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Despite the success of the standard ΛCDM model of cosmology, recent data improvements have
made tensions emerge between low- and high-redshift observables, most importantly in determi-
nations of the Hubble constant H0 and the (rescaled) clustering amplitude S8. The high-redshift
data, from the cosmic microwave background (CMB), crucially relies on recombination physics for
its interpretation. Here we study how small-scale baryon inhomogeneities (i.e., clumping) can affect
recombination and consider whether they can relieve both the H0 and S8 tensions. Such small-scale
clumping, which may be caused by primordial magnetic fields or baryon isocurvature below kpc
scales, enhances the recombination rate even when averaged over larger scales, shifting recombina-
tion to earlier times. We introduce a flexible clumping model, parametrized via three spatial zones
with free densities and volume fractions, and use it to study the impact of clumping on CMB observ-
ables. We find that increasing H0 decreases both Ωm and S8, which alleviates the S8 tension. On the
other hand, the shift in Ωm is disfavored by the low-z baryon-acoustic-oscillations measurements.
We find that the clumping parameters that can change the CMB sound horizon enough to explain
the H0 tension also alter the damping tail, so they are disfavored by current Planck 2018 data. We
test how the CMB damping-tail information rules out changes to recombination by first removing
` > 1000 multipoles in Planck data, where we find that clumping could resolve the H0 tension.
Furthermore, we make predictions for future CMB experiments, as their improved damping-tail
precision can better constrain departures from standard recombination. Both the Simons Observa-
tory and CMB-S4 will provide decisive evidence for or against clumping as a resolution to the H0

tension.

Keywords: cosmic microwave background – cosmological parameters – evolution of the Universe

I. INTRODUCTION

The standard Λ-cold dark matter (ΛCDM) model of
cosmology has proven to be remarkably successful in in-
terpreting different measurements consistently and simul-
taneously. These include the cosmic microwave back-
ground (CMB, for example [1, 2]), the large-scale struc-
ture (LSS, e.g. [3–5]), and probes of the expansion rate of
the universe (such as [6, 7]). However, as the precision of
these probes has increased, tensions between them have
started to appear.

A notable problem that has emerged within ΛCDM
is the Hubble tension – a discrepancy between the cos-
mic expansion rate today (given by the Hubble param-
eter H0) inferred from different data sets. On the one
side, the standard CMB analysis of Planck 2018 data
yields a value of H0 = (67.4± 0.5) km s−1 Mpc−1 [2].
On the other side, direct H0 measurements (from type
Ia supernovae calibrated with Cepheids [7–10] or surface
brightness fluctuations [11]; from type II supernovae [12],
strong-lensing time delays [13–15], gravitational waves
standard sirens [16], Tully-Fisher relations [17], tip of
the red giant branch [18], Mira variables [19] or mega-
masers [20]) give higher values. In this paper, we will fo-
cus on the latest distance-ladder measurement of the Su-
pernovae, H0, for the Equation of State of Dark Energy
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(SH0ES) collaboration H0 = (73.2± 1.3) km/(s Mpc)
[7], which is 4.2σ away from Planck.

There is another, weaker tension in the values of the
matter fraction Ωm and the amplitude of galaxy cluster-
ing σ8 (on spheres of comoving radius R = 8/h Mpc).

Instead of σ8, a related parameter S8 = σ8 (Ωm/0.3)
0.5

is
often used, as it is less correlated with Ωm in LSS data.
Planck Collaboration et al. [2] reports Ωm = 0.315±0.007
and S8 = 0.831 ± 0.017 with Planck data, while the
Dark Energy Survey Year 1 (DES-Y1, [21]) weak-lensing
and galaxy-clustering data obtains Ωm = 0.264+0.032

−0.019,

S8 = 0.783+0.021
−0.025. The new DES Year 3 results are

Ωm = 0.339+0.032
−0.031, S8 = 0.776 ± 0.017 [5], making the

tension weaker, but still worth exploring, as other LSS
probes disagree with the CMB [22–27].

Various extensions to ΛCDM have been proposed to
solve the H0 discrepancy. They can be broadly di-
vided into early- and late-type solutions, with the for-
mer changing the length of the standard ruler [28–32],
and the latter the evolution of the expansion rate H(z)
at low redshifts [33–36]. Only the early-type solutions
can be in agreement with low-z standard-ruler measure-
ments of the BAOs, though the most popular model of
early dark energy [37] worsens the S8 tension (for a re-
cent review see Knox and Millea [38]). Here, instead, we
study how changing the physics of recombination is an
early-type solution to both the H0 and S8 tensions, as
first proposed in [39].

The interpretation of CMB data crucially relies on the
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physics of recombination, so it is natural to ask how well
understood, and constrained, this transition is. The pro-
cess of hydrogen recombination depends crucially on the
2-body recombination rate, and thus can be affected by
physics at very small scales [40]. In [41–43] it was shown
that, by creating baryonic clumping at small scales, pri-
mordial magnetic fields (PMFs, for a review see Subra-
manian [44]) would leave an imprint on the CMB by al-
lowing a more-rapid process of recombination, and shift-
ing the decoupling between photons and baryons to larger
z. While such inhomogeneities would take place at very
small scales, they enhance the recombination rate when
averaged over larger scales. An earlier recombination im-
plies a higher H0 for a fixed angular sound horizon θs in
the CMB. Recently, Jedamzik and Pogosian [39] have
shown that such a clumping could relieve both the Hub-
ble and S8 tensions in current cosmological data. On the
other hand, Thiele et al. [45] argued that the H0 value
inferred from Planck and Atacama Cosmology Telescope
(ACT) data remains in significant tension with SH0ES.

Here we extend previous analyses by introducing a very
generic model of clumping at small scales. This model
posits that baryons live in three zones: an average one,
and an over-/under-dense one (see Fig. 1). This encom-
passes the models in Jedamzik and Pogosian [39] and
Thiele et al. [45], as well as other possible origins of small-
scale baryonic clumps, such as baryon isocurvature [46].

The key question we tackle is whether a change in re-
combination that is sufficient to change the sound horizon
— and thus explain the H0 tension — leaves a detectable
imprint on the CMB damping tail. The high-` CMB tail
has been measured to great success by the Planck, ACT
[47], and South Pole Telescope (SPT, [48]) collaborations;
and upcoming measurements from the Simons Observa-
tory (SO, [49]) and CMB-S4 [50] will improve those mea-
surements even further.

This paper is structured as follows. We start in Sec-
tion II by defining our generalized clumping model (M3),
and discussing its physical implications in Section III. In
Section IV we analyze the current CMB data from Planck
2018 [51, 52], exploring clumping-H0 correlations as well
as looking into shifts in S8 and Ωm. Then we perform
forecasts for future CMB experiments in Section V, to un-
derstand how better measurements of the damping tail
will test our clumping model more precisely. We conclude
in Section VI.

II. 3-ZONE MODEL (M3) FOR
RECOMBINATION

We begin by defining our three-zone model (M3) for
baryonic clumping. The general idea is that there are
fluctuations on very small (∼ kpc for PMFs Subramanian
[44]) scales, so that the large-scale behavior of baryons
follows the usual assumptions; whereas the recombina-
tion rate, which depends on the electron density squared
(n2e) can be enhanced (for large overdensities) or reduced
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FIG. 1. M3 spatial structure: regions with average (0), lower
(−) and higher (+) density. We take those 3 effective zones
to have constant overdensity δi = nH,i/ 〈nH〉 − 1 each, and
the structure is fixed in time. The model is described by 6
parameters: 3 δi’s and 3 volume fractions fi that each zone
occupies. There are 3 constraints:

∑
i fi = 1,

∑
i fiδi = 0

and δ0 = 0. So we choose f0 and δ± as input parameters, as
highlighted in upper right corner.

(for underdensities), with respect to the average.

