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Recently, Meneghetti et al. reported an excess of small-scale gravitational lenses in galaxy clus-
ters. We study its implications for self-interacting dark matter (SIDM), compared with standard
cold dark matter (CDM). We design controlled N-body simulations that incorporate observational
constraints. The presence of early-type galaxies in cluster substructures can deepen gravitational
potential and reduce tidal mass loss. Both scenarios require a relatively high baryon concentration
in the substructure to accommodate the lensing measurements, and their tangential caustics are
similar. The SIDM substructure can experience gravothermal collapse and produce a steeper den-
sity profile than its CDM counterpart, leading to a larger radial galaxy-galaxy strong lensing cross
section, although this effect is hard to observe. Our results indicate SIDM can provide a unified
explanation to small-scale lenses in galaxy clusters and stellar motions in dwarf galaxies.

Introduction. Strong gravitational lensing is charac-
terized by the existence of giant arcs, rings, and multi-
ple images caused by the deflection of lights by massive
foreground galaxies, groups, or galaxy clusters [1, 2]. It
provides a powerful tool for testing cosmological mod-
els [3, 4], determining the mass distribution of clusters [5–
7], probing substructures [8–16] and dark matter prop-
erties [17–22]. Recently, Meneghetti et al. reported that
observed substructures in galaxy clusters are more effi-
cient lenses than those predicted in simulations of stan-
dard cold dark matter (CDM) [23], indicating that the
former are more dense and compact. Other studies also
show strong lensing clusters contain more substructures
with high maximum circular velocities than predicted in
CDM simulations [12, 24]. The tension could be resolved
in CDM with a different implementation of baryonic feed-
back, resulting in dense substructures [25, 26].

We study self-interacting dark matter (SIDM) [27–29]
in light of small-scale gravitational lenses observed in [23].
In this scenario, dark matter collisions thermalize the in-
ner halo over cosmological timescales [30–33]. Compared
with CDM, SIDM better explains diverse dark matter
distributions inferred in a wide range of galactic systems
from ultra-diffuse galaxies to galaxy clusters [28, 34–
42]. It may also explain the origin of supermassive black
holes [43–46]. The observations of dense substructures
in galaxy clusters [23] seem to challenge SIDM, as the
thermalization could lead to shallow density cores, which
are prone to tidal disruption. In contrast to this general
expectation, we will show in this work that the SIDM
substructure can be as efficient as its CDM counterpart
in producing small-scale lenses, after taking into account
realistic stellar distributions and tidal environments.

We design N-body SIDM and CDM simulations to
model the MACS J1206.2-0847 (MACSJ1206) cluster,
one of the examples studied in [23], and construct four
benchmark cases, covering a representative range of halo
concentration. The presence of early-type galaxies in the
substructures could significantly accelerate the onset of

SIDM gravothermal collapse [47–50]. For all benchmarks,
our simulated SIDM subhalos experience collapse after
6 Gyr of tidal evolution and become more dense than
their CDM counterparts, assuming a self-scattering cross
section per mass of σ/m = 1 cm2/g, which is relatively
conservative [29]. For both SIDM and CDM scenarios,
the simulated substructures require a high baryon con-
centration to be consistent with the observations in [23].

We further model strong lensing observables and com-
pute galaxy-galaxy strong lensing (GGSL) cross sections
for the benchmarks. The tangential caustic predicted in
the SIDM substructure is comparable to its CDM coun-
terpart, while the former has a much larger radial GGSL
cross section, with details depending on the source red-
shift and initial halo concentration. We will also show
mock lensing images and discuss observational implica-
tions of a radial GGSL cross section.

Modeling the cluster system. We model the host
cluster using a static spherical potential characterized
by a Navarro-Frenk-White (NFW) density profile [51]
and fix its corresponding scale density and radius as
ρs = 1.82 × 106 M�/kpc3 and rs = 442 kpc, respec-
tively. It well reproduces the projected total mass pro-
file of MACSJ1206 [52–54]. We set the apocenter of
our simulated substructures to be 400 kpc, with a tan-
gential velocity of 1000 km/s. During the tidal evolu-
tion, their distance to the host center oscillates in the
range ∼ 140–370 kpc. The orbit controls the signifi-
cance of tidal stripping, and hence the mass loss. In our
setup, the mass of the simulated substructures at 6 Gyr
is O(1010) M�. The strong lensing analysis in [23] fo-
cuses on substructures within 15% of the virial radius of
the host cluster, which is 300 kpc, and most of them have
a mass in the range 1010–1011 M�. Thus our simulated
cluster system well represents those studied in [23].

