11) that becomes singular at the surface and con-
tributes to the boundary condition as

1 (Ro) = 51 (Ro) , (Cl4da)
d int d ext
P 64Rgmagp. = AL (C14b)
r g dr R
0 0

Using these, we find the solution for 17 as

208 an Mo 2 ext

16 ag Mo (18 R? — 51?)
re, = .
o5 R03 P11

2513

int __
Y11 =

(C15)

6. Metric at O (el,az)

The final step is the solution at O (e, a2). Following
the methodology laid out in Sec. III D, one can derive an
equation for 7y5. The interior and exterior equations are
given by

d?rint 2 qrint 6 3 dp. : - dpe
dréQ r d71"2 B <r2 Per d/:“ >Ti121t - 16384w3a0pcd—ir, (C16a)
d?rst 2drEt 6 2048 5 :
d?; - ;;2 — ﬁng‘t = 72538 ;1 (576 M(?Rgao r+75 MgRgao r° + 52 Mgag r®
+1240 M§ Rjcr — 225 Riear°) (C16b)

respectively. We solve the above equations with regular-
ity at the center and infinity to find

int (c), .2

Tiz = T2’ 7™ (C174a)

(

et D3248magM3 5 | 3072maoM

2 T5R3 T r3 574
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with integration constants 7'1(;) and 73, which are de-

termined from the boundary condition at the surface.
Taking into account singular contribution from dp./dr

19

in Eq. (Cl6a), the boundary condition is given by

i3 (Ro) = 733" (Ro) ,

(C18a)
d int c d ext
TN Ro (16384m%aop? + 3715 ) = |
Ro RO
(C18b)

From these, we find the integration constants to be

(© _  899072magMg

= 1
T12 825R8 ) (C19a)
389127ra0Mg
= 1
T3 ].].RO (C 9b)

With our metric now fully solved for (to our leading
non-trivial Newtonian order), we may continue with the
procedure presented in Sec. IITE. These lead us to have
modifications to the Love number of the form

3 3040

_ 2 _ 26
1 6080
= —= — ——CuC. C20b
205~ 33 (G200)

Figure 10 shows the results for the modification to the
A —C relation for a constant density star to leading New-
tonian order. Notice that the qualitative feature is simi-
lar to that for realistic NSs in Fig. 6.

[1] J. M. Lattimer and M. Prakash, Phys. Rept. 442, 109
(2007), arXiv:astro-ph/0612440.

[2] J. M. Lattimer and M. Prakash, Science 304, 536
(2004), arXiv:astro-ph/0405262.

[3] K. C. Gendreau, Z. Arzoumanian, and T. Okajima, in
Space Telescopes and Instrumentation 2012: Ultraviolet
to Gamma Ray, Vol. 8443, edited by T. Takahashi, S. S.
Murray, and J.-W. A. den Herder, International Society
for Optics and Photonics (SPIE, 2012) pp. 322 — 329.

[4] Z. Arzoumanian, K. C. Gendreau, C. L. Baker,
T. Cazeau, P. Hestnes, J. W. Kellogg, S. J. Kenyon,
R. P. Kozon, K.-C. Liu, S. S. Manthripragada, C. B.
Markwardt, A. L. Mitchell, J. W. Mitchell, C. A. Mon-
roe, T. Okajima, S. E. Pollard, D. F. Powers, B. J.
Savadkin, L. B. Winternitz, P. T. Chen, M. R. Wright,
R. Foster, G. Prigozhin, R. Remillard, and J. Doty, in
Space Telescopes and Instrumentation 2014: Ultraviolet
to Gamma Ray, Vol. 9144, edited by T. Takahashi, J.-
W. A. den Herder, and M. Bautz, International Society
for Optics and Photonics (SPIE, 2014) pp. 579 — 587.

[5] T. E. Riley et al., Astrophys. J. Lett. 887, 121 (2019),
arXiv:1912.05702 [astro-ph.HE].

[6] M. C. Miller et al., Astrophys. J. Lett. 887, .24 (2019),
arXiv:1912.05705 [astro-ph.HE].

[7] G. Raaijmakers et al., Astrophys. J. Lett. 887, L22
(2019), arXiv:1912.05703 [astro-ph.HE].

[8] E. Annala, T. Gorda, E. Katerini, A. Kurkela,

J. Nattila, V. Paschalidis, and A. Vuorinen,
arXiv:2105.05132 [astro-ph.HE].

[9] P. T. H. Pang, I. Tews, M. W. Coughlin, M. Bulla,
C. Van Den Broeck, and T. Dietrich, (2021),
arXiv:2105.08688 [astro-ph.HE].