Our general picture is illustrated in Fig. 1: there are
regions with average (marked by the index 0), lower (−)
and higher (+) density. For simplicity, we take those
3 effective zones to have constant hydrogen density nH
each, and the structure is constant in time. Then one
needs 6 parameters: 3 weights (volume fractions) fi and 3
densities, which can be parametrized as ∆i = nH,i/ 〈nH〉
or δi = ∆i − 1 (hereafter i = {0,−,+}). However, we
set 3 constraints: first, all volume is divided between the
3 zones (

∑
i fi = 1), second, the total baryonic mass is

set by ωb (
∑
i fi∆i = 1, or equivalently

∑
i fiδi = 0),

and finally, one of the zones has average density (δ0 = 0,
which is optional but simplifies the analysis). This leaves
3 free parameters. For input, we choose the 2 nonzero
relative overdensities δ−, δ+ and the volume fraction f0
of the average-density zone.

This 3-parameter model is very flexible, as for exam-
ple it encompasses the M1 and M2 models presented in
Jedamzik and Pogosian [39] (obtained by fixing f0 = 1/3,
and either δ− = −0.9 for M1 or δ− = −0.7 for M2).
However, our M3 model is only bound by the constraints
of volume and mass conservation and the only arbitrary
choice is setting one of the three regions to have aver-
age density. On the flip side, this flexibility makes the
three parameters very degenerate: if either f0 → 1, δ+
or δ− → 0, then the deviation from uniform density be-
comes negligible.

Therefore, the prior on these parameters ought to be
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balanced between generality and degeneracy. We choose
a log-uniform prior on |δ−| (10−5 ≤ |δ−| ≤ 0.955) and on
the ratio |δ+/δ−| (0.1 ≤ |δ+/δ−| ≤ 10), and a uniform
prior on f0 (0 ≤ f0 ≤ 1). The lower bound on |δ−| is
set to the curvature perturbations

√
As ∼ 10−5, whereas

the higher bound is determined by numerical limitations
of the recombination code, more extreme underdensities
cause the integration in RECFAST to fail. Bounds on
the ratio are chosen so that the under- and over-density
regions are within an order of magnitude from each other,
to avoid the unnatural configuration when one δ is neg-
ligible and other is significant. Moreover, the constraints
force the volume fractions ratio to be: f+/f− = −δ−/δ+,
so very different δ’s will cause one of the volume fractions
to be tiny and the whole clumping effect negligible.

An important parameter quantifying the amplitude of
the inhomogeneities is the relative variance of densities,

b =

〈
(nH − 〈nH〉)2

〉

〈nH〉2
= −δ−δ+ (1− f0) , (1)

hereafter denoted as the clumping parameter b, following
Jedamzik and Pogosian [39].

Technically, we implement this model in a fork1 of
the CLASS code2 [53]. We run the standard recombi-
nation code RECFAST [54–56] within each zone sepa-
rately, given its density nH,i, producing 3 recombina-
tion histories, in terms of their free electron fractions
xe,i (z) = ne,i/nH,i. These are then averaged

xe (z) =
∑

i

fi∆ixe,i (z) (2)

and passed to the rest of modules in CLASS.
We also have tested our method with the more precise

recombination code HyREC [57]. While the two codes
differ in their predictions of the highest ` modes (see
e.g. Lee and Ali-Häımoud [58]), we find this difference
subleading for the purposes of this paper, as shown in
Appendix A 1.

III. THE EFFECTS OF SMALL-SCALE GAS
CLUMPING ON THE CMB

A. Recombination

Consider the recombination of an effective three-level
hydrogen atom:

dne
dt

+ 3Hne = −
(
αnenH+ − βnH0e−E21/kT

)
C, (3)

where α and β are recombination and photo-ionization
rate coefficients, E21 is the energy difference between the

1 https://github.com/misharash/class_public
2 https://lesgourg.github.io/class_public/class.html
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FIG. 2. Demonstration of the effect of clumping on the recom-
bination history (xe, black) and visibility function (g, purple)
versus redshift z. Standard recombination is shown as dashed
curves, and clumping in solid, where we have set δ− = −0.9,
δ+ = 5/3, and f0 = 1/3, to yield b = 1. Cosmology (θs, ωb,
ωcdm, As, ns, τreio) is fixed to the Planck best fit [2].

first excited level and the ground state, k is Boltzmann
constant, T is temperature and C is an additional fac-
tor taking into account both Lyman-α and two-quantum
decays [59, 60]. If we take a spatial average, all terms
except the first on the right-hand side, will depend on
〈nH〉, while that one term will depend on

〈
n2H
〉
, as it cor-

responds to recombinations (binding of an electron and
an ion). Introducing inhomogeneities enhances the aver-

age recombination rate, as
〈
n2H
〉
≥ 〈nH〉2 (where equality

is only reached for uniform density). This causes ne to
decrease faster, and the universe to become neutral and
transparent to radiation earlier than in the homogeneous
case. Given a recombination history, we define the visi-
bility function

g = τ̇ e−τ

as the probability that a CMB photon last scattered per
unit conformal time, and thus determines the effective
redshift of recombination. It is given in terms of the
Thompson optical depth τ and its derivative with respect
to conformal time η (namely the inverse of photon’s co-
moving mean free path):

τ̇ = σTnH,nowxe (1 + z)
2
, (4)

where nH,now is hydrogen number density today, which
is not time- or redshift-dependent, and σT is Thompson
scattering cross-section.

While Eq. (3) is a simple approximation – and in our
implementation we include the detailed physics of the
recombination codes – it serves to illustrate how small
scales affect recombination at large scales. As an exam-
ple, Fig. 2 shows how clumping affects recombination,
where the intuition from Eq. (3) remains true: clumping

https://github.com/misharash/class_public
https://lesgourg.github.io/class_public/class.html
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shifts recombination and thus the peak of the visibility
function to higher redshifts.

To show how recombination evolves in over/under-
dense regions, we plot the ionization fraction in each of
the three zones of our M3 model in Fig. 3. The under-
dense (”-”) zone has a dramatically delayed recombina-
tion history, and it presents a sizable low-z tail. The total
M3 ionization fraction approaches the ”0” zone (namely
standard recombination) for lower redshifts.
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FIG. 3. Ionization fraction in different zones of the M3 and
simple-clumping models. The clumping parameters are δ− =
−0.9, δ+ = 5/3, and f0 = 1/3, b = 1. Cosmology (θs, ωb,
ωcdm, As, ns, τreio) is fixed to the Planck best fit [2]. The
”-” zone behaves very different from the others, and has a
notable low-redshift tail. The total M3 ionization fraction
approaches the ”0” zone (namely standard recombination),
while for simple clumping (when rates of recombination and
other 2-body processes are just enhanced by a factor of 1 + b)
xe stays lower. The simple-clumping model produces larger
deviations in power spectra than M3 for the same H0 change
and is only shown here for comparison purposes.

We note that manually enhancing the average recom-
bination rate (i.e., without keeping track of the over-
dense and underdense zones) does not capture the en-
tire effect of clumping. To illustrate that, we have also
implemented a simple one-parameter clumping model,
using only b (Eq. (1)), where we have assumed a spa-
tially uniform xe and have therefore just multiplied the
rates of recombination and other 2-body processes by〈
n2H
〉
/ 〈nH〉2 = 1 + b inside RECFAST. From Fig. 3

it is clear that this simple model behaves like an over-
dense zone and does not reproduce the behavior of M3.
Such difference arises because the recombination rate is
proportional to 〈nenH+〉 ≈

〈
x2en

2
H

〉
. Only if one as-

sumes constant xe can one simply put the latter equal to
〈xe〉2

〈
n2H
〉

= 〈xe〉2 〈nH〉2 (1 + b). But if we assume no
electron mixing between the zones, at each density the
recombination goes at its own pace. At lower densities
the ionization fraction is higher and vice versa. Then〈
x2en

2
H

〉
< 〈xe〉2 〈nH〉2 (1 + b), and the actual ratio is

time-dependent. As a consequence, this simple clump-
ing model causes significantly higher difference in power
spectra C` for the same change in H0 than M3 and thus
cannot better alleviate the Hubble tension. This implies
that matching the low-z tail of recombination is key for
consistency with CMB data. Therefore only M3 and not
simple clumping is used further in the paper.