For the subhalos, we use an NFW profile to model their
initial dark matter distribution. We fix the initial virial
halo mass to be M200 = 3 × 1012 M�, and choose four
benchmark values for the concentration, i.e., c200 = 7.49,
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FIG. 1. Left: Evolution of Vmax–Msub for the simulated SIDM (solid thick) and CDM (solid thin) benchmarks with different
initial subhalo concentrations, denoted using deviations from the cosmological median at z = 0, i.e., +3σ (magenta), +2σ
(red), +1σ (green) and +0σ (blue). The arrows denote the direction of the evolution and the final snapshot is at t = 6 Gyr.
CDM simulations without including the star component are also shown (dotted). For comparison, the average relation from
strong lensing observations (black dashed) [23], the range (gray band) and best-fit model relation (gray dashed) from their
CDM simulations are displayed. Right: SIDM tangential (dashed) and radial (solid) GGSL cross sections vs source redshift,
normalized to their corresponding CDM counterparts for t = 6 Gyr. The color scheme is the same as the one in the left panel.
The simulated CDM substructures without stars have a low surface density and their lensing effect is negligible.

9.65, 12.4 and 16.0, corresponding to 0σ, 1σ, 2σ and
3σ higher than the cosmological median at z = 0 [55],
respectively. For each of the benchmarks, we convert
their (M200, c200) to (ρs, rs) to specify the initial NFW
density profile in our simulations. Note for a given set
of ρs and rs, the interpretation of c200 depends on the
redshift. Consider z = 2, at which infall is expected to
occur, the concentration of the benchmarks, from low to
high, is −1.5σ, −0.39σ, +0.73σ, and +1.8σ away from
the median (z = 2) [55], which are representative.

We fix the initial stellar mass as M? = 6 × 1010 M�,
expected from the stellar-to-halo mass relation [56], and
model its distribution with a truncated singular isother-
mal profile as in [23], ρ?(r) = ρ0r

4
cut/[r

2(r2cut+r
2)], where

ρ0 is the density normalization factor and rcut is the cut-
off radius. This is consistent with observations of early-
type galaxies [57–60]. We take rcut = 6.23 kpc following
the size-mass relation [61], and ρ0 = 1.26×107 M�/kpc3.
We use live particles for the subhalo and stellar compo-
nents and perform both SIDM and CDM simulations.
For the former, we choose σ/m = 1 cm2/g, approxi-
mately the lower limit that could explain observations
on galactic scales [29]. For comparison, we also perform
CDM simulations without including stars. As we will
show that the stellar component is important in produc-
ing strong lensing observables.

We use the public GADGET-2 code [62, 63], and ex-
tend it with a module modeling dark matter self-
interactions [41, 50], which has been validated in both

gravothermal expansion and collapse regimes with re-
sults from [38, 44, 48, 49]. We use the code SpherIC [64]
to generate initial conditions for the simulated substruc-
tures. The mass of the simulated particle is 106 M�
for both subhalo and stellar components, and the soften-
ing length is 0.2 kpc. The resolution is high enough to
avoid numerical artifacts concerning disruption of sub-
structures [65–67]. We let the simulated substructures
evolve for 6 Gyr in the tidal field of MACSJ1206.

Gravothermal collapse. The left panel of Fig. 1 shows
the evolution of the maximum circular velocity Vmax vs
the total substructure mass Msub for the benchmarks
with c200 = 16.0 (magenta) 12.4 (red) 9.65 (green) and
7.49 (blue) from our SIDM (solid thick) and CDM (solid
thin) simulations, where we include both subhalo and
stellar components as in [23]. The arrow on each curve
denotes the direction of the evolution. The subhalos lose
the majority of their mass after tidal evolution, while the
stellar mass is only reduced by an O(1) factor. Our fi-
nal total stellar and subhalo masses are consistent with
those of cluster substructures from the Illustris simula-
tions [68, 69]. For comparison, our CDM simulations
without including stars are shown (dotted).

The maximum circular velocities of the CDM substruc-
tures decrease continuously, aside from oscillatory fea-
tures due to tidal interactions. For those with stars,
the final Vmax values are close to the high end of the
range predicted in cosmological hydrodynamical simula-
tions [23] (gray band) and the average value from the
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strong lensing observations (black dashed). We also see
that the Vmax values predicted in our CDM simulations
without stars are still within the gray band. It implies
that a large population of simulated substructures with
AGN feedback in [23] has diffuse baryon distributions and
high dark matter fractions. For our simulated substruc-
tures with stars, the baryon mass fraction is ∼ 40% after
6 Gyr of tidal evolution, which is reasonable compared
to that of observed cluster galaxies [6].