[10] I. Legred, K. Chatziioannou, R. Essick, S. Han,
and P. Landry, Phys. Rev. D 104, 063003 (2021),
arXiv:2106.05313 [astro-ph.HE].

[11] T. Hinderer, Astrophys. J. 677, 1216
arXiv:0711.2420 [astro-ph].

[12] K. Chatziioannou, Gen. Rel. Grav. 52, 109 (2020),
arXiv:2006.03168 [gr-qc].

[13] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev.
Lett. 121, 161101 (2018), arXiv:1805.11581 [gr-qc].

[14] E. Annala, T. Gorda, A. Kurkela, and A. Vuorinen,
Phys. Rev. Lett. 120, 172703 (2018), arXiv:1711.02644
[astro-ph.HE].

[15] C. Raithel, F. Ozel, and D. Psaltis, Astrophys. J. 857,
L23 (2018), arXiv:1803.07687 [astro-ph.HE].

[16] Y. Lim and J. W. Holt, Phys. Rev. Lett. 121, 062701
(2018), arXiv:1803.02803 [nucl-th].

[17] A. Bauswein, O. Just, H.-T. Janka, and N. Stergioulas,
Astrophys. J. 850, L34 (2017), arXiv:1710.06843 [astro-
ph.HE].

[18] S. De, D. Finstad, J. M. Lattimer, D. A.
Brown, E. Berger, and C. M. Biwer, Phys. Rev.
Lett. 121, 091102 (2018), [Erratum: Phys. Rev.

(2021),

(2008),


http://dx.doi.org/10.1016/j.physrep.2007.02.003
http://dx.doi.org/10.1016/j.physrep.2007.02.003
http://arxiv.org/abs/astro-ph/0612440
http://dx.doi.org/10.1126/science.1090720
http://dx.doi.org/10.1126/science.1090720
http://arxiv.org/abs/astro-ph/0405262
http://dx.doi.org/10.1117/12.926396
http://dx.doi.org/10.1117/12.926396
http://dx.doi.org/10.1117/12.2056811
http://dx.doi.org/10.1117/12.2056811
http://dx.doi.org/10.3847/2041-8213/ab481c
http://arxiv.org/abs/1912.05702
http://dx.doi.org/10.3847/2041-8213/ab50c5
http://arxiv.org/abs/1912.05705
http://dx.doi.org/10.3847/2041-8213/ab451a
http://dx.doi.org/10.3847/2041-8213/ab451a
http://arxiv.org/abs/1912.05703
http://arxiv.org/abs/2105.05132
http://arxiv.org/abs/2105.08688
http://dx.doi.org/10.1103/PhysRevD.104.063003
http://arxiv.org/abs/2106.05313
http://dx.doi.org/10.1086/533487
http://arxiv.org/abs/0711.2420
http://dx.doi.org/10.1007/s10714-020-02754-3
http://arxiv.org/abs/2006.03168
http://dx.doi.org/10.1103/PhysRevLett.121.161101
http://dx.doi.org/10.1103/PhysRevLett.121.161101
http://arxiv.org/abs/1805.11581
http://dx.doi.org/10.1103/PhysRevLett.120.172703
http://arxiv.org/abs/1711.02644
http://arxiv.org/abs/1711.02644
http://dx.doi.org/10.3847/2041-8213/aabcbf
http://dx.doi.org/10.3847/2041-8213/aabcbf
http://arxiv.org/abs/1803.07687
http://dx.doi.org/10.1103/PhysRevLett.121.062701
http://dx.doi.org/10.1103/PhysRevLett.121.062701
http://arxiv.org/abs/1803.02803
http://dx.doi.org/10.3847/2041-8213/aa9994
http://arxiv.org/abs/1710.06843
http://arxiv.org/abs/1710.06843
http://dx.doi.org/ 10.1103/PhysRevLett.121.259902, 10.1103/PhysRevLett.121.091102
http://dx.doi.org/ 10.1103/PhysRevLett.121.259902, 10.1103/PhysRevLett.121.091102

Lett.121,n0.25,259902(2018)], arXiv:1804.08583 [astro-
ph.HE].

[19] E. R. Most, L. R. Weih, L. Rezzolla, and
J. Schaffner-Bielich, Phys. Rev. Lett. 120, 261103
(2018), arXiv:1803.00549 [gr-qc].

[20] E. Annala, T. Gorda, A. Kurkela, J. Nattila,
and A. Vuorinen, Nature Phys. 16, 907 (2020),
arXiv:1903.09121 [astro-ph.HE].