B. Sound horizon at last scattering

Shifting the epoch of recombination affects the quan-
tities derived from the CMB. For example, distances are
inferred from well-measured CMB angular scales, such as
the angular scale of the sound horizon at last scattering
θs = rs/r∗, where

r∗ =

∫ z∗

0

cdz

H (z)
(5)

is the comoving distance to the last scattering surface, c
is speed of light, and

rS =

∫ ∞

z∗

cS (z) dz

H (z)
(6)

is the comoving distance a sound wave (of speed cS) could
travel before last scattering, called sound horizon. The
redshift z∗ of last scattering is determined by recombi-
nation physics (in particular by the peak of the visibil-
ity function) and depends on the radiation, baryon, and
matter densities:

z∗ = z∗ (ωr, ωb, ωm) ; ωj = Ωjh
2,

where h = H0/[100 km/(s/Mpc)].
The angular sound horizon θs ∼ 1/`peak is measured

very well from the CMB power spectrum, where `peak
is the multipole of the first acoustic peak. This leaves
two main avenues to obtain a larger H0 from the CMB
and solve the Hubble tension. Late-type solutions change
the H(z) at low redshifts, affecting the distance to last
scattering, i.e., r∗ in Eq. (5). Early-type solutions, on the
other hand, change the sound horizon rs in Eq. (6). This
can take the form of an increase in H(z), for instance
from early dark energy [28, 29, 31]. In our case, however,
it is through altering recombination. Clumping changes
the z∗ (ωr, ωb, ωm) function, which lowers rs (at fixed ωi);
so to keep the same observed θs, the comoving distance
r∗ must be reduced, yielding higher H0.

C. Silk damping

Another important phenomenon closely related to re-
combination physics is Silk diffusion damping [61]. Pho-
tons perform a random walk with nonzero mean free
path, which smooths their perturbations, making these
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decay as time passes. A mode with wavenumber k is sup-
pressed by a factor D (k), which can be approximated as

D (k) =

∫ η0

0

dη g(η) exp
{
− [k/kD (η)]

2
}
, (7)

where the effective diffusion scale is

k−2D (η) =
1

6

∫ η

0

dη′
1

τ̇

R2 + 16 (1 +R) /15

(1 +R)
2 , (8)

with R = 3ρb/4ργ = (3ωb/4ωγ) (1 + z)
−1

[62], where ρb
and ργ are the physical energy densities of baryons and
photons respectively.

As the visibility function is peaked around recombi-
nation (η = η∗) and normalized (

∫ η0
0
dη g (η) = 1), the

damping factor can be approximated by taking out the
exponential at peak out of the integral in Eq. (7), yield-

ing D (k) ≈ exp
{
− [k/kD (η∗)]

2
}

. This introduces a new

length scale into the problem: rD = 2π/kD, which has
different parameter dependence from rS .

In the simplest case of a constant sound speed, rS
scales as cSη∗ = cS

∫∞
z∗
dz/H(z), which is the dis-

tance a sound wave can travel up to recombination;

whereas rD scales roughly as
[∫ η∗

0
dη/(1 + z)2

]1/2
=

[∫∞
z∗
dzH−1(z)(1 + z)−2

]1/2
, as the comoving mean free

path τ̇−1 scales intrinsically as (1 + z)−2 (Eq. 4). As
a consequence, the two scales will react differently to
changes in the recombination history. In particular, the
damping scale receives a larger contribution from lower
redshifts, near z∗, so it is more sensitive to the recombi-
nation profile.

Small-scale clumping shifts recombination to earlier
times, and with it the peak of g, as we showed in Fig. 2 for
our M3 model. This will alter the damping scale relative
to the sound horizon.

To build intuition, we have run a sequence of models
with increasing clumping but fixed cosmology (in terms
of θs, which is exquisitely measured by the CMB), keep-
ing f0 = 2/3 and |δ+/δ−| = 4/3 in our M3 model. The
effects are shown in Fig. 4. The comoving damping scale
changes differently from the sound horizon, as we rea-
soned before. Similarly to θs = rS/r∗, we convert it to
an angular scale θd = rD/r∗, which first increases with
clumping and then decreases.

CMB fluctuations with higher multipoles ` are further
Silk suppressed, and thus provide a better measurement
of the damping scale kD. Therefore, good precision in the
CMB damping tail provides a strong test of clumping.

We illustrate this in Fig. 5, where we show the rela-
tive difference between CMB power spectra, both tem-
perature (TT ) and polarization (EE) from M3 and
from ΛCDM (with standard recombination), given the
same cosmological parameters. In particular, the same
sound horizon angular scale θs ensures that the acous-
tic oscillations are in phase with one another, otherwise
there would be a large oscillating difference between the
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FIG. 4. Effects of clumping with a fixed cosmology (θs,
ωb, ωcdm, As, ns, τreio), in all cases with f0 = 2/3 and
|δ+/δ−| = 4/3. Top panel: the sound horizon rS (black) de-
creases with increasing clumping b or recombination redshift
z∗, whereas the damping scale rD (magenta) has a different
and more complex behavior. Bottom panel: H0 increases (as
distance to last scattering r∗ decreases proportionally to rs,
and other cosmological parameters are fixed), angular damp-
ing scale θd = rD/r∗ first increases and then decreases.

power spectra. The gradual deviation on smaller scales
(` & 1500 in temperature and ` & 2000 in polariza-
tion) is caused by the damping scale difference. There
are also smaller wiggles in the relative difference, which
are caused by the change in duration of last scattering
[63]. However, they are less significant than the smoother
trend.

We also show the Planck measurements and fore-
casted CMB-S4 binned errors (including both instrumen-
tal noise and cosmic variance). Current measurements,
from Planck, are scattered around zero, so that it is not
easy to tell by eye how strongly this particular clumping
configuration is disfavored. However, upon evaluating
the likelihood we find ∆χ2

Planck = 93, most of it coming
from high-` (` ≥ 30) TT, TE,EE (∆χ2

high ` TTTEEE =

91). The difference is high because in this example we
have fixed the rest of cosmological parameters. As we
will show later (Sec. IV C, Fig. 9), by shifting the cosmo-
logical parameters, M3 is able to fit the ` . 1000 region
very well, though at higher ` it diverges due to a differ-
ence in the damping scale. With CMB-S4 errors, how-
ever, the difference induced by b ∼ 1 clumping is clearly
many sigmas in several dozens of bins both in temper-
ature (TT ) and polarization (EE), showing that more
precise damping tail measurements will be able to distin-
guish the presence of significant clumping. For this same
example we find ∆χ2

CMB−S4 ≈ 1350, much higher than
for Planck.
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FIG. 5. Demonstration of the effect of clumping on the
CMB damping tail. We define the ΛCDM prediction with
standard recombination as the reference C`,ref , and compare
our clumping model against it. The black dashed line shows
a clumping case, with M3 parameters δ− = −0.9, δ+ = 5/3,
and f0 = 1/3 (giving b = 1). The cosmological parameters
(θs, ωb, ωcdm, As, ns, τreio) are fixed to the Planck best fit.
Cyan points represent the binned Planck data, whereas red
correspond to CMB-S4 forecasted errorbars, both binned with
∆` = 100.

IV. RESULTS WITH PLANCK 2018

In this section we apply the M3 model to Planck 2018
data with the key goal of assessing how it alleviates
the Hubble tension. We also perform model compar-
ison (ΛCDM with standard recombination versus M3)
and discuss the compatibility with LSS measurements.

Our CMB datasets are low-` TT,EE, binned nuisance-
marginalized high-` TT, TE,EE [51] and lensing [52]
power spectra. We also consider the Hubble constant
measurement from the SH0ES collaboration: H0 =
(73.2± 1.3) km s−1 Mpc−1 [7].

