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The inference of binary neutron star properties from gravitational-wave observations requires the
generation of millions of waveforms, each one spanning about three order of magnitudes in frequency
range. Thus, waveform models must be efficiently generated and, at the same time, be faithful from
the post-Newtonian quasi-adiabatic inspiral up to the merger regime. A simple solution to this
problem is to combine effective-one-body waveforms with the stationary phase approximation to
obtain frequency-domain multipolar approximants valid from any low frequency to merger. We
demonstrate that effective-one-body frequency-domain waveforms generated in post-adiabatic ap-
proximation are computationally competitive with current phenomenological and surrogate models,
(virtually) arbitrarily long, and faithful up to merger for any binary parameter. The same method
can also be used to efficiently generate intermediate mass binary black hole inspiral waveforms
detectable by space-based interferometers.

Gravitational-wave (GW) analyses of binary neutron
star (BNS) signals rely on matched filtering techniques
and waveform models to infer the source properties from
observations. The inspiral-to-merger signal is observable
in the ground-based interferometer frequency band for
minutes, that correspond to thousands of inspiralling cy-
cles to merger [1, 2]. Waveform templates must model
the signal phase evolution over a frequency range span-
ning from few Hz to kHz [3–5]. Further, due to the
large number (∼ 107) of waveforms needed to explore
the posterior distribution of the parameters, such models
also need to be computationally efficient. Similar issues
arise for the computation of waveforms for binary black
hole (BBH) inspirals, that are observable in the mHz
to Hz regime with space-based interferometers for binary
masses ∼(100−105)M� [6–8]. In this case, the waveforms
efficiency requirements are even more demanding as the
binary remains in band for days to years, corresponding
to up to millions inspiralling cycles [9].

Analytical post-newtonian (PN) approximants are
quick to evaluate and can be turned into closed-form
frequency-domain templates by applying the stationary
phase approximation (SPA) [10–14]. While PN approxi-
mants become unfaithful as the binary motion becomes
nonadiabatic (high velocities regime), the domain of va-
lidity of the SPA itself was proven to be accurate at least
up to frequencies corresponding to the last stable orbit,
e.g. [11, 13]. Such a validity interval corresponds to bi-
naries with total mass M . 13M� in the ground-based
interferometers range, and it is large enough to cover BNS
and - possibly - also light BHNS or BBH systems. From
the trivial scaling of the waveform with the binary mass,
it follows that the SPA is valid also for the inspiral of stel-
lar and intermediate-mass BBH in the LISA band [6, 7].

Beyond PN approximants, effective-one-body

(EOB) [15–27] and phenomenological (Phenom) [28–33]
models describe the waveform from the early inspiral up
to merger [and ringdown, if dealing with BBH systems],
but are in general computationally less efficient. In
particular, EOB models need to evolve the dynamics
of the system by solving the Hamilton equations. This
process can be very expensive when the ODEs are inte-
grated numerically for thousands of orbits. Moreover,
while Phenom models output frequency domain (FD)
waveforms, EOB models natively generate time domain
(TD) waveforms, so that an additional Fourier transform
is needed, with the related performance loss. Reduced-
order-quadrature [34–36] and reduced-order modeling
techniques offer a solution to the issue of performances.
The latter can be used to produce fast surrogate models
from a training set of waveforms [37–43]. However,
surrogate waveforms are limited by the length and
parameters span of the training set and they must be
regenerated if the baseline model is varied.

EOB waveforms can alternatively be speeded up us-
ing dedicated analytical methods. The postadiabatic
method gives an approximate, iterative solution for the
EOB Hamiltonian dynamics [44–47] that is valid for any
binary system evolving along quasi-circular orbits. Such
a simple, physically motivated technique was shown to
allow for the computation of BNS TD waveforms from
frequencies as low as a few Hz in a matter of tens of
milliseconds. However, such waveforms still need to be
translated into the FD. In this work we apply the SPA
to EOB waveforms in order to obtain computationally
inexpensive frequency-domain templates. The FD wave-
forms obtained this way are suitable for the GW data
analysis of BNS signal up to merger and of long BBH
inspiral for masses &1000M�. We call M ≡ m1 + m2

the binary mass, where m1,2 are the individual masses;
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q ≡ m1/m2 ≥ 1 is the mass ratio, ν ≡ m1m2/M
2 the

symmetric mass ratio, and χ1,2 ≡ S1,2/m
2
1,2 the dimen-

sionless individual spins (anti)aligned with the orbital
angular momentum; Λ1,2 are the individual quadrupolar

tidal polarizability parameters [48–51], and Λ̃ the reduced
tidal parameter [52–54]. Geometric units G = c = 1 are
employed unless stated differently.