[21] T. Malik, N. Alam, M. Fortin, C. Providéncia, B. K.
Agrawal, T. K. Jha, B. Kumar, and S. K. Patra, Phys.
Rev. C98, 035804 (2018), arXiv:1805.11963 [nucl-th].

[22] Z. Carson, A. W. Steiner, and K. Yagi, Phys. Rev. D
99, 043010 (2019).

[23] Z. Carson, A. W. Steiner, and K. Yagi, Phys. Rev.
D100, 023012 (2019), arXiv:1906.05978 [gr-qc].

[24] C. A. Raithel and F. Ozel, (2019), 10.3847/1538-
4357 /ab48e6, arXiv:1908.00018 [astro-ph.HE].

[25] G. Raaijmakers et al., Astrophys. J. Lett. 893, 121
(2020), arXiv:1912.11031 [astro-ph.HE].

[26] J. Zimmerman, Z. Carson, K. Schumacher, A. W.
Steiner, and K. Yagi, (2020), arXiv:2002.03210 [astro-
ph.HE].

[27] J.-L. Jiang, S.-P. Tang, Y.-Z. Wang, Y.-Z. Fan, and D.-
M. Wei, Astrophys. J. 892, 1 (2020), arXiv:1912.07467
[astro-ph.HE].

[28] T. Dietrich, M. W. Coughlin, P. T. H. Pang, M. Bulla,
J. Heinzel, L. Issa, I. Tews, and S. Antier, Science 370,
1450 (2020), arXiv:2002.11355 [astro-ph.HE].

[29] I. H. Stairs, Living Rev.Rel. 6, 5 (2003), arXiv:astro-
ph/0307536 [astro-ph].

[30] B. P. Abbott et al. (LIGO Scientific, Virgo), Phys. Rev.
Lett. 123, 011102 (2019), arXiv:1811.00364 [gr-qc].

[31] K. Yagi, L. C. Stein, and N. Yunes, Physical Review D
93 (2016), 10.1103/physrevd.93.024010.

[32] E. Berti et al., Class. Quant. Grav. 32, 243001 (2015),
arXiv:1501.07274 [gr-qc].

[33] H. Zhang, M. Zhou, C. Bambi, B. Kleihaus, J. Kunz,
and E. Radu, Phys. Rev. D 95, 104043 (2017),
arXiv:1704.04426 [gr-qc].

[34] T. P. Sotiriou and E. Barausse, Phys. Rev. D 75, 084007
(2007), arXiv:gr-qc/0612065.

[35] P. Kanti, N. E. Mavromatos, J. Rizos, K. Tamvakis,
and E. Winstanley, Phys. Rev. D 54, 5049 (1996),
arXiv:hep-th/9511071.

[36] T. Torii, H. Yajima, and K.-i. Maeda, Phys. Rev. D 55,
739 (1997), arXiv:gr-qc,/9606034.

[37] B. Kleihaus, J. Kunz, and E. Radu, Phys. Rev. Lett.
106, 151104 (2011), arXiv:1101.2868 [gr-qc].

[38] N. Yunes and L. C. Stein, Phys. Rev. D 83, 104002
(2011), arXiv:1101.2921 [gr-qc].

[39] T. P. Sotiriou and S.-Y. Zhou, Phys. Rev. D 90, 124063
(2014), arXiv:1408.1698 [gr-qc].

[40] D. Ayzenberg and N. Yunes, Phys. Rev. D 90, 044066
(2014), [Erratum: Phys.Rev.D 91, 069905 (2015)],
arXiv:1405.2133 [gr-qc].

[41] P. Pani, E. Berti, V. Cardoso, and J. Read, Phys. Rev.
D 84, 104035 (2011), arXiv:1109.0928 [gr-qc].

[42] B. Kleihaus, J. Kunz, and S. Mojica, Phys. Rev. D 90,
061501 (2014), arXiv:1407.6884 [gr-qc].

[43] D. D. Doneva and S. S. Yazadjiev, JCAP 04, 011 (2018),
arXiv:1712.03715 [gr-qc|.

[44] A. Saffer, H. O. Silva, and N. Yunes, Phys. Rev. D 100,
044030 (2019), arXiv:1903.07779 [gr-qc|.

[45] C. Charmousis, A. Lehébel, E. Smyrniotis, and N. Ster-

20

gioulas, (2021), arXiv:2109.01149 [gr-qc].

[46] K. Yagi, L. C. Stein, and N. Yunes, Phys. Rev. D 93,
024010 (2016), arXiv:1510.02152 [gr-qc].

[47] K. Yagi and N. Yunes, Science 341, 365 (2013),
arXiv:1302.4499 [gr-qc].