We use the Cobaya framework [64] with the Polychord
nested sampler [65, 66] for evidences (needed to compute
the Bayes factors) and posteriors, and the Py-BOBYQA
minimizer [67–69] for best-fit determinations. Plots are
made with anesthetic [70] and GetDist [71].

Our parameters and priors are described in Table I. It
is important to state that we assumed massless neutri-
nos throughout the sampling to save computing time, as
massive neutrinos slow the Boltzmann solver by a factor
of ∼ 10. This assumption shifts upwards the inferred H0

prior range

−δ− log-uniform [10−5, 0.955]

|δ+/δ−| log-uniform [0.1, 10]

f0 uniform [0, 1]

ln(1010As) uniform [2.55, 3.55]

ns uniform [0.9, 1.05]

100θs uniform [0.95, 1.15]

Ωbh
2 uniform [0.02, 0.025]

Ωcdmh
2 uniform [0.1, 0.15]

τreio uniform [0.01, 0.2]

ΩK fixed 0

mν [eV] fixed 0

Aplanck (ycal) normal 1± 0.0025

TABLE I. Parameters used in this work and their priors. δ±
and f0 are only for M3 model, Aplanck (ycal) – for Planck
likelihoods.

values, but it does not affect the changes introduced by
M3 (relative to ΛCDM with standard recombination) in
a meaningful way, as we demonstrate in Appendix A 2.

Full contour plots for the M3 clumping model are pre-
sented in Appendix B, here we will focus on particular
important subspaces.

A. H0 and model comparison

We show the 2D posterior for the clumping parameter
b and H0 in Fig. 6. Planck-only data shows no notice-
able change in H0 compared to ΛCDM with standard re-
combination, and some preference against high clumping
compared to the prior. Adding a direct H0 measurement,
however, creates a weak preference for high clumping and
high H0. Because most of the posterior weight for the
clumping parameter b is below unity, we observe almost
no correlation between b and H0.

In order to explore the tail of the H0 posterior dis-
tribution, we show it in Fig. 7. With Planck-only data,
M3 allows for a weak bump towards higher H0 (com-
pared to standard recombination), whereas the mean is
not significantly shifted. For Planck data combined with
SH0ES, the bump at higher H0 for M3 is stronger, given
the additional pull from direct H0 measurement, though
the shift in the mean is still not significant (∆H0 = 0.08
km/(s Mpc)).

We show the best-fit χ2 differences and Bayes fac-
tors K between M3 and ΛCDM models in Table II. We
have not found a better M3 fit to Planck 2018 data
alone, compared to ΛCDM with standard recombina-
tion. M3 is more successful than ΛCDM when consid-
ering Planck+SH0ES, but ∆χ2 ≈ 5 can not justify 3
extra parameters. The Bayes factor K in both cases is
consistent with 1 (within < 1σ), meaning no preference
to either model. Bayes factor is equal to the ratio of
marginalized posterior probabilities of the models if they
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FIG. 6. Posteriors for H0 and the clumping parameter b of
our M3 model (see Eq. (1) for its definition). We show 68%
and 95% CL ellipses using Planck 2018 data alone and in
combination with SH0ES, which slightly increases H0 though
does not prefer clumping. We also show the H0 posteriors
from ΛCDM runs with standard recombination, as well as the
prior on b for comparison. The 68% CL intervals on clumping
within M3 are log10 b = −5.9 ± 2.7 for Planck, log10 b =
−5.3+4.2

−3.7 for Planck+SH0ES (and log10 b = −5.5 ± 3.0 for
prior). Neither Planck only nor Planck+SH0ES data prefer
large clumping (b ∼ 1).
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Planck ΛCDM: 68.02± 0.55

Planck M3: 68.04± 0.57

Planck+SH0ES ΛCDM: 68.79± 0.50

Planck+SH0ES M3: 68.87+0.51
−0.63

FIG. 7. Posterior of H0 inferred from Planck data, without
and with SH0ES, which shifts the H0 values upward as ex-
pected. The legend shows 68% CL intervals.

are assumed equally probable a priori; more generally,
posterior probabilities ratio is given by Bayes factor times
prior probabilities ratio [72]. The best-fit parameters are

∆χ2
best log10K

Planck 0 0.04± 0.15

Planck+SH0ES 5 0.14± 0.19

TABLE II. Model comparison between M3 and ΛCDM by
best-fit χ2 difference and Bayes factor K between M3 and
ΛCDM with Planck 2018 data. χ2 differences rounded to in-
tegers because of uncertainty in the minimizer output. M3
does not fit Planck data alone better than ΛCDM. With
SH0ES, M3 allows for slightly better agreement. Bayes fac-
tors −0.5 . log10K . 0.5 show no clear preference between
models [72].

presented in Appendix C, Table VII.
We conclude that M3 is neither supported by the

data nor rejected. This is probably not surprising, since
Planck data is fit well by ΛCDM with standard re-
combination and with an ≈ 4σ tension between Planck
and SH0ES it is challenging to get a detection in a 3-
parameter model. One could get more support for M3
by considering additional H0 data. Here, however, we
will limit ourselves to the SH0ES measurement.

B. Low-` Planck data analysis

In order to build intuition, we now check whether it
is the damping tail that prevents Planck 2018 data from
preferring M3. For that, we perform an analysis with
only the ` < 1000 multipoles. This range of scales is cho-
sen to determine the sound horizon angular scale, though
not the damping tail.

The corresponding 2D posteriors for b and H0 are plot-
ted in Fig. 8. Using Planck ` < 1000, we find no sig-
nificant deviation from standard recombination, as the
clumping posterior is only slightly shifted from the prior
(towards lower values). However, with the additional pull
from SH0ES, strong clumping b ∼ 1 is preferred, and we
see a significant bump towards higher H0. The best-fit
parameters are presented in Appendix C, Table VIII.

∆χ2
best log10K

Planck ` < 1000 0 −0.09± 0.18

Planck ` < 1000+SH0ES 11 0.21± 0.20

TABLE III. Model comparison with Planck ` < 1000 data.
χ2 differences are rounded to integers because of uncertainty
in the minimizer output. M3 still does not fit the CMB alone
better than ΛCDM, though the joint fit to CMB and SH0ES
is improved further than with full Planck. The Bayes factors
K show no preference between models, as for full Planck in
Table II.

In order to determine whether clumping provides a
better fit in this case, we perform model comparison
by two methods: best-fit χ2 and Bayes factor K, and
show the results in Table III. We still do not find M3 to
fit CMB data notably better than the standard model,
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FIG. 8. Confidence regions for clumping b versus H0 from
Planck 2018 ` < 1000 data. The absence of damping tail
information from the high-` data allows significant clumping,
and thus larger H0. The 68% CL intervals on clumping within
M3 are log10 b = −5.9 ± 2.8 for Planck ` < 1000, log10 b =
−2.8+2.9

−6.3 for Planck ` < 1000 + SH0ES (and log10 b = −5.5±
3.0 for prior). Within M3, H0 = (68.51 ± 0.68) km/(s Mpc)
for Planck ` < 1000, H0 = (70.8±1.5) km/(s Mpc) for Planck
` < 1000 + SH0ES. The H0 posteriors from ΛCDM runs are
also shown, which do not reach the high H0 values available
to M3.

with addition of SH0ES improvement is more significant
(∆χ2

best = 11) than in case of full Planck and SH0ES
(∆χ2

best = 5). Bayes factors K are still consistent with
one, telling no clear preference between the models. This
shows that current Planck data does not prefer clump-
ing as the solution to the H0 tension, even without its
damping tail.

C. Damping scale

As we have shown in the previous subsection, consider-
ing only ` < 1000 multipoles from the Planck data opens
more room for clumping than using the full data. We
posit that the key source of constraints on clumping is
the damping-tail information contained in higher-` mul-
tipoles. So now we consider how the damping tail varies
within our M3 model.