The simulated SIDM substructures follow a similar
trend for most of the evolution time, but their Vmax val-
ues spike toward the measured ones at late stages, as
gravothermal collapse occurs and their central densities
increase. At t = 6 Gyr, all four SIDM benchmarks, even
the one with a median concentration (z = 0), are denser
than their CDM counterparts with stars. The collapse
occurs earlier if c200 is higher, leading to a higher den-
sity at 6 Gyr, as its timescale is extremely sensitive to
the concentration [49]. We find the presence of stellar
particles deepens potential and accelerates gravothermal
evolution, as in the isolated case [46, 70, 71]. Without
stars, the collapse would not occur within 6 Gyr unless
c200 is 6σ higher than the median, and a subhalo with
median c200 would be nearly destroyed [41]. In the clus-
ter environment, tidal stripping could also speed up the
onset of gravothermal collapse [72–76].
Strong lensing observables. To further see implica-
tions for strong lensing observations, we compute GGSL
cross sections for the simulated substructures. We adopt
thin-lens approximation and project the mass distribu-
tion of the host cluster and substructure, assumed to be
spherical, onto the lens plane, which is perpendicular to
the line of sight. The distance between the substructure
and the host center is fixed to be 300 kpc. We denote
the angular positions as θ and β on the lens and source
planes, respectively. It is convenient to introduce effec-
tive lensing potential as [1, 2]:

Ψ(θ) ≡ 1

π

∫
d2θ ln |θ − θ′|κ(θ′),

where κ(θ) = Σ(DLθ)/Σcr is the scaled projected density
and Σcr = c2DS/4πGDLDLS is the critical density. DL

and DS are lens and source angular diameter distances,
respectively, and DLS the distance between the two. We
calculate these quantities in a flat universe with matter
energy density Ωm = 0.3175 and h = 0.671 [77]. The lens
equation is β = θ−DLSα̂/DS , where α̂ is the deflection
angle.

For each simulated substructure, we model its total
density profile with a numerical interpolation function
and construct its surface density assuming spherical sym-
metry. We have checked that the substructure slightly
deviates from spherical symmetry after tidal evolution,
but the deviation is minor and it has negligible effects on
the lensing observables. For a substructure plus its host
cluster, we determine the lensing potential by solving

FIG. 2. Total (solid) and dark matter (dashed) density pro-
files for the SIDM (red) and CDM (gray) benchmarks with
c200 = 12.4 (+2σ) at t = 6 Gyr. The red and gray arrows
denote their Einstein radii, respectively, assuming zs = 3.
The dark matter density profile from CDM simulations with-
out stars is also shown (dotted); its lensing effect is negligible.
Insert: Evolution of Vmax–rmax for the benchmarks with stars.

the Poisson equation ∇2
θΨ(θ) = 2κ(θ). We implement

the fast Fourier transformation method on a 2000×2000
grid, and use the software Mathematica 12 for numerical
computation.

After obtaining Ψ, we calculate the shear matrix as
A ≡ ∂βi/∂θj = (δij −Ψij) and the pseudo-vector shear

γ =
√

[(Ψ11 −Ψ22)/2]2 + Ψ2
12, where Ψij ≡ ∂2Ψ/∂θi∂θj

and i, j are indices of the two spatial coordinates. The
tangential and radial critical lines are contours of λt =
1−κ−γ = 0 and λr = 1−κ+γ = 0, respectively. We ob-
tain their corresponding caustic lines by mapping them
onto the source plane using the lens equation, and com-
pute tangential and radial GGSL cross sections defined
as the area enclosed by the secondary caustic [78]. We
have further performed convergence tests and confirmed
lensing results discussed below are robust.

The right panel of Fig. 1 shows ratios of SIDM to CDM
tangential (dashed) and radial (solid) GGSL cross sec-
tions as a function of the source redshift zs. The tan-
gential cross sections are comparable for both cases and
the differences are within order unity. Interestingly, the
SIDM substructure has larger a radial cross section than
its CDM counterpart, by a factor of ∼ 3–7 for zs & 1, and
the difference increases with the concentration. But this
effect is hard to observe as we will discuss later. For the
CDM substructures without stars, their surface density
is low and the lensing effect is negligible.

We see the SIDM substructure can be as compact and
dense as its CDM counterpart in reproducing small-scale
lenses of galaxy clusters. In contrast to the general expec-
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FIG. 3. Left: Tangential (dashed) and radial (solid) caustics for the simulated SIDM and CDM substructures with c200 = 12.4
(+2σ), together with four mock sources (circles). The corresponding critical lines and lensed images are shown in the Middle
and Right panels, respectively, assuming zs = 3. For the lens redshift zl = 0.439 of MACSJ1206, one arcsec corresponds to
5.76 kpc.

tation, the lensing excess reported in [23] does not rule
out SIDM. Instead, it could be an indicator of gravother-
mal catastrophe induced by dark matter self-interactions.
We also find a compact stellar density profile is necessary
in reproducing observed strong lenses in both SIDM and
CDM; see also [23, 25, 26] for related discussions.