The FD extension of a given a TD EOB waveform is
computed by applying the SPA to the multipolar TD
modes h`m(t) = a`me

iφ`m(t) to obtain

h̃SPA
`m = ÃSPA

`m eiΨ
SPA
`m =

a`m (tf )√
φ̈`m (tf ) /2π

ei[ψf(t`mf )−π/4] ,

(1)
with ψf (t) ≡ 2πft − φ(t) and where tf denotes the
stationary point of ψf (t). The two GW polarizations
in FD are then computed by combining the multipolar
modes with spin-weighted spherical harmonics in a stan-
dard way. The TD-to-FD computation is straightfor-
ward, the key technical details in our implementations
are given in the Supplemental Material. We apply the
SPA to TD TEOBResumS, a state-of-the-art effective EOB
approximant for spin-aligned binaries [26, 46, 55–58],
that includes resummed tidal interactions from PN and
gravitational-self force results [45, 46, 59]. The resulting
FD TEOBResumSPA model retains the same accuracy as
the TD TEOBResumS up to merger for any BNS signal,
and for waveforms with initial frequency f0 . 15 Hz its
speed is comparable to that of other commonly used tidal
waveform approximants.

Figure 1 (left panel) shows the FD phasing of a
fiducial BNS waveform for a (M/M�, q, χ1, χ2, Λ̃) =
(2.8, 1, 0, 0, 400) system, sampled at 8192 Hz with initial
frequency f0 = 20 Hz and computed either Fourier trans-
forming the TD TEOBResumS (solid black line) or using
the SPA (dashed red line). TEOBResumSPA correctly re-
produces the waveform of the original TD model from the
early inspiral up to merger; the accumulated total phase
difference amounts to ∼0.1 to merger (vertical line).

We quantitatively assess the faithfulness of
TEOBResumSPA against TEOBResumS on a sample of
104 waveforms from BNS with m1,2 ∈ [1, 2.5]M�,
χ1,2 ∈ [−0.5,+0.5] and Λ1,2 ∈ [10, 5000]. Since the
masses and the tidal parameters are sampled separately,
no specific equation of state is imposed. We recall
that the mismatch F̄ (and the match F) between two
waveforms (h, s) is defined by

F̄ ≡ 1−F = 1−max
tc,φc

(h, s)√
(h, h)(s, s)

, (2)

where tc and φc denote the time and phase at coalescence,
and the Wiener scalar product associated to the power-
spectral density (PSD) of the detector, Sn(f), is

(h, s) = 4 <
∫
h̃∗(f)s̃(f)

Sn(f)
df. (3)

Since the detection rate loss scales as (1 − (1 − F̄)3),
F̄ ≤ 0.035 is usually usually regarded to be satisfactory
for detection purposes [60]. However, the value of F̄ does
not depend on the signal-to-noise ratio (SNR) and does
not account properly for statistical fluctuations (or lack
thereof) due to the background noise. An approximate
criterion to determine if two waveforms are faithful is
given by the condition [60–62]

F̄ ≤ F̄SNR ≡
D

2 SNR2 , (4)

where D = 6 is the number of intrinsic parameters. This
means that we require for the systematical errors intro-
duced by the SPA approximation to be smaller than the
expected statistical fluctuations. The threshold SNRs
chosen in Eq. (4) are 13, 33 and 80. The first two
values mimic the SNRs of the two BNSs observed by
LIGO/Virgo in O3 and O2 respectively, while the last
value can be reached for GW170817-like event at de-
sign sensitivity or in third generation detectors [63]. The
above numbers lead to the threshold unfaithfulnesses of
F̄13 ≈ 1.8× 10−2, F̄33 ≈ 2.7× 10−3 and F̄80 ≈ 5× 10−4.

Figure 1 (right panel) shows the matches between
TEOBResumS and TEOBResumSPA for our BNS sample with
a starting frequency f0 = 20 Hz and assuming the Ad-
vanced LIGO ZeroDetunedHighPower PSD [64]. We
find that more than 99% of total mismatches lie below
the most conservative threshold F̄80. The worst perfor-
mances (F̄ ∼ 5.2×10−4 and F̄ ∼ 5.4×10−4) are obtained
for two cases with equal mass configurations and large Λ̃
values (Λ̃ > 2000). Note however that the dependence
of the mismatch on the effective tidal parameter is much
weaker that that on the mass ratio.

While the loss of accuracy with respect to the TD
EOB is negligible, the speed up given by the SPA is
significant. The computational performance of our FD
EOB waveform is assessed by comparing the evaluation
times of TEOBResumSPA waveforms to that of other FD
BNS approximants. In particular, we compare to PN
TaylorF2, considered here with a 3.5PN-accurate de-
scription of the point-mass phasing and 7PN-accurate
tidal effects; IMRPhenomDNRTidal [65, 66], a phenomeno-
logical approximant for aligned-spin binaries augmented
by the NRTidal phase and amplitude prescriptions;
SEOBNRv4Tsurrogate [41], a FD surrogate of the EOB
tidal model of Ref. [67, 68]; SEOBNRv4 ROM NRTidal a FD
reduced-order model of the EOB model [22] augmented
by the NRTidal phasing.