First, we plot relative difference in TT,EE power spec-
tra between the best fits in Fig. 9. Unlike in Fig. 5, where
the cosmology was kept fixed, producing significant dif-
ferences, here all the models manage to shift the param-
eters to fit the low-` data. However, they diverge signifi-
cantly in the damping tail (` & 1500), and CMB-S4 will

`
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Planck ΛCDM

Planck+SH0ES M3

Planck ` < 1000 ΛCDM

Planck ` < 1000 + SH0ES M3

Planck data

CMB-S4 error

FIG. 9. Relative difference in CMB temperature TT and po-
larization EE power spectra between our best fits (Appendix
C, Tab. VII, VIII), with the ΛCDM best fit to Planck taken
as reference. Differences are small in the low-` regime, but
grow at smaller scales. Planck data can barely distinguish
them, but CMB-S4 will do so very clearly.

be able to measure such deviations. More precisely, the
χ2 difference between Planck ΛCDM and Planck+SH0ES
M3 best fits from Planck temperature, polarization and
lensing is only ∆χ2

Planck ≈ 4, while for CMB-S4 preci-
sion in temperature and polarization it can be as high
as ∆χ2

CMB−S4 ≈ 1030 (if one assumes the Planck ΛCDM
best fit as fiducial).

In order to build intuition, we formulate the damping-
tail constraints in terms of the comoving damping scale
rD and its angular analog θd = rD/r∗. We post-processed
the Planck runs to get this information from CLASS.

Fig. 10 presents the sound-horizon vs damping angular
scales for our Planck+SH0ES runs. Within ΛCDM both
angular scales are well measured, both for the full Planck
data as well as with the ` < 1000 modes only. The M3
contours, however, extend to lower values of both θd and
θs compared to ΛCDM. With full Planck the shift is not
significant, while using only ` < 1000 allows larger devi-
ations to that region. With Planck ` < 1000 + SH0ES,
the error bar of θd within M3 is by a factor of 3 wider
than within ΛCDM.

We note that the error bar of θs is widened similarly.
However, the positions of acoustic peaks are not deter-
mined exactly by sound horizon angular scale alone. For
example, stronger damping would shift the power spec-
trum maxima to slightly lower `. Acoustic peak positions



9

1.039 1.040 1.041 1.042 1.043

100θs

0.95

0.96

0.97

30
0θ

d

Planck+SH0ES LCDM

Planck+SH0ES M3

Planck ` < 1000 + SH0ES LCDM

Planck ` < 1000 + SH0ES M3

FIG. 10. Sound-horizon vs damping angular scales(both mul-
tiplied by a prefactor to make them O(1)) for Planck 2018
+ SH0ES runs. The M3 and ΛCDM contours are quite sim-
ilar for full Planck+SH0ES (purple). On the contrary, for
Planck ` < 1000+SH0ES (green), the M3 posterior is signifi-
cantly extended to lower values of both θs and θd, compared
to ΛCDM.

may also be affected by fine changes in visibility func-
tion shape introduced by clumping. Such small changes
might be important, since the characteristic differences
in sound horizon scales in our runs are only ∼ 0.1%.
To assess this, we calculate the positions of first three
peaks in TT power spectrum given by CLASS (by fitting
Gaussians to D` = `(`+1)C`/2π, as Planck collaboration
[73]. We find that M3 keeps peaks at the same positions
as ΛCDM, especially the second one. Therefore we plot
second TT peak position instead of θs in Fig. 11.

Figure 11 also shows how H0 changes in the `peak2,TT -
θd plane, using Planck 2018 ` < 1000 and SH0ES data.
The main trend is that H0 increases for smaller values
of θd. Therefore, lowering the angular damping scale
θd is necessary to infer higher H0 from CMB. But such
change is disfavored by Planck damping tail data. This
agrees with our previous subsections, where full Planck
+ SH0ES did not show a preference for high clumping,
and consequently did not exhibit significant change in
H0, while without ` ≥ 1000 multipoles the data allowed
for both.

D. S8 tension

We now move to discuss whether clumping is compat-
ible with large-scale structure data, which has not been
considered in previous subsections.

A potentially interesting discrepancy between the
CMB and LSS is the S8 tension in the amplitude of
matter fluctuations measured from the CMB and the
LSS. Planck 2018 reported Ωm = 0.315 ± 0.007 and
S8 = 0.831 ± 0.017 [2], both of which are higher than
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FIG. 11. Similar to Fig. 10, but we replace θs by position of
the second peak in TT power spectrum `peak2,TT and color
different points by their value of H0, for our Planck ` < 1000
+ SH0ES M3 run. Within M3 peak positions stay almost
same regardless of θd. This proves that ` < 1000 multipoles
from Planck give strong enough constraints on acoustic peaks.
In this plane, H0 increases for lower values of both θd and
`peak. However, the peak positions are measured with ∼ 0.1%
precision and do not allow to vary H0 significantly with other
parameters fixed. This implies that a change in the angular
damping scale is necessary to infer higher H0 from the CMB.

found in DES-Y1: Ωm = 0.264+0.032
−0.019, S8 = 0.783+0.021

−0.025
[21]. Earlier recombination (for instance due to small-
scale baryon clumping) decreases both the Ωm and S8

values inferred from the CMB, and can therefore help to
relieve the S8 tension [39].

However, the new DES-Y3 results (Ωm = 0.339+0.032
−0.031,

S8 = 0.776 ± 0.017 [5]) do not show a preference for
lower values of Ωm, which makes clumping less favor-
able resolution. A reanalysis of DES-Y1 data accord-
ing to the DES-Y3 pipeline shifted the parameter es-
timates to Ωm = 0.303+0.034

−0.041, S8 = 0.747+0.027
−0.025 [5], in

better agreement with Planck on Ωm but worse on S8.
Other experiments also find a lower value of S8 than
Planck and only a small difference in Ωm (< 1σ), in-
cluding the Kilo-Degree Survey (KiDS-1000, which re-
ported Ωm = 0.305+0.010

−0.015, S8 = 0.766+0.020
−0.014 [22]), un-

WISE galaxies (with Planck CMB lensing added, which
obtained Ωm = 0.295 ± 0.017, S8 = 0.776 ± 0.017 [23]),
as well as an analysis of the growth of density pertur-
bations from large-scale structure data (which yielded
Ωm = 0.311+0.021

−0.028, S8 = 0.7769± 0.0095 [24]).

To study in detail how clumping interfaces with the
S8 tension, we show the one-dimensional posteriors and
two-dimensional confidence ellipses for H0, Ωm and S8

for a few selected runs in Fig. 12. We also show analo-
gous posteriors and contours on Ωm and S8 from DES-
Y3 [5], DES-Y1 [21] and KiDS-1000 [22] for comparison.
This Figure shows that Planck ` < 1000 M3 prefers low
clumping and therefore is closer to ΛCDM with stan-
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FIG. 12. Confidence regions and one-dimensional posteriors for H0, matter fraction Ωm and rescaled clustering amplitude S8.
Planck ` < 1000 M3 has low clumping, therefore is close to ΛCDM and exhibits similar negative H0–Ωm and H0–S8 correlations,
so increasing H0 decreases both Ωm and S8. Planck ` < 1000 + SH0ES M3 can reach high clumping (see Fig. 8), giving rise
to even lower Ωm and S8. High clumping is disfavored by the damping-tail data of full Planck+SH0ES, so the corresponding
contours are closer to ΛCDM. We show the confidence regions and posteriors from DES-Y3 [5], DES-Y1 [21] and KiDS-1000
[22] for reference. DES data does not constrain H0 significantly compared to their prior, which is flat in the range 55 to 91
km/(s Mpc).
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dard recombination, exhibiting similar correlations be-
tween these three parameters. Note that within ΛCDM
there is a significant negative correlation between H0 and
Ωm and a weaker negative correlation between H0 and
S8. Therefore increasing H0 alone (for instance by co-
adding direct H0 measurements) decreases both Ωm and
S8.

The Planck ` < 1000 + SH0ES M3 confidence region
exhibits high clumping and explores a different direction,
to even lower Ωm and S8. Finally, in full Planck with
SH0ES the damping-tail data disfavors high clumping,
making the contour close to the standard ΛCDM.