[48] K. Yagi and N. Yunes, Phys. Rev. D 88, 023009 (2013),
arXiv:1303.1528 [gr-qc].

[49] K. Yagi and N. Yunes, Phys. Rept. 681, 1 (2017),
arXiv:1608.02582 [gr-qc].

[50] D. D. Doneva and G. Pappas, Astrophys. Space Sci.
Libr. 457, 737 (2018), arXiv:1709.08046 [gr-qc].

[51] B. Kleihaus, J. Kunz, S. Mojica, and M. Zagermann,
Phys. Rev. D 93, 064077 (2016), arXiv:1601.05583 [gr-
qe].

[52] H. O. Silva, A. M. Holgado, A. Cérdenas-Avendaiio,
and N. Yunes, Phys. Rev. Lett. 126, 181101 (2021),
arXiv:2004.01253 [gr-qc].

[63] S. Alexander and N. Yunes, Phys. Rept. 480, 1 (2009),
arXiv:0907.2562 [hep-th].

[64] A. Maselli, V. Cardoso, V. Ferrari, L. Gualtieri,
and P. Pani, Phys. Rev. D 88, 023007 (2013),
arXiv:1304.2052 [gr-qc].

[55] K. S. Thorne, Phys. Rev. D 58, 124031 (1998), arXiv:gr-
qc/9706057.

[56] H. T. Cromartie et al. (NANOGrav), Nature Astron. 4,
72 (2019), arXiv:1904.06759 [astro-ph.HE].

[57] E. Fonseca et al., Astrophys. J. Lett. 915, L12 (2021),
arXiv:2104.00880 [astro-ph.HE].

[58] T. E. Riley et al., Astrophys. J. Lett. 918, L27 (2021),
arXiv:2105.06980 [astro-ph.HE].

[59] M. C. Miller et al., (2021), arXiv:2105.06979 [astro-
ph.HE].

[60] H.-T. Wang, S.-P. Tang, P.-C. Li, M.-Z. Han, and Y.-Z.
Fan, (2021), arXiv:2104.07590 [gr-qc].

[61] K. Yagi, Phys. Rev. D86, 081504
arXiv:1204.4524 [gr-qc].

[62] R. Nair, S. Perkins, H. O. Silva, and N. Yunes, Phys.
Rev. Lett. 123, 191101 (2019), arXiv:1905.00870 [gr-qc].

[63] K. Yamada, T. Narikawa, and T. Tanaka, PTEP 2019,
103E01 (2019), arXiv:1905.11859 [gr-qc].

[64] S. Tahura, K. Yagi, and Z. Carson, Phys. Rev. D100,
104001 (2019), arXiv:1907.10059 [gr-qc].

[65] S. E. Perkins, R. Nair, H. O. Silva, and N. Yunes, Phys.
Rev. D 104, 024060 (2021), arXiv:2104.11189 [gr-qc].

[66] C. W. Misner, K. Thorne, and J. Wheeler, Gravitation
(W. H. Freeman, San Francisco, 1973).

[67] G. Antoniou, A. Bakopoulos, and P. Kanti, Phys. Rev.
D 97, 084037 (2018), arXiv:1711.07431 [hep-th].

[68] D. D. Doneva and S. S. Yazadjiev, Phys. Rev. Lett. 120,
131103 (2018), arXiv:1711.01187 [gr-qc].

[69] G. Antoniou, A. Bakopoulos, and P. Kanti,
Physical Review Letters 120 (2018), 10.1103/phys-
revlett.120.131102.

[70] D. D. Doneva and S. S. Yazadjiev, Journal of Cosmology
and Astroparticle Physics 2018, 011-011 (2018).

[71] H. O. Silva, J. Sakstein, L. Gualtieri, T. P. Sotiriou,
and E. Berti, Phys. Rev. Lett. 120, 131104 (2018),
arXiv:1711.02080 [gr-qc].

[72] H. O. Silva, C. F. Macedo, T. P. Sotiriou, L. Gualtieri,
J. Sakstein, and E. Berti, Phys. Rev. D 99, 064011
(2019), arXiv:1812.05590 [gr-qc].

[73] K.-i. Maeda, N. Ohta, and Y. Sasagawa, Phys. Rev.
D80, 104032 (2009), arXiv:0908.4151 [hep-th).