We simulate the fiducial BNS coales-
cence with varying initial frequency f0 =
(5, 10, 15, 20, 25, 30) Hz and uniform frequency spacing
∆f = (1/8192, 1/2048, 1/512, 1/256, 1/128, 1/128) Hz,
and compute the average generation time to
fmax = 2048 Hz over ten repetitions for each of
the approximants listed above. The timing results
are shown in Fig. 2. TEOBResumSPA generation times
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FIG. 1. Left: comparison between the (cosines of) the frequency domain phase of the h̃+, computed with TEOBResumSPA

and the FFT of TEOBResumS for a q = 1, M = 2.8M�, χ1,2 = 0.1 and Λ̃ = 400 system. The phase difference between
the two models remains below δΨ+ . 0.1 rad to merger (blue vertical line). Right: Unfaithfulness between TEOBResumSPA and
Fourier-transformed TEOBResumS, computed for 104 binary systems with varying spins, masses and component tidal parameters.
Waveforms are computed from an initial frequency of 20 Hz, and matches computed between 20 Hz and 2 kHz. We find that
only two values (denoted with red crosses) lie below the SNR 80 threshold of Eq.(4). The mismatch values found, however, are
still F̄ ∼ 10−4).

5 10 15 20 25 30

fmin[Hz]

10−1

100

101

t[
s]

TaylorF2

TEOBResumSPA

PhenomDNRTidal

SEOBNRv4T surrogate

SEOBNRv4 ROM NRTidal

FIG. 2. Generation times of different BNS waveforms
averaged over 10 repetitions as a function of initial fre-
quency for a fiducial BNS with (M/M�, q, χ1, χ2, Λ̃) =
(2.8, 1, 0, 0, 400). Below 15 Hz TEOBResumSPA is comparable
to the SEOBNRv4Tsurrogate and IMRPhenomDNRTidal models
and ∼2 times faster than SEOBNRv4 ROM NRTidal.

for f0 & 15 Hz, in green, are comparable to those
of IMRPhenomDNRTidal, a factor two smaller than
SEOBNRv4 ROM NRTidal and up to a factor ten slower
than TaylorF2. For starting frequencies f0 < 15 Hz,
TEOBResumSPA is comparable to SEOBNRv4Tsurrogate

and IMRPhenomDNRTidal, and at least a factor two faster
than SEOBNRv4 ROM NRTidal.

Further tests indicate that TEOBResumSPA generation
times display a small variance over a large parameter
space (m1,2 ∈ [1, 2.5]M�, χ1,2 ∈ [−0.5, 0.5],Λ1,2 ≤ 5000).

TABLE I. Source properties of GW170817 [69] and
GW190425 [70]. The new measurements are quoted through
the median and 90% credible intervals of the parameters’
marginalized one-dimensional posterior distributions. The es-
timates found with TEOBResumSPA are compared to the LIGO-
Virgo results. The TEOBResumSPA anaysis is performed up to
∼ 1kHz following [63] in order to minimize waveform system-
atics; this approach is the main responsible for the different
estimate of Λ̃ when compared to [69].

GW170817 GW190425

LVC [69] TEOBResumSPA LVC [70] TEOBResumSPA

1/q 0.73-1.00 0.89+0.10
−0.2 0.8-1.0 0.9+0.1

−0.1

M [M�] 1.1975+0.0001
−0.0001 1.1976+0.0001

−0.0001 1.4868+0.0003
−0.0003 1.4868+0.0005

−0.0005

Λ̃a 300+500
−190 530+350

−310 ≤ 600 ≤ 550

χeff 0.00+0.02
−0.01 0.00+0.02

−0.01 0.01+0.01
−0.01 0.01+0.01

−0.01

DL [Mpc] 39+7
−14 42+6

−13 159+69
−72 180+61

−77

a The values of Λ̃ are quoted after reweighting to flat in Λ̃ prior.
Note however that the procedures followed for the reweighting
of the GW170817 and GW190425 posteriors are different, for
consistency with Sec. 3D of [69] and App. F.1 of [70].