We note that a rigorous study of the S8 tension within
M3 would require a re-analysis of the LSS data, as clump-
ing can introduce biases with respect to ΛCDM with
standard recombination. Such an analysis is beyond the
scope of this work, and given that this tension is weaker
than theH0 one, we tentatively conclude that adding LSS
data to our runs would not significantly change whether
M3 is preferred.

E. Baryon drag scale

As advanced above, the addition of clumping changes
the length of the sound horizon due to the non-standard
recombination. This is important for the interpretation
of baryon acoustic oscillations (BAO) in galaxy surveys
at low z, so we now consider how the BAO standard ruler
is affected by clumping. The relevant distance is the drag
scale rdrag — the sound horizon at the drag epoch (when
the baryon optical depth is 1). The drag epoch occurs
slightly later than last scattering, which makes the drag
scale larger than the sound horizon rS at last scattering,
albeit only marginally.

Standard-ruler BAO measurements constrain the com-
binations dM (z) /rdrag and H (z) rdrag [4], where dM is
the comoving angular-diameter distance. In a flat ΛCDM
cosmology

dM =

∫ z

0

cdz

H (z)
, (9)

and the dominant contributors are the cosmological con-
stant and the non-relativistic matter, since for low z

H (z) ≈ H0

(
1 + Ωm

[
(1 + z)

3 − 1
])1/2

.

For a constant Ωm, both dM (z) /rdrag and H (z) rdrag
depend only on H0rdrag. On the CMB side, the sound-
horizon angular scale θs is also proportional to H0rdrag
for fixed Ωm, since rdrag is very close to rS (see Eq. 6).
The early integrated Sachs-Wolfe effect in the CMB de-
termines the physical matter density ωm = Ωmh

2, which
indeed stays roughly constant in our sampling. There-
fore, as H0 increases, Ωm decreases, which causes changes
in dM (z) /rdrag and H (z) rdrag at low redshift, compared
to their high-redshift analog θs (effectively fixed by the

CMB). As a consequence, clumping models that fit the
CMB develop a tension with BAO data (see Jedamzik
et al. [74] for a broader discussion).

As an example, in Fig. 13 we show the relative dif-
ference between these quantities for ΛCDM (best fit to
Planck) and for M3 (best fit to Planck+SH0ES), and
overlay the SDSS DR12 measurements [4]. By eye, we
can tell that the Planck+SH0ES M3 best fit is mildly
disfavored by the transversal (dM (z) /rdrag) BAO data,
while for the radial (H (z) rdrag) BAO the data scatter
is too large to tell. Using the full covariance matrix, we
find ∆χ2

BAO ≈ −3.6, indeed mildly disfavoring M3.
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FIG. 13. Relative difference in the BAO distances
– dM (z) /rdrag and H (z) rdrag, for M3 best fit to
Planck+SH0ES, compared to the ΛCDM best fit to Planck
(see Appendix C, Tab. VII for exact parameters) SDSS DR12
measurements [4] are overlaid. At higher reshifts, the relative
difference in dM/rdrag tends to 0 and in Hrdrag – to negative
constant ≈ −0.01.

At higher redshifts, the relative difference in
dM (z) /rdrag tends to 0 – so as to match ≈ 1/θs to the
CMB at recombination. The H (z) rdrag relative differ-
ence, on the other hand, tends to a negative constant
– since ωm changes weakly, expansion rate at high red-
shifts is almost the same, so the difference is driven by
the change in sound horizon (and thus drag scale), which
is ≈ 1% for the Planck+SH0ES M3 best fit compared to
Planck ΛCDM best fit.

While the M3 best fit to Planck+SH0ES is in mild
tension with the current BAO measurements, that does
not necessarily prove that increasing H0 in M3 is always
disfavored by BAO data. There remains a possibility
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that model parameters can be adjusted to accommodate
the datasets and provide a better joint fit. To assess
this, we plot dM (z = 0.51)/rs versus H0 for our Planck
` < 1000 + SH0ES M3 run in Fig. 14, overlaying the
SDSS DR12 measurement. The upper left dots have low
clumping, so they follow the standard ΛCDM degeneracy
direction. The right dots, with high clumping, follow a
different trend, but still develop more and more tension
with SDSS for increasing H0, as explained in Jedamzik
et al. [74]. We remind the reader that this figure shows
only one of three SDSS D12 measurements, and the trend
is similar in all, which makes the tension stronger.
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FIG. 14. Scatter plot of dM (z = 0.51)/rs versus H0 for our
Planck ` < 1000 + SH0ES M3 run, which exhibits the highest
clumping. We overplot the SDSS DR12 measurements at this
redshift in magenta, where the semi-transparent band shows
its 1σ error bar. Even though high clumping (in the right)
produces higher H0 than inferred from the ΛCDM degeneracy
line (in the upper left), larger values of H0 still cause tension
between CMB and the BAO.

Standard-ruler BAO data is being improved, and in
the future it will become more decisive for or against the
clumping model. A notable example is the Dark Energy
Spectroscopic Instrument (DESI), which is already opera-
tional. DESI is expected to provide sub-percent precision
measurements of dM/rdrag in 7 bins for 0.65 ≤ z ≤ 1.25
[75], which alone can give ∆χ2 ≈ 20 between our best-
fit models. At higher redshifts, 21-cm data will provide
a measurement of H rdrag to percent-level precision us-
ing on velocity-induced acoustic oscillations (VAOs) [76].
Our clumping model predicts only a modest deviation
of the radial H rdrag, so transverse BAO measurements
have more constraining power.

We note that the change in recombination induced by
small-scale clumping is likely to affect the shape of BAO

fitting templates, and henceforth the distance-scale ex-
traction from observational data. A proper analysis of
BAO data within our M3 model should check whether
dM (z) /rdrag and H (z) rdrag are recovered without any
biases compared to standard extraction procedures. A
quick test with z = 0 correlation functions in Fig. 15
shows that change in hrdrag overwhelms the possible bias
in drag scale reconstruction. We leave a detailed study
of the correlation function in the presence of clumping
for future work.
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FIG. 15. Correlation functions at z = 0 for ΛCDM (best fit
to Planck) and for M3 (best fit to Planck+SH0ES), rescaled
with each baryon drag scale, which gives almost perfect agree-
ment. The lower panel shows the difference between the two
lines magnified by an additional factor of 100. The comov-
ing drag scale rdrag decreases by 1% between the two cases,
but h increases by 4%, so that the drag scale in Mpc/h units
hrdrag increases by 3%. Such change is clearly noticeable and
overwhelms any possible bias arising from template-shape dif-
ferences.

V. FORECASTS FOR FUTURE CMB
EXPERIMENTS

Having exploited the current data at our disposal, we
now perform forecasts for two future CMB experiments:
the Simons Observatory (SO, [49]) and CMB-S4 [77],
which will have much better damping-tail precision and
therefore will be able to test the clumping model much
better.

We have written mock likelihoods for these two experi-
ments within Cobaya3 adapting the ones in MontePython
[78, 79], and created the models for these two experi-
ments using deproj0 noise curves for temperature and
E-mode polarization fluctuations. We focus on primary
CMB anisotropies, rather than lensing map.

3 https://github.com/misharash/cobaya_mock_cmb

https://github.com/misharash/cobaya_mock_cmb
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standard clumping

best fit to Planck +SH0ES

δ− n/a (0) −0.955

δ+ n/a (0) 1.320

f0 n/a (1) 0.652

b n/a (0) 0.439

109As 2.1094 2.1132

ns 0.96604 0.96552

100θs 1.04192 1.04177

Ωbh
2 0.022416 0.022714

Ωcdmh
2 0.11945 0.11999

τreio 0.0514 0.0542

H0 [km/(s Mpc)] 68.146 70.916

ΩK 0

mν [eV] 0

TABLE IV. Fiducial parameters for our forecasts.