Although our simulations are based on a particular
choice of the cross section, i.e., σ/m = 1 cm2/g, the lower
limit to be relevant for dwarf galaxies, the benchmarks
capture all the essential features predicted in SIDM. For
example, a larger cross section in the subhalo would
further shorten the collapse timescale, resulting in an
even high central density. Since there is a strong con-
straint of σ/m . 0.1 cm2/g for cluster halos with masses
∼ 1015 M� [20, 28, 42], we consider a velocity-dependent
SIDM scenario, which can be naturally realized in many
particle physics models, see [29].

Density profiles. We take the benchmark with c200 =
12.4 (+2σ) and perform a detailed case study. In Fig. 2,
we show its dark matter (dashed) and total (solid) den-
sity profiles with (red) and without (gray) dark matter
self-interactions. After 6 Gyr of evolution, the collapse
leads to an overdense region within 1.3 kpc, and a less
dense region r & 1.3 kpc, compared to the CDM subhalo.
For the CDM substructure without including stars (dot-
ted), the density is significantly lower. The inset displays
the evolution of Vmax and rmax for SIDM and CDM sub-
structures with stars, their rmax values decrease overall
due to tidal mass loss. The SIDM one becomes further
smaller at late stages, as the collapse occurs and the cen-
tral density increases; see also [76].

The left panel of Fig. 3 shows the corresponding sec-
ondary tangential (dashed) and radial (solid) caustics,
assuming a source at zs = 3 for the SIDM (red) and
CDM (gray) benchmarks (c200 = 12.4). For SIDM, the

enclosed area of the radial caustic is much larger than the
tangential one. For CDM, they are comparable, but both
are smaller than the area of the SIDM radial caustic. For
a collapsed SIDM substructure, the total density profile
is steeper than the isothermal profile r−2, and hence its
associated radial caustic is larger than the tangential one.

Mock lensed images. The left panel of Fig. 3 dis-
plays four mock sources at four representative locations;
the middle (SIDM) and right (CDM) panels show their
corresponding lensed images, together with the critical
lines mapped from the caustics using the lens equation.
The innermost blue source is inside radial and tangential
caustics predicted in SIDM and CDM, and it has four im-
ages in both cases [79, 80]. The source in orange sits on
the second fold caustic in SIDM while it only crosses the
tangential caustic in CDM, thus it has one more image in
the former case. Similarly, the sources in green and ma-
genta have one more image in SIDM than in CDM. Our
example explicitly illustrates that the collapsed SIDM
substructure has a higher capability of producing mul-
tiple images. Observationally, the predicted images in
the central region are difficult to detect because they are
highly demagnified and obscured by bright objects. Thus
it remains challenging to differentiate a collapsed SIDM
substructure from its CDM counterpart with lensing ob-
servations.

We compute the Einstein radii as rE = θEDL ≈
4.3 kpc and 4.8 kpc for the SIDM and CDM benchmarks
with stars, respectively, denoted in Fig. 2 with arrows,
where rE is defined as the radius of the circle with the
same area as that enclosed by the critical line [78]. It’s
not surprising that they are comparable. In our setup,
the stellar component dominates the inner region and
both cases have similar stellar distributions after tidal
evolution. In addition, during the collapse process, the
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SIDM central density increases, but the total mass does
not change. As indicated in Fig. 2, rmax ∼ rE for CDM,
while rmax < rE for SIDM. Thus the mass distribution
induced by gravothermal collapse does not produce an
appreciable change in the enclosed mass within rE .

Discussion and Conclusions. Our simulations assume
a compact stellar distribution motivated by observations
of early-type galaxies. Hydrodynamical simulations show
that for field SIDM halos with masses & 1012 M� stars
could dominate the inner region [81–85]. Thus our as-
sumption is well justified. In addition, the SIDM halo
structure is more resilient to feedback than its CDM
counterpart, because of rapid energy redistributions in-
duced by the self-interactions; see [86, 87]. We expect our
overall predictions are robust, and it would be interest-
ing to further test them with cosmological simulations.
In summary, we have shown that a collapsed SIDM sub-
structure could have a steep density profile, to be con-
sistent with small-scale gravitational lenses observed in
galaxy clusters. The features of strong lensing observ-
ables predicted in the SIDM scenario could be further
tested using existing data [88], and upcoming observa-
tions [89].
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