[74] T. P. Sotiriou and S.-Y. Zhou, Phys. Rev. Lett. 112,

(2012),


http://arxiv.org/abs/1804.08583
http://arxiv.org/abs/1804.08583
http://dx.doi.org/10.1103/PhysRevLett.120.261103
http://dx.doi.org/10.1103/PhysRevLett.120.261103
http://arxiv.org/abs/1803.00549
http://dx.doi.org/ 10.1038/s41567-020-0914-9
http://arxiv.org/abs/1903.09121
http://dx.doi.org/10.1103/PhysRevC.98.035804
http://dx.doi.org/10.1103/PhysRevC.98.035804
http://arxiv.org/abs/1805.11963
http://dx.doi.org/10.1103/PhysRevD.99.043010
http://dx.doi.org/10.1103/PhysRevD.99.043010
http://dx.doi.org/10.1103/PhysRevD.100.023012
http://dx.doi.org/10.1103/PhysRevD.100.023012
http://arxiv.org/abs/1906.05978
http://dx.doi.org/10.3847/1538-4357/ab48e6
http://dx.doi.org/10.3847/1538-4357/ab48e6
http://arxiv.org/abs/1908.00018
http://dx.doi.org/10.3847/2041-8213/ab822f
http://dx.doi.org/10.3847/2041-8213/ab822f
http://arxiv.org/abs/1912.11031
http://arxiv.org/abs/2002.03210
http://arxiv.org/abs/2002.03210
http://dx.doi.org/ 10.3847/1538-4357/ab77cf
http://arxiv.org/abs/1912.07467
http://arxiv.org/abs/1912.07467
http://dx.doi.org/ 10.1126/science.abb4317
http://dx.doi.org/ 10.1126/science.abb4317
http://arxiv.org/abs/2002.11355
http://arxiv.org/abs/astro-ph/0307536
http://arxiv.org/abs/astro-ph/0307536
http://dx.doi.org/10.1103/PhysRevLett.123.011102
http://dx.doi.org/10.1103/PhysRevLett.123.011102
http://arxiv.org/abs/1811.00364
http://dx.doi.org/10.1103/physrevd.93.024010
http://dx.doi.org/10.1103/physrevd.93.024010
http://dx.doi.org/10.1088/0264-9381/32/24/243001
http://arxiv.org/abs/1501.07274
http://dx.doi.org/ 10.1103/PhysRevD.95.104043
http://arxiv.org/abs/1704.04426
http://dx.doi.org/10.1103/PhysRevD.75.084007
http://dx.doi.org/10.1103/PhysRevD.75.084007
http://arxiv.org/abs/gr-qc/0612065
http://dx.doi.org/10.1103/PhysRevD.54.5049
http://arxiv.org/abs/hep-th/9511071
http://dx.doi.org/10.1103/PhysRevD.55.739
http://dx.doi.org/10.1103/PhysRevD.55.739
http://arxiv.org/abs/gr-qc/9606034
http://dx.doi.org/10.1103/PhysRevLett.106.151104
http://dx.doi.org/10.1103/PhysRevLett.106.151104
http://arxiv.org/abs/1101.2868
http://dx.doi.org/10.1103/PhysRevD.83.104002
http://dx.doi.org/10.1103/PhysRevD.83.104002
http://arxiv.org/abs/1101.2921
http://dx.doi.org/10.1103/PhysRevD.90.124063
http://dx.doi.org/10.1103/PhysRevD.90.124063
http://arxiv.org/abs/1408.1698
http://dx.doi.org/10.1103/PhysRevD.90.044066
http://dx.doi.org/10.1103/PhysRevD.90.044066
http://arxiv.org/abs/1405.2133
http://dx.doi.org/ 10.1103/PhysRevD.84.104035
http://dx.doi.org/ 10.1103/PhysRevD.84.104035
http://arxiv.org/abs/1109.0928
http://dx.doi.org/10.1103/PhysRevD.90.061501
http://dx.doi.org/10.1103/PhysRevD.90.061501
http://arxiv.org/abs/1407.6884
http://dx.doi.org/10.1088/1475-7516/2018/04/011
http://arxiv.org/abs/1712.03715
http://dx.doi.org/10.1103/PhysRevD.100.044030