Throughout this section we consider two fiducial power
spectra, which bracket our current knowledge on clump-
ing during recombination: for the first we assume stan-
dard recombination (ΛCDM) and take CMB + direct
H0 measurement, whereas for the second we choose a
model with nonzero clumping and higherH0 and consider
only CMB. Full parameter sets are presented in Tab. IV.
For each we perform model comparison between M3 and
LCDM, and show posteriors for H0 and the clumping pa-
rameter b. For the H0 measurement, we assume SH0ES,
though we have checked that an H0 precision improve-
ment to 1% will not change our conclusions.

A. Fiducial with standard recombination

We begin by considering the case that the CMB power
spectra of SO/CMB-S4 continue to agree with the stan-
dard ΛCDM model (and a low H0 ≈ 68.1 km/(s Mpc),
where the parameters are taken from our best fit to
Planck data with massless neutrinos and presented in
Table IV). The question we address is whether the de-
generacy between clumping and H0 will still be able to
bring future CMB experiments in closer agreement with a
direct H0 measurement in this case. Since our fiducial is
ΛCDM with standard recombination, M3 can not fit the
data any better, so model comparison on CMB-only data
will not be informative. Therefore, in this subsection we
consider only future CMB data added to SH0ES.

We show the model comparison between M3 and
ΛCDM in Table V. Unlike with Planck, SO/CMB-
S4+SH0ES have negligible χ2 improvement. Bayes fac-
tors K stay consistent with 1, indicating no clear prefer-
ence between the models.

Fig. 16 provides a closer look into the H0 posterior.
If future CMB power spectra continue to agree with
ΛCDM, M3 does not allow any significant H0 shift even

∆χ2
best log10K

Planck+SH0ES 5 0.14± 0.19

SO baseline+SH0ES 0 0.15± 0.22

CMB-S4+SH0ES 0 −0.02± 0.22

TABLE V. Model comparison forecast with a standard re-
combination fiducial (see Sec. V A). All χ2 differences are
rounded to integers because of uncertainty in the minimizer
output. If CMB data continues to be consistent with stan-
dard recombination and low H0, M3 will be not able to allow
CMB to agree with a direct H0 measurement. Bayes factors
−0.5 . log10K . 0.5 tell no clear preference, as in Tab. II
and III.

67.0 67.5 68.0 68.5 69.0 69.5 70.0
H0 [km/(s Mpc)]

−8

−6

−4

−2

0

ln
P

(H
0
)

SO baseline+SH0ES ΛCDM: 68.60± 0.38

SO baseline+SH0ES M3: 68.61± 0.38

CMB-S4+SH0ES ΛCDM: 68.42± 0.29

CMB-S4+SH0ES M3: 68.42± 0.29

fiducial H0

FIG. 16. Posterior for H0 in our forecasts with a standard
recombination fiducial, in all cases with CMB + SH0ES. The
solid lines assume M3, whereas dashed assume ΛCDM with
standard recombination. The gray dashed line shows the in-
put fiducial value of H0. While the maximum posterior values
are shifted to higher H0 with respect to the input, due to the
addition of a direct H0 measurement, the shift from ΛCDM
to M3 is negligible for both experiments. We present 68% CL
intervals on H0 in the legend. For clumping (within M3) they
are log10 b = −5.3+4.2

−3.7 for SO+SH0ES, log10 b = −5.8+3.7
−3.2 for

CMB-S4+SH0ES (and log10 b = −5.5± 3.0 for prior).

with the pull from SH0ES. As expected, the increased
CMB precision shifts the H0 posterior to our input CMB
fiducial of H0 ≈ 68 km/(s Mpc), shown as the gray
dashed vertical line. The posterior for b is very close
to its prior, except that high values b ∼ 1 are disfavored
(and thus does not allow any correlations with H0), so
we do not show it here.

B. Fiducial with clumping

We next investigate a case that in truth contains
substantial small-scale clustering. We generate fidu-
cial power spectra for SO/CMB-S4 following the best
fit of M3 to Planck+SH0ES, which in particular has
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b ≈ 0.44 and H0 ≈ 70.9 km/(s Mpc) (full parameter
set in Tab. IV). In this case our aim is to determine how
clearly clumping could be discerned by future CMB data,
without any direct H0 measurements.

∆χ2
best log10K

Planck 0 0.04± 0.15

SO baseline 21 1.57± 0.23

CMB-S4 44 5.54± 0.23

TABLE VI. Same as Tab. V, but for a nonzero clumping fidu-
cial (see Sec. V B). In this case both experiments can show a
clear preference for M3, given their large ∆χ2

best. In terms of
the Bayes factor K, the evidence against ΛCDM with stan-
dard recombination would be strong for SO (1 < log10K < 2),
and decisive for CMB-S4 (log10K > 2) [72].

We present the results of our model comparison in Ta-
ble VI. If there is such clumping in CMB, SO data will
show a clear preference for clumping model, and CMB-
S4 will be even more decisive. This is the only case when
the Bayes factor K is significantly different from 1. With
SO data M3 model is deemed ∼ 30 times more probable
than ΛCDM (strong evidence in favor of M3), and with
CMB-S4 – ∼ 300, 000 (decisive evidence in favor of M3)
[72].

We show the posteriors of b and H0 in Fig. 17, where
the difference in H0 between standard and clumpy re-
combination is clear for both SO and CMB-S4. We note
that the posteriors for both H0 and b peak at lower values
than our input fiducials, as lower clumping (and there-
fore lower H0 for the same θs) is favored by the prior.
Also note that all results in this subsection are based on
CMB data only, without any direct H0 measurements.
It is clear that future CMB data alone will suffice to
detect clumping, as the posterior becomes much better
constrained (against the prior). For SO the lowest values
(b . 10−2) are clearly disfavored by the data, whereas
for CMB-S4 the limits become only tighter.

VI. CONCLUSIONS

The Hubble tension poses an increasingly challenging
problem to the standard cosmological model. A possible
solution is to alter recombination, for instance by adding
small-scale baryon clumping, which allows higher H0 val-
ues to be inferred from CMB data. We have studied
whether our flexible clumping model M3, having three
spatial zones with variable densities and volume frac-
tions, can solve the tension.

We have found that

• Current Planck data does not prefer clumping, even
when adding the local H0 measurement from the
SH0ES collaboration.

• Including only ` < 1000 multipoles, Planck data
allow for a larger shift to higher values of H0, as

−2 −1 0
log10 b

68

70

72

H
0

[k
m

/(
s

M
p

c)
]

69.0 70.5
H0 [km/(s Mpc)]

SO clumping M3

CMB-S4 clumping M3

SO clumping ΛCDM

CMB-S4 clumping ΛCDM

fiducial

clumping prior

FIG. 17. Posteriors of b and H0 for forecasts with a clump-
ing fiducial (best fit to current Planck+SH0ES, see Sec. V B).
As is clear from the right panel, M3 and ΛCDM yield dif-
ferent H0 values for the same data (both for SO and CMB-
S4). In this case the clumping parameter b will be measured
to be nonzero at high significance. The 68% CL intervals
on clumping within M3 are log10 b = −0.93+0.51

+0.16 for SO,
log10 b = −0.53± 0.11 for CMB-S4 (and log10 b = −5.5± 3.0
for prior). Within M3, H0 = 70.23+0.54

−0.47 km/(s Mpc) for SO
and H0 = (70.36± 0.39) km/(s Mpc) for CMB-S4.

the damping tail is more weakly constrained.

• Increasing H0 within ΛCDM decreases both Ωm
and S8. The clumping model M3 follows the same
trend, which relieves the potential S8 tension with
weak-lensing data.

• However, the same change of Ωm is in tension with
BAO standard-ruler measurements at low z. We
showed that the BAO template is largely unaltered
in the presence of clumping.