This is due to the fact that the largest computational
burden of the approximant lies in the uniform-frequency
interpolation of the multipoles h`m, which is approxi-
mately independent of the binary parameters. A further
speedup would be simply obtained by considering a non-
uniform frequency grid for the likelihood computation,
see e.g. [72, 73]. We also stress that since the SPA is
an analytical procedure, it can be applied to any wave-
form, and is valid for any initial frequency and any bi-
nary parameters. This is in contrast to waveform models
based on surrogates or machine learning [74], that are
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FIG. 3. Mismatches F̄ between TD TEOBResumS and TEOBResumSPA (top) or the 3.5PN-accurate TaylorF2 (bottom) on the
frequency range [0.02, 1] Hz obtained via Eq. (2) with the LISA noise curve [71]. Left column: TaylorF2 is effectual only for
moderate values of the effective spin parameter χeff ≡ S1/(m1M)+S2/(m2M). Right column: for moderately large mass ratios
(ν ≤ 0.1, corresponding to q & 7.8) and massive (M > 104M�) BBH systems, mismatches between TEOBResumS and TaylorF2

become large, reaching F̄ ∼ 0.1.

limited by the length and parameter range of the train-
ing set. Note for example that it is not possible to gen-
erate SEOBNRv4 ROM NRTidal waveform at dimensionless
frequencies below Mf = 9.85 × 10−5, which is the min-
imal frequency of the surrogate. Thus, the flexibility of
the SPA method applied to EOB waveforms has an ob-
vious advantage, in particular in view of the continuous
and rapid development of EOB models.

We demonstrate the use of TEOBResumSPA in GW
parameter estimation by performing the analysis of
GW170817 [69, 75–77] and GW190425 [70]. We employ
the pbilby [78, 79] and dynesty [80] parameter estima-
tion infrastructures and the same setup of [63], to which
we refer for all technical details. These analyses run
in two-to-three days time on 4 × 16 CPUs. For com-
parison, the same GW170817 analysis, performed with
the phenomenological IMRPhenomPv2NRTidal [29, 66] ap-
proximant with an identical setup, required longer than
5 days to complete. Results are listed in Table I, and are
consistent with LIGO-Virgo analyses. The measurement
of Λ̃ differs from the LIGO-Virgo one mainly because of
our conservative choice of the sampling rate, as discussed
in [63].

Fast and accurate EOB waveforms will be crucial for
the analysis of high-SNR BNS signals as those detectable
by the Einstein Telescope or Cosmic Explorer [81–84].
Recent work has demonstrated that at SNR &80 the sys-
tematics among advanced BNS approximants shown in
Fig. 2 will be the dominant source of error in the measure-
ments of tidal effects [63]. High-precision measurements
for constraining the NS equation of state will require new

numerical-relativity informed tidal EOB models [4, 67] or
new closed-form representations of the tidal sector [66].
Ongoing work in these directions based on the EOB SPA
method will be presented elsewhere.

The EOB SPA waveform can be used to compute accu-
rate inspiral waveforms of intermediate-mass BBH that
will be observed by LISA in the mHz to Hz regime [6]
and possibly in the dHz regime by planned space-based
detectors as DECIGO [7, 8, 85]. Besides PN and EOB
approximants, no other modeling technique is available
for this inspiral-to-late-inspiral regime [86]. We focus on
LISA sources with total masses ∼ 103−105M� and mass
ratio up to q ∼ 80 [87]. For such systems, the ringdown is
either outside the LISA band or, if within the considered
frequency range, it carries negligible SNR with respect
to the inspiral. Figure 3 compares ∼ 104 mismatches
between TEOBResumS–TEOBResumSPA with TEOBResumS–
TaylorF2 (at 3.5PN accuracy) computed with the LISA
noise curve [71]. The right column focuses on the (ν,M)
dependence; the effect of spin is described by χeff ≡
S1/(m1M) + S2/(m2M). The figure highlights that
TaylorF2 becomes more and more inaccurate when: (i)
M & 103M�; (ii) when q & 8 (ν . 0.0988) and (iii) when
spin magnitudes are not moderate. Specifically, the worst
TEOBResumS – TaylorF2 mismatch (F̄ = 0.397) corre-
sponds to (M/M�, q, χ1, χ2) = (7670, 55,−0.84,−0.62),
and detection losses up to 78%. In addition, we use again
Eq. (4), and consider SNR of 20 and 100 [6, 88] to find
threshold mismatches of F̄20 = 5×10−3, F̄100 = 2×10−4

for D = 4. TEOBResumS-TEOBResumSPA mismatches al-
ways lie below the lower threshold F20, while ≈ 43%
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of the simulated signals also satisfy the stricter require-
ment with F̄100. On the contrary, 59% of the PN wave-
forms are not faithful at SNR 20, and 42% of them corre-
spond to systems with q > 8. Therefore, TaylorF2 is not
a robust choice for parameter estimation of these BBH
sources. The discrepancy between PN and EOB further
increases considering higher frequencies; the analysis of
intermediate-mass BBH in the the dHz regime (e.g. DE-
CIGO band) will require fast and accurate FD EOB mod-
els like TEOBResumSPA (see Supplementary Material).

In summary, the EOB SPA method proposed here will
crucially support both ground-based and spaced-based
observations of long (minutes-to-years) GW transient
from compact binaries, whose analysis is a formidable
challenge for the years to come.
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