http://dx.doi.org/10.1103/PhysRevD.100.044030
http://arxiv.org/abs/1903.07779
http://arxiv.org/abs/2109.01149
http://dx.doi.org/10.1103/PhysRevD.93.024010
http://dx.doi.org/10.1103/PhysRevD.93.024010
http://arxiv.org/abs/1510.02152
http://dx.doi.org/10.1126/science.1236462
http://arxiv.org/abs/1302.4499
http://dx.doi.org/10.1103/PhysRevD.88.023009
http://arxiv.org/abs/1303.1528
http://dx.doi.org/10.1016/j.physrep.2017.03.002
http://arxiv.org/abs/1608.02582
http://dx.doi.org/10.1007/978-3-319-97616-7_13
http://dx.doi.org/10.1007/978-3-319-97616-7_13
http://arxiv.org/abs/1709.08046
http://dx.doi.org/ 10.1103/PhysRevD.93.064077
http://arxiv.org/abs/1601.05583
http://arxiv.org/abs/1601.05583
http://dx.doi.org/10.1103/PhysRevLett.126.181101
http://arxiv.org/abs/2004.01253
http://dx.doi.org/10.1016/j.physrep.2009.07.002
http://arxiv.org/abs/0907.2562
http://dx.doi.org/ 10.1103/PhysRevD.88.023007
http://arxiv.org/abs/1304.2052
http://dx.doi.org/10.1103/PhysRevD.58.124031
http://arxiv.org/abs/gr-qc/9706057
http://arxiv.org/abs/gr-qc/9706057
http://dx.doi.org/10.1038/s41550-019-0880-2
http://dx.doi.org/10.1038/s41550-019-0880-2
http://arxiv.org/abs/1904.06759
http://dx.doi.org/10.3847/2041-8213/ac03b8
http://arxiv.org/abs/2104.00880
http://dx.doi.org/10.3847/2041-8213/ac0a81
http://arxiv.org/abs/2105.06980
http://arxiv.org/abs/2105.06979
http://arxiv.org/abs/2105.06979
http://arxiv.org/abs/2104.07590
http://dx.doi.org/10.1103/PhysRevD.86.081504
http://arxiv.org/abs/1204.4524
http://dx.doi.org/10.1103/PhysRevLett.123.191101
http://dx.doi.org/10.1103/PhysRevLett.123.191101
http://arxiv.org/abs/1905.00870
http://dx.doi.org/10.1093/ptep/ptz103
http://dx.doi.org/10.1093/ptep/ptz103
http://arxiv.org/abs/1905.11859
http://dx.doi.org/10.1103/PhysRevD.100.104001
http://dx.doi.org/10.1103/PhysRevD.100.104001
http://arxiv.org/abs/1907.10059
http://dx.doi.org/10.1103/PhysRevD.104.024060
http://dx.doi.org/10.1103/PhysRevD.104.024060
http://arxiv.org/abs/2104.11189
http://dx.doi.org/10.1103/PhysRevD.97.084037
http://dx.doi.org/10.1103/PhysRevD.97.084037
http://arxiv.org/abs/1711.07431
http://dx.doi.org/10.1103/PhysRevLett.120.131103
http://dx.doi.org/10.1103/PhysRevLett.120.131103
http://arxiv.org/abs/1711.01187
http://dx.doi.org/10.1103/physrevlett.120.131102
http://dx.doi.org/10.1103/physrevlett.120.131102
http://dx.doi.org/10.1088/1475-7516/2018/04/011
http://dx.doi.org/10.1088/1475-7516/2018/04/011
http://dx.doi.org/ 10.1103/PhysRevLett.120.131104
http://arxiv.org/abs/1711.02080
http://dx.doi.org/ 10.1103/PhysRevD.99.064011
http://dx.doi.org/ 10.1103/PhysRevD.99.064011
http://arxiv.org/abs/1812.05590
http://dx.doi.org/10.1103/PhysRevD.80.104032
http://dx.doi.org/10.1103/PhysRevD.80.104032
http://arxiv.org/abs/0908.4151
http://dx.doi.org/10.1103/PhysRevLett.112.251102