We have made forecasts for two future CMB experi-
ments – Simons Observatory and CMB-S4 – which will
better measure the damping tail. First, we have found
that if the power spectra stay consistent with ΛCDM
(i.e., with standard recombination), increasing H0 via
clumping is strongly disfavored. Second, we have shown
that the current best-fit model to Planck+SH0ES with
clumping (b ≈ 0.4) can be detected at high significance
based solely on future CMB data. Therefore future CMB
experiments will provide considerable diagnostic power to
investigate small-scale clumping at the epoch of recom-
binationand shed light onto possible solutions to the H0

tension.
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Appendix A: Justifying simplifications

1. RECFAST vs HyREC

In the main text we used the recombination code REC-
FAST, as it is faster than the more precise HyREC; here
we justify that this choice does not bias our results. REC-
FAST is sufficiently accurate for the analysis of Planck
data, though this code will not be satisfactory for future
CMB missions [58]. Moreover, highly nonstandard hy-
drogen densities, which can appear in the ± zones in M3,
might limit the RECFAST applicability even further.

For our purposes, the change of zero-point is not
the most important, as we focus on the shift intro-
duced by clumping. Therefore, we compare the rel-

ative changes in C
TT/EE
` between ΛCDM with stan-

dard recombination and M3 with b = 1 clumping ob-
tained with RECFAST and HyREC (with full hydro-
gen model) in Fig. 18. We overlay the CMB-S4 error-
bars to assess the difference. There is no notable differ-
ence for ` ≤ 2000 − 2500, so for current Planck data
both codes can be considered equivalent. In particu-
lar, the differences between each M3 model and ΛCDM
are ∆χ2

Planck,RECFAST = 93 and ∆χ2
Planck,HyREC = 90,

which are very close (as we note we have not shifted
any parameters here). For SO or CMB-S4, however,
the difference between the recombination codes can be
larger. For the lines shown, ∆χ2

CMB−S4,RECFAST = 1350

and ∆χ2
CMB−S4,HyREC = 1150, if one assumes the Planck

best-fit cosmology (fixed), which shows a relative differ-
ence between the recombination codes of . 20%. Near
the fiducial, where most of posterior is, the absolute dif-
ference will naturally be lower. Also, for CMB-S4 preci-
sion the shifts in parameters are expected to be less than
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FIG. 18. Relative shifts between ΛCDM with standard re-
combination (taken as reference C`,ref) and a particular M3
configuration (δ− = −0.9, δ+ = 5/3, f0 = 1/3 giving b = 1,
like in Fig. 5), using RECFAST (in black) and HyREC (in
blue). The red bands correspond to CMB-S4 errors binned
with ∆` = 100. The cosmological parameters (θs, ωb, ωcdm,
As, ns, τreio) are fixed to the Planck best fit.

1σ [58]. We conclude that an analysis of real SO and
CMBS4 data should use HyREC, though RECFAST is
sufficient for our forecasting purposes.

2. Neutrino masses

Throughout this paper we assumed massless neutri-
nos for efficiency, as it reduces the computational over-
head by an order of magnitude. This increases our
best fit H0 compared to the Planck one. However,
again, we are most interested in changes introduced
by clumping with respect to standard recombination,
so we compare them for massive and massless neu-
trinos in Fig. 19. The difference between both pre-
dictions in this plot is minuscule, and always smaller
than even the CMB-S4 errorbars. More quantitetively,
for the lines shown, ∆χ2

Planck,mν=0.06 eV = 92.6 and

∆χ2
Planck,mν=0 eV = 93.3; ∆χ2

CMB−S4,mν=0.06 eV = 1346

and ∆χ2
CMB−S4,mν=0 eV = 1334 (if one assumes Planck

best fit cosmology for fiducial). The relative difference in
∆χ2 is . 1% in both cases. Therefore computing with
massless neutrinos suffices our purposes.
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FIG. 19. Same as Fig. 18 but comparing the cases of massive
(black) and massless (blue) neutrinos.

Appendix B: Full contours from Planck runs

In Figure 20 we show posteriors for all parameters
in runs of M3 with Planck 2018 data (without and
with SH0ES). The posteriors on clumping parameters
log10 (−δ−), log10 |δ+/δ−| and f0 are largely flat, like
the priors, except the decrease for higher |δ−| for Planck
and increase in the same place for Planck+SH0ES. The
clumping parameters also show almost no correlations
with standard cosmological parameters, except a weak
H0 increase for the highest |δ−|. Addition of SH0ES
causes some increase in ns, Ωbh

2, H0; a weak increase
in As and τreio; some decrease in Ωcdmh

2.

Appendix C: Best fit parameters

In Table VII we show the best fit parameters when
fitting with full Planck data. The M3 best fit to Planck-
only is not shown, as we have not found a better one
than ΛCDM, and the ΛCDM is included in M3 when
one sets either one of the δ’s to 0 or f0 = 1. Adding
SH0ES in ΛCDM naturally increases H0 as well as most
input parameters: As, ns, θs, ωb, τreio; whereas ωcdm

decreases slightly. M3 allows for larger H0, while the in-
crease in As and τreio become smaller, ns and θs decrease
very slightly, Ωbh

2 increases further than in ΛCDM and
Ωcdmh

2 increases, unlike in ΛCDM. The CMB χ2 differ-
ence is dominated by high-` TT, TE,EE (where ”high”

Model ΛCDM ΛCDM M3

Fit to Planck Planck+SH0ES

δ− n/a (0) n/a (0) −0.955

δ+ n/a (0) n/a (0) 1.320

f0 n/a (1) n/a (1) 0.652

b n/a (0) n/a (0) 0.439

109As 2.1094 2.1440 2.1132

ns 0.96604 0.97084 0.96552

100θs 1.04192 1.04207 1.04177

Ωbh
2 0.022416 0.022569 0.022714

Ωcdmh
2 0.11945 0.11762 0.11999

τreio 0.0514 0.0555 0.0542

H0 [km/(s Mpc)] 68.146 68.993 70.916

ΩK 0

mν [eV] 0

χ2
low ` TT 23.2 22.4 23.6

χ2
low ` EE 395.7 396.1 395.9

χ2
high ` TTTEEE 582.2 584.0 585.4

χ2
lensing 9.0 8.7 8.8

χ2
Planck 1010.0 1011.1 1013.7

χ2
SH0ES (15.1) 10.5 3.1

TABLE VII. Our best fit parameters to (full) Planck and
Planck+SH0ES.

means ` > 30).

Model ΛCDM ΛCDM M3

Fit to Planck ` < 1000 Planck ` < 1000 + SH0ES

δ− n/a (0) n/a (0) −0.950

δ+ n/a (0) n/a (0) 1.196

f0 n/a (1) n/a (1) 0.301

b n/a (0) n/a (0) 0.794

109As 2.0918 2.1315 2.0705

ns 0.97026 0.97711 0.95944

100θs 1.04150 1.04179 1.04034

Ωbh
2 0.022537 0.022773 0.022700

Ωcdmh
2 0.11831 0.11613 0.12198

τreio 0.0518 0.0553 0.0505

H0 [km/(s Mpc)] 68.528 69.640 72.616

ΩK 0

mν [eV] 0

χ2
low ` TT 22.4 21.4 24.8

χ2
low ` EE 395.7 395.9 395.6

χ2
high ` TTTEEE 286.3 288.2 281.5

χ2
lensing 8.9 9.0 8.8

χ2
Planck 713.2 714.4 710.7

χ2
SH0ES (12.9) 7.5 0.2

TABLE VIII. Our best fit parameters to Planck ` < 1000,
without and with SH0ES.

In Table VIII we show the best fit parameters when fit-
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FIG. 20. Full contour plot for Planck runs of M3. Purple is with SH0ES, blue is without.

ting with Planck ` < 1000 data. The shifts in cosmolog-
ical parameters are similar and small. Interestingly, the
addition of SH0ES helped to find a better fit to Planck
than ΛCDM, unlike with Planck-only data. This is likely

because the optimal parameters region with high clump-
ing is small. However, the fit improvement is not signifi-
cant. The CMB χ2 difference is also dominated by high
` TT, TE,EE (where ”high” now means 30 < ` < 1000).
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