251102 (2014), arXiv:1312.3622 [gr-qc].

[75] M. Saravani and T. P. Sotiriou, Phys. Rev. D 99, 124004
(2019), arXiv:1903.02055 [gr-qc].

[76] T. Kobayashi, M. Yamaguchi, and J. Yokoyama, Prog.
Theor. Phys. 126, 511 (2011), arXiv:1105.5723 [hep-th].

[77] K. Yagi, L. C. Stein, N. Yunes, and T. Tanaka, Phys.
Rev. D 87, 084058 (2013), [Erratum: Phys.Rev.D 93,
089909 (2016)], arXiv:1302.1918 [gr-qc].

[78] T. Gupta, B. Majumder, K. Yagi, and N. Yunes, Class.
Quant. Grav. 35, 025009 (2018), arXiv:1710.07862 [gr-
qcl.

[79] S. Mignemi and N. R. Stewart, Physical Review D 47,
5259-5269 (1993).

[80] T. Damour and A. Nagar, Phys. Rev. D 80, 084035
(2009), arXiv:0906.0096 [gr-qc].

[81] T. Binnington and E. Poisson, Phys. Rev. D80, 084018
(2009), arXiv:0906.1366 [gr-qc].

[82] A. Akmal, V. R. Pandharipande, and D. G. Ravenhall,
Phys. Rev. C 58, 1804 (1998), arXiv:nucl-th/9804027.

[83] L. Engvik, G. Bao, M. Hjorth-Jensen, E. Osnes, and
E. Ostgaard, Astrophys. J. 469, 794 (1996), arXiv:nucl-
th/9509016.

[84] T. Katayama and K. Saito,
[nucl-th].

[85] B. D. Lackey, M. Nayyar, and B. J. Owen, Phys. Rev.
D 73, 024021 (2006), arXiv:astro-ph/0507312.

[86] Y. Yamamoto, T. Furumoto, N. Yasutake, and
T. A. Rijken, Phys. Rev. C 90, 045805 (2014),
arXiv:1406.4332 [nucl-th].

[87] H. Miither, M. Prakash,
Letters B 199, 469 (1987).

[88] H. Mueller and B. D. Serot, Nucl. Phys. A 606, 508
(1996), arXiv:nucl-th/9603037.

[89] R. B. Wiringa, V. Fiks, and A. Fabrocini, Phys. Rev.
C 38, 1010 (1988).

[90] P. Pani and E. Berti, Phys. Rev. D90, 024025 (2014),
arXiv:1405.4547 [gr-qc]|.

[91] V. Cardoso, E. Franzin, A. Maselli, P. Pani, and G. Ra-
poso, Phys. Rev. D95, 084014 (2017), [Addendum:
Phys. Rev.D95,n0.8,089901(2017)], arXiv:1701.01116
[gr-ac].

[92] A. Saffer, “scalar-Gauss-Bonnet_Source,” (2021).

[93] P. Pani, L. Gualtieri, A. Maselli, and V. Ferrari, Phys.
Rev. D 92, 024010 (2015), arXiv:1503.07365 [gr-qc].

[94] S. E. Gralla, Class. Quant. Grav. 35, 085002 (2018),
arXiv:1710.11096 [gr-qc].

[95] B. Kol and M. Smolkin, JHEP 02, 010 (2012),
arXiv:1110.3764 [hep-th].

[96] P. Landry and E. Poisson, Phys. Rev. D91, 104018
(2015), arXiv:1503.07366 [gr-qc].

[97] G. Raaijmakers, S. K. Greif, K. Hebeler, T. Hinderer,
S. Nissanke, A. Schwenk, T. E. Riley, A. L. Watts, J. M.
Lattimer, and W. C. G. Ho, Astrophys. J. Lett. 918,
L29 (2021), arXiv:2105.06981 [astro-ph.HE].

[98] B. Shiralilou, T. Hinderer, S. Nissanke, N. Ortiz,
and H. Witek, Phys. Rev. D 103, L121503 (2021),
arXiv:2012.09162 [gr-qc].

[99] B. Shiralilou, T. Hinderer, S. Nissanke, N. Ortiz, and
H. Witek, (2021), arXiv:2105.13972 [gr-qc].

[100] S. Tahura and K. Yagi, Phys. Rev. D 98, 084042
(2018), [Erratum: Phys.Rev.D 101, 109902 (2020)],
arXiv:1809.00259 [gr-qc].

[101] E. E. Flanagan and T. Hinderer, Phys. Rev. D 77,
021502 (2008), arXiv:0709.1915 [astro-ph].

(2014), arXiv:1410.7166

and T. Ainsworth, Physics

21

[102] R. A. Brooker and T. W. Olle, Mon. Not. Roy. Astron.
Soc. 115, 101 (1955).


http://dx.doi.org/10.1103/PhysRevLett.112.251102
http://arxiv.org/abs/1312.3622
http://dx.doi.org/10.1103/PhysRevD.99.124004
http://dx.doi.org/10.1103/PhysRevD.99.124004
http://arxiv.org/abs/1903.02055
http://dx.doi.org/10.1143/PTP.126.511
http://dx.doi.org/10.1143/PTP.126.511
http://arxiv.org/abs/1105.5723
http://dx.doi.org/ 10.1103/PhysRevD.87.084058
http://dx.doi.org/ 10.1103/PhysRevD.87.084058
http://arxiv.org/abs/1302.1918
http://dx.doi.org/ 10.1088/1361-6382/aa9c68
http://dx.doi.org/ 10.1088/1361-6382/aa9c68
http://arxiv.org/abs/1710.07862
http://arxiv.org/abs/1710.07862
http://dx.doi.org/10.1103/physrevd.47.5259
http://dx.doi.org/10.1103/physrevd.47.5259
http://dx.doi.org/10.1103/PhysRevD.80.084035
http://dx.doi.org/10.1103/PhysRevD.80.084035
http://arxiv.org/abs/0906.0096
http://dx.doi.org/10.1103/PhysRevD.80.084018
http://dx.doi.org/10.1103/PhysRevD.80.084018
http://arxiv.org/abs/0906.1366
http://dx.doi.org/10.1103/PhysRevC.58.1804
http://arxiv.org/abs/nucl-th/9804027
http://dx.doi.org/ 10.1086/177827
http://arxiv.org/abs/nucl-th/9509016
http://arxiv.org/abs/nucl-th/9509016
http://arxiv.org/abs/1410.7166
http://arxiv.org/abs/1410.7166
http://dx.doi.org/10.1103/PhysRevD.73.024021
http://dx.doi.org/10.1103/PhysRevD.73.024021
http://arxiv.org/abs/astro-ph/0507312
http://dx.doi.org/10.1103/PhysRevC.90.045805
http://arxiv.org/abs/1406.4332
http://dx.doi.org/https://doi.org/10.1016/0370-2693(87)91611-X
http://dx.doi.org/https://doi.org/10.1016/0370-2693(87)91611-X
http://dx.doi.org/10.1016/0375-9474(96)00187-X
http://dx.doi.org/10.1016/0375-9474(96)00187-X
http://arxiv.org/abs/nucl-th/9603037
http://dx.doi.org/10.1103/PhysRevC.38.1010
http://dx.doi.org/10.1103/PhysRevC.38.1010
http://dx.doi.org/10.1103/PhysRevD.90.024025
http://arxiv.org/abs/1405.4547
http://dx.doi.org/ 10.1103/PhysRevD.95.089901, 10.1103/PhysRevD.95.084014
http://arxiv.org/abs/1701.01116
http://arxiv.org/abs/1701.01116
https://github.com/SafferA/scalar-Gauss-Bonnet_Source
http://dx.doi.org/10.1103/PhysRevD.92.024010
http://dx.doi.org/10.1103/PhysRevD.92.024010
http://arxiv.org/abs/1503.07365
http://dx.doi.org/10.1088/1361-6382/aab186
http://arxiv.org/abs/1710.11096
http://dx.doi.org/10.1007/JHEP02(2012)010
http://arxiv.org/abs/1110.3764
http://dx.doi.org/10.1103/PhysRevD.91.104018
http://dx.doi.org/10.1103/PhysRevD.91.104018
http://arxiv.org/abs/1503.07366
http://dx.doi.org/10.3847/2041-8213/ac089a
http://dx.doi.org/10.3847/2041-8213/ac089a
http://arxiv.org/abs/2105.06981
http://dx.doi.org/ 10.1103/PhysRevD.103.L121503
http://arxiv.org/abs/2012.09162
http://arxiv.org/abs/2105.13972
http://dx.doi.org/10.1103/PhysRevD.98.084042
http://dx.doi.org/10.1103/PhysRevD.98.084042
http://arxiv.org/abs/1809.00259
http://dx.doi.org/10.1103/PhysRevD.77.021502
http://dx.doi.org/10.1103/PhysRevD.77.021502
http://arxiv.org/abs/0709.1915
http://dx.doi.org/10.1093/mnras/115.1.101
http://dx.doi.org/10.1093/mnras/115.1.101

	Tidal Deformabilities of Neutron Stars in scalar-Gauss-Bonnet Gravity  and Their Applications to Multimessenger Tests of Gravity
	Abstract
	Introduction
	scalar-Gauss-Bonnet Gravity
	Action
	Field Equations

	Constructing Tidally-deformed Neutron Stars
	Metric, Matter and Scalar Field Decomposition
	General Relativity
	Background at O(0,0)
	Tidal Perturbation at O(1,0)

	Scalar-Gauss-Bonnet Corrections: Background
	Scalar Field at O(0,1)
	Metric at O(0,2)

	Scalar-Gauss-Bonnet Corrections: Tidal Perturbation
	Scalar Field at O( , )
	Metric at O( ,2 )

	Love Number and Tidal Deformability
	Definition
	Ambiguity in Love


	Astrophysical Comparison Results
	Conclusion and Discussion
	Acknowledgments
	Convergence Test
	Estimate of Systematic Errors to Tidal Deformability Measurement
	Constant Density Star
	Metric at O( 0,0 )
	Metric at O( 1,0 )
	Scalar Field at O( 0,1 )
	Metric at O( 0,2 )
	Scalar Field at O( 1,1 )
	Metric at O( 1,2 )

